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Truong Phé thong Nang khiéu chinh thitc dugc thanh 1ap nam 1996, tién than la
khoi chuyén toan tin thudc Dai hoc T6ng hgp TPHCM. Qua 20 ndm hinh thanh va
phat trién, bo mon toan da dat nhiéu két qua tét dep. Ngoai cong tac gidng day tai
truong, khau tuyén chon cling rdt quan trong dé tim ra nhitng em c6 nang khiéu
toan thuc su. Va dé thi vao 16p 10 chuyén toan luén dugc don nhan mot cach rat
hao hung tir giao vién va hoc sinh. Nay nhan dip 20 nam thanh lap truong, chiung
ta cing nhin lai mot s6 dé thi, nhitng bai toan da la myc tiéu phin diu ctia nhiéu

hoc sinh trong sudt qua trinh hoc THCS.

Nhitng ndm dau thanh lap, dé chuyén toan dugc st dung cho tuyén sinh dau
vao 16p chuyén Toan va chuyén Tin, ngoai ra dé thi vao chuyén Toan thi hoc sinh
phai lam mét dé thi chung cho cac ban thi cac mén KHTN, duoc goi la dé toan AB.
Trong vai ndm gan day thi dé chuyén Toan con dung dé tuyén sinh dau vao cho cac
16p chuyén Tin, chuyén Ly va chuyén Sinh va thay vi cac dé toan AB, toan CD chi

con lai mot dé toan chung cho cac khoi 16p chuyén.

Ngoai ra, trudng Phd thong Nang khiéu con tuyén sinh khip mién nam chit
khong riéng gi khu vire TPHCM, céac ban noi c6 diéu kién hoc tap tot va cac ban noi

kho khan hon déu c6 co hoi d6 vao truong nhu nhau, khong cong diém uu tién vi
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bat c li do gi, diéu d6 cling anh hudng dén cach ra de.

Trudc tién ta hay xem lai dé thi vao chuyén toan ndm 1996, ndm hoc dau tién:

Bai 1. Goi a,b la hai nghiém ciia phuong trinh x* + px + 1 = 0; ¢, d la hai nghiém ciia
phuong trinh y* + qy + 1 = 0. Chitng minh ring

(a=c)(a—d)(b—c)(b—d) = (p—q)

Bai 2. Cho cdc s6 x,y,z théa x +y +z = 5,x* +y* + 2% = 9. Chuing minh ring
7
1< < -.
> XYz 3
Bai 3.
a) Cho tir gidc 16i ABCD. Hay dung duong thang qua A chia doi di¢n tich ti gidc
ABCD.
b) Cho tam gidc ABC va duong thing d||BC va nam khdc phia cia A dbi véi BC. Ldy
diém M di dong trén d sao cho ABMC la tit gidc 16i. Duong thang qua A chia doi
dién tich tir gidc cat BM hodc CM tai N. Tim quy tich diém N.

Bai 4. Chiing minh khong ton tai s6 tu nhién n sao cho v/n — 1+ v/n + 1 1a s6 hitu ty.
Bai 5.

a) Chitng minh vdi N > 3, luén luén cé N sé chinh phuong d6i mot khic nhau sao cho
tong ctia chiing la mot so chinh phuong.

b) Chitng minh ring véi moi s6 nguyén mn > 3 bao gio ciing xdy dugc mot bang chir
nhdt gom m x n sé chinh phuong d6i mét khdc nhau cho tong ciia méi dong la mot
s6 chinh phuong va tong ciia mdi cdt Ia mot s chinh phuong.

Chua ban dén d¢ kho ctia dé, ta thiy rang vé ciu tric dé thi c6 day du cac
phan: Pai s6, s6 hoc, hinh hoc va t6 hgp. D6 cling la ciu tric chung ctia cac dé thi
chuyén toan PTNK, dinh hinh tir ngay thanh lap truong dén hién nay. Dén day, ta

c6 thé tach riéng titng phan dé nhan xét ki hon. Trudc tién ta xem qua phan dai so.
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Pai s6

Dai s6 1a cac bai toan lién quan dén bién déi biéu thirc, da thire, 4p dung dinh ly
Viete, phuong trinh, hé phuong trinh, cac bai toan lap va giai phuong trinh,...Trong
do phén bat déng thic, cuc tri luén chiém mét vai tro 16n trong toan chuyén, nhiéu
hoc sinh rét gidi dai s6 va dé dang dat diém cao trong phan nay. Mac du c¢6 do kho
ngay cang tang theo ndm nhung nhirng bai toan dai s6 trong dé tuyén sinh PTNK
van khong qua meo muc, doi héi ki thuat nhiéu. Mot s6 bai bién déi biéu thitc kha
hay:
Bai 5 - 1999

a) Chitng minh ding thitc x +y + |x — y| = 2max{x,y},Vx,y € R.

b) Chiing minh ding thiic:

a—>
ab

a-+b
ab

a—b' 2

2 111
'+C —4max{a,b,c},Va,b,c7éO

trong dé max la ki hiéu s 16n nhit trong cdc s6 di kém.
Bai 4-2002 Cho cic sé thiee a, b, ¢ théa man diéu kién a + % =b+ % =c+ %.
a) Choa=1,timb,c.
b) Chirng minh rﬁng néu a, b, c d6i mot khic nhau thi a?b*c* = 1.
) Chitng minh ring néu a, b, c déu duong thia = b = c.
Cung vdi thoi gian thi phén bién déi nay cng tré nén dé hon va it dugc xuat
hién trong cac dé thi, cing c6 thé tap trung cho cac phan khéac. Ta xem mot sd bai

phuong trinh, hé phuong trinh:

Bai 1-2006
22 +xy =1
a) Gidi hé phuong trinh Y
2% +xy =1
b) Gidi bat phuong trinh \/3x — 5x2 < 5x — 2

Bai 1-2008
a) Cho phuong trinh x* — mx +2m —2 = 0(1)

Trang 9
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(@) Chitng minh rang (1) khéng thé cd hai nghi¢m déu dm.

(b) Gid sir x1,xy la hai nghiém phan biét ciia (1). Chitng minh ring biéu thiic
(x2 —2x1 +2) (x5 — 2x2 +2)

khong phu thudc vao gid tri ciia m

X3 + x3
b) Gidi hé phwong trinh
x= P42
y = 2%+ x?
z=x"+y°
Bai 1-2016

x—=2y)(x +my) =m*—2m—3 ,
a) Gidihé{( y)(x+my) Khi m = —3 vi tim m dé hé co it

(y —2x)(y + mx) = m* —2m — 3
nhat mot nghiém (x,,v,) théa x, > 0,1, > 0.
b) Tim a > 1 d¢ phuong trinh ax* 4 (1 — 2a)x +1 — a = 0 ¢ hai nghi¢m phan biét

2 _g-1.

X1, X thoa x% —ax; =a
Nhin chung cac bai phuong trinh, hé phuong trinh khac dé lay diém. Tuy c6
nam 2016, bai hé phuong trinh c6 tham s6 nén trg thanh mot bai toan quéa phtic
tap, rat it hoc sinh giai dugc tron ven bai todn nay. Tiép theo ta cing nhin qua mot
s6 bai bat dang thirc. Bat dang thic trong ki thi dau vao ctia PTNK chi 1a cac bai
toan bién déi tuong duong hodc chi 4p dung bat dang thitc Cauchy cho 2 s6. C6 thé
day la muc tiéu cta ban ra dé nham tranh cho céic ban qud sa da vao cac ki thuat
chitng minh bdt ma b quén cac phan khac.
Bai 4-1998 Cho x,v,z, p,q, 1a cic s0 thuc duong théa man diéu kién x +y +z = p +
g+r=1vapgr < %

a) Chitrng minh rang néu x <y < z thi px + qy +rz > XTW

b) Chiing minh ring px + qy +rz > 8xyz
Bai 5-2000
a) Cho ab,c la 3 s6 khong am théa diéu kién a® + b* + ¢*> < 2(ab + bc + ac) (1)
Chitng minh ring a + b+ ¢ < 2(vVab + Vbe + \/ac) (2)

Trang 10
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Hi tir (2) cd thé suy ra (1) dugc khong? Vi sao?
b) Cho a,b,c la 3 so khong dm thoa diéu kién (1) va p,q,7 la cic so thoéa diéu kién
p+q+r = 0. Chitng minh apq + bqr + crp < 0.
Bai3-2016 Biét x >y >z, x +y+z=00va x> + y* +2° = 6.
a) Tinh S = (x —y)* + (x —y)(y —2) + (y — 2)*
b) Tim gid tri l6n nhdt ciia P = |(x — y)(y — z)(z — x)|.

Hinh hoc

Hinh hoc 1a mot trong nhitng bai toan hay nhat cta dé thi PTNK, trong nhitng ndm
hoc vira qua PTNK ludn c6 nhitng hoc sinh rat gi6i hinh hoc nhung H6 Québc Dang
Hung, Nguyén Huy Hoang, cing nhu tinh than chung ctia dé thi PTNK, hinh hoc
cing 1a nhitng bai toan c6 thé 1a quen thudc va dugc phat biéu véi dang khac. Ta
cling xem qua mot s6 bai toan ma tdi thay kha hay:

Bai 3-1999 Cho tam gidc ABC c6 di¢n tich S va mot diém P nam trong tam gidc.

a) Goi S1,S,,S3 lan lugt la dién tich ciia tam gidc PBC, PCA, PAB. Hay tim gid tri
nhd nhit ciia S + S5 + S3.

b) Goi Py, Py, P5 lan lugt la cdc diém doi xiing ciia P qua BC, CA va AB. Duong thing
qua Py song song vdi BC cit AB va AC tai By va Cy. Puong thang qua P, song
song vdi AC cit BC, BA tai Cy, Ay, duong thang qua Ps va song song vdi AB cit
CA, CB tai A3, Bs. Hay xdc dinh vi tri cia diém P dé tong di¢n tich ba hinh thang
BCC1B1, CAA»Cy va ABB3 A3 dat gid tri nho nhat va tinh Qid tri do.

Bai 3-2006 Cho tam gidc déu ABC. P la mgt diém nam trong tam gidc. Goi x, vy, z lan lugt
la kkhodng cich tir P dén cic canh BC,CA, AB tuong ing.

a) Biét ring x = 1,y = 2,z = 3. Hay tinh dién tich ciia tam gidc ABC.

b) Tim quy tich diém P trong tam gidc sao cho x +y = z. Tir d6 suy ra tdp hgp nhimg

diém P trong tam gidc sao cho x,vy, z ldp thanh 3 canh ctia mot tam gidc.

Trang 11
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Bai 4-2010 Cho duong tron tim O, bin kinh R, ddy cung BC c6 dinh c6 d6 dai R\/3. A la
mot diém thay doi trén cung lon BC. Goi E la diém doi xiing ciia C qua AB; F la diém dbi
xitng ciia B qua AC. Cdc duong tron ngogi tiép cic tam gidc ABE va ACF cit nhau tgi K
(K # A).
a) Chitng minh K luén thudc mot duong tron cé dinh.
b) Xdc dinh vi tri ciia K dé tam gidc KBC cd dién tich lon nhit va tinh dién tich dé theo
R.
c) Goi H la giao diém ctia BE va CF. Chitng minh ring tam gidc ABH dong dang vdi
tam gidc ACK va AK di qua diém c6 dinh.
Bai 4Cho diém C thay doi trén nita duong tron duong kinh AB = 2R (C # A,C # B).
Goi H la hinh chiéu vudng géc ciia C lén AB; I va | lan lugt la tam duong tron ndi tiép cdc
tam gidc ACH va BCH. Cic duong thang CI,CJ cit AB tai M, N.
a) Chitng minh AN = AC,BM = BC.
b) Chiing minh 4 diém M, N, I, ] ciing nam trén mot duong tron va cdc duong thing
M], NI va CH dong quy.
c) Tim gid tri I6n nhat ciia MN va gid tri I6n nhat ciia dién tich tam gidc CMN theo R.

S6 hoc

Mot trong nhimng diém khac biét ctia dé thi vao PTNK la bai toan s hoc. Bai toan
s6 hoc ludn chiém mot vi tri trong deé thi va ngay cang dugc chua trong, do do do
kho ting r6 rét. Nhitng nam dau tién, do dung chung véi dé tuyén sinh chuyén tin
nén bai toan s hoc déi khi duoc phét biéu dudi dang ménh dé ding, ménh dé sai:
Bai 2-1998 Cho hai s6 nguyén duong a va b. Biét ring trong bén ménh dé P, Q, R, S dudi
day chi cé duy nhit mot ménh dé sai: P = "a = 2b + 5"

Q= "(a+1) chia hét cho b”

R = "(a+ b) chia hét cho 3"

Trang 12
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S ="(a+7b) la s6 nguyén t5"

a) Hay chi ra ménh dé nao sai trong bén meénh dé trén (co gidi thich).

b) Hay tim tat cd cdc cidp s6 nguyén duong a, b théa ba ménh dé ding con lai.

Bai toan sb hoc chung quy ctng lién quan dén chia hét, s6 nguyeén to, phuong trinh
nghiém nguyén... nhung dugc phat biéu mot cach nhe nhang va ¢6 nhiing y kha
don gian cho cac em hoc sinh ¢6 thé 1am dugc. Va ngay duoc chu trong nén do kho
cung ngay dugc nang lén.

Bai 3-2010

a) Hay chi ra mét bg 4 s6 nguyén duong phan bi¢t ma tong bj ba sé bt ky trong chiing
1a mot s6 nguyén to.

b) Chiing minh ring khong ton tai 5 s6 nguyén phan bi¢t ma tong 3 sé bat ky trong
chiing la mét s6 nguyén to.

Cau b ciing chi 1a dang phat biéu méi ctia bai todn: Chitng minh ring trong 5 so
nguyén duong phdn bigt bat ki luén cé 3 s6 cd tong chia hét cho 3. Va day cling 1a mot bai
todn dé. Tuy nhién, vai ndm gan day do kho tang 1én, ta xem bai toan s6 hoc ctia 3
nam gan day.

Bai 3-2014 Cho cdc s6 nguyén duong a, b théa % + % = %

a) Ching minh ring a + b khong thé'la s6 nguyén to.

b) Chitng minh ring néu c > 1 thi a + c va b + ¢ khong thé dong thoi la s6 nguyén to.
Bai 2-2015

a) Tim cdc sé nguyén a,b,c sao choa+b+c = 0va ab+ bc+ac+3 = 0.

b) Cho m la s6 nguyén. Chitng minh ring néu ton tai cdc sé nguyén a, b, c khdc 0 sao
choa+b+c=0vaab+ bc+ ac+ 4m = 0 thi ciing ton tai cdc so nguyén a’, b, ¢
saochoa +b +c =0vaad'b' +b'c'+a'c+m=0.

c) Vi k la s6 nguyén duong, chitng minh ring khong ton tai cic so nguyén a, b, ¢ khdc
0saochoa+b+c=0uviaab+bc+ac+2=0.

Bai 2-2016 Cho x,y la hai s6 nguyén duong ma x* + y* + 10 chia hét cho xy.

Trang 13
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a) Chitng minh ring x,y la hai s6 16 va nguyén to ciing nhau.
S 2Hy2+10 ., .
b) Chitng minh k = T chia het cho 4 va k > 12.
Toi rét thich cac bai toan sb hoc nay, tir cach phat biéu dén kién thirc can st
dung. Tuy khé hon kha nhiéu so véi nhitng ndm dau, tuy nhién cac bai toan nay

van ¢6 y dé cho hoc sinh lam va phan loai tot.

T6 hop

TS hop c6 1é 1a phan quan trong nhat trong dé tuyén sinh vao PTNK, cac thay ra
dé ludn chi trong t6i phan nay. TS hgp 1a dang bai tap khé dung dé phéan loai hoc
sinh c6 nang khiéu. Nhin chung cac bai toan lién quan dén cac phuong phap ching
minh:
Phuong phap phan ching
Bai 5- 2006 Cho 13 s0 thuc théa man diéu kién: tong ciia 6 so bt ki trong chiing nhé hon
tong ciia 7 s6 con lai. Chitng minh riang tét cd cdc s6 da cho déu duong.
Quy nap
Céac nam dau, phuong phap quy nap dugc stt dung nhiéu trong cac bai toan t& hop.
Va céc bai toan t6 hgp cling rat khé, t6i luén nhd bai toan t6 hgp nam t6i thi vao
PTNK:
Bai 4-1999 Nguoi ta ldt nén nha hinh vuéng kich thudc n x n 6 bang cdc vién gach nhu
hinh vé dudi sao cho con chira lai mot 6 khong ldt.

a) Hay chi ra mgt cdch ldt nhu trén vdi nén nha kich thudc 4 x 4 va 8 x 8.

b) Hay chitng minh ring luén ton tai mot cich lit nén nha cé kich thude 28 x 28 (k

nguyén duong) vdi 6 trong con lai nam 6 vi tri (i, ]) bt ki.

Bai 5-1998

a) Hay chi ra cdch sip 8 s6 nguyén duong dau tién 1,2, ..., 8 thanh mét day ay, ay, ..., as

sao cho 2 s6 a;,a; bat ki (i < j) thi moi s6 trong day nim giita a; va a; deu khic

Trang 14
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a; + a;
2 S
b) Chitng minh ring véi N s6 ngquyén duong dau tién 1,2,...,N luén tim duoc cich

sﬁp thanh day aq, a, ..., an sao cho day thoa man diéu kién nhir ciu a).
Cung vdi quy nap, bai toan bat bién ciing xuat hién nhiéu trong cac bai toan t6 hgp:
Bai 5-2003

a) Cho mgt bang vuéng 4 x 4. Trén cdc 6 ctia hinh vudng nay, ban dau nguoi ta ghi 9
s0 1 va 7 86 0 mot cdch tiry yj (mbi 6 mot s6). Vi mbi phép bién ddi bing, cho phép
mét hang hodc mot cot bt ky trén hang hodc cdt dugc chon d6i dong thoi cdc s6 0
thanh s6 1, cdc s6 1 thanh s6 0. Chitng minh ring sau mot s6 hitu han cdc phép bién
doi nhu vdy, ta khong thé dua bang ban dau vé bing toan cic s6 0.

b) O virong quic "Sic mau ki do” cé 45 hiép si: 13 hiép si toc d6, 15 hiép si téc ving vi
17 hiép si toc xanh. Khi hai hiép si co mau toc khdc nhau gap nhau thi toc ciia ho ldp
tikc d6i sang mau tdc thit ba (vi dy khi hip si téc d6 gip higp si toc vang thi cd hai
doi sang toc xanh). Héi c6 thé xdy ra truong hop sau mét sé hitu han lan gdp nhau
nhu vy & “Sic mau ky do” tat cé cdc hiép si déu cd ciing mau téc khong? Vi sao?

Va nguyén li Dirichlet xuat hién cting kha nhiéu, mot sb bai c6 st dung nguyén li
nay:

Bai 5-2005 Xét 81 chir s6 trongg do c6 9 chit s6 , 9 chit s6 2,..., 9 chit s6 9. Hoi cd thé xép
81 chit s6 nay thanh mot day s6 cho véi méi k = 1,2, ...,9 thi giita hai chit s k lién tiép co
diing k chir s.

Bai 5-2011 Cho hinh chir nhit ABCD c6 AB =3,AD = 4.

a) Chitng minh ring tir 7 diém bit ki trong hinh chit nhat ABCD luén tim duoc hai
diém ma khodng cdch giita chiing khong lon hon \/5

b) Chitng minh khing dinh 6 cdu a) vin con diing vdi 6 diém bit ki nim trong hinh chi
nhdgt ABCD.

Bai 5-2015 D¢ khuyén khich phong trao hoc tip, mot truong THCS da to chitng 8 dot thi

cho cdc hoc sinh. O méi dot thi, cd diing 3 hoc sinh dugc chon dé trao gidi. Sau khi to chirng
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xong 8 dot thi, nguoi ta nhin thiy ring véi hai dot thi bat ki thi cd diing 1 hoc sinh duoc
trao gidi & cd hai dot thi d6. Chiing minh ring:
a) Cd it nhat mot hoc sinh dugc trao gidi it nhat bon lan.
b) C6 diing mot hoc sinh duroc trao gidi ¢ 8 dot thi.
Ngoai cac phuong phap chitng minh trén, cac bai toan t6 hgp ciing rat phong phu
vé noi dung, d6i khi mang mau sac tin hoc nhu bai ndm 1999 va mét s6 bai sau:
Bai 5-1996
a) Chitng minh vdi N > 3, luén luén cé N sé chinh phuong d6i mot khic nhau sao cho
tong ctia chiing la mot sé chinh phuong.
b) Chitng minh ring vdi moi so nguyén mn > 3 bao giv' ciing xdy dugc mot bing chi
nhdt gom m x n sé chinh phuong d6i mét khdc nhau cho tong ciia méi dong la mot

s6 chinh phuong va tong ciia mdi cdt Ia mot s chinh phuong.

Bai 5-2012 Cho da gidc déu n canh . Diing 3 mau xanh , d6, vang t6 mau cdc dinh da gidc
mot cdach tiy y ( mdi dinh duoc té bdi mét mau va tat cd cdc dinh déu dugc té mau). Cho
phép thuc hién thao tic sau ddy : chon hai dinh ké nhau bt ki ( nghia la hai dinh lién tiép)
khdc mau va thay mau cia hai dinh d6 bang mau con lgi.

a) Chitng minh ring bang cdch thuc hién thao tic trén mot s6 lan ta luén luén lam cho

cdc dinh cia da gidc chi con dugc t6 béi hai mau.

b) Chitng minh ring véin = 4 va n = 8, bing cich thuc hién thao tdc trén mot s6 lan ta

c6 thé lam cho cic dinh ctia da gidc chi con duoc t6 bdi mot mau.

Bai s6 5 - 2012 c6 1€ 1a bai toan t6 hgp khé nhat trong nhitng ndm gan day, khong
¢6 hoc sinh nao lam dugc tron ven bai nay. Toéi nhé rf?mg nam do6 diém cao nhat 1a
7.75, mOt nam ma dé thi rat khoé. T6 hogp luon 1a bai toan dugc quan tam tur luc ra
dé dén khi vao hoc, c6 thé dé 1a mot trong nhitng 1i do hoc sinh PTNK kha manh
phan nay, dién hinh 1a Pham Tuan Huy - 2 HCV IMO lién tiép vao cac nam 2013,
2014.
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Cac bai toan bong da

Co le day 1a mot dé tai rat thi vi ctia dé thi vao PTNK. Céc bai toan bong da xuat
hién thuong xuyén va cdch nam, ct moi ndm xay ra Worldcup hay Euro thi sé ¢6
mot bai lién quan dén bong da, mac du chi b6 hep trong pham vi bong da, tuy
nhién dé bai lai rat phong phu da dang, doi hdi suy luan chic ché va can than. Mot
s6 bai lién quan dén lap va giai phuong trinh:
Bai 5-2002 Trong mot gidi béng dd c6 N dgi tham gia thi ddu theo thé thiic vong tron mot
luot (hai d6i bit ky déu gip nhau diing mot lan). Sau méi tran ddu, thﬁng duoc 3 diém, doi
thua khong dugc diém nao, con néu trgn dau cé két qud hoa thi méi doi duoc 1 diém. Cdc
doi xép hang dua theo tong diém. Trong truomg hop mot s6 doi cé tong diém bang nhau thi
cdc dgi nay dugc xép hang theo chi s6 phy. Két hitc gidi nguoi ta nhdn thiy ring khong co
trdn ddu nao két thiic vdi ti s6 hoa; cdc doi xép nhdt, nhi, ba cd tong diém lan lugt 1a 15, 12,
12 va tdt cd cdc doi xép nhau cd tong diém d6i mot khdc nhau.

a) Chitng minh ring N > 7.

b) Tim N va tong diém ciia moi dgi tham gia gidi.
Bai 5-2008 Trong mdt gidi v6 dich bong dd c6 6 di tham gia. Theo diéu I¢ ciia gidi, hai
doi bat ky thi dau véi nhau ding mot trin, doi thing duoc 3 diém, doi hoa dugc 1 diém
va dgi thua 0 diém. Két thiic gidi, s diém ciia cdc dgi lan lugt la Dy, Dy, D3, Dy, Ds, D
(Dy > Dy > D3 > Dy > Ds > Dg). Biét ring doi bong vdi sé diém D1 thua diing mot
tran va D1 = Dy + D3 = Dy + Ds + De. Hay tim Dy va De.
Day 1a hai bai toan kho nhét vé dé tai béng d4, trong d6 bai nam 2008 1a rat kho doi
hoéi nhiéu suy ludn va xét cac truong hop mot cach can than. Mot sO bai toan khac
khong lién quan dén diém thi lién quan do thi:
Bai 5-2010 Trong mot gidi bong dd c6 12 ddu vong tron mot lugt (2 dgi bt ky ddu vdi nhau
mot trin).

a) Chiing minh rang sau 4 vong ddu (mdi doi dau 4 trin) luon tim duoc 3 doi bong doi
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mot chua dau voi nhau.
b) Khing dinh con diing khong khi méi doi da thi dau diing 5 tran.
Day la bai toan vé béng da cudi ciing xuat hién trong cac dé thi PTNK, c6 1é dem
lai mot chiit tiéc nudi cho cac hoc sinh, tuy nhién vi bong dé luén la deé tai hép dan,

biét dau no sé trd lai vao mot ngay khong xa.

Trén day la tom tat vé dé thi vao chuyén toan truong Phé thong Nang khiéu,
hy vong cac ban c6 thé ndm dugc phan nao tinh than cda dé thi tuyén sinh. Toi thi
vao PTNK nam 1999 va tring tuyén vao 16p chuyén toan, tuy nhién trude do thi
cing 16 mo vé dé thi nén cling chi biét 6n luyén chung chung, gi day cac ban c6
nhiéu lgi thé hon, tuy vay ki thi dau vao cling ngay cang cang thang hon khi PTNK
gio day dugc nhiéu nguoi biét hon. Vi sdn phdm nay, chic cac ban ¢6 sit chuén bi

t6t nhat cho ki thi sap tdi.

Du da c6 sdn phadm ctia thady Nguyén Dtc Tan, tuy vay khi lam tai liéu nay
toi xem nhu d6 1a co hoi dé€ minh 6n lai nhirng ki niém, giai lai nhimg bai toan ma
minh da ting bi trude d6, la mén qua tir mot ngudi Phé thong Nang khiéu danh
tang cho cac thay, nhitng ngudi con hodc khong con day & Phé thong Nang khiéu

nita, nhitng ngudi da ra nhirng bai toan rat hay, rat thu vi.

NGUYEN TANG VU
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1.1

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Nam 1993

Chia tap hgp céc s6 tu nhién {1,2,--- ,2n} thanh hai tdp A va B ki hiéu cac
sbtingdan A = {a; < ay < --- <ay}vaB = {b, < b, 1 < --- < b1}

Chung minh rfmg:
a1 = bi| + |ag = ba| + -+ + |an — bu| = 1?

Mot bang 21 x 2n 6, ngudi ta danh diu bat ki 37 6 trong bang. Chiing minh
rﬁing ton tai n dong va n cdt sao cho 3n 6 duge danh dau thudc n dong va n
cot nay.

Cho hinh thang vuéng ABCD c6 AB la day nho, CD la day 16n, M la giao
diém AC va BD. Biét réng hinh thang ngoai tiép duodng tron ban kinh R. Tinh
dién tich tam giac AMD.

Mot hop c6 52 vién bi trong d6 c6 13 bi mau tre“ing, 13 bi mau xanh, 13 mau
do va 13 bi mau vang. Hoi can lay ra it nhat bao nhiéu vién bi dé chic chan
6 7 vién bi cting mau. Phat biéu va ching minh bai toan tuong tu.

Mot day sO gém céac chir s6 0 va 1 c6 do dai 32 duoc goi la mot xau. Co6 3 xau
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1.2

Bai 1.

Bai 2.

Bai 3.

Bai 4.

NGUYEN TANG VU

nhu sau:

A={ay,ay,..,an},B={b1,by,--- ,bxn},C={c1,c2,- - ,cm}.

a;, bi,c; € {0,1}.

Gia tri cia mot xau la s6s6 1 trong xau do.

Mot may tinh c6 thé thay d6i cac xau nhu sau: Phép dich chuyén cac phan ti
cila Adikvitri0 <k < 32.

Phép so sanh hai xau A va B dé dugc xau méi C: A&B = C, tiuclac; =1 néu
aj=1,bj =1hoaca; =0,b; =0;¢; =0néua; =0,b; = 1 hodaca; =1,b; = 0.
Cho xau A c6 gia tri 16 va xau B bét ki, chiing minh rang bang cach dich
chuyén A di k vi tri thich hgp va so sanh két qué vdi B ta sé dugc xau C c6 gia

tri khong nhé hon 16.

Nam 1994

Gidi hé phuong trinh: 2 -y + 3y =13
x> +dxy — 2y = —6
Cho tam gidc ABC vudng tai A, c6 O, I lan luot 1a cac duong tron ngoai tiép,
nodi tiép. batBC =a,CA=b,AB =rc.
(a) Tinh cac d6 dai IO, IB theo a, b, c.

(b) Biét ré“mg tam giac OB vuong ¢ I. Chiing minh
AB:AC:BC=3:4:5

Chiing minh rang khong ton tai mot day ting thuc su cac sb nguyén khong

am: ai,dy, - - - sao cho véi moi sb tu nhién n, m ta co:
Amn = Am + Ay

Chting minh rang ton tai duy nhét hai s nguyén duong x va y théa man cac

tinh chat sau:
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1.3

Bai 1.

Bai 2.

Bai 3.

Bai 4.

NGUYEN TANG VU

i) x va y déu c6 hai chix sé.
ii) x =2y
iii) Mot chir s6 ctia y thi bang tdng hai chir s6 ctia x, con chit s6 kia thi bang
tri tuyét ddi ctia hiéu tri tuyét dbi hai chit s ctia x.
Mot tam giac déu duge chia hitu han cac tam giac con, chiing minh rang c6
mot tam gidc con ma cac géc déu nhd hon hodc bang 120°. (Dé liic dau la nho

hon, chua dting vi ¢6 truong hgp dic biét ddu bang van xay ra).

Nam 1995

Cho s ty nhién n > 1. Chung minh rang:

(@) Néu 7 18 thi ta khong thé séip n s6 tu nhién dau tién {1,2,--- ,n} thanh
mot day sao cho véi moi k < 7 thi téng cua k sb dau tién trong day
khong chia hét cho n.

xXyz

xX+y

XYz

y+z

Xyz

) z4+x ) )
Cho a1, a2, - - -, a1995 1a cac so thue duong. Goi A 1a cac so 16n nhat trong cac

Giai va bién luan hé phuong trinh sau: =1

s6 trén, hay chiing minh bt dang thtic:
1 2
A(ay +2ap + - - - +1995a1995) > 5(111 + -+ 4 a1995)

Cho tu giac 16i ABCD.
(a) Chiing minh rdng néu hai duong tron duong kinh AB va CD tiép xtic

ngoai nhau thi ta luén cé:

AB+CD < AD + BC
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(b) Chiing minh rang néu hai duong tron duong kinh AB va CD tiép xuc
ngoai nhau va hai dudng tron duong kinh AD va BC ciing tiép xuc ngoai
nhau thi tit gidc ABCD la hinh thoi.

Bai5. (a) Goi O 1a mot diém tay y nam trong hinh vuéng. Chiing minh r.’?mg
ludn c6 thé tim duoc hai dinh A va B cta hinh vudng sao cho 135° <

ZAOB < 180°.
(b) Goi O 1a moét diém tuy y nam trong da giac déu n canh (n > 5). Chung

minh réng, luon c6 thé tim duoc hai dinh A va B ctia da gidc sao cho

(1 — i) < ZAOB < 180°

1.4 Nam 1996

Bai 1. Goi 4,b 1a hai nghiém ctia phuong trinh x* + px + 1 = 0; ¢, d 1a hai nghiém
ctia phuong trinh 4 4 gy + 1 = 0. Chiing minh rang

(a—c)a—d)(b—c)(b—d) = (p—q)

Bai 2. Cho céc s6 x,y,z théa x +y +2z = 5,x* + y* + 22> = 9. Chiing minh ring
1<x,y,z< g
Bai3. (a) Cho tu giac 16i ABCD. Hay dung duong théng qua A chia d6i dién tich
ta giac ABCD.

(b) Cho tam gidc ABC va duong thang d / BC va nam khac phia ctia A déi
v6i BC. Lay diém M di dong trén d sao cho ABMC la ti giac 16i. Puong
thang qua A chia déi dién tich ti gidc cat BM hodc CM tai N. Tim quy
tich diém N.

Bai 4. Chiing minh khong ton tai s6 tu nhién 7 sao cho vn — 1+ v/n + 11a s6 hitu
&

Trang 22



NGUYEN TANG VU

Bai 5. (a) Chung minh v6i N > 3, luon luén c6 N sO chinh phuong doi mot khac
nhau sao cho téng ctia ching la mot s chinh phuong.

(b) Chiing minh rang v6i moi s6 nguyén mn > 3 bao gidf cling xay dugc

mot bang chir nhat gém m x n s6 chinh phuong doi mot khac nhau cho

tong ctia mdi dong 1a mot sé chinh phuong va tong ctia méi cot 1a mot

s6 chinh phuong.

1.5 Nam 1997
1 4

, , S 4+-<3
Bai1. (a) Tim tatca cacso duong x,y thoa: ¢ * Y
x+y=3
1 4 9
) . - +-+-=3
(b) Tim tac ca cac so duong x,y,zthdéa: ¢ * Y 2
x+y+z<12

Bai2. (a) Tim tat ca cac s nguyén duong 1 sao cho n2" + 3" chia hét cho 5.
(b) Tim tAt ca cac sb nguyén duong 1 sao cho n2" + 3" chia hét cho 25.

Bai 3. Mot nhom 21 nguoi da di du lich dén cac nudc Anh, Phap, Y, trong d6 moi
nguoi da di it nhat mot nude va khong c6 nguoi nao da di ca ba nudc. Biét
rang

i) S6 nguoi da di dugc ca hai nudc Y va Anh gip doi s6 ngusi da di dugce
ca hai nudc Phap va Y. Con s6 nguoi da di dugc ca hai nudc Phéap va Y
lai gop doi s6 ngudi da di dugc ca hai nude Anh va Phap.
ii) S6 nguoi di Y (ma khong di Anh Phap) hon s6 nguoi di Anh (ma khong
di Phap, Y) la mot ngudi va bang sb nguoi da di Phap.
Tra 16i cac cau hoi sau:
(a) Hay tim s6 nguoi di diing mot nudc.
(b) Hay tim s6 nguoi di it nhat mot trong hai nudc Anh, Phap.
Bai4. (a) Chung minh rang trong hinh thang can ABCD vdi hai day AB // CD ta
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6 AC* + BD* = AD* + BC? + 2AB.CD.
(b) Chitng minh rang v6i moi ti gidc 16i ABCD ta c6 AC> + BD? < AD?* +
BC? 4 2AB.CD. Tim diéu kién ctia ti gidc dé xay ra diu bang.

Bai 5. Cho day n s6 ay, ay, ..., a, (trong do6 cac s6 a; chi ¢6 thé nhan gid tri 0 hoac 1
thoa: (*) Bat ki hai bo 5 s6 lién tiép nao ldy tir day da cho déu khong trung
nhau.

(@) Ching minh n < 36.
(b) Biét rf?mg néu thém vao cudi day mot sO a,1 tay y (0 hay 1) thi tinh
chat (*) sé khong con ding nita. Ching minh rang 2 bo 4 s6 lién tiép

ai,a,as,as va ay—3,a,—2, 4,1, a4y trung nhau.

1.6 Nam 1998

Bai1. (a) Tim tat ca cac s6 nguyén duong sao cho 2" — 1 chia hét 7.
(b) Cho sb nguyén to p > 5. Dat A = 37 — 2 — 1. Chiing minh A chia hét
cho 42p.
Bai 2. Cho hai s6 nguyén duong a va b. Biét rang trong bén ménh dé P, Q, R, S dudi
day chi c6 duy nhat mot ménh dé sai: P ="a = 2b + 5"
Q="(a+ 1) chia hét cho b"
R ="(a + b) chia hét cho 3"
S="(a+ 7b) 1a sb nguyén td"
(a) Hay chi ra ménh dé nao sai trong bon meénh dé trén (c6 gii thich).
(b) Hay tim tt ca cac cip sb nguyén duong a,b thda ba ménh dé diing con
lai.
Bai3. (a) Trong hinh vudng canh bang 1 cho 5 diém bét ky. Ching minh ring
trong cac diém da cho c6 thé tim 2 diém sao cho khoang cach gitta ching

khong 16n hon \éi
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(b) Trong hinh vudng canh bang 1 cho 33 diém bét ky. Ching minh rang
trpmg cac diém da cho c6 thé tim dugc 3 diém lap thanh mot tam gidc
c6 dién tich khong 16n hon %

Bai 4. Cho x,y,z,p,q,r 1a cac sb thuc duong théa man diéu kién x +y +z = p +
g+r=1vapgr < %

(a) Ching minh rang néu x <y < z thi px +qy +7rz > xzﬂ

(b) Ching minh rang px + qy + rz > 8xyz

Bai 5. (a) Hay chira cach srflp 86 nguyén duong dautién 1,2, ..., 8 thanh mot day
a1, a2, ..., Ag sa0 cho 2 s6 a;, a; bat ki (i < j) thi moi s6 trong day nam gitra

a; va aj déu khac M.
(b) Ching minh rfang vGi N s6 nguyén duong dau tién 1,2, ..., N ludn tim
duogc cach sép thanh day ay,ay, ...,an sao cho day thoa man diéu kién

nhu cau a).

1.7 Nam 1999

Bai1l. (a) Biétrdng xi,x; 12 hai nghiém ctia phuong trinh bac hai: ax?+bx+c =0.
Viét phuong trinh bac hai nhan x3, x5 lam hai nghiém.

(b) Gii bat phuong trinh (x* + 4x + 10)? — 7(x* +4x +11) + 7 < 0.

Bai2. (a) Khai trién biéu thitc n* + (n +1)* thanh dang 2k + 1 va phan tich k thanh
nhan ta.

(b) Cho sb nguyén A 1a téng binh phuong cta hai s nguyén duong lién
tiép. Hay chiing minh rang A khong t6ng la t6ng Ity thira bac 4 ctia hai
s6 nguyén duong lién tiép.

Bai 3. Cho tam giac ABC c6 dién tich S va mot diém P nam trong tam gidc.
(a) Goi S1, Sy, S3 lan luot 1a dién tich ctia tam giac PBC, PCA, PAB. Hay tim

gia tri nho nhat ctia S 4 S3 + S3.
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(b) Goi Py, P, P; 1an lugt 1a cac diém dbi xing cta P qua BC,CA va AB.
Duong thang qua P; song song véi BC cat AB va AC tai By va C;. Puong
thang qua P, song song v6i AC cat BC, BA tai Cy, Ay, duong thang qua
P; va song song vGi AB cat CA,CB tai A3, Bs. Hay xac dinh vi tri caa
diém P dé tong dién tich ba hinh thang BCC;B;, CAA,C, va ABB3Aj;
dat gid tri nhd nhat va tinh gia tri do.

Bai 4. Nguoi ta lat nén nha hinh vuong kich thudcn x n 6 bfing cac vién gach nhu
hinh vé dudi sao cho con chira lai mot 6 khong lat.

(a) Hay chi ra mot cach 1at nhu trén véi nén nha kich thudc 4 x 4 va 8 x 8.

(b) Hay ching minh rf?mg ludn ton tai mot cach lat nén nha ¢ kich thude

2k % 2k (k nguyén duong) véi 6 tréng con lai nam & vi tri (i, j) bat ki.

Bai5. (a) Chiing minh dang thic x +vy + |x — y| = 2max{x,y},Vx,y € R.
(b) Chitng minh dang thic:

a—>
ab

a-+b
ab

a-+b
ab

+ +

ab | ¢

a—b‘ 2

2 111
‘—‘FC —4max{a,b,c},V{l,b,C #O

trong d6 max la ki hiéu s6 16n nhat trong cac s6 di kem.

1.8 Nam 2000

Bai1. (a) Cho s nguyén khong am A. Hay xac dinh A biét rang trong 3 ménh dé
P, Q, R dudi day c6 2 ménh dé dung va 1 ménh dé sai:
P:" A + 51 1a s6 chinh phuong"
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Q:" Chir s6 tan cuing cia A la 1"

R:"A - 38 1a 56 chinh phuong"

C6 thé xép hay khong cac s60,1,2, .., 91én cic dinh ctia moét da giac
déu 10 dinh sao cho hiéu 2 dinh ké nhau bat ki nhan mdt trong cac gia
tri-3,-4,-5,3,4hoac5.

Bai 2. Giai cac hé phuong trinh:

Bai 3.

Bai 4.

(a)

(b)

(a)

(b)

(a)

(b)

xy =x+3y
yz=2(y+z)

| xz=3(3z+2x)
(x+y+2)° =12t
(y+z+1)° =12x
(z+t+2)° =12y

(t+x+y) =12z
Cho bdn sb6 nguyén duong ay,a2,a3,a4 sao cho 1 < a; < k v6i moi k =

1,2,3,4 vatong S = aj + as + a3 + a4 1a mot s6 chan. Chirng minh rang
c6 it nhat mot trong cac s6 dang +-a; + ap + a3 + a4 c6 gia tri bé“mg 0.
Cho 1000 s6 nguyén duong ay, ay, ..., 41000 sao cho 1 < ap < kvéi k =
1,2,..,1000 va téng S = aj + aa + ... + a100 12 mot s6 chan. Hoi trong cac
s6 c6 dang +a; + ay... + ajgep c6 s6 nao bang 0 hay khong? Giai thich vi
sao?

Cho géc vudng xAy va dudng tron (C) tam O tiép xtic véi Ax va Ay lan
luot tai P va Q. d 1a mot tiép tuyén thay déi ctia (C). Goi 4, p, q 1an luot
la khoang cach tir A, P, Q dén d. Ching minh rang khi d thay déi thi a—z
khong doi. &
Khang dinh trén con ding khong nén x Ay khong phai la géc vuong? Vi

sao?

Bai 5. (a) Cho ab,cla3s6 khong am thda diéu kién P+ +32< 2(ab + bc + ac)
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Bai 1.

Bai 2.

Bai 3.

Bai 4.

NGUYEN TANG VU

1
Ching minh ring a + b+ ¢ < 2(vab + Vbe + v/ac) (2)
Hai tir (2) c6 thé suy ra (1) dugc khong? Vi sao?
(b) Cho a,b,c 1a 3 s6 khong am thoa diéu kién (1) va p,q,r la cac sb thda
diéu kién p + g + r = 0. Chitng minh apq + bgr + crp < 0.

Nam 2001

(a) Tim s6 nguyén duong a nhd nhat sao cho a chia hét cho 6 va 20004 1a sb
chinh phuong.
(b) Tim s6 nguyén duong b nhd nhét sao cho b — 1 khéng 1a bdi cta 9, b 1a
bdi ctia bon s6 nguyén t6 lién tiép va 2002b la s6 chinh phuong.
Cho x, y 1a cac s6 thuc sao cho x + ]1/ vay -+ % déu la cac sd nguyén.

1

(a) Ching minh x*y* + 2

la sb nguyen.

(b) Tim tAt ca cac s6 nguyén n sao cho x"y" +

— lasonguyeén.
x

(a) Cho a,bla cac s6 duong thoa ab = 1. Tim gia tri nhd nhat cta biéu thic:
4
_ 2 2
A=@+b+1)(a"+b)+ PR

) 1 1 .
(b) Cho m, n la cac so nguyén théa — + . Tim gia tri 16n nhat ctaa

1 _1
2m  2n 3
B = mn.

Cho hai dudng tron C1 (01, Ry) va C2(Oz, R, ) tiép xtic ngoai nhau tai diém A.
Hai diém B, C lan luot di dong trén C;, C; sao cho Z/BAC = 90°.
(a) Chiing minh trung diém M cta BC luén thudéc mot duong tron cb dinh.

(b) Ha AHLBC. Tim tap hop diém H. Ching minh ré“mg d6 dai doan AH
2R1R;

Ri+ Ry )

(c) Phatbiéu va chitng minh cac két qua tuong tu nhu cau a) va cau b) trong

khoéng 16n hon

truong hop Ci, G tiép xtc trong v6i nhau tai diém A.
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Bai 5. Giai hé phuong trinh

Vi+1+vVx+3+Vx+5=y—1+y—-3+y-5
x+y+x2+y* =80

1.10 Nam 2002

Bai 1. Cho phuong trinh x — v/x + 1 = m (1) trong d6 m la tham s6.
(a) Giai phuong trinh (1) khim = 1.
(b) Tim tAt ca cac gia tri ciia m dé phuong trinh (1) c6 hai nghiém phan biét.
Bai 2. Cho céc s6 x, v, z 1a cac s6 nguyén thda phuong trinh x? + y? = z°.
(a) Chiing minh rang trong hai s6 x, y c6 it nhat mot s6 chia hét cho 3.
(b) Chiing minh rang tich xy chia hét cho 12.
Bai 3. Cho duong tron (C) dudng kinh BC = 2R va diém A thay déi trén (C) (A
khong tring véi B, C). Pudng phén giac trong goc A ctia tam giac ABC cat
(C) tai K (K # A). Ha AH vuong goc voi BC.
(a) Bat AH = x. Tinh dién tich S ctia tam gidc AHK theo R va x. Tim x dé S
dat gia tri lon nhét.
(b) Chiing minh rang khi A thay déi, tdng AH? + HK? lu6n 1a mot dai lugng
khong doi.
(c) Tinh goc cta tam giac ABC biét rang % = \/g .
Bai 4. Cho céc s6 thuc a, b, ¢ thdoa man diéu kién a + b= b+ % =c+ %.
(@) Choa=1,timb,c.
(b) Chung minh r?ang néu a,b, c d6i mot khac nhau thi a®b?c* = 1.
(c) Ching minh rang néu a,b,c déu duong thia = b = c.
Bai 5. Trong mdt gidi béng da c6 N doi tham gia thi ddu theo thé thirc vong tron
mot luot (hai doi bat ky déu gdp nhau diing mot lan). Sau méi tran dau, théng

duge 3 diém, doi thua khong duge diém nao, con néu tran dau c6 két qua hoa
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thi méi doi dugc 1 diém. Cac doi xép hang dua theo téng diém. Trong trudong
hop mot sb doi c6 téng diém bang nhau thi cac doi nay dugc xép hang theo
chi s phu. Két hirc gidi ngudi ta nhan thay rang khong c6 tran ddu nao két
thuc vdi ti s6 hoa; cac doi xép nhét, nhi, ba c6 tf;ng diém l1an luot 14 15, 12, 12
va tt ca cac doi xép nhau ¢6 téng diém d6i mot khac nhau.

(@) Ching minh rang N > 7.

(b) Tim N va téng diém ctia mdi doi tham gia giai.

1.11 Nam 2003

Bai1. (a) Chuing minh rang phuong trinh (2 — b*)x* 4 2(a® — b*)x +a* —b* =0
luén cé nghiém véi moi 4, b.
x+y+xy=>5
(x+1°+(y+1)°=35
Bai2. (a) Véi méi s6 nguyén duong n, dat a, = 22" — 2"t 4 1,p, = 221 4

(b) Giai hé phuong trinh

2t 41, Chung minh rfmg v&i moi # thi a,b, chia hét cho 5 va a, + b,
khéng chia hét cho 5.

(b) Tim tat ca cc bo ba s6 nguyén duong doéi mot khac nhau sao cho tich
ctia ching bang tong ctia ching.

Bai 3. Cho tam gidc ABC vuong tai A c6 duong cao AA;. Ha A{H1 AB, AjKLAC.
bat A1B=c, A1C =y.

(@) Goi r va ¥’ 1a ban kinh dudng tron néi tiép tam giac ABC va tam giac
AHK tuong ung. Hay tinh ty s6 r? theo x, y suy ra gia tri 16n nhét cta ty
s6 do.

(b) Chiing minh rang t gidc BHKC ndi tiép dudng tron. Tinh ban kinh cta
duong tron do theo x, y.

Bai4. (a) Cho duong tron (C) tdm O va mot diém A khac O nam trong duong
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(b)

(a)

(b)

NGUYEN TANG VU

tron. Mot duong thang thay déi qua A nhung khong di qua O cét (C)
tai M, N. Chiing minh rang dudng tron ngoai tiép tam giac OMN luén
di qua mot diém ¢ dinh.

Cho duong tron (C) tam O va mot dudng thang d nam ngoai dudng
tron. I 1a mot diém di dong trén d. Duong tron duong kinh 10 cat (C)
tai M, N. Chtiing minh rang duong thang MN luén di qua mét diém cb
dinh.

Cho mot bang vudng 4 x 4. Trén cac 6 cta hinh vudéng nay, ban dau
ngudi ta ghi 9 56 1 va 7 s6 0 mot cach tiy y (mdi 6 mot s6). Vi mdi
phép bién ddi bang, cho phép mot hang hodc mot cot bat ky trén hang
hoac cot dugc chon déi df)ng thoi cac s6 0 thanh s6 1, cac s6 1 thanh sb
0. Chitng minh rang sau mot s6 hitu han cac phép bién déi nhu vay, ta
khong thé dua bang ban dau vé bang toan cac s6 0.

O vuong qubc "Séc mau ky 30" ¢6 45 hiép si: 13 hiép si téc dd, 15 hiép si
téc vang va 17 hiép si toc xanh. Khi hai hiép si ¢6 mau téc khac nhau gap
nhau thi téc cta ho lap tic d6i sang mau toc thi ba (vi du khi hiép si
téc do gap hiép si téc vang thi ca hai d6i sang téc xanh). Hoi c6 thé xay
ra trudng hgp sau mot sé hiru han 1an gap nhau nhu vay & "Sac mau ky

ao" tat ca cac hiép si deu c6 cung mau téc khong? Vi sao?

1.12 Nam 2004

Bai 1.

(a)
(b)

()

x+\y+5=1
y+vx+5=1

Cho cac sb x,y thoa |x| < 1,|y|] < 1. Ching minh rang |x| + |y| >
X+y
14+ xy
Tim tat ca cac s6 nguyén m > 0 sao cho phuong trinh x> — (m — 1)%x +

Giai hé phuong trinh

m = 0 c6 cac nghiém déu nguyén.
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Bai2 (a) Tim tat cic s6 nguyén duong n sao cho x*"*! + x?* + 1 chia hét cho
X +x+1
(b) Tim s6 du trong phép chia A = 3% + 3% + 32% cho 91.

Bai 3. Cho tam giac ABC déu va mot diém P nam trong tam giac. Goi Ay, B1,C; 1a
hinh chiéu vuéng goc ctia P trén BC, AC, AB. Tim quy tich cac diém P sao
cho tam giac A;B1C; can.

Bai 4. Cho tam gidc ndi tiép dudng tron (O). M 1a mot diém thay déi trén cung nhé
BC. Goi N la diém déi xiing ctia M qua trung diém I ctia AB.

(a) Chiing minh tryc tdim K cta tam gidc ABN thudc mot duong tron cd
dinh.
(b) Gia sit NK cat BC tai D, ha KE vudng goéc BC. H 1a tryc tam tam gidc
ABC. Chiing minh rang DE di qua trung diém | ctia HK.
Bai 5. (a) Trong mot gidi bong da co k doi tham gia, thi dau vong tron mot luot (2
doi bat ki gap nhau mot lan). Doi thang duge 3 diém, hoa 1 diém, thua
0 diém. Két thiic gidi ddu nguoi ta thay sb tran thang - thua gdp doi tran
hoa va tong diém la 176. Tim k.
(b) Tim s6 nguyén duong A c6 2 chit s6 sao chi théa man 2 trong 4 tinh chét
sau:
i. Alabdicuab.
ii. Alabdicua2l.
iii. A +71a sd chinh phuong.
iv. A - 20 1a s chinh phuong.
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1.13 Nam 2005

Bail. (a) Chocacsba,b > 0,c # 0. Chung minh rf?mg % + % +% = 0 khi va chi
khiva+b=+va+c+Vb+ec.
1

1
s . 2T
(b) Giai hé phuong trinh: ¢ % Y

V2 —1+,/y>—1=/xy+2

Bai2. (a) Cho p > 51las6 nguyeén t sao cho 2p + 1 ciing la s6 nguyén to. Ching

=1

minh rang p + 1 chia hét cho 6 va 2p* + 1 khéong la s6 nguyén t6.

(b) Tinh tong cac s6 nguyén tir 1 dén 1000 ma trong cach viét thap phan cua
chiing khong chira chir s6 4 va s6 5.

(c) Cho tam thtic bac hai P(x) = ax? + bx + ¢ thoa man diéu kién P(x* —
2) = P?(x) — 2. Chiing minh rang P(x) = P(—x) véi moi x.

Bai 3. Cho tam gidc nhon ABC. D la mét diém di dong trén canh BC. Goi O1, O, lan
luot 1a tim dudng tron ngoai tiép cac tam gidc ABD va ACD.

(@) Ching minh rang dudng tron ngoai tiép tam gidac AO10; di qua mot
diém c6 dinh khéac A.

(b) Goi O la tim dudng tron ngoai tiép tam giac ABC va I 1a tim duong
tron ngoai tiép tam giac AO;0,. Tim vi tri diém D dé OI dat gia tri nho
nhéat.

Bai4. (a) Cho hinh vuéng ABCD c6 canh 1. M 1a diém nam trong hinh vuong.
Chitng minh rang MA? + MB? + MC* + MD? > 2.

(b) Cho x,v,z,t1a cac sd thuc thudc doan [0; 1]. Chitng minh rang ta luén c6
bat dang thic x(1 —y) +y(1 —z) +z(1 —t) + (1 —x) < 2.

Bai 5. Xét 81 chit s trongg do6 c6 9 chu s6,9 chir s6 2,..., 9 chir s6 9. Hoi ¢6 thé xép
81 chir s6 nay thanh mét day s6 chovéimdik = 1,2, ...,9 thi gitta hai chtt sO

k lién tiép c6 ding k chit sé.
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1.14 Nam 2006

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

(a) Gidi hé phuong trinh { 204y =1
20 +xy =1

(b) Giai bat phuong trinh V/3x —5x2 < 5x —2

(c) Cho x, v la cac s6 thyc thdéa man diéu kién x +y = 2. Ching minh rf!mg
xy (¥ +y7) <2

Cho phuong trinh (m + 3)x* — 2(m? + 3m)x + m® 412 = 0(1), trong d6 m la
tham s6:

(a) Tim s6 nguyén m nhd nhat sao cho phuong trinh (1) c6 hai nghiém phan
biét.

(b) Ky hiéu x1, x5 1a nghiém ctia (1). Tim s6 nguyén m 16n nhét sao cho x7 +
x5 1a mot s6 nguyeén.

Cho tam giac déu ABC. P 1a m6t diém nam trong tam giac. Goi x, y, z 1an luot
la kkhoang cach tir P dén cac canh BC, CA, AB tuong tng.

(a) Biétrang x = 1,y = 2,z = 3. Hay tinh dién tich ctia tam giac ABC.

(b) Tim quy tich diém P trong tam gidc sao cho x + y = z. Tir d6 suy ra tap
hgp nhiing diém P trong tam gidc sao cho x,y,z lap thanh 3 canh cta
mot tam gidc.

Cho duong tron (C) tam O, AB la mét day cung cta (C) khong diqua O va I
la trung diém ctia AB. Mot duong thang thay déi qua A cat duong tron (C)
tam O ban kinh OI tai P va Q. Chiing minh rang tich AP.AQ khéng déi va

dudng tron ngoai tiép tam gidc BPQ di qua mot diém cb dinh khéc B.

(a) Trong mot gidi bong da, c6 4 doi thi dau vong tron 1 lugt (trong mot
tran, doi thang dugc 3 diém, doi thua duge 0 diém va doi hoa duge 1
diém). Khi két thuc giai, nguoi ta thdy c6 3 doi dat dugc tong sb diém

lan lugt 1a 6 diém, 5 diém va 1 diém. Hay cho biét doi con lai cta gidi c6
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tong s6 diém la bao nhiéu va giai thich vi sao?
(b) Cho 13 sb thyc thda man diéu kién: tng ctia 6 sb bat ky trong ching
nhé hon tdng ctia 7 s6 con lai. Chitng minh rang tat ca cac s6 da cho déu

duong.

1.15 Nam 2007

. L ) ey =o6x
Bail. (a) Giai hé phuong trinh .
¥?+9 =2xy

(b) Choa = y/11 +6V2, b= v 11— 61/2. Chung minh rf?mg a,b 1a hai
nghiém ctia mot phuong trinh bac 2 voi hé s6 nguyén.
(©) Cho ¢ = V/6v/3+10, d = 1/63/3 —10. Chiing to ring 2, d2 la hai
nghiém ctia mot phuong trinh bac 2 véi hé s6 nguyén.
Bai 2. Cho tam giac ABC ndi tiép duong tron (C). P 1a mot diém trén cung BC khong
chira diém A. Ha AM, AN lan lugt vudng géc véi PB, PC.
(a) Ching minh rang MN ludn di qua mot diém cd dinh khi P thay d6i.
(b) Xac dinh vi tri ctia P sao cho biéu thitc AM.PB + AN.PC dat gia tri lon
nhat.
Bai3. (a) Choa,b,c,dla cac sb thuc duong thod man: ab = cd = 1. Ching minh
bat dang thic: (a +b) (c+d) +4>2(a+b+c+d).
(b) Choa,b,c,d 1a cac sd duong thoa man diéu kién abced = 1. Chung minh
rang bat dang thuc: (ac + bd) (ad + bc) > (a+b) (c +d).
Bai 4. Cho hinh thang ABCD c6 day AB va CD. Puong tron duong kinh CD di qua
trung diém cac canh bén AD, BC tiép xtic véi AB. Hay tim s6 do cac goc cta

hinh thang.

Bai 5. (a) Choa, b, cla cac s thuc duong phan biét c6 téng béng 3. Ching minh
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rf?mg trong 3 phuong trinh x> —2ax+b = 0, x? —2bx +c¢ = 0, x? —

2cx +a = 0 c6 it nhat mot phuong trinh c6 hai nghiém phan biét va it
nhat moét phuong trinh vo nghiém.

(b) Cho S 1a moét tap hop gém 3 sb tu nhién c6 tinh chat: tong hai phén ta
tuy y ctia S la mot s6 chinh phuong( vidu S = {5,20,44}). Ching minh

rang trong tap S c6 khong qua mot s6 18.

1.16 Nam 2008

Bai1. 1) Cho phuong trinh x* — mx +2m —2 = 0(1)

a) Chung minh rang (1) khong thé c6 hai nghiém déu am.

b) Gid stt x1, x2 1a hai nghiém phan biét ctia (1). Chitng minh rang biéu
(x5 —2x1 +2) (¥ —2xp 4 2)

thic
2 2
X7+ x5

khong phu thudc vao gia tri caa
m

2) Giai hé phuong trinh

x = P42
y=2z"+x°
z=x>+1°

Bai 2. Cho tam gidc ABC khéong can. Puong tron noi tiép tam I tiép xtic vdi cac canh
BC,CA, ABlan luot tai D, E, F. Duong théng EF cat Al tai | va cat BC nbi dai
tai K.
(a) Chiing minh cac tam gidc IDA va I]D dong dang.
(b) Chung minh r?ang KI vudng goc voi AD.
Bai 3. Cho goc xAy vudng va hai diém B, C lan lugt trén cac tia Ay, Ay. Hinh vuong
MNPQ c6 cac dinh M thudc canh AB, dinh N thudc canh AC va cac dinh
P, Q thudc canh BC.
(a) Tinh canh hinh vuéng MNPQ theo canh BC = a va dudng cao AH = h
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cta tam giac ABC.
(b) Cho B, C thay déi lan lugt trén cac tia Ax, Ay sao cho tich AB.AC = k2 (
k khong d6i). Tim gia tri Io6n nhat cta dién tich hinh vuéngMNPQ.
Mot s nguyén duong n dugc goi la s6 bach kim néu n béng tong binh
phuong céc chit s6 ctia né.
(a) Ching minh rang khong ton tai s6 bach kim c6 3 chi s6
(b) Tim tat cd cac s6 nguyén duong n la s6 bach kim.
Trong mot giai vo dich bong da c6 6 doi tham gia. Theo diéu 1é ctia gidi, hai
doi bat ky thi diu véi nhau diing mot tran, doi thfing duoc 3 diém, doi hoa
duge 1 diém va doi thua 0 diém. Két thiic gii, s6 diém cta cac doi lan lugt 1a
D1, Dy, D3,Dy,Ds,D (D1 > Dy > D3 > Dy > Ds > Dg). Biét rang doi bong
v6i s6 diém D1 thua dung mot tran va Dy = D, + D3 = Dy + Ds + Dg. Hay

tim D7 va Dg.

1.17 Nam 2009

Bai 1.

Bai 2.

Bai 3.

(@) Choa,b,c,dla cac sb thuc théa man diéu kién % = 2 = SthCd’ a.c # 0.
Chung minh réng: b? = d>.
x—1 3—x-—y
3 7 _ .2 _ .2
(b) Giai hé phuong trinh Giai hé phuong trinh: xyy_ 23 B 73 _xx _ z
xy—4  7—x2—y2

(a) Giai bat phuong trinh: 2x +1 < v/8x +9

(b) Cho a,b,c la cac sb6 thuoc [—1;2] thda man diéu kién a® + b* + ¢* =
6.Ching minh rf“ing: a+b+c>0

(a) Chiing minh rang khong ton tai s6 tu nhién a sao cho a® + a = 2010*%”

(b) Chitng minh rang khéng ton tai s6 tu nhién a sao cho a + a> + a° =
20092010

Bai 4. Cho dudng tron (O) tdm O, duong kinh AB = 2R. C la mét diém thay d6i
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trén duong tron (O) sao cho tam gidc ABC khong céan tai C. Goi H la chan
duong cao ctua tam giac ABC ha tu C. Ha HE, HF vuong goc véi AC, BC
tuong tng. Cac duong thang EF va AB cat nhau tai K.
(a) Tinh theo R dién tich tam gidc CEF va d¢ dai cac doan KA, KB trong
truong hop BAC = 60°.
(b) Ha EP, FQ vuédng géc v6i AB. Chiing minh rang dudng tron dudng kinh
PQ tiép xuc voi duong théng EF.
(c) Goi D la giao diém cta (O) va dudng tron duong kinh CH,D # C.
Chiing minh rang KA.KB = KH? va giao diém M ctia cac dudng thang
CD va EF ludn thuoc mét dudng thang cb dinh.
Bai 5. Trén mot duong tron, ngudi ta xép cac s 1,2,3, ..., 10 (mdi s6 xuat hién ding
mot 1an).
(a) Chiing minh khong ton tai mot cach xép ma tong hai s6 ké nhau déu 16n
hon 10.
(b) Ton tai hay khong mot cach xép ma téng hai s6 ké nhau déu 16n hon

hodc bang 10?

1.18 Nam 2010

Bai1l. (a) Cho cacsba,b,cthéoaa+b+c = a®+b®+c® = 0. Ching minh rang
trong 3 sO a, b, ¢ 6 it nhat mot s6 bf“ing 0.
x+y+z=3
(b) Giai h¢ phuong trinh ¢ xy + yz + xz = —1
PP+ +6=3(*+y2+7%)
Bai2. (a) Giai phuongtrinh (2x —1)2 =12¢/x2 —x —2+1
(b) Cho tam gidc ABC vudng tai A c6 dién tich bang 1. Chiing minh rang
2 < BC < V2(AB + AC —V2)
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Bai3. (a) Hay chira motbo 4 sb nguyén duong phan biét ma téng bo ba s6 bat ky
trong ching 1a mot s6 nguyén t6.
(b) Chiing minh rang khong ton tai 5 s nguyén phan biét ma tng 3 sb bat
ky trong ching la mot ) nguyeén to.

Bai 4. Cho duong tron tam O, ban kinh R, day cung BC ¢b dinh ¢6 d6 dai RV/3. A la
mot diém thay déi trén cung 16n BC. Goi E 1a diém ddi xing ctia C qua AB; F
la diém d6i xting cua B qua AC. Cac duong tron ngoai tiép cac tam giac ABE
va ACF cit nhau tai K (K # A).

(@) Chiing minh K luén thudc mét duong tron cb dinh.

(b) Xac dinh vi tri ctia K dé tam gidc KBC c6 dién tich 16n nhét va tinh dién
tich dé6 theo R.

(c) Goi H 1a giao diém ctia BE va CF. Chiing minh rang tam gidc ABH déng
dang v6i tam giac ACK va AK di qua diém cb dinh.

Bai 5. Trong mot gidi bong da c6 12 diu vong tron mot luot (2 doi bat ky dau vdéi
nhau mot tran).

(@) Ching minh rang sau 4 vong dau (méi doi dau 4 tran) ludén tim dugc 3
doi bong déi mot chua dau véi nhau.

(b) Khang dinh con diing khéng khi mbi doi da thi dau ding 5 tran.

1.19 Nam 2011

Bai 1. Cho phuong trinh bac hai x> — (m + 3)x + m?* = 0 trong d6 m la tham s6 sao
cho phuong trinh ¢6 hai nghiém phén biét xq, x».
(a) Khim = 1. Ching minh rang ta cé hé thitc ¢/x1 + /x3 = \/ 2+ \/2 + V6
(b) Tim tat ca cac gia tri ctia m sao cho /X1 4 /X2 = V5
(c) Xét da thitc P(x) = x> + ax? + bx. Tim tat ca cac cap s6 (a,b) sao cho ta

c6 hé thite P(x1) = P(x;) v6i moi gia tri ciia tham s6 m.
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Bai2. (a) Choa,b lacacsb thuc duong. Tim gia tri nho nhét ctia biéu thic

V14 a?v1+b?

P =
1-+ab

(b) Cho cacsb x,y,z thda |x| < 1,|y| < 1,|z| < 1. Ching minh rang:

1—x2+4/1-y?+V1-22< \/9—(x+y—|—z)2

Bai 3. Cho tam gidc ABC nhon ¢6 AB = b, AC = ¢. M 1a mét diém thay déi trén

canh AB. Puong tron ngoai tiép tam gidac BCM cat AC tai N.
(a) Chiing minh rang tam giac AMN déng dang vé6i tam giac ACB. Tinh t
s Aj\i—g dé dién tich tam gidc AMN béng % dién tich tam giac ACB.
(b) Goi I 1a tam dudng tron ngoai tiép tam gidc AMN. Chiing minh rang [
luén thuéc mot dudng cd dinh.
(c) Goi ] 1a tdm duong tron ngoai tiép tam gidc MBC. Chung minh rﬁmg
doan thang I] c¢6 do dai khong déi.
Bai 4. Cho cac sb nguyén a,b,c sao cho 2a 4+ b,2b +¢,2c +a déu 1a cac s6 chinh
phuong ().
(a) Biét rang c6 it nhat mot trong 3 s6 chinh phuong trén chia hét cho 3.
Chiing minh rang (a — b) (b — ¢)(c — a) chia hét cho 27.
(b) Ton tai hay khong cac sd a, b, ¢ thoa diéu kién (*) ma (a —b)(b—c)(c — a)
khong chia hét cho 272
Bai 5. Cho hinh chir nhat ABCD ¢6 AB=3,AD = 4.
(@) Chung minh rf?mg tir 7 diém bat ki trong hinh chit nhat ABCD luén tim
dugc hai diém ma khoang céch gitta chiing khong 16n hon v/5
(b) Chitng minh khang dinh & cu a) van con ding véi 6 diém bat ki nam
trong hinh chit nhat ABCD.
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1.20 Nam 2012

Bai1. (a) Giai hé phuong trinh ¢ (y — Z)z = 2x — x?

(z—x)?=2y—y
(b) Cho hinh vuéng ABCD canh a. M va N la hai diém 1an luot ndm trén
AM CN

cac canh AB va BC sao cho AB — B =% voi 0 < x < 1. Cac duong
thang qua M, N song song v6i BD lan luot cat AD tai Q va CD tai P.
Tinh dién tich tir giac MNPQ theo a va x va tim x sao cho dién tich nay
16n nhat.
Bai 2. S6 nguyén duong 1 dugc goi la s6 diéu hoa néu nhu tdng cac binh phuong
clia cac wdc ctia n6 (ké ca 1 van ) ding bang (n + 3)?.
(a) Ching minh rang s6 287 1a s6 diéu hoa.
(b) Chiing minh ring sb n = p>( p nguyén t6 ) khong phai 1a s6 diéu hoa.
(c) Chiing minh rang néu sé n = pq ( p,q 1a cac s6 nguyén t6 khac nhau) la
s6 diéu hoa thi 1 + 2 1a s6 chinh phuong.
Bai3. (a) Tim tat ca cac sb thuc x thoa x> —5x +4+2vx —1 > 0.
(b) Ching minh ré"mg voi cac s6 khong ama, b, cthoaa+ b+ C = 3 thitaco
bétdéngthfrc Va+ \/B—I—ﬁz ab + be + ac.
Bai 4. Cho tam gidc ABC vuéng tai A. Trén duong thang vuong géc v6i AB tai B ta
léy diém D di dong nam cung phia véi C débi véi duong théng AB.
(@) Chung minh ri“mg néu AC + BD < CD thi trén canh AB ton tai hai diém
M va N sao cho ZCMD = ZCND = 90°
(b) Gia st diéu kién trén dugc théa man. Duong thang qua A song song v6i
MD céat dudng thang qua B song song véi MC tai E. Chiing minh rang
duong thang DE luén di qua mot diém c6 dinh .
Bai 5. Cho da giac déu n canh . Diing 3 mau xanh , d6, vang t6 mau cac dinh da giac

mot cach tiy y ( méi dinh dugc t6 bdi mot mau va tt ca cac dinh déu dugc
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to mau). Cho phép thuc hién thao tac sau day : chon hai dinh ké nhau bat ki (
nghia 1a hai dinh lién tiép) khac mau va thay mau cta hai dinh d6 bang mau
con lai.
(@) Ching minh réng béng cach thuc hién thao tac trén mot s6 1an ta ludén
ludén lam cho cac dinh ctia da giac chi con dugc t6 bdi hai mau.
(b) Chiing minh rang véi n = 4 va n = 8, bang cach thuc hién thao tac trén
mdt s6 lan ta c6 thé lam cho cac dinh ctia da gic chi con dugce t6 bdi mot

mau.

1.21 Nam 2013

Bai 1. Cho phuong trinh x* — 4mx +m? — 2m +1 = 0 (1) v6i m 1a tham s .
(a) Tim m sao cho phuong trinh (1) c6 hai nghiém phan biét. Ching minh
réng khi d6 hai nghiém khong thé trai dau.
(b) Tim m d€ phuong trinh ¢6 hai nghiém x1, x théa |x; — x2| = 1.
3x +2y +1=2z(x+2)
Bai 2. Giai hé phuong trinh ¢ 3y? + 2z +1 = 2x (y + 2)
3224 2x+1=2y(z+2)
Bai 3 Cho x, y 1a hai s6 khong am thoa x° +° < x — .
(@) Chung minh réng y<x<1l
(b) Chung minh réng W+ y3 < x*+ yz <1.
Bai 3. Cho M = a” + 3a + 1 v6i a 1a s6 nguyén duong.
(a) Ching minh rang moi udc ctia M déu 1a sb 1é.
(b) Tim a sao cho M chia hét cho 5. Vi nhitng gia tri nao ctia a thi M 1a lay
thura cta 5?
Bai 4. Cho tam giac ABC c6 goc ZA = 60° , duong tron (I) ndi tiép tam gidc (v6i
tam I) tiép xuc voi cac canh BC,CA, AB lan luot tai D, E, F. Duong théng ID
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cat EF tai K, dudng thang qua K va song song véi BC cat AB, AC theo thi ty
tai M, N.
(a) Ching minh rang céc tu gidc [FMK va IMAN noi tiép .
(b) Goi J la trung diém canh BC.Chiing minh ré“mg ba diém A, K, | thrfmg
hang.
(c) Goi rla ban kinh ctia duong tron (I) va S 1a dién tich ti gidc IEAF.Tinh
S theo r va ching minh Sy > 2 (Simn 1a dién tich tam giac IMN).
Bai 5. Trong mot ky thi, 60 thi sinh phai giai 3 bai toan. Khi két thuc ky thi , nguoi
ta nhan thay rang: V6i hai thi sinh bat ky ludn c6 it nhat mot bai toan ma ca
hai thi sinh d6 déu gidi dugc. Ching minh rang :
(a) Néu c6 mot bai toan ma moi thi sinh déu khong giai duge thi phai co
mot bai toan khac ma moi thi sinh déu giai dugc .

(b) C6 mot bai toan ma c6 it nhat 40 thi sinh giai duoc.

1.22 Nam 2014

Bai 1. Cho phuong trinh (m? + 5)x* — 2mx — 6m = 0 (1) v6i m la tham sb.
(@) Tim m sao cho phuong trinh (1) ¢ hai nghiém phan biét. Chirng minh
rang khi d6 tong ctia hai nghiém khong thé 1a s6 nguyén.

(b) Tim m sao cho phuong trinh (1) c6 hai nghiém x;, x, thda man diéu kién

(Xle — /X1 + X2)4 =16

2(1+ x/y)* = 9yv/x

2(1+yvx)* = 9%y
(b) Cho tam giac ABC vuodng tai A voi cac duong phan giac trong BM, CN.
(MC+ MA)(NB+ NA) > 3422,

. MAiN A
Bai 3. Cho cac s6 nguyén duong 4, b théa " + T

(a) Chting minh rang a + b khong thé 1a s6 nguyén to.

Bai 2. (a) Giai hé phuong trinh {

Chiing minh bt dang thic
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(b) Chiing minh rang néu ¢ > 1 thia + ¢ va b + ¢ khong thé dong thoi 1a sb
nguyeén to.

Bai 4. Cho diém C thay dd6i trén nira duong tron dudng kinh AB = 2R (C # A,C #
B). Goi H la hinh chiéu vudng goc cua C lén AB; I va | lan luot 1a tam duong
tron noi tiép cac tam giac ACH va BCH. Cac duong thang CI, CJ cat AB tai
M, N.

(@) Chung minh AN = AC,BM = BC.

(b) Chiing minh 4 diém M, N, I,] ciing nam trén mot duong tron va cac
duong thang MJ, NT va CH dong quy.

(c) Tim gia tri 16n nhat ctia MN va gia tri 16n nhét cta dién tich tam gidc
CMN theo R.

Bai 5. Cho 5 s6 tu nhién phan biét sao cho tdng ctia ba s6 bat ky trong ching 16n
hon t6ng ctia hai s6 con lai.

(@) Chung minh réng tat ca 5 s6 da cho déu khong nho hon 5.
(b) Tim tt cd cac bo gom 5 s6 thoa man dé bai ma téng ctia chiing nhé hon

40.

1.23 Nam 2015

Bail (a) Gidi phuong trinh v2x — 1+ /1 —2x2 = 2¢/x — 2.
(b) Cho cac sb a va b théa man diéu kién a4+ Vb = {/b— % Chung minh
réng -1 <a<O.
Bai2. (a) Tim cacsdnguyéna,b,csaochoa+b+c=0vaab+bc+ac+3=0.
(b) Cho m la s6 nguyén. Chiing minh rang néu ton tai cac sb nguyén a, b, c
khac 0sao choa +b+ ¢ = 0vaab+ bc+ ac+4m = 0 thi cling ton tai cac
sdnguyéna’,b/,c’ saochoa' +b' +c =0vaad't +b'c' +a'd +m=0.

(c) Véi k1a s6 nguyén duong, chiing minh rang khong ton tai cac sé nguyén
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a,b,ckhécOsaochou+b+c:0Véab—|—bc—|—uc—|—2k =0.
Bai 3. Gia st phuong trinh 2x? + 2ax + 1 — b = 0 c6 2 nghiém nguyén (a,b 1a tham
s6). Chtiing minh rang a* — b + 2 1a s6 nguyén va khong chia hét cho 3.
Bai 4. Cho tam gidc ABC(AB < AC) c6 cac géc nhon, ndi tiép trong dudng tron
tam O. Goi M 1a trung diém ctia canh BC, E la diém chinh gitta cia cung nho
BC, F 1a diém déi xting cta E qua M.
(a) Ching minh EB? = EF.EO.
(b) Goi D la giao diém ctia AE va BC. Chiing minh cac diém A, D, O, F cing
thudc mét duong tron.
(c) Goi I latam dudng tron ndi tiép tam gidc ABC va P 1a diém thay déi trén
duong tron ngoai tiép tam gidc IBC sao cho P, O, F khong thang hang.
Chiing minh rang tiép tuyén tai P ctia dudng tron ngoai tiép tam gidc
POF di qua mét diém c6 dinh.
Bai 5. Dé khuyén khich phong trao hoc tap, mét truong THCS da t6 chiing 8 dot thi
cho céc hoc sinh. O méi dot thi, 6 ding 3 hoc sinh duge chon dé trao giai.
Sau khi t6 ching xong 8 dot thi, ngudi ta nhan thay rang véi hai dot thi bat ki
thi ¢6 duing 1 hoc sinh dugc trao giai § ca hai dot thi d6. Chiing minh rang:
(a) C6 it nhat mot hoc sinh dugc trao giai it nhat bén 1an.

(b) C6 dung mot hoc sinh duogc trao gidi & 8 dot thi.

1.24 Nam 2016

) + =m?>—2m—3 ¢
(x=2y)(x +my) =m n khi m = —3 va tim m dé
(y = 22)(y + mx) = m” —2m — 3

hé co it nhat mot nghiém (x,,y,) théa x, > 0,1, > 0.

Bail (a) Giaihe {

(b) Tim a > 1 dé phuong trinh ax® + (1 — 2a)x + 1 — a = 0 c6 hai nghiém

2

phan biét x1, x, thdoa x% —ax;=a" —a—1.

Bai 2. Cho x,y 1a hai s6 nguyén duong ma x* + y? + 10 chia hét cho xy.

Trang 45



NGUYEN TANG VU

(a) Chiing minh rang x,y la hai s6 1& va nguyén t6 cting nhau.
(b) Chung minh k = 3(24—];2—1—10 chia hét cho 4 va k > 12.
Bai3. Biétx >y >z, x+y+z :O]\//éx2—|—y2—|—zz = 6.

(@) Tinh S = (x —y)* + (x —y)(y — 2) + (y — 2)*.

(b) Tim gia tri Ion nhatcua P = |[(x —y)(y — z)(z — x)|.

Bai 4. Tam giac ABC nhon c6 ZBAC > 45°. Dung cac hinh vuéng ABMN, ACPQ
(M va C khac phia déi v6i AB; B va Q khéc phia déi véi AC). AQ cat doan
BM tai E va NA cat doan CP tai F.

(@) Chung minh AABE ~ AACF va ti gidc EFQN ndi tiép.

(b) Chiing minh trung diém I ctia EF 1a tam dudng tron ngoai tiép tam giac
ABC.

(c) MN cat PQ tai D, cac dudng tron ngoai tiép cac tam giac DMQ va DNQ
cat nhau tai K (K khéc D), cac tiép tuyén tai B va C cua duong tron ngoai
tiép tam gidac ABC cat nhau tai J. Chtiing minh cac diém D, A, K, | thang
hang.

Bai 5. Vi méi s6 nguyén duong m 16n hon 1, ki hiéu s(m) 1a uéc nguyén duong 16n
nhét ctia m va khac m. Cho sb tu nhién n > 1, dit n, = n va lan lugt tinh cac
s6 ny = n, —s(ny),ny = ny —s(n1),...,ni1 = n; — s(n;),.... Ching minh ton

tai s6 nguyén duong k dé n; = 1 va tinh k khi n = 2'¢.1417.

1.25 Nam 2017

Bai 1. Cho phuong trinh x* — 2(m + 1)x +2m? +4m +1 = 0 (1) véi m la tham sb.
(a) Tim m dé phuong trinh (1) c6 hai nghiém phan biét x;, x,. Ching minh

> X1+ x2
rang

<1

N 1 1
(b) Gia st cac nghiém x;, x, khac 0, chiung minh rang + >
Vil Vx|

2 > |xa| + [xal-
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Bai 2. Cho x, y la hai s6 nguyén véi x > y > 0.
(a) Chiing minh rang néu x> — y° chia hét cho 3 thi x> — 1/ chia hét cho 9.
(b) Chiing minh rang néu x> — y? chia hét cho x + y thi x + y khong la sb
nguyeén to.
(c) Tim tt ca nhitng gia tri k nguyén duong sao cho x* — ¥ chia hét cho 9
v6i moi x, y ma xy khong chia hét cho 3.
Bai3. (a) Choba s a,b,c > —2 thda man a® + b* + c* + abc = 0. Chiing minh
ranga=b =c=0.
(b) Trén mat phang Oxy, cho ba diém A, B, C phan biét véi OA = OB =
OC = 1. Biét réng x% + x% + x% + 6x4xxCc = 0.
Chting minh rang min{x4, xp, xc} < —% (ki hiéu xps la hoanh d6 cta
diém M).
Bai 4. Cho tam giac ABC nhon ndi tiép duong tron (O) véi tam O. Goi D la diém
thay ddi trén canh BC (D khac B, C). Cac dudng tron ngoai tiép cac tam giac
ABD va ACD lan luot cat AC va AB tai E va F (E, F khac A). Goi K la giao
diém ctia BE va CF.
(a) Chiing minh rang tu gidac AEKF ndi tiép.
(b) Goi H la truc tam tam ABC. Chiing minh rang néu A, O, D thang hang
thi HK song song véi BC.
(c) Ky hiéu S la dién tich tam giac KBC. Ch@é minh rr?mg khi D thay doi
trén canh BC taluén c6 S < <B2C>2 tan %
(d) Goi I 1a tam duong tron ngoai tiép tam giac AEF.
Chitng minh réng BF.BA — CE.CA = BD? — CD? va ID vudng goc véi
BC.
Bai 5. Lop 9A ¢6 6 hoc sinh tham gia mot ky thi toan va nhan duoc 6 diém s6 khac
nhau 1a cac s6 nguyén tir 0 dén 20. Goi m la trung binh cdng cac diém sb cia

6 hoc sinh trén. Ta n6i ré“mg hai hoc sinh (trong 6 hoc sinh trén) lap thanh mot
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cdp "hoan hao" néu nhu trung binh cong diém sb ctia hai em d6 16n hon m.
(a) Chiing minh rang khéong thé chia 6 hoc sinh trén thanh 3 cap ma méi
cap déu "hoan hao".

(b) C6 thé c6 duoc nhiéu nhat 1a bao nhiéu cap "hoan hao"?

1.26 Nam 2018

Bai 1. Cho cac phuong trinh x> —x+m =0 (1)vamx*—x+1=0 (2)véimla

tham sb.
(a) Tim m dé cac phuong trinh (1) va (2) déu c6 2 nghiém duong phan biét.
(b) Gia st diéu kién & cau a) dugc thda man goi x1; xp 1a nghiém cta (1) va
x3; x4 la nghiém cta (2).
Chiing minh rang x1xx3 + X2X3X4 + X3X4X1 + X4X1x2 > 5
Bai 2. Cho a4, b 1 hai s6 nguyén théa man a° + b° > 0.
(a) Ching minh rang a® +b° >a+b > 0.
(b) Chiing minh ring a® + b® > a® + b*.
(c) Tim tat cd cac bo s6 x, y, z, t nguyén sao cho x® + y3 =224+ va
2413 =% 12
Bai 3. Cho A, = 2018" +2032" — 1964" — 1984" véi n 1a s tu nhién.
(a) Chiing minh v&i moi s6 tu nhién 7 thi A, chia hét cho 51.
(b) Tim tAt cA nhiing sb tu nhién n sao cho A, chia hét cho 45.

Bai 4. Cho tam gidc ABC nhon. M6t dudng tron qua B, C cit cdc canh AB, AC lan
luot tai E va F;BF cat CE tai D. Léy diém K sao cho tir gidc DBKC la hinh binh
hanh.

(a) Ching minh rang AKBC dong dang v6i ADFE, AAKC dong dang véi
AADE.
(b) Ha DM vudng goc v6i AB, DN vudng goc véi AC. Ching minh rang
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MN vudng goc voi AK.
(c) Goi I 1a trung diém AD, | 1a trung diém MN. Chiing minh rang duong
thang I] di qua trung diém ctia canh BC.
(d) Duong théng 1] cat duong tron ngoai tiép tam giac IMN tai T (T # I).
Ching minh rang AD tiép xtic véi dudng tron ngoai tiép tam giac DTJ.
Bai 5. Doi van nghé cia mot truong THCS ¢6 8 hoc sinh. Nha truong mudn thanh
1ap cac nhom tép ca, mdi nhom gém ding 3 hoc sinh, (mdi hoc sinh ¢6 thé
tham gia vai nhom t6p ca khac nhau). Biét rang hai nhém top ca bat ky c6
chung nhau nhiéu nhat 1a mot hoc sinh.
(a) Ching minh rang khéng c6 hoc sinh nao tham gia tir 4 nhém tép ca trd
lén.

(b) C6 thé thanh 1ap nhiéu nhat la bao nhiéu nhém t6p ca nhu vay?

1.27 Nam 2019
Bai 1. Cho phuong trinh ax? 4 bx + ¢ = 0 (1) thda man cac diéu kién:
a>0va2y/lac| < |b| <a+c
(a) Chting minh rang phuong trinh (1) c6 hai nghiém phan biét x1, x va
(I1—x1)(1—x2)>0va (14+x1)(1+x2) >0

(b) Biét rang a > c. Chitng minh rang —1 < x1,x < 1
Bai2. (a) Tim tt cd nhitng s6 ty nhién 7 sao cho 2" + 1 chia hét cho 9.
(b) Cho n la s6 ty nhién n > 3. Chiing minh rang 2" + 1 khong chia hét cho
2™ — 1 v6i moi s6 tu nhién m sao cho 2 < m < n.
Bai 3. Cho a va b 1a hai s6 thuc phan biét thoa man diéu kién a* — 4a = b* — 4b.
(@) Chung minhrang0 < a+b < 2.
(b) Biét rang a* — 4a = b* — 4b = k > 0. Chitng minh rang —v'k < ab < 0.
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Bai 4. Cho tam giac ABC c6 AB < AC. Goi dy,d; 1an luot 1a cac duong phan giac
trong va ngoai géc ZBAC. Goi M, N lan la hinh chiéu vuéng géc ctia B 1én
dq,da. Goi P, Q lan lugt 1a hinh chiéu vudng géc cia C 1én dy, ds.

(@) Chung minh ré“mg MN va PQ lan luot di qua trung diém ctia AB, AC.

(b) Ching minh réng MN va PQ cat nhau trén BC.

(c) Trén dy lay cac diém E va F sao cho ZABE = /BCA va ZACF = /CBA.
(E thudc nira mat phéng bo AB chua C; F thudc ntra mat phéng bo AC
chira B). Chiing minh rang g—lE: = i—g

(d) Cac duong thfmg BN va CQ lan luot cat AC va AB tai cac diém K va L.
Ching minh rang cac duong thang KE va LF cat nhau trén duong thang
BC.

Bai 5. Trong mot budi gap gd giao luu gitrta cac hoc sinh dén tir n quéc gia, nguoi
ta nhan thy rang ct 10 hoc sinh bat ky thi c6 it nhét 3 hoc sinh dén tir cing
mot quc gia.

(a) Goi klasb cac q;(,léc gia c6 ding 1 hoc sinh tham du bu6i gap gd. Ching

+10

minh rfing n< >

(b) Biét rang s6 cac hoc sinh tham du budi gép gd 1a 60. Ching minh rang

6 thé tim dugc it nhat 1a 15 hoc sinh dén ciing mot quéc gia.
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Bai 1. Chia tap hgp cac s6 tynhién {1,2,---,2n} thanh hai tap A va B ki
hiéu cacsd tingdan A = {a; < a, < --- < ay}vaB = {b, < b, 1 <

- -+ < by }. Chiing minh rang:

|a1 = b1 + [az — ba| + -+ + |an — by| = 1?

Loi gidi. Ta c6 thé dao thit tu ctia cac s6 trong A va B dé A thanh day gidm
va B thanh day tang, ma bai toan van khong doi, do do ta c6 thé gia su
n € A vaay = n. Xay ra hai truong hgp sau:

e Néua, =n<b(k>1)tacéa, >a, 1> -->a,=nn<b <
by_1 < --- < b.Khid6 cacsbconlailaay,- - ax_1, b1, -+, by s€nho
honn.Dodé S = |a; —by|+|aa—bo|+ -+ |ay—by| =n+1+---+
2n—(1+---+n) =n?

e Néua, =n > b, khidéa; <ap < --- <ap=mnn>b > by >

51
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-+ >b,. Khidocoday, - ,a,_1,b -, b, nhd hon n (v6 ly).

Vay ta c6 diéu can ching minh. n

Bai 2. Mot bang 2n x 2n 6, ngudi ta danh dau bat ki 3n 6 trong bang.
Chung minh réng ton tai n dong va n cot sao cho 3n 6 dugec danh dau

thudc n dong va n cét nay.

Loigidgi. e Chonn dong sao cho sb 6 dugc t6 1 16n nhét, ta chiing minh
rang s6 6 dugc to trong n dong nay 1a khong it hon 27 6.

e Thuc vay gia st s6 6 dugc t6 1a it hon 21, khi d6 n dong con lai c6
nhiéu hon 7 6 dugc t6, nén 6 it nhat mot mot dong c6 2 6 duogc to. Do
dé6 n dong da chon, méi dong it nhat 2 6 dugc t6 nén téng s6 6 hon
hodc bang 2n (mau thuan).

e Vay ta chi can chon 1 cot chita cac 6 duge t6 mau nhung chua dugc
chon trong n dong trén thi sé c6 diéu can ching minh.

Bai 3. Cho hinh thang vuong ABCD c6 AB la ddy nho, CD la day lon, M
la giao diém AC va BD. Biét rang hinh thang ngoai tiép dudng tron ban
kinh R. Tinh dién tich tam giac AMD.

Loi gidi. Gid st ZA = /D = 90°, goi I la tim duong tron ndi tiép cta
hinh thang ABCD va tiép xuc vOi cac canh AB, BC,CD, DA lan luot tai
E,F,G,H.

Dé thay E, I, G thang hang va AD = EG = 2R.

Tac6 BE-CG = BF - CF = IF* = R*va ZAE - DG = R%.
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AE BE AB BM

. = . = 2 _— = — = — = — 3
Suy ra AE7 DG BE-CG = R* = G DG D DM’ do do
E, M, G thang hang.
Khi d6 Sapp = Saip = R2. u

Bai 4. Mot hop ¢6 52 vién bi trong d6 ¢6 13 bi mau tréng, 13 bi mau xanh,
13 mau dé va 13 bi mau vang. Héi can 1y ra it nhat bao nhiéu vién bi
dé chac chan c6 7 vién bi cing mau. Phét biéu va chiing minh bai toan

tuong tu.

" v

Loi gidi. Lay it nhat 25 vién bi, vi theo nguyén li Dirichlet thi phai ¢6 7 vién
cung mau.

Tong quat danh cho ban doc. |

Bai 5. Mot day s6 gom cac chir s6 0 va 1 ¢6 do dai 32 duge goi la mot xau.
C6 3 xau nhu sau:
A ={ay,ay,..,a5},B={by,by,--- b3}, C={cy,c0,- , 32}
a;, bi,c; € {0,1}.
Gia tri cia mot xau la sds6 1 trong xau do.
Mot mdy tinh c6 thé thay ddi cac xau nhu sau: Phép dich chuyén cac
phan tir ctia A dik vitri 0 < k < 32.
Phép so sanh hai xau A va B dé dugc xauméi C: A&B = C, ticlac; =1
néua; = 1,b; = 1hodca; = 0,b; = 0;¢; = O0néua; = 0,b; = 1 hoac
a;=1,b; =0.
Cho xau A c6 gia tri 16 va xau B bat ki, ching minh réng bf“mg cach dich
chuyén A di k vi tri thich hop va so sanh két qua vdi B ta sé dugc xau C

co gia tri khong nho hon 16.
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Loigidi. e Lap bang a;&b; c6 kich thudc 32 x 32, trong d6 toan cac s6 0
va 1 thda 1&1 = 1,0&0 = 0,1&0 = 0,0&1 = 0. Ta ching minh c6 it
nhat mot hang chua nhiéu hon hodc bfang 1656 1.

e Do Ac616s61,nén trong cot thu k g6m cac 0 a1&by, ar &by, - - - azp &by
c6 ding 1656 1.

e Do déng trong bang c6 ding 32 x 16 86 1.

e Khi do xét hang, thi sé co it nhat mot hang c6 nhiéu hon hodc bé“mg 16
s6 1. Gia st 1a hang tht ¢ gom cac 6 a;&b;(i = 1,32).

e Khi d6 dich chuyén A qua trai ¢ vi tri va thuc hién phép A&B ta sé c6
xau C c¢ gia tri khong nhé hon 16.

|

2.2 Nam 1994

. , . 2x% — xy +3y* = 13
Bai 1. Giai hé phuong trinh:
X2+ dxy —2y° = —6
Loi giai. RO rang y = 0 khong thoa phuong trinh, dat k = ky. Khi d6 ta ¢6
hé kK2(2y* — k +3) = 13,k (y* + 4k — 2) = —6.
Khit y ta c6 phuong trinh 25k% + 46k — 8 = 0 < k = %,k = -2

Véik—itacé _ 2 X = S x—_i4
25 4 V139’ V139’ V139’ V139
Voik=-2tacoy=1,x=-2vay=—-1,x=2.

Vay hé phuong trinh ¢6 4 nghiém (x;y) 1la (-2;1), (2, -1),
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é Y

Bai 2. Cho tam gidc ABC vuong tai A, c6 O, I lan luot 1a cac duong tron
ngoai tiép, noi tiép. Pat BC = a,CA = b, AB = c.
(a) Tinh cac d6 dai IO, IB theo a, b, c.
(b) Biét rang tam giac IOB vuédng & I. Chiing minh

AB: AC:BC=3:4:5

Léi gidi. (a) Goi D, E, Fla tiép diém ctia (I) véi cac canh BC, AC, AB. Gia

sab>c.

X 1A N . R b+c—a

De thay AEIF la hinh vuéng, nén IE = AE = ?; BD =
a+c—0> a a+c—b b—c

— ,suyraOD—E— 5 =5

1
Khi d6 OI = /ID? 4+ DO? = szz 4 2b2 +2¢2 — 2ab — 2ac.
1
IB = +/ID2 + BD2 = 5\/2412 14 2b2 + 2¢2 — 4ab.
2

1
(b) Tam gidc BOI vuong tai I nén BI> + I0? = BO? & = = ~(22% +

4 4
1

2b% + 2c* — 4ab) +Z(2b2+2c2—|—u2 — 2ab — 2ac) < 3a* = ac + 3ab <
3a=3b+c

3
.Maétkhaca? = b* + ¢ tac6 92> = 9(* + %) = Bb+c)? & c = Zb’

5

suyraazib.
Dod6é AB: AC: BC =3:4:5.

|

Bai 3. Chiing minh rang khong ton tai mot day tang thuc sy cac s6 nguyén

khong am: ay,ay, - - - sao cho v6i moi sO tu nhién 1, m ta c6:

Amn = Ay + Ay
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Loi gidi. Gia st ton tai day théa man dé bai. Khi dé ta ¢ ay, = ap + a, voi
moi n. Suy ra ap, — a, = as.

Do d6 ta chon n @ 16n thoa n > ap, khi ddé a, < a1 < a2+ < azy.

Vi day nguyén duong, nén ax, > a1 +1> a0 +w>--- > a,+n >
a, + a, (Mau thuan). [

r 2
Bai 4. Ching minh rang ton tai duy nhat hai s6 nguyén duong x va y
théa man céc tinh chat sau:
i) x va y déu c6 hai chit s6.
ii) x =2y
iii) Mot chit s6 ctia y thi bang tong hai chit s clia x, con chit s6 kia thi

bang tri tuyét d6i ctia hiéu tri tuyét ddi hai chir s6 cta x.

Loi gidi. Datx = ab,y = cd.
Tacox =2ynéna >cnénd =a+bvac=|a—Db|.
e Néuc=a—-bd=a+btacé10a+b = 2(10c +d) = 2(10a — 10b +
a+b) < 190 = 12a (vo nghiém).
e Neuc=b—ad=a+btacé10a+0b = 2(10c+d) = 2(10b — 10a +
a+b) < 281 =21b < 4a =3b,suyraa =3,b=4c=1,d =7. Vay
c6 duy nhét cap s6 thoa 1a 34 va 17.
|

Bai 5. Mot tam giac déu dugce chia hitu han cac tam gidc con, chiing minh

rang c6 mot tam gidc con ma cac goc déu nhod hon hodc bang 120°.
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Loigidi. e Gia st trong cach chia nay c6 m diém trong tam gidc, n diém
thudc canh thi ta tinh t6ng sb goc trong cac tam gidc nay la: 360m +
1801 + 180 = 180(2m + n + 1), s6 tam giac la 2m +n + 1.

e Tai mot dinh thudc canh thi chi ¢6 nhiéu nhat 1 tam gidc c6 mot goc
16n hon 120°, diém thudc mién trong tam giac c6 nhiéu nhat 1a 2 géc
16n hon 120°. Suy ra s6 tam giac c6 goc 16n 120° nhiéu nhéat 1a 2m + n.

e Do do sé ton tai it nhat mot tam gidc c6 cac géc nhd hon hodc bang
120°.

|

2.3 Nam 1995

Bai 1. Cho s6 tu nhién # > 1. Chiing minh rang:

(a) Néu n 18 thi ta khong thé sap n s6 tu nhién dau tién {1,2,--- ,n}
thanh mot day sao cho v6i moi k < 7 thi tong cta k sb dau tién
trong day khong chia hét cho n.

(b) Néu n chan thi ta ¢6 thé sdp n s6 tu nhién dau tién {1,2,--- ,n}
thanh mot day sao cho véi moi k < n thi tong cua k s6 dau tién

trong day khong chia hét cho n.

Loigidi. (a) Khik=n,tacé1+2+---+n = n(n+1)/21ludn chia hét
cho n véin le.
(b) Datn = 2m. Xép day nhu sau 1,2m,2,2m —1,--- ,m,m+ 1.
e Néu téng ctia mot s6 s6 chén s6 hang dau tién, ta c6 k(1 4 2m) =
k + nk khong chia hét cho 1, trong d6 k 1a s cap (1,2m), (2,2m —
1),
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o Néu tong ctia mot s6 s6 1é s6 hang dau tién, ta c6 k(1 +2m) +p =

kn + k + p khong chia hét chon dok + p < n.

|
a xyz B A
x+y
.. e LA 1A LA . xXyz
Bai 2. Giai va bién luan hé phuong trinh sau: . =1
yxyz _
\ Z+x_ S
Loi giai. Pata = xy,b = yz,c = xz ta tinh duogc:
1 3m-21_ m+21_ 2-m
a 4m1’b_ 14m 'g_ élm ' N
Khids L — L _Bm=2)m+2)2=m) _,
(xyz)?2  abc 64m3
. 2
NéuP§0<:>m§—2,0§m§ghoécmZZthihévénghiém.
2
TacéP>0<:)—2<m<0hoéc§<m<2.
64m> 1 1
Khi d6 2 = =—. :i\f.
ido (xyz) Gn_2(mi2)@—m P Suy ra xyz P
< 1, 2-m /1
oNeuxyz—\/?thlx—W P’
_ m+2 lz_3m—2 1
 4m VP'T 4m P’
< /1 ... m—=2 /1
oNeuxyZ—— ﬁthIX—W ﬁl
_—m—z\FZ_z—sm 1
Y= "am VP*T am VP
|
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é Y

Bai 3. Choay,ay,- - - ,a1995 1a cac s6 thuc duong. Goi A la cac s6 16n nhat

trong cac sb trén, hay ching minh bat dang thic:

1
A(ay +2ap + - - 4+ 1995a1995) > E(al + - 4 a1995)°

Loi glfll Taco A > aq,ay,..., 1995 >.
Khido VT = A(a1 + a2+ - - - + a1995) + A(az + - - - + a1995) + - - - A(a1994 +
a1995) + Aaigos >
ar(ar +ax + - - 4 a1995) + - - - + a1994(A1994 + A1995) + a%995
1.5, 5 2
= E(”ﬁ +ay+ -+ ajges)
1
+ E(ﬂ% + -+ afggs + 24182 + - - - + A19941995 )

1 1 A A . .
= E(a% - ag95) + E(al +- -+ a1995)* > VP. (Diéu can chiing minh) W

Bai 4. Cho tu giac 16i ABCD.
(a) Ching minh rang néu hai duong tron duong kinh AB va CD tiép
xtc ngoai nhau thi ta luén c6: AB +CD < AD + BC.
(b) Chiing minh rang néu hai dudng tron duong kinh AB va CD tiép
xtic ngoai nhau va hai duong tron duong kinh AD va BC cting tiép

xuc ngoai nhau thi tit giac ABCD la hinh thoi.

Loigidi. (a) Goi M, N lan lugt la trung diém AB,CD, K la tiép diém ctia
duong tron duong kinh AB va duong tron duong kinh CD. Goi P la
trung diém BD.

Ta c6 M, K, N thang hang suy ra MN = %(AB +CD).

Mat khac IN = %BC va IM = %AD.
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Taco MN < IM + IN, suy ra %(AB +CD) < %BC + %AD & AB+
CD < BC+ AD.

(b) Tuong twy atacé AD + BC > AB+ CD, suy ra AD + BC = AB +
CD. bang thic xdy ra khi M, I, N thang hang, suy ra BC // AD va
AB // BC.

T gidc ABCD la hinh binh hanh, hon nita AD + BC = AB 4 CD, suy
ra AD = AB, do d6 ABCD la hinh thoi.
n

Bai 5. (a) Goi Ola mot diém tuy y nam trong hinh vuéng. Chitng minh
rang ludn c6 thé im duge hai dinh A va B ctia hinh vuéng sao cho
135° < ZAOB < 180°.

(b) Goi O la mot diém tity ¥ nam trong da giac déu n canh (n > 5).
Chuing minh rang, luén c6 thé tim dugc hai dinh A va B cta da
giac sao cho

(1 — 711> < ZAOB < 180°

Loi gidi. (a) Néu O thudc canh hodc duong chéo ctia hinh vuéng thi ta
c6 diéu can ching minh.
Gia st O thudc mién trong tam giac ABC va OA < OB,0A < OC.
Khi d6 ZABO < BAO, ZACO < CAO, suy ra ZABO + LACO < 45°,
suy ra ZOBC + ZOCB > 90°. Khi d6 ZBOC < 90°. Khi d6 ZAOB +
ZAOC > 270°. Ta c6 diéu can ching minh.

(b) Tuong tu, xét da gidc A1 A, - - - A, Néu diém O thudc canh hodc duong

chéo ctia da giac thi ta c6 diéu can chitng minh.

Néu nguoc lai, gid stt A; la dinh gan O nhét va O thudc tam giac
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A1AjAis.
Tac6 LOA; < OA;, OAiy, suyra LA A0+ A1Ai10 < LAiA Ay
Khi d6 ZA10A; + ZA10A;44

=360° — LA;A1O — LAj1A10 — LA1AO — LA1Ai10

> 360° — 24A1'A1Ai+1 = 2(1 — %)1800. (DO AAiAlAi—&-l = 180

)

Tir d6 ta c6 dieu can chiing minh.
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2.4 Nam 1996

Bai 1. Goi 4, b 1a hai nghiém ctia phuong trinh X+ px+1=0;c,dlahai

nghiém ctia phuong trinh y2 + gy +1 = 0. Chung minh rfmg

(a=c)(a—d)(b—c)(b—d) = (p—q)

Loi giai. Theo dinhly Vietetacoa+b = —p,ab=1vac+d = —g,cd = 1.
Khidé (a—c)(a—d)(b—c)(b—4d)

= (a* —a(c+d) +cd)(b* —b(c +d) + cd)

= (a®>+ag+1)(b*+bg+1)

= a’b* + abg* + ab®q + a*bq + a® + V> +aq +bg + 1

=14+ +abg(a+b)+q(a+b)+1+ (a+b)>—2ab

=" =2pq+(a+b)*—2=(p—q)> u

Bai 2. Chocdcsdx,y,zthdax+y+z=>5(1), x> + 1> +2z° = 9(2).

. 7
Chung minhrang 1 < x,y,z < 3

Loi gidi. Tir (1) tacdz =5 — x — y, thé vao (2) ta c6:
Py +5-x—y)P*=9

& 2x% + 2% + 2xy — 10x — 10y + 16 = 0

e+ +xy—5x—5y+8=0

1 1

e x+x(y—5)+ 4y -5 =(y-5 -y +5y-8
Y=Op_ 32,5 7

& (x+ 32 )5— 74y LAY

Suyra—zly2+§—z20@3y2—10y+7§0

S y-1)By-7)<0
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S1<y<L Z

IS 3 ,
Chung minh tuong tutacd 1 < x,z < 3 [ |
Bai3. (a) Cho tu giac1di ABCD. Hay dung dudng thang qua A chia déi

dién tich tu giac ABCD.

(b) Cho tam gidc ABC va duong thang d||BC va nam khéc phia ctia A
déi véi BC. Lay diém M di dong trén d sao cho ABMC la tu giac
16i. DPuong thang qua A chia déi dién tich ti giac cat BM hodc CM
tai N. Tim quy tich diém N.

</

Loi gidi. (a) Gia st Sapc < Sacp. Khi d6 duong thang qua A chia do6i
. . 1
dién tich ti gidc cat canh CD tai diém E. Ta ¢6 Sapg = ESABCD-
, 1
Goi M la trung diém doan BD. Suy ra Sapm + Scpm = ESABD +
1 1

ESCBD = ESABCD = SADE~ Suy ra SAME = SCME~ Suy ra ME // AC.

Tir d6 ta suy ra cach dung diém E.
Bai toan c6 mot nghiém hinh.

(b) Goi D la trung diém BC.
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Goi My, M, M3 la giao diém ctia AD, AB, AC véi d.Suy ra M la trung
diém M, M;.

Truong hop 1: Sapm < Sacm. Khi d6 M thudc doan M; M,.

Theo cau a thi N can tim 1a ND // AM.

e L2 ) . MN OD . OD MM
Goi O la giao diém cua AM, BC. Ta c6 ~NC - DC ma e = MM
MN MM,

~NC = {VllMs' Suy ra M1N // CM3 hay M1N // AC,suyra N
thudc duong thang qua M; song song AC. Goi E la trung diém AM,.
Khi @6 N thudc doan M, E khac E.

Tuong tu néu M thudc doan MM; thi N thudc doan M;F véi F 1a

Suy ra

trung diém cta AM;.

Bai 4. Chiing minh khong t6n tai s6 tu nhién n sao cho vn — 1+ vn + 1

1a s6 hiru ty.
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Loigidi. o Gidsuvn—1++vn+1=mlasbdhiuty.
2
-2
o Suyra2n+2vn2—1=m?khidé vVn?—1="-"hituty.

2
2
e Do do \/nz—lzZvé(p,q)zl.Suyranz—lzZz,suyraqzlvé

n?—1= p2 (vo nghiém).

e Vay khong ton tai n dé v — 1+ v/n + 11a 86 hiru ty.

Bai 5. (a) Chang minh véi N > 3, ludén luén c6 N s6 chinh phuong doi
mot khac nhau sao cho téng ctia ching 1a mét s6 chinh phuong.

(b) Chiing minh rang v6i moi s6 nguyén mn > 3 bao gid cling xay

dugc mot bang chir nhat gdbm m x n s6 chinh phuong d6i mot khac

nhau cho téng ctia méi dong la mot s6 chinh phuong va téng cda

mbi cot 1a mot s6 chinh phuong.

Loi gigi. (a) Ta chi can chon cac sb ay, 4y, ...,ay thda a; = x% véi x 18, cac
sOay = x%, vy AN_1 = x%\,_l 1a céac s6 chinh phuong chan tang dan.
Khi d6 a1 + ap + ... +ay_1 1é va bang 2M + 1.
Chon ay = M?, khi d6 ta c6 ay, ..., aN phan biét va a1 + ... +ay =
2M + 1+ M? = (M +1)?1a s6 chinh phuong.

(b) e Taxétn sd thoa tuong tu cau a. a; = x7 la s6 chinh phuong chan,
ay = x3 < .. < ay_1 = x>_; la cac s6 chinh phuong chan 16n hon
a1 va néu t5ng a1 +..+a,_1 =2k+1tachona, = x% = k2

e Ta chon day b; = la s6 chinh phuong 1é va b; > 3°.
e Chon by = y3,b5 = y3,..b,_1 = y>_; la s6 chinh phuong chan

thdéa,yo > xm.-y1,Y3 > XmY2, s Yn—1 > Xm-Yn—2, néu by +by+ ... +
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b,_1 = 2h+1,chon b, = y2 = h* Khi d6 by + ... + b, 1a s6 chinh
phuong.

Xét bang m x n trong d6 56 & 6 (i, ]) 1a x7 y] Ta ching minh bang

duge xay dung nhu vay la thoa dé bai.

Xét dong thit i, téng cac s6 & dong i 1a x?y? + ... + x7y> = x5 (y5 +
... + %)) 1a s6 chinh phuong,.

Tuong tu tong cac sd & cot jla x%y]2 +.+ xiy]z =2 (X3 + ...+ x2)
1a mot s6 chinh phuong.
e Hon ntta theo cach chon yi,y2, ..., ¥, thi x111 < 2y < .. <
X1 < X1Y2 < oo < XpYa < X1Y3 < .. < XYy NéN cac s trong
bang la phan biét. Tir d6 ta ¢6 diéu can chirng minh.

[

2.5 Nam 1997

x+y—3

) . — + <3
Bail. (a) Tim tatca cac so duong x,y thoa:
1
(b) Tim tAc ca cac sb duong x,y,z thoa: ¢ X
x +

3} z
y+z<12

2 1 4
Loi giai. (a) T (2) tacdy = 3 — x, the vao (1) ta duoc p + Fy— <3<

3—x+4xr<3x(3—x) =3 —6x+3<03(x—-1)2<0ex=1,
suyray = 2.

1 4 9 4 9x 4z 9

(b) Tacs (x+y+2)(-+-+2) <36 L4y X 2 20 22V

X Yy oz Xy x oz

y z
_ 2 _ 2
(z x;%x) n (3y yZZZ) <0y =2z

2x,3y =2zTudétacox =2,y =4,z =6.

o 2
n<oe ¥ x2x)
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Bai 2. (a) Tim tat cd cic sb nguyén duong 1 sao cho 12" + 3" chia hét
cho 5.

(b) Tim tat cd cac s6 nguyén duong n sao cho n2" + 3" chia hét cho 25.

Loi gidi. (a) Néun ta c6 2" + 3" chia hét cho 5.

e Xétn =2k+1tacon2"+3" = (n—1)2" + 2" 4 3" chia hét cho
5 khi va chi khi n — 1 chia hét cho 5, hay k chia hét cho 5,suy ra
k = 5q. Vay n = 10g + 1.

o Xétn = 2k ta cé n.2" + 3" = 2kA* + 9F = 2kaF 4 4F 4 OF 4k =
(2k +1).4% + 9% — 4% chia hét cho 5 khi 2k + 1 chia hét cho 5. Khi
dok =59+ 2,suyran = 10g + 4.

Vay voin = 109 + 1,10g + 4 thi n.2" + 3" chia hét cho 5.

(b) Theo cdua dé A = n.2" + 3" chia hét cho 5thin = 10g +1,10g + 4. Ta
tim g dé n.2" + 3" chia hét cho 25.

e V6in = 10g+1tacd A = (10g + 1)2197F1 - 3109+ — (204 +
2).10247 +3.3'% Ta 61024 = —1( mod 25),310 = —1( mod 25).
Suyra A = (209+2)(—1)7+3.(—1)7( mod 25) hay A = (—)7(20g +
5)( mod 25).

Suy ra A chia hét cho 25 khi va chi khi 204 + 5 chia hét cho 25 hay
4g +1 chiahét cho5.Suyrag =5k +1. Vayn =105k +1) + 1 =
50k + 11.

e V6in = 10g +4. Tacé A = (10q + 4)2'97+4 1 3109+ — (160g +

64)2'% 1+ 81.31% = (109 + 14)(—1)7+6(—1)7( mod 25) = (—1)7(10g +
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20)( mod 25).
Do d6 A chia hét cho 25 khi va chi khi 104 + 20 chia hét cho 25 hay
g+ 2 chiahétcho5,suyraq = 5k+3.Suyran = 10(5k +3) +4 =
50k + 34.

Vay n = 50k + 11, 50k + 34.

Bai 3. Mot nhom 21 nguoi da di du lich dén cac nuéc Anh, Phap, Y, trong
d6 méi nguoi da di it nhat mot nude va khong 6 ngudi nao da di ca ba
nudc. Biét rang

i) S6 ngudi da di dugce ca hai nudc Y va Anh gp d6i sb nguoi da di
dugc ca hai nude Phap va Y. Con s6 ngudi da di duge ca hai nude
Phap va Y lai gap d6i s6 ngudi da di dugc ca hai nude Anh va Phap.

ii) S6 nguoi di Y (ma khong di Anh Phép) hon s ngudi di Anh (ma
khong di Phép, Y) 1a mot ngudi va bang sé ngudi da di Phép.

a) Hay tim s6 nguoi di dung mot nudc.

b) Hay tim s6 ngudi di it nhat mot trong hai nudc Anh, Phap.

Loi gidi. (a) Goi s6 nguoi di hai nudc Anh va Phap 1a a. Suy ra s6 nguoi
di hai nudc Phap va Y la 24, s6 nguoi di hai nuéc Anh va Y la 4a.
Goi s6 ngudi chi di nude Anh 1a b, suy ra s6 ngudi chi di Y va s6 nguoi
di Phap 1a b + 1. Suy ra s6 nguoi chi di Phap 1a b+ 1 — 3a > 0. Ta c6:
a+2a+4a+b+b+1+b+1-3a =21 4a+3b =19.Suyraa
chia3dulvaa <5.Suyraa=1,a=4.
Véia=1,b=>5.
Véia =4,b =1 (loai).
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Suy ra s6 ngudi chi di mot nude 1a 3b + 2 — 3a = 14.

(b) S6 ngudi chi di Y 1a 6. Suy ra sb nguoi di Anh hoac Phap 1a 21 -6 =15
nguoi.
|

Bai4. (a) Chiing minh rang trong hinh thang can ABCD véi hai day
AB // CD tac6 AC* 4+ BD? = AD* + BC* +2AB.CD.

(b) Chiing minh rang véi moi ti giac 16i ABCD ta ¢c6 AC? + BD? <

AD? + BC? +2AB.CD. Tim diéu kién cta ti gidc dé xay ra dau

béng.

Loigidi. (a) Gidsit AB < CD.Goi H,K1a hinh chiéu ctia A, B trén CD. Ta
c6 AC? + BD? = AH? + HC? + BK®> + DK? = AH? + (CK + KH)? +
(DH + KH)? + BK*> = BD? + AH? + CK® + BK? + 2KH? + 2(DH +
CK) - HK = AD* + BC? + 2KH(KH + DH + CK) = AD* + BC? +2-
AB-CD.

(b) Goi K, H 1a hinh chiéu ctia B, C trén AD. TH1: K, H thuoc doan AD.
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Tac6 AC?— CD?+BD? — AB*> = AH? — DH? + DK* — AK*> = (AH +

DH)(AH — DH) + (AD + AK)(DK — AK) = AD - (AH — DH) +

AD - (KD — AK) = AD(AH + DK — DH — AK) = AD-2KH <

2-AD - BC.

TH2: K ndm ngoai AD, H thuoéc AD. AC?> — CD? + BD?* — AB*> =

(AH+DH)(AH — DH) + (DK — AK)(AD + AK) = AD.(AH — DH +
AD+ AK) = AD.(AH+ KH + AK) <2-AD-BC

TH3: K, H déu nam ngoai doan AD. Chiing minh tuong tu. Vay AC? +

BD? < AB?> + AD? +2- AD - BC. Dang thic xay ra khi ABCD la hinh

thang.
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Bai 5. Cho day n sO ay,ay, ...,y (trong do cac s6 a; chi c6 thé nhan gia tri
0 hoac 1 thoa: (*) Bat ki hai bo 5 s6 lién tiép nao léy tur day da cho déu
khong trung nhau.

(@) Ching minh n < 36.
(b) Biét ré“mg néu thém vao cubi day mot sO a4 tay y (0 hay 1) thi tinh
chét (*) sé khong con dung nita. Ching minh rang 2 bo 4 s6 lién

tiép ay,a,a3,a4 va a,_3,a,_2,4,_1,a, trung nhau.

Loi gidi. (a) Ta c6 2° = 32 day nhi phan khac nhau ¢6 5 chi s6.
Gid st n > 37 khi d6 ta c6 khong it hon 33 bd 5 chi s6 lién tiép:
A102030445, ..., Ay—40y—30y—20,—14,. Do d6 theo nguyén ly Dirichlet thi

c6 it nhat 2 bo trung nhau. V6 ly. Vay n < 36.

(b) Néua, 1 = 0thitdn taiisao cho a;a;,1ai420i130i14 = 30, _20,_1a,0.
Néua, 1 = 1thiton tai j sao cho j théa ajaj 11012013014 = 3020, 1051
Néu Z,] > 1thia;_4q 7& a]-,1.Suy raa;_1 = ap—4 hOéC aj—1 = Ap—4.

Suy rabd a,_4a,—3a,—2a,_1a, sé trung mot trong hai bo:
Aj_10j8j110j120j43, A;—18;0;110i120;13 (Mau thuan).

Vay i = 1 hodc j = 1, ta c6 diéu can chiing minh.
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2.6 Nam 1998

Bai1. (a) Tim tAt ca cdc s6 nguyén duong sao cho 2" — 1 chia hét 7.
(b) Cho s6 nguyén té p > 5. Dat A = 3” — 27 — 1. Chiing minh A chia
hét cho 42p.

Loigidi. (a) TH1:n = 3ktac62" —1 = 2% — 1 =8 — 1 chia hét cho 7.
TH2:n =3k +1tac62" —1 = 2.8 — 1 chia 7 du 1.
TH3:n = 3k +2tac62" — 1 = 4.8° — 1 chia 7 du 3.
Vay 2" — 1 chia hét cho 7 khi va chi khi 7 chia hét cho 3.
(b) 42p =2.3.7.p. TH1: p = 7 ta c6 3”7 — 27 — 1 chia hét cho 42.7.
TH2: p > 7 khi d6 cac s6 2,3,7, p d6i mdt nguyén t6 ciing nhau.
Ta 6 37 — 1 — 27 chia hét cho 2.
27 41 chia hét cho 3 vi p 1¢, suy ra 3" — 27 — 1 chia hét cho 3.
e p nguyeén tb 16n hon hodc bang 5, suy ra p = 6k + 1 hodc p =
6k +5. Néu p = 6k +1tacé 3/ —2F —1 = 361 bkl 9 —
3.3%F — 226k —1.
e Ta c6 3° = 1( mod 7), suy ra 3% = 1( mod 7), tuong tu thi
2% = 1( mod 7). Do &6 3.3% — 2.2 — 1 = 0( mod 7).
e Néup==6k+5tac63” -2/ —~1=3>-2°-1=0( mod 7).
e Do d6 37 — 27 — 1 chia hét cho 7.
Theo dinh ly Fermat nho, ta ¢6 37 = 3( mod p),2” =2( mod 7). Suy
ra 37 — 27 — 1 chia hét cho p.
Vay 37 — 27 — 1 chia hét cho 42p.
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Bai 2 Cho hai s6 nguyén duong a va b. Biét rang trong bén ménh dé

P,Q, R, S duéi day chi c¢6 duy nhat mot ménh dé sai:

P="a=2b+5"

Q="(a+ 1) chia hét cho b"

R ="(a + b) chia hét cho 3"

S="(a+ 7b) 1a sb nguyén to"
(a) Hay chira ménh dé nao sai trong bén meénh deé trén (c6 gii thich).
(b) Hay tim tat ca cac cdp s6 nguyén duong a, b thdéa ba ménh dé dung

con lai.

Loi gigi. (a) Ta théy R va S khong thé cung dung. Vi néu ca hai cung
dung thi a + 7b chia hét cho 3, khong thé 1a s6 nguyén tb.
Mt khac P va R khéong thé cting ding. Vi néu cting ding thia + b =
3b + 5 khong chia hét cho 3.
Tir d6 néu R duing thi P, S sai v ly vi c6 ding mot ménh dé sai. Do d6

R 1a ménh de sai.

(b) Tacéa =2b+5,suyraa+1=2b+6chia hétcho b, suy ra b|6 suy ra
b=1,2,3,6.Kiém tra cac gia tri dé a +7b = 9b + 5 la sO nguyén to ta
co:b=2,6.

Dodéb=2,a=9vab=6,a =17 thoa dé bai.
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Bai3. (a) Trong hinh vuéng canh bang 1 cho 5 diém bat ky. Ching

minh rang trong cac diém da cho c6 thé tim 2 diém sao cho khoang

cach gitta chung khong 16n hon \f

(b) Trong hinh vuéng canh béng 1 cho 33 diém bét ky. Chitng minh

ré”mg trpmg cac diém da cho c6 thé tim dugc 3 diém lap thanh mot

1
tam giac c6 dién tich khong 16n hon ek

Loi gidi. (a) Chia hinh vudng thanh 4 hinh vudéng bang nhau, ¢6 d6 dai

(b)

canh la % Khi d6 theo nguyeén ly Birichlet thi ¢6 2 diém cung thudc
mot hinh vuong. Do d6 khoang cach ctia chung khong 16n hon d6 dai

duong chéo hay khong 16n hon \2@

Chia hinh vuéng thanh 16 hinh vuéng nho c6 dién tich 1176 Khi d6 ton
tai 3 diém cuing thudc mot hinh vudng. Ta chirng minh rang dién tich
tam giac tao boi 3 diém d6 khong 16n hon nira dién tich hinh vudng.
Gia stt tam giac A, B, C ¢6 dinh thudc hinh vuéng.

Néu B, C cuing thudc canh hinh vuéng.

Khi d6 Sapc = %AH-BC < %a-a - %5%.

Néu khong ¢6 2 dinh nao thudc canh hinh vuéng. Khi d6 tir mot dinh
tam gidc gia str 1a A vé duong thang song song v6i canh hinh vuéng.
Cat canh BC ctia tam gidc tai diém D va chia hinh vuéng thanh hai
hinh chr nhat ¢6 dién tich S4, S».

Khi 46 Sanp < 551, Sacn < 552 Suy 1a Sanc < 2 Sy

Do d6 tam giac c6 3 dinh thudc hinh vudng c6 dién tich khong qua %

dién tich hinh vuéng.
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Do d6 3 dinh tao thanh tam gidc c6 dién tich khong qua 3%

Bai 4. Chox,y,z,p,q,71a cac s thue duong thoa man diéu kién x + v+
z=p+qg+r=1vap,qr< %
(a) Chiing minh rang néu x <y < z thi px + qy +rz > xzﬂ
(b) Ching minh rang px + qy + rz > 8xyz

Loigidi. (a) Tacopx+qy+rz> (p— %)x + %x +(q+1)y

1 1
Pt (@+r—3)y+5(x+y)
1
P=5)(x—y)+5(x+y)
Zz(x:’y) )
Vip— 5 <0x—y<0nén(p—5)(x—y)=0.

~ ~
N =

—_
N

(b) Vai trd cua x,y,z nhu nhau, ta c6 thé gid st x <y < z.
Ap dung cau a, ta can chiing minh x + y > 16xyz.
Ta c6 4xy < (x +y)? suy ra 16xyz < 4z(x +y)? = 4z(1 — z)(x +y).
Madz(1-z) < (z+1—-2)>=1.
Do d6 16xyz < x +y (diéu can chitng minh).
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Bai 5. (a) Hay chi ra cach sip 8 sb nguyén duong dau tién 1, 2, ..., 8

thanh mot day aq, a2, ..., ag sao cho 2 s6 a;,a; bat ki (i < j) thi moi s6
N - . N . ait+a;
trong day nam giwa a; va a; déu khac l 5 L

(b) Ching minh rang véi N s6 nguyén duong dau tién 1,2, ..., N luén
tim dugc cach s.’flp thanh day a1, a, ..., an sao cho day théa man diéu

kién nhu céau a).
Loi gidi. (a) Mot cach xép thoa dé bai 1a 26481537.

(b) Ta chiing minh bang quy nap véi n = 2 thi luén ton tai mot cach xép
thoa dé bai.
Néu k = 1, hién nhién dung.
Gia str ludn ton tai mot cach xép thoa dé bai véi n = 2%, cach xép dé6 la
ai,az, ..., ay.
Ta ching minh ton tai mot cach xép véin = 281 That vay xét hoan vi
(2a1,2ay, ...,2a,,2a1 —1,2a, — 1, ...,2a, — 1) lamot hoanvicua 1,2, ..., 21,
Ta chitng minh hoan vi trén thoa dé bai.
e Ta c6 néu a;, aj € {2a4,2ay, ...,2a,} theo gia thiét quy nap khong
¢6 s6 nao nam gita a;, 4; bang %(ai +a;).
o Néua; € {2ay,..,2a,},aj € {2a1 —1,2a, — 1, ..., 2a, — 1} thi %(ai +
a;) khong phai s6 nguyeén.
e Néu g, aj € {247 — 1,2a; — 1, ...,2a, — 1} theo gia thiét quy nap
thi ciing ¢6 s6 nao nam gitta a;, 4; bang %(ui +a;).
Vay bai toan ding véi n = 25.(1)
Néu bai toan dung véi 1, ta ching minh bai toan ding véi n — 1. Xét

cac sé ay, ay, ..., a, 1a mot hoan vi thoa dé bai ctia 1,2, ..., n. Khi dé néu
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x6a bat ki sb nao trong cac s6 ay, ..., a, thi day con lai van thoa diéu
kién. (2)

Tix (1) va (2) ta c6 diéu can chitng minh.

2.7 Nam 1999

Bail. (a) Biétrang xy, x la hai nghiém ctia phuong trinh bac hai: ax?® +
bx + ¢ = 0. Viét phuong trinh bac hai nhan x3, x3 1am hai nghiém.

(b) Gidi bat phuong trinh (x* + 4x 4+ 10)? — 7(x* +4x + 11) + 7 < 0.

—b
Loi giai. (a) Theo dinh ly Viete ta cé x1 + x = — X1Xp = g.

Suyra S =x}+ x5 = (x1 +x2)° — 3x122(x1 + x2)
- _c—-b  —b3+3abc

— 32~ = .
a3 a a a3

N 5.3 €

VaP =xjx; = et

Theo dinh ly Viete dao thi phurong trinh bac hai nhan x3, x3 lam nghiém

, —b*+3abc 3

a a

& a®x® +b(b* — 3ac)x + S =0.

la: x

(b) Patt = (x> +4x+10)*tacét? -7t <0 0<t < 7.
Todotaco x> +4x+10<7 < x*+4x+3<0e -3 <x < —1.

Bai 2. (a) Khai trién biéu thitc n* 4 (1 + 1)* thanh dang 2k + 1 va phan
tich k thanh nhan tu.
(b) Cho sb nguyén A la téng binh phuong ctia hai s6 nguyén duong
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lién tiép. Hay chiing minh rang A khong tong 1a tong ldy thira bac
4 ctia hai s6 nguyén duong lién tiép.

Loigidi. (a) Tacon* + (n+D* =n*+nt+4n® +6n° +4n+1=2(n* +

2n% 4+ 3n% +2n) + 1. Suy ra k = n* 4+ 2n° + 3n* + 2n = n(n® + 21> +
3n+2)=n(n+1)(n*+n+2).

(b) Theo dé bai ta ching minh phuong trinh n? + (n + 1)? = m* + (m +
1)* (1) khéng c6 nghiém nguyén duong,.
Tacé (1) & n(n+1) =mm+1)(m*+m+2) = (m> +m+1)* - 1.
Suy ra n* 4+ n + 11a s6 chinh phuong. Ma n? < n? +n+1 < (n+1)?
nén n? + n + 1 khong thé 1a s6 chinh phuong. Ta c6 diéu can ching
minh.

7

Bai 3. Cho tam giac ABC c6 dién tich S va mét diém P nam trong tam
giac.

(a) Goi Sy, Sy, S3 1an luot 1a dién tich ctia tam giac PBC, PCA, PAB. Hay
tim gia tri nhé nhét ctia S7 + S3 + S2.

(b) Goi Py, P>, P; 1an luot 1a cac diém d6i xung cua P qua BC,CA va

AB. Duong thang qua P; song song v6i BC cat AB va AC tai By va

C1. Duong théng qua P, song song vai AC cat BC,BA tai Cy, A»,

duong thang qua P va song song v6i AB cat CA,CB tai As, Bs.

Hay xéc dinh vi tri ctia diém P dé tong dién tich ba hinh thang

BCC; By, CAA,Cy va ABB3Aj; dat gia tri nhd nhat va tinh gid tri do.

v
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Loi gidi.
A

As

P

Bs

By

(@) Tac (x —y)> + (y —2)* + (x —2)® > 0, suy ra x> + y* + 22 > 2(xy +
xz + xz). Suy ra x* + y* + 22 > %(x+y+z)2.
Ap dung bét dang thitc trén ta c6 57 4 S3 + 53 > %(Sl + 5, +83)% =
55

Pang thuc xay ra khi va chi khi S; = S, = S3 hay P la trong tam tam

gide ABC.

£ v 1
Vay gia tri nho nhat ctia S + S3 + S3 bang 352.

(b) Goi do dai cac duong cao cua tam giac ABC la h,, hy, he va khoang

2
cach tir P dén BC, AC, ABla x,y,z. Ta c6 5 = T 5-
SA81C1 (hﬂ + x)

Suy ra SA31C1 = (1 -+ %)25
a
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z
Tuong tu ta 6 Spa,c, = (1+ hl)z.s, Scam = (14 ).
b c
oo X Y 2 g —
Data_ha,b—hb,c hcth1a+b—|—c 1.

Ta co SBCC131 +SACC2A2+SABB3A3 = S((1+61)2—|— (1—|—b)2+ (1+C)2—
3) = S(2+a* +b* +2).

, 1 1 .
Ta c6 a? + b? +C2 > g(a +b —|—C)2 = 3 Do do SBCC131 + Sacc,a, +

7 .
SABByA; = 55 . Dang thuc xay ra khi P la trong tam tam giac ABC.

Bai 4. Ngudi ta 14t nén nha hinh vuéng kich thuéc n x n 6 bang cac vién

gach nhu hinh vé dudi sao cho con chira lai mét 6 khong lat.

(a) Hay chi ra mot cach 14t nhu trén v6i nén nha kich thudc 4 x 4 va
8 x 8.

(b) Hay ching minh ré“mg ludn ton tai mot cach lat nén nha c6 kich
thude 25 x 28 (k nguyén duong) véi 6 tréng con lai nam & vi tri (i, )

bat ki.

Loi gigi. (a) Cacban tu lam.

(b) Ta chiing minh bang quy nap. V&i k = 2 hién nhién dting. Gia st véi k

thinén 2F x 28 bd 6 (i; /) bat ki thi luén phtt duge. Ta chiing minh ding
v6i k + 1. V&i nén nha 261 x 281 ta chia thanh 4 hinh vuong 2k x 2k,

Khi d6 6 bo di thudc mot trong 4 hinh vudng do, ta pht duge hinh
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vuong nay theo gia thiét quy nap. Tiép tuc,theo gia thiét quy nap, voi
3 hinh vuéng con lai, b6 di 6 & goc (hinh vé) thi ta c6 thé phu duoc.
Khi d6 3 6 & goc ta phu tiép bang mot vién gach.

Vi cach thuc hién d6 thi ta c6 thé phti duge nén nha 2871 x 281 khi

bo 6 bat ki.

Bai5 (a) Ching minh dang thic x +y + [x — y| = 2max{x,y},Vx,y €
R.
(b) Chiing minh dang thuc:

a+b
ab

a+b
ab

ab c

a—b‘ 2

+ a—b +g:4max 1,1,1 ,Va,b
ab c a' b’ c

trong d6 max la ki hiéu s6 16n nhét trong cac s6 di kem.

" v
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Loi gidi.

xx+y+ |x —y| = 2x = 2max{x, y}.

Tuong tu cho truong hop v > x.

... _a+b a—>b B

(b) Batx == 7 +‘ab"y_
a+b a—> _Z a+b
ab ab c

Ap dung cau a ta lai co

Mac khac ta ching minh dugc 2 max {2 max { } , }

111
= ZmaX{a,b,C}. (3)

Tix (1),(2)va (3) ta c6 diéu can chirng minh.

2.8 Nam 2000

Bai 1.

(b) C6 thé xép hay khéng cacs6 0, 1,2, ...,

(@) Néu x > y thi max{x,y} =

NGUYEN TANG VU

, Ap dung cau a ta co:

x,|x —y| = x —y. Suy ra
a+b |a—b
{ab Tl |
1
'—Zmax b}.(Z)

2
c

(a) Cho s6 nguyén khong am A. Hay xac dinh A biét rang trong

3 ménh dé P, Q, R dudi day c6 2 ménh deé dung va 1 ménh dé sai:

P: " A + 51 1a s6 chinh phuong"
Q:" Chtr sb tan cing cia Ala 1"

R:"A - 38 1a s6 chinh phuong"

9 1én cac dinh ctia mot da

giac déu 10 dinh sao cho hiéu 2 dinh ké nhau bat ki nhan mot trong

cacgiatri-3,-4,-5,3,4hoacb.
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va Q khong thé cung dung.

NGUYEN TANG VU

(a) Mot s6 chinh phuong khong thé c6 tan cung bang 2 nén P

Néu Q diing thi R — 38 tan cting bang 3 khong thé 1a s6 chinh phuong.
Suy ra P, R sai (V0 ly).

Vay Q sai va P, R ding. Dat A +51 = x*, A — 38 = .

Suy ra x* —y? = 89 = (x — y)(x +y). Gidi ra dugc x = 45,y = 44 va
A = 45% — 51 = 1974.
(b) Gia su c6 cach xép thoa dé bai. Xét cacsd0,1,2,8,9 khong thé dung

ké nhau va c6 dung 10 s6 nén gitra 1a 5 s6 con lai. Xét s6 7 khi d6 hai

s6kés671aa,be {0,1,2,89} khidéoa=b=2voly.

7~

(a)

;

(b)

Bai 2. Giai cac hé phuong trinh:

xy = x+3y
yz=2(y+z)

xz =3 (3z+ 2x)
(x+y+2)°> =12t
(y+z+1)°=12x
(z+t+2)° =12y
(t+x+y) =12z

Loi gidi.

Hé phuong trinh tuong duong:

(a) Ta c6 mot nghiém thoa la (0,0,0). Xét x,y,z # 0.
3
—+ 2=

— N R
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B3a+b=1
. 1 1 1 . 1
bata = —,b = —,c = — ta c6 hé b+c== Giai ra dugc
X y z 2
9a+6c=1
4 5 -1 27 9
= — = — :7_’1—“ j 3 = — = — —= —1 .
a 27,b 9,c 13 uwdotacox 4,y 5,z 8
Vay hé c6 2 nghiém.

(b) Lay (1)- 2)taco (x —t)((x +y+z)*+ (x+y+z)(y+z+1t)+ (y+
z+t)?+12) =0 x =t Tuongtytacé x =y = z = t. Tir d6 ta 6

27x3:12x<:)x20,x:%2,x:§.
. 1A . 2222 -2 -2 -2 =2
Vay hé ¢6 3 nghiém (0,0,0,0), (g,g, §’§) va (?,?, 5 ?)

|

Bai 3. (a) Cho bdn s6 nguyén duong ay,a;,a3,a4 sao cho 1 < a; < k
véi moi k = 1,2,3,4 vaténg S = a; + ax + a3 + a4 1a mot s6 chan.
Chting minh rang c6 it nhat mot trong cac s6 dang +a; + ap + a3 &
a4 c6 gia tri bang 0.

(b) Cho 1000 sb nguyén duong ay, ay, ..., 41000 sao cho 1 < a; < k véi
k=1,2,..,1000 va tdng S = a; + as + ... + a100 1a mot s6 chan. Hoi
trong cac s6 ¢ dang +a; £ a3... 41900 cO s6 nao bfang 0 hay khong?

Giai thich vi sao?

Loigiai. (a) Taco4 < S <10vaS$ chan, suy ra S = 4,6,8,10. Xét cac
truong hop sau:
e S=4,suyraa; =a=a3=a4=15Suyra-1-1+1+1=0.
e S=6taco6=1+1+1+3=1+1+2+2,suyracodmotcach
thoa dé bai.
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e S=8tac68=1+14+24+4=1+14+34+3=1+2+2+3=
2+ 2+ 2+ 2. Suy ra mdi cach déu ton tai mot cach chon dau +, —
thoa dé bai.

e S =10 =1+2+3+4.Suy ra c6 mot cach thoa dé bai.

(b) Ta chitng minh bang quy nap ménh dé sau: Cho n cic sb nguyén
duong théa 1 < g < k thoéa S, = aj + ... + a, chan. Khi d6 ton tai
s6 ¢ dang +a; £a5... £ a4, béng 0.

Khin=2tacéa; +ay Chén,suyraal =ay=1.Suyraa; —a; =0.
Gia st bai toan dung voi k < n. Ta chiing minh bai todn dung véin + 1.
Tac6 Syi1=ay+..+a,+a,,1chan. Tacé 0 < |a, — a4 1| < n.

e Néu a, —a,,1 = 0 ta dp dung gia thiét quy nap véi n — 1 sb
ai, ..., a,_1 ta c6 diéu can ching minh.

e Néua, —a,4q #0. Ap dung gia thiét quy nap véin sbay,an, ..., 4,1, lay, —
ay.1] ta thdy a; + ... + a,1 chdnnén ay + ... +a,_1 + |ay, — a,.1|
chan. Suy ra ton tai s6 c6 dang +a; + ay... &+ |a, — a,1| = +ay +
...t a1 bé"mg 0.

Bai4. (a) Cho goc vudng xAy va duong tron (C) tim O tiép xtic v6i Ax
va Ay lan luot tai P va Q. d la mot tiép tuyén thay déi cta (C). Goi
a,p,q lan luot 1a khoang cach tur A, P, Q dén 4. Ching minh rf?mg
khi d thay déi thi ;Z khong déi.

(b) Khang dinh trén con ding khong nén x Ay khong phai la géc vuong?

Visao?

Loi gidi.
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D
K
Q
(@)
B
A o
P
Tacs 2L _ €Q PK _ BP
A©°AH T AC’AH ~_ AB’
. QL-PK_'CQ-BP
W AR, T AC. AB

bat AB=c¢,AC=b,AP=AQ =r.

a2 be

Su ra—— -———
Y T -1
Ta c6 AB%> + AC? = BC?,

suyrab®+c? = (b+c—2r)? < bc—2rb—2rc+2r* =0

hay 2(b —r)(c —r) = bc, SuYra(b—r?Ec—r) =2

2
Vay Zq — 2 khong déi.
Khi Zx Ay khong 1a géc vudng. Néu ZBAC < 90°, ta c6 BC* = AB? +
AC? —2AB.AC cos /BAC.

Néu Z/BAC > 90°, ta c6BC> = AB? + AC? +2AB - AC cos(180° —
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/BAC)

TH1: /BAC < 90°, ta c6 BC> = AB*+ AC?> —2- AB- ACcos /BAC =
b* +c* —2bccos LA = (b+c—2AP)?

Suyra2(b— AP)(c — AP) = bc(1+2cos LA).

= APZ))EC —AP) 1+ 2C205 74 Khong d6i.
Tuong tu cho truong hgp ZBAC > 90°.

Suy ra

7~

Bai5. (a) Cho 4,b,c 1a 3 s6 khong am thda diéu kién a2+ +c% <

(b) Choa,b,cla3sbd khong am thoa diéu kién (1) va p,q,71acac s6 thoa

2(ab+ bc +ac) (1)
Chting minh ring a + b 4 ¢ < 2(Vab 4+ Vbc + /ac) (2)
Hoi tir (2) ¢6 thé suy ra (1) duge khong? Vi sao?

diéu kién p + g + r = 0. Ching minh apq + bgr + crp < 0.

Loi gidi. (a) Tacoa® +b*+c* < 2(ab+bc+ac) = (a+b+c)* < 4(ab+

be+ac) < (2vVab+2Vbc+2+/ac)®. Suyraa+b+c < 2(Vab+ Vbc +
vac).
Véia =1,b =4,c = 16 thia,b,c thoa (2) nhung khong thoa (1). Vay
tir (2) khong thé suy ra (1).
e Tacor = —p —gq,suyraapq+bgr+cqr = apg +bq(—p — q) +
cp(—q—p) = (a—b—c)pqg—bg* —cp® (%)
o Tua®> +1?+c% < 2(ab+bc+ac),suyra (a —b— c)2 < 4bc, suy ra
la—b—c| < 2v/be.

e Ta c6 bg? + cp® > 2|pg|Vbc > 2|pgl|la — b — c| > 2pg(a — b —c).
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Suy ra2pq(a —b—c) — bg* — cp® < 0 (**)

e Tix (*) va (**) ta c6 diéu can ching minh.
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2.9 Nam 2001

7

Bai1. (a) Tim s6 nguyén duong a nhd nhit sao cho a chia hét cho 6 va

20004 1a s6 chinh phuong.
(b) Tim s6 nguyén duong b nhé nhat sao cho b — 1 khéng 1a bdi ctia 9,

b 1a boi ctia bén s6 nguyén t6 lién tiép va 2002b 1a s6 chinh phuong.

Loi gidi. (a) Data = 6m. Khi d6 2000a = 2°.5% 3k la s6 chinh phuong khi
Ity thira déu c6 s6 mt chan. Do d6 20004 1a s6 chinh phuong va nhd
nhat khi va chi khi k = 2.3.5 = 30. Suy ra a = 180.

(b) Dat b = abcd 1a tiép 4 sb nguyén t6 lién tiép. Suy ra 20026 =27 - 11 -

13abcd 1a sb chinh phuong.
|

. , 1 1, ,
Bai 2. Cho x,y la cac so thuc sao cho x + v vay+ p déu la cac so nguyén.

(a) Chiing minh x%y? + leyz la s6 nguyen.

(b) Tim tat c& cac s6 nguyén n sao cho x"y" + 1a s6 nguyeén.

xnyn
1 1 1 1 <
Loigidi. (a) Pata = x+- = Y0 p =y = Y013 cac sb
y y X X
nguyén.
2 2
SuyraaZ — (xy—z]‘) ,bZ — (xy—z]')
Y
(xy +1)*
1

2.2
Tacoxy +W

(P2 +1)2 2222 (22 +1)2
= 22 = 22 -2
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Ma (22 +1)% = ((xy +1)% = 2xy)? = (xy + 1)* — dxy(xy + 1)% +
4x%y?.
2
Dodéxzyz%—% :a2b2+4—w—
X%y xy

2=0a?b*>+2—4ablasd

nguyen.

(b) Bat S, = x"y" + Ta ching minh S, nguyén v6i moi n > 1 bang

xnyn '
quy nap.

1 £
Tacoé S; = xy + y = ab — 21a so nguyén. Theo cau a ta c6 S, nguyén.
Gia st Sy nguyén v6i k = n — 1, n. Ta ching minh S, nguyén.

1
A n+1, n+1
Thuc vay x" 'y PRSPy Ty

1 1 o 1
= () (o) = (9 )

= (ab—2)S, —S,_1nguyénviS,, S, 1 nguyén theo gia thiét quy nap.

Vay S, nguyén v4i moi n.

Bai 3. (a) Choa,blacacsd duong thda ab = 1. Tim gia tri nhd nhat cta

2 4
biéu thic: A = (a 4+ b+ 1)(a® + b?) + al—i-ib'
(b) Cho m,n la cac so nguyén thoa 5 + 5 = 3 Tim gid tri 16n nhat

cua B = mn.

Loigidgi. (a) Tacéa® +b* = (a+b)* —2ab= (a+b)*—2.
Datt =a+btacda+b >2Vab=2.Khidé A = (t+1)(t2—2)+% =
t3—|—t2—2t—2+% = (t2—3)(t+1)+1+t+§
Tacé (12 —3)(t+1) 23,t+% > 4.
Do dé6 A Z8,d§ngth1’1’cxéyrakhit:2haya:b:1.
Vay gié tri nho nhat cta biéu thicla 8 khia = b = 1.
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(b) Theo dé bai ta c6 2mn = 3(m +n) < (2m —3)(2n —3) = 9.
Vi m, n 1a cac s6 nguyén nén ta tim duoc cac cap gia tri m, n thoa la:
(=3,2),(2,-3),(2,6),(6,2),(3,3).

Suy ra B = mn l6n nhatkhim = 2,n = 6 hoacm = 6,n = 2.

Bai 4. Cho hai duong tron C1 (01, Ry) va C2(Oa, Ry) tiép xtic ngoai nhau
tai diém A. Hai diém B, C lan lugt di dong trén C;, C; sao cho ZBAC =
90°.

(a) Chiing minh trung diém M ctia BC ludn thuéc mét dudng tron cd

dinh.
(b) Ha AH LBC. Tim tap hop diém H. Chitng minh rﬁng dod dai doan
. ) 2R1R>
AH kh 16n ho .
ong 16n hon R, + R,

(c) Phatbiéu va ching minh cac két qua tuong tu nhu cau a) va cau b)

trong truong hop Cy, C; tiép xtic trong véi nhau tai diém A.

Loi giai. (a) Ta c6 ZBAC = 90°, suy ra ZO1AB + ZO,AC = 90°, suy ra
LAOB + ZLAO,C = 180°. Suy ra O1B // O,C. Tt giac O1BCO; 1a hinh
thang.

Goi I 1a trung diém 0,0, ta c6 IM 1a dudng trung binh, suy ra IM =
%(OlB +0,C) = %OlOz. Suy ra tam giac O; MO, vudng tai M. Vay
M thudc duong tron duong kinh O;05.
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(b) Gia s R1 < Rz.

e X , EO O.B
e Ry < Ry.Goi E 1a giao diém cta BC va O10,, ta ¢6 E—O; = Ilc =
R Ri(R1 +R )
-1 Suy ra O1E = M, E co6 dinh. Suy ra H thudc duong
RZ RZ - R1
tron duong kinh AE.

Ta thay E chinh la giao diém hai tiép tuyén chung ngoai ctia (O1), (02).
Tir E vé hai tiép tuyén chung la EPQ,EP'Q’. Trong d6 P, P’ €
(01),Q,Q" € (0,).Khi dé tia EB thudc mién trong ctia goc ZPEP’.
Goi Hy, Hy 1a giao diém ctia dudng tron duong kinh AE véi EP, EP'.

Suy ra H thudc cung Hi H».
Quy tich cta H la cung HyH, cua duong tron duong kinh AE. Ta
c6 AH < AH1.
AH,; AE
Ma —— = —.
0,0 T EO,
. Ry (R1 + Ry 2R1R,
EA =E A= —"—" """+ R = EO, =
Ma 01+ 0O R, — R, + K1 Rz—Rlva O,

2R1R Ro(R1+R
12+R—2(1+2).

EA + AO, = _
A0 R, — R, 2 R, — Ry
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Suy ra EA _ 2Rk I Suyra AH; = ZRiR2
Y E0, " Ro(Ri+Ry) Ri+Ry Y "TRi+ Ry
. 2R1R,

Vay AH < .
2y ~“Ri+Rp

e Ry = Ry. Khi d6 O1BCO; la hinh binh hanh. Quy tich cta H la
doan thang H; H, la tiép tuyén chung d tai A ctia (Oy), (Oy).
Trong d6 Hj, Hy la giao diém cua d vdi tiép tuyén chung ngoai

PQ,P Q.

. 2R1R>
Taco AH < AH1 =R =Ry = .
< AH; 1 1= R R,
|
Bai 5. Giai hé phuong trinh
Vi+1+Vx+3+Vx+5=y—1+y—-3+y—-5
x+y+x2+y* =80

Loi giai. Tu phuong trinh (1), nhan lugng lién hiép ta ¢6 x —y 4+ 6 = 0 hay

x=1y—6.
5v5—7 5V5+5

Két hop véi (2) ta c6 x = > y 5
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210 Nam 2002

é Y

Bai 1. Cho phuong trinh x — v/x +1 = m (1) trong d6 m la tham sd.

(a) Giai phuong trinh (1) khi m = 1.

(b) Tim tAt ca cac gia tri ciia m dé phuong trinh (1) ¢6 hai nghiém phan

biét.

Loi giai. (a) Khi m =1 ta c6 phuong trinh: x — Vitl=1laeVx+1=
x—1
Srx+l=x"-2x+1(x>1)
< x=0(1),x =3(n).
(b) Datt = v/x + 1, ta c6 phuong trinh: #* — t —m — 1 = 0(x). Phuong
trinh c6 hai nghiém phan biét khi va chi khi (*) c¢6 hai nghiém phéan

biét duong, tuc la:

A=124+4(m+1) >0
-5
S=x14+x=1>0 ®T<m<—1

P=xixp=—-m—-1>0

Bai 2 Cho céc s6 x, ¥,z 1a cac s6 nguyén thoa phuong trinh x* + 1% = 22,

(a) Chiing minh rang trong hai s6 x, y c6 it nhat mot s6 chia hét cho 3.

(b) Chung minh rf“mg tich xy chia hét cho 12.

Loi gidi. Tinh chat
e Mot s6 chinh phuong khi chia cho 3 du 0 hodc du 1.
e Mot sb chinh phuong chia cho 4 du 0 hoc 1.
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e Mot s6 chinh phuong chia cho 5 du 0, 1 hoac 4.
(a) Néu x,y khong chia hét cho 3 thi x* + y? chia 3 dur 2, v Iy vi 22 chia 3
du 0 hoac 1.
Vay trong hai s6 x,y phai c6 1 s6 chia hét cho 3.
(b) Theo cau a, ta chi can chiing minh xy chia hét cho 4.
Ta c6 tinh chat: Binh phuong ctia mot s6 nguyén chia 4 du 0 hodc du
1. Néu x, y khong chia hét cho 4 thi x* + y* chia 4 du 2 (v6 Iy vi z° chia
4 du 0 hoac1).
Suy ra c6 it nhat mot trong 2 s6 x,y 1a s6 chan. Néu x,y cing chéan thi
xy chia hét cho 4. Suy ra xy chia hét cho 12.
Néu x chén, y 1é khi d6 z 16. Paty = 2m + 1,z = 2n + 1. Suy ra
x? =22 —y?> = 4m(m +1) — 4n(n + 1) chia hét cho 8. Suy ra x chia hét
cho 4. Do d6 xy chia hét cho 4. Vay xy chia hét cho 12.
n

Bai 3. Cho duong tron (C) duong kinh BC = 2R va diém A thay déi trén
(C) (A khong trung véi B, C). Duong phan gidc trong goc A cua tam gidc
ABC cat (C) tai K (K # A). Ha AH vuong goc voi BC.

(a) Pat AH = x. Tinh dién tich S cta tam giac AHK theo R va x. Tim
x dé S dat gia tri 16n nhat.
(b) Ching minh rang khi A thay d6i, tong AH? + HK? lu6n la mot dai
lugng khong doi.
3

. v AH
(c) Tinh goc ctia tam gidc ABC biet rang gk — V&
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jay
o
@]

K

Loi gidi.

(a)

Goi F 1a hinh chiéu cta K trén AH. Ta ¢c6 OKFH 1a hinh chit nhat, suy
ra KF = OH = /OA2 — AH? = \/R?2 — x2. Suy ra Sapx = %AH :

KF = %x\/ R? — x2.

Ap dung bdt Cauchy ta c6: xv/R2 — x2 < %(x2 +R*— %) = %Rz. Suy

1 . R

Sanx < ~R? Dang thiic xay ra khi x* = R?> — x* hay x = —~.

raSagrx < 1 ang thuc xay ra khi x x“ hay x \@

. R

Vay S spx dat gia tri 16n nhat khi va chi khi x = \—@

Ta c6 AH? + HK? = AH? + OH? + OK? = OA? 4+ OK?* = 2R? khéng
dai.

AH 3 RV3
’ 2 2 _ 9R2 3 _ /2 _
Ta c6 AH® + HK® = 2R" va i 5/ suy ra AH > . Suy ra
AH 3
sin ZAOB = — = *2[ suy ra ZAOB = 60°. Tix d6 ta c6 ZABC =

60°, ZACB = 30°.
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[, , s 1 1 1
Bai 4. Cho cac so thuc a, b, ¢ théoa man diéu kién a + b= b+ o= c+ pt
(a) Choa =1,timb,c.
(b) Ching minh rf?mg néu a, b, c d6i moét khac nhau thi a?b?c? = 1.

(c) Ching minh rang néu a, b, c déu duong thia = b = c.

Loi giai. (a) Khiazltacél—i—%:b+%,%:c.Khid()1+%:2b@
2b2—b—1:0®b:1,c:1véb:%,c:—z.
. 1 1 —c c—a
T\ a 5 3 j — = - — - = — — = —
(b) Tir dang thic da chotacda —b . be ,b—c e ,C
a_a—b
ab

Nhan 3 dang thiclaita c6 (a —b)(b—c)(c —a) = (a— b)g;b_z;z) (c=a) :

Mat khéc do a,b, ¢ d6i mot khdac nhau nén (a — b)(b —c)(a —¢) # 0.

Suy ra a*b*c* = 1.
o 1 1 1 1
(c)G1asua>b.8uyrag—5:a—b>0,suyrab>c,suyraE—E:

b—c>0.Suyrac>a.Tacoa>b>c>avoly Tuongtuchoa <b
thia >c>0b>a(voly).
Dod6éa ="b,suyrab = c.

Tacoa=0b=c.
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Bai 5. Trong mot gidi bong da c6 N doi tham gia thi dau theo thé thic

vong tron moét lugt (hai doi bat ky déu gdp nhau dung moét 1an). Sau moi

tran dau, thang dugc 3 diém, doi thua khong duge diém nao, con néu

tran dau c6 két qua hoa thi méi doi duge 1 diém. Cac doi xép hang dua

theo tong diém. Trong trudng hop mot s6 doi ¢6 tong diém béng nhau

thi cac doi nay dugce xép hang theo chi s6 phu. Két thic gidi nguoi ta

nhan thay rang khong c6 tran dau nao ket thic voéi ti so hoa; cac doi xep

nhét, nhi, ba ¢6 t6ng diém lan luot 1a 15, 12, 12 va tit ca cac ddi xép nhau

c6 tong diém do6i mot khac nhau.

(a) Ching minh rang N > 7.

(b) Tim N va téng diém ctia mdi doi tham gia giai.

Loigidi. (a) Tacotongsd tranla T =

N(N—1)
2
.Tac6S >15+12+12 < N2— N —26 > 0.

. Suy t6ng sb diém cua
3N(N —1)
2
Suyra N > 6. Néu N = 6 ta c6 doi hang nhéat toan th:fmg 5 tran. Nén

cacdoila s =

théng hai d6i hang nhi. Hai déi hang nhi théng 4 tran con lai, théng

doi hang 3.

Do d6 doi hang 3 khong thé thang 4 tran. Do d6 khong c6 12 diém.

Mau thuan. Vay N > 7.

Do khong c6 két qua hoa nén s6 diém 1a mét s6 chia hét cho 3. Cac doi

con lai ¢6 s6 diém khéc nhau.

Suy ra s6 diém thuoc {0,3,6,9,12}. Suy ra N < 8.

Néu N (: 8th;CéC diém d61a0,3,6,9,12.SuyraS =39+ 12+9+6+
3.8(8—1

3# = (V).

Do d6 N = 7. S6 doi con lai 1a 4, téng s6 diém cua cac doi con lai la
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63 — 39 = 24 diém. Suy ra s6 diém cac ddi con lai 12 0,3,9, 12.

211 Nam 2003

Bai1l. (a) Chiing minh rang phuong trinh (a* — b*)x* +2(a® — b*)x +
a* —b* = 01udn c6 nghiém véi moi 4, b.
x+y+xy=>5
(b) Giai hé phuong trinh Y s Y 5
(x+1)"+(y+1) =35
Loigidi. (a) e Néua®> =b> < a=Dbhoiaca = —b. THl:a = btaco
phuong trinh Ox = 0 c6 nghiém v&i moi x.

TH2: b = —a, ta c6 phuong trinh 4a%x = 0 ¢6 nghiém vé6i moi a.

o Néu a? # b°.
Xét A" = (a® — b*)? — (a* — V*)(a* — b*)
=% — 2a%0° + b° — (a® + b° — a?b* — a*h?)
=2a%’h*(a — b)® > 0.
Do d6 phuong trinh luén c6 nghiém.
(b) Pata = x+1,b = y+1,tacé hé ab = 6(1),a°> +b> = 35(2). Tix (1)
va (2) taco (a+b)® —3ab(a+b) =35« (a+b)>—18(a+b) —35 =
0 a+b=5(3).
T (2)va(3)tacéa=3,b=2hoaca=2,b=3.
Tir d6 giai dugc nghiém (x,y) la (2,1), (1,2).
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r \
Bai2. (a) Vi mbisd nguyén duong n, dat a, = 22" — 2" 1 1,p, =
221 4 2m+l 4 1. Chitng minh rang véi moi 7 thi a,b, chia hét cho
5vaa, + b, khong chia hét cho 5.
(b) Tim tat ca cac bo ba s6 nguyén duong d6i mot khac nhau sao cho

tich ctia chung béng t6ng cta chung.

Loigidi. (a) e a,b" = (221 —2n+l )220+ pontl 1) = (2271 4
1)2 _ (2n+1)2
— 421’l+1 + 2‘22714“1 + 1 o 2271+2
— 42n+1 + 1.
Ta c6 4 = —1( mod 5), suy ra 4" = —1( mod 5). Suy ra
421 4+ 1 =0( mod 5).
Vay a, by, chia hét cho 5 véi moi #.
e Tacda, +b, = 222" 42 = 4" 12 Tacé 4™ = —1,1(
mod 5).
Suy ra4"™! +2=1,3( mod 5).
Vay a, + b, khong chia hét cho 5 v6i moi 7.
: s A A . 1 1 1
(b) Goix,y,zlabasocantim. Tacox+y+z=xyz< —+ —+ — =1
) ) Xy Yz Xz
Khong mat tinh tong quat gia stt z = min{x, y, z}.
. 1 1
Tacol=—+—+ —
Xy Yz Xz
Suyraz=1Khidox+y+l=xye (x—1)(y—1) =2

3 2
< Z—Z,suyraz < 3.

Gidiradugcx =3,y =2hoacx =2,y = 3.
Vay bo ba s6 can tim 1a (1, 2, 3).
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é Y

Bai 3. Cho tam giac ABC vuong tai A ¢6 duong cao AA;. Ha AiHLAB
va A1KLAC.bat A1B = x, A1C =y.

(@) Goi r va ' 1a ban kinh duodng tron ndi tiép tam gidc ABC va tam
giac AHK tuong ung. Hay tinh ty so :, theo x,y suy ra gia tri 16n
nhét cta ty s6 do.

(b) Chitng minh rang ti gidc BHKC ndi tiép duong tron. Tinh ban kinh

cta duong tron do theo x, y.

Ay

Ny I
Loi giai.

(a) Theo hé thiic lugng trong tam gidc vuong ABC tacé AA? = A1B.A;C =
xy,suy ra AA; = \/xy.
) r" HK
Ta c6 AAHK ~ AACB, suy ra ” = BC
T gidc AHA; K 1a hinh chit nhat, suy ra HK = AA; = v/ A1B.A1C =

Suyrar—: VY <
r x+y

. Dang thitc xay ra khi x = y.

N —
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Vay gia tri 16n nhat cta 1;/ bang % khi x = y hay tam giac ABC vudng
can.

(b) Tacé LZAHK = /BAA; = ZACB, suy ra ti gidc BHKC néi tiép. Goi I
la tdm duong tron ngoai tiép ctia t gidc.
Goi E, D 1an luot 1a trung diém HK,BC.Ta c6 IELHK,ID1BC.
Mat khdc ADLHK, AE1BC. Suy ra ADIE la hinh binh hanh. Suy ra

ID = AE = %AAl _ szy

Suyra IB = \/ID?+ BD? = %\/x2—|—y2+3xy.

Bai4. (a) Cho duong tron (C) tdm O va mét diém A khac O nam trong
duong tron. Mot duong thang thay d6i qua A nhung khong di qua
O cat (C) tai M, N. Chiing minh rang dudng tron ngoai tiép tam
giac OMN ludn di qua mot diém c6 dinh.
(b) Cho dudng tron (C) tam O va mot dudng thang d nam ngoai dudng
tron. I 1a mot diém di dong trén d. Puong tron duong kinh IO cat
(C) tai M, N. Chitng minh rang duong thang MN luén di qua mot
diém c6 dinh.

Loi gidi. (a) Goi D la giao diém ctia (BOC) va AO.
Vé tiép tuyén AP dén (O). Ta c6 AB.AC = AP?> = OA? — OP? khong
doi.
Ma AD.AO = AB.AC, suy ra AD.AO khong déi, A, O cb dinh nén D

c6 dinh.
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(b) Puong thang qua O vudng géc v6i d cat d tai H va cat MN tai E. Goi
D la giao diém cta OI va MN.
Ta c6 AODE ~ AOHI, suy ra OE.OH = OD.OA. Hon ntta OD.OI =
OM? . Suy ra OE.OH = OMzkhéng d6i, ma O, H ¢b dinh, suy ra E i)
dinh.
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N

<

I\/H

Bai 5. (a) Cho mot bang vuong 4 x 4. Trén cac 6 cua hinh vuéng nay,
ban dau ngudi ta ghi 956 1 va 7 s6 0 mot cach tiy y (mdi 6 mot sd).
Véi mbi phép bién déi bang, cho phép mot hang hodc mot cot bat
ky trén hang hodc cot dugc chon déi dong thai cac s6 0 thanh s6 1,
céc 56 1 thanh s6 0. Ching minh rang sau mot s6 hiru han cac phép
bién déi nhu vy, ta khong thé dua bang ban dau vé bang toan cac
s6 0.

(b) O vuong qubc "Sac mau ky ao" ¢6 45 hiép si: 13 hiép si toc dd, 15
hiép si téc vang va 17 hiép si téc xanh. Khi hai hiép si c6 mau toc
khéc nhau gdp nhau thi toc ctia ho 1ap tic ddi sang mau toc thi ba
(vi du khi hiép si toc d6 gap hiép si toc vang thi ca hai ddi sang tdc

xanh). Héi ¢6 thé xdy ra truong hgp sau mot s6 hiru han 1an gép
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nhau nhu vdy & "Sac mau ky 40" tat ca cac hiép si déu c6 cung mau

toc khong? Vi sao?

Loi gidi. (a) Gia st trong mot dong 6 x s6 1 va 4 — x s6 0. Sau mot phép

bién ddi bang thi c¢6 4 — x s6 0 va x s6 1. Khi d6 sb s6 1 thay déi
|x — (4 — x)| = |2x — 4] 1a mo sb chan.
Liic dau c6 9 s6 1 thi sau mot s6 phép bién déi bang thi s6 s6 1 ciing 1a

mot s6 1€, nén bang khong thé chi con toan so 0.

Goix,y,zla s6 hiép si toc do, toc vang va téc xanh trong mot thoi diém
nao dé. Sau khi gap nhau thi téc d6i mau,khi d6 néu hiép si téc do va
vang gap nhau thi s6 hiép si sau d6 lan lugt la: x — 1,y — 1 va z + 2.
Tuong tu ca truong hgp khéac ta nhan théy r.’?mg, sau khi hai hiép si
gdp nhau thi s6 du ctia x — y, x — z,y — z khi chia cho 3 vdn khong déi
(1).

Do d6 ltic dau x — z chia 3 du 1, x — y chia 3 du 1, y — z chia cho 3 du
2(2).

Gia str sau khi gap nhau tt ca hiép si c6 cing mau téc thi x —y,y —
z,x — z chia hét cho 3. Diéu nay khong xay ra theo (1) va (2).

Vay sau hitu han lan gap nhau thi tat ca cac hiép si khong thé c6 ciing
mau toc.
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212 Nam 2004

7

a

x+4/y+5=1(1)

y+Vx+5=1(2)
(b) Cho cac sb x,y thda |x| < 1,|y| < 1. Chitng minh rang

Bail. (a) Giai hé phuong trinh {

xX+y
14 xy

|x[+ [yl =

(c) Tim tat ca cac s6 nguyén m > 0 sao cho phuong trinh

> —(m—=1>x+m=0

c6 cac nghiém déu nguyeén.

Loigidi. (a) Pata = Vx+5b = /y+5,ab >0.Tacohé a*> +b =
6(1),0* +a = 6(2).
Lay (I)trr(2)tacé (a—b)(a+b—-1)=0&a=ba=1-b.

e Véia="b,thévao (1)tacéa’> +a—6 =0 a=2(n),a= —3(I).
V6ia=2tacob =2 Gidiraduocx = -1,y = —1.

e Voib=1—athévaio(l)tacéa®’+1—-a=6<a*—a-5=0<
14421 1—+/21
1= —F—a=—7 (1.

1 21 1—-+21
. Véia:jLz\r,suyrabzl—a: 5 (loai).

Vay hé phuong trinh ¢6 mét nghiém (x, y) la (1,1).

(b) Taco-1<x<1,-1<y<lsuyra—1<xy<1lSuyral+xy >0,
suyra |1+ xy| =1+ xy.

e Truong hop 1.xy > 0.Suyra |x|+ |y| = [x+y| > 0val+yx >,
|x +y|
11+ xy|

suy ra |x| + |y| >
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e Truong hop 2: xy < 0, gid st x < 0 < y. Ta c6 bat dang thiic twong
duong:(y — x)(1+xy) = |y + x|.
Néuy+x>0tacd (y—x)(1+xy) >y+x < x(y* —xy—2) >0
(dung vix<0vay* <1, —xy < 1).
Néux+y <0tacod (y—x)(1+xy) > —x—y < y(y? —xy+2) >
0
(dang viy > 0,2 — xy > 0.

(c) Gia sit phuong trinh c6 nghiém x1, x2, theo dinh ly Viete ta c6 x1 +
xo = (m—1)%x1x0 = m, suy ra x1,x > 0.

e Néum = 0 ta c6 phuong trinh x* — x = 0 < x = 0,x = 1 phuong
trinh c6 hai nghiém nguyén.

e Néum > 0khidé xq,x2 >0, suy ra x1,x > 1.
Tacod (x1 —1)(x2—1) >0 <& x9x2 > x1+x— 1. Suyram >

(m—12 -1 m?>—3m<0,suyram=1,2,3.

Thr truc tiép ta c6 m = 3 thoa dé bai. Vay c6 hai gia tri cia m la
m=0,m=23.

Bai2. (a) Tim tt cic s6 nguyén duong n sao cho x> *! + x" + 1 chia
hét cho x* + x + 1.
(b) Tim s6 du trong phép chia A = 3% 4- 3% + 32004 cho 91.

Loigidi. (a) Tacéx® —1 = (x —1)(x* + x + 1) chia hét cho x* + x + 1.
Suyrax® —1 = (x*)" -1 = (2® = 1)((x*)" 1 + ... + x® + 1) chia hét
cho x* + x + 1.
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Taco x¥ 42 41 = 2 — x4 62" 4 x4+ 1.
Ma x¥" 1 — x = x(x®" — 1) chia hét cho x* + x + 1. Do d6 ta can tim n
dé x*" + x + 1 chia hét cho x* + x + 1.
e Xétn = 3k tacod ¥ + x +1 = x% — 1 4 x 4 2 khong chia hét cho
> +x+1.
o Xétn =3k+1tacox™ 2 +x4+1 =x%2 24P px41=
x?(x% — 1) 4+ x% 4+ x + 1 chia hét cho x® + x + 1.
o Xétn =3k+2taco x4+ x+1 =2 —x 1 2x 41 = x (x5 -
1) + 2x + 1 khong chia hét cho x? + x + 1.
Vay n = 3k + 1 thi x*" ™1 + x*" 41 chia hét cho x* + x + 1.
(b) 91 =9%+9+1.
A =3%+43°+3%004 = 9* + 9% + 9% Ta 6 9% — 1 chia hét cho 9* +
9 + 1 hay chia hét cho 91.
Suy ra 9192 — 1 chia hét cho 91, 9* — 9 = 9(9° — 1) chia hét cho 91.
Suyra 9'%%2 + 9% 493 1 —1—-9 = A — 11 chia hét cho 91. Vay phép
s6 du ctia phép chia A cho 91 1a 80.
|

Bai 3. Cho tam giac ABC déu va mot diém P nam trong tam giac. Goi
A1, By, C; 14 hinh chiéu vudng goc cua P trén BC, AC, AB. Tim quy tich

cac diém P sao cho tam giac A1B;Cy can.
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A
Loi giai.
Ta c6 ta giac AB1PC; ndi tiép. Vé duong kinh BiM ta c6 Bi1M = AP,
ZB1MCy = £ZB1ACy = 60°.Suy ra B1C; = BiMssin ZB1MC; = APsin60° =
\fAP.
V3 V3

Chung minh tuong tu ta cing c6 A1C; = BPT, A1By = TCP'

Néu tam giac A1B1Cy can tai A; thi A1B; = A1C; khi va chi khi PB = CP
khi va chi khi P thudc doan AD trong d6 D la trung diém BC.

Tuong tu néu can tai By thi P thudc doan BE, can tai C; thi P thudc doan
CF, v6i E, F 1a trung diém AC, AB.

Vay quy tich cac diém P 1a cac doan thrfmg AD,BE,CF khac A, B,C va
D,E,F. |
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Bai 4. Cho tam gidc néi tiép duong tron (O). M 1a mot diém thay déi trén
cung nhé BC. Goi N la diém déi xiing ctia M qua trung diém I ctia AB.
(a) Chung minh truc tdim K cta tam gidc ABN thudc mot dudng tron
c6 dinh.
(b) Gia stt NK cat AB tai D, ha KE vudng géc BC. H 1a tryc tim tam
gidc ABC. Chiing minh rang DE di qua trung diém | cta HK.
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N
Ky
D
A K
Hy
H
E
B C
Hy
M
K>
>

Loi giai.

(a) Tacd ANBM la hinh binh hanh, suy ra ZANB = ZAMB. Mat khac do
K 1a truc tam caa tam gidc ABN nén ZAKB = ZANB (cung phu vé6i
/KBN). Suy ra ZAKB = ZAMB, suy ra ABMK ndi tiép, hay K thuoc
duong tron (O).

(b) GoiKj,K;1a diém dbi xtung cta K qua AB, AC. Ta ching minh K3, H, K>
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thang hang.

(c) Goi Hj la giao diém ctia AH véi (O), H, 1a giao diém cta CH vdi (O).
Ta c6 Hy, Hy dbi xtiing ctia H qua AB, BC.
Theo tinh chat déi xting truc, ta ¢6 /BHK; = Z/BH;K va /BHK, =
£ZBH)K, suy ra ZBHK; + ZBHK; = ZBH;K + ZBH,K = 180°.
Suy ra Ky, H, K> thang hang. Goi ] 1a giao diém cta DE va HK.
Trong tam giac KK; K thi DE la dudng trung binh. Suy ra DE // K;Kj.

K] KE

Suy ra TH™ G 1. Vay ] 1a trung diém ctia HK.

Bai 5. (a) Trong mot giai béng da c6 k doi tham gia, thi ddu vong tron
mot luot (2 doi bat ki gdp nhau mot lan). Doi théng duoc 3 diém,
hoa 1 diém, thua 0 diém. Két thic giai ddu nguoi ta thy sb tran
thang - thua gip déi tran hoa va téng diém 1a 176. Tim k.

(b) Tim s6 nguyén duong A c6 2 chit 6 sao chi théa man 2 trong 4 tinh
chét sau:
i. Alaboictab.
ii. Alaboicua 21.
iii. A +71asb chinh phuong.
iv. A -201a s6 chinh phuong.

k(k—1)
z 2 '
Goi x 1a 86 tran c6 két qua thang thu, y 1a s6 tran hoa.

Loi gidi. (a) Tong sb tran daulan =

k(k—1
Tacox =2yva3x+2y =176,suyray = 22,x = 44. Do do ( B ):

66, suy ra k = 12.
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Tinh chat i va ii khong thé cung dung. Vi néu vay thi A chia hét
cho 125 v6 ly vi A chi c6 2 chit s6. Tinh chét i va ii ciing khong thé
cting ding vi mot s6 chia hét cho 5 tan ctiing 1a 0 hodc 5. Khi d6 A
+ 7 tan cting 1a 7 hodc 2 khong thé 1a s6 chinh phuong.

20 = 5(k — 4) 1a s6 chinh phuong. Suy ra k — 4 chia hét cho 5. Suy
rak = 5m + 4. Do d6 A — 20 = 25m. Vay m la s6 chinh phuong va
A —20 < 100. Suy ra m = 1. Ta c6 s6 45 thda dé bai.

Xét i sai. Néu ii dung thi A = 21,42, 63, 84, trong cac sb nay co sb
42, 84 thda dé bai.

Néu ii sai thi ii va iv ding. Khi d6 A +7 = x?, A — 20 = y?, suy
rax’ —y* =27 (x—y)(x +y) =27 = 1.27 = 39.

THL:x —y=1,x+y =27suyrax =14 vo ly vi A c6 hai ch sb.
TH2:x —y=3,x+y=9,suyrax =6, A = 29 thda dé bai.

Vay cac s6 thda la 29,42, 45, 84.
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2.13 Nam 2005

[ , 1.1 1
Bail. (a) Chocacsoa,b > 0,c # 0. Chfrngminhrénga%—E%—E:O
khivachikhiva+b=+va+c+Vb+c.
1 1
: 2=t
(b) Giai hé phuong trinh: ¢ % Y
VX2 =14+ /y*—1=/xy+2
N 1 1 1 . .
Loigiai. (a) e :>)'TUE+E+E =0vaab > 0,suyrac < Ova

ab—i—bc—l—ac:O(l),b—l—c:—% > 0, tuong twa +c > 0.

Tit (1)suyrac® = ¢ +ab+ac+bc = (c+b)(c+a),suyray/(c+b)(c+a) =

Ve = —c.
Suyraa+b=a+c+b+c—2c=a+c+b+c+2y/(c+b)(c+a)
=(Va+c+Vb+o)

Suyrava+b=+va+c+Vb+ec

e ). Tac6Va+b=+at+c+vb+c
=a+b=a+c+b+c+2v/2+ab+bc+ac= —c=/c2+ab+bc+ac
= > =c*+ab+bc+ac

=ab+bc+ac=0
1 1 1
=-+-4+-=0.
a b ¢
(b) Dbiéu kién x| >1,|y| >1,xy > —2.

Tur (1) ta c6 x? + yz = xzyz 3)

Tr ) tacox® —1+7 —14+2/(22 -2 -2 +1 = w42 &
Py —xy—2=0
S xy=—1,xy=2.

1
Véixy:—1tacc’)x2+y2:1<:>x2+;:1(VN)
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4
Véixy =2tacod > +y> =4 & x2+; = 4, giai duoe (x,y) la
(vV2,v2) va (—=v2,—V/2).

|
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Bai2. (a) Cho p > 51a sd nguyén t6 sao cho 2p + 1 cling la s6 nguyén
t6. Chiing minh rang p + 1 chia hét cho 6 va 2p* + 1 khong la s6
nguyén to.

(b) Tinh téng cac s6 nguyén tir 1 dén 1000 ma trong cach viét thap phan
ctia ching khéng chira chit s 4 va s6 5.

(c) Cho tam thtic bac hai P(x) = ax? + bx + c(a # 0) thda man diéu
kién P(x* —2) = P?(x) — 2. Chiing minh rang P(x) = P(—x) véi

moi x.

Loigidi. (a) pla sé nguyén t6 16n hon hodc bang 5 nén p c¢6 dang 6k — 1
hodc 6k + 1. Néu p = 6k + 1, suy ra 2p + 1 = 12k + 3 chia hét cho 3
nén khong la s6 nguyén t6.

Do d6 p = 6k — 1, suy ra p + 1 chia hét cho 6.
Khi d6 2p® +1 = 2(6k — 1) 4 1 chia hét cho 3 va 16n hon 3 nén ciing
khong thé 1a s6 nguyén t6i.

(b) Cac sb6 nguyén tir 1 dén 999 c6 dang abc, vi khong c6 chir s6 4 va 5 nén
a,b,c €{0,1,2,3,6,7,8,9}. Mdi chit s6 xuét hién § hang don vi, hang
chuc, hang trdm 8 x 8 = 64 lan. Ma abc = 1004 + 10b + c. Do d6 téng
cac s6 la:

64 x (1004+104+1) x (0+1+2+3+6+7+8+9)+ 1000 = 256744.

(c) Theo dé bai ta co:

a(x* =2)? +b(x* —=2) +c = (ax* + bx +¢)* —2 & ax* + (b —4da)x* +
4a — 2b + ¢ = ax* 4 2abx® + (2ac + b*)x? 4 2bcx + +c* — 2.
Suy ra2ab = 2bc = 0,suyrab =0via # 0.

Do d6 P(x) = ax®> + ¢ = a(—x)* 4 ¢ = P(—x) v6i moi x.
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7

Bai 3. Cho tam gidc nhon ABC. D la mét diém di dong trén canh BC. Goi

04, 07 lan luot 1a tim dudng tron ngoai tiép cac tam giac ABD va ACD.

(a) Ching minh rang dudng tron ngoai tiép tam giac AO;0, di qua
mot diém c6 dinh khac A.

(b) Goi O la tdm duong tron ngoai tiép tam giac ABC va I la tdm duong

tron ngoai tiép tam gidc AO,0;. Tim vi tri diém D dé OI dat gia tri

nho nhét.

Loi gidi.

(a) Goi O la tam dudng tron ngoai tiép tam giac ABC.
Ta gia st tam giac ABD nhon va ACD c6 ZADC > 90°.
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Ta c6 LAO10; = %éAolD = LABC.

va LZAOC = %AAOC = LABC. Suy ra ZAO10, = ZAOQO;. Suy ra
AO10; ndi tiép. Suy ra dudng tron ngoai tiép tam gidc AO;0, di qua
diém O cb dinh khac A.

(b) Tac6 IA+ 10 > AO = Ol > %AO. Déng thure xay ra khi va chi khi I
1a trung diém AO hay D la chan dudng cao ha tir A.
Vay 10 nho nhéat khi va chi khi D 1a chan dudng cao ha tur A.

é Y

Bai4. (a) Cho hinh vuéng ABCD c6 canh 1. M la diém nam trong hinh
vuong. Chung minh rfing MA? + MB? + MC? + MD? > 2.

(b) Cho x,v,z,t 1a cac s6 thuc thudc doan [0;1]. Chirng minh rang ta

ludn c6 bat dang thitc x(1 —y) +y(1 —z) +z(1 — ) +t(1 —x) < 2.

1 1
Loi gidi. (a) Tacé MA? + MC* > E(MA + MC)? > EAc2 = 1, tuong ty
MD? + MB? > 1. Suy ra MA? + MB? + MC? + MD? > 2.

(b) TacoVI = (1—y)(x—1)+(1—-t)(z—1)+2—yz—tz <2vil—y >
0,x—-1<0,1-t>0,z—-1<0.

Bai 5. Xét 81 chix sb trongg do6 c6 9 chu s6,9 chir s6 2,..., 9 chit s6 9. Hoi
c6 thé xép 81 chit s6 nay thanh mot day s cho v6i méi k = 1,2,...,9 thi

gitra hai chit s6 k lién tiép c6 diing k chit sd.
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Loi gidi. Gia st ¢6 thé xép duge thoa man dé bai. Khi d6 gitra cac s6 9 c6
dung 9 chit s6. Do d6 tinh tir 9 dau tién va s6 9 cudi ciing ¢6 9x8 + 9 = 81
s6 nén khong c6 chit s6 nao ndm ngoai chit s6 9 dau va chir s6 9 cudi. Xét 8
khoang nam gitra cac s6 9 lién tiép ma c6 9 chit s6 8 nén c6 it nhét hai s6 8
nam gitra 2 s6 9 lién tiép. Do do gitra hai s 8 nay c6 nhiéu nhat1a 7 sb. (Vo

ly). Vay khong c6 cach xép thoa dé bai [

Trang 119



NGUYEN TANG VU

2.14 Nam 2006

s

N

2x% + xy = 1(1)
2y +xy = 1(2)
(b) Giai bat phuong trinh v/3x —5x2 < 5x — 2

(c) Cho x,y la cac sb thuc théa man diéu kién x +y = 2. Chung minh

Bail. (a) Giai hé phuong trinh {

rang xy(x* +y*) <2

Loigidi. (a) Lay (1) trir Q) tac62x> — 2> =0 (x —y)(x+y) =0 &

X=Yx=—.
) 1 1
Véix =ythévaio(Dtac62x’+x> =1 x = —,y = — va
y (1) 3V =
e
NS
V6ix = —ythévao ()tac62x* —x* =1 & x = L,y = —1va
x=-1Ly=1
Vay hé c6 4 nghiém.
(b) Pidukién3x —5x> >0 <0< x < g
Bat phuong trinh tuong duong:
5x—2>0(1)
3x — 5x% < (5x —2)%(2)
2
(1) e x>=
° 4 1
(2) ©30x2 —28x+4> 0= x < 15 hodcx > -
Z 1
Ket hop nghiém ta co: 5 <x< g

() Taco x> +y> = (x +y)? —2xy =4 — 2xy. Vaxy < }L(x—ky)z =1
Khi d6: xy(x® +y*) —2 = xy(4 —2xy) —2 = —2(xy)* +4xy — 2 =
—2(xy —1)*<0.

Suy ra xy(x* + y*) < 2.
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Bai 2. Cho phuong trinh (m + 3)x* — 2(m?* 4 3m)x + m® + 12 = 0(1),
trong d6 m 1a tham sb:
(a) Tim s6 nguyén m nhd nhat sao cho phuong trinh (1) ¢6 hai nghiém
phan biét.

(b) Ky hiéu x1, x; la nghiém cta (1). Tim sb nguyén m 16n nhat sao cho

2 2 1 Ay A A
x7 + x5 la mot sO nguyén.

Loi gidi. (a) Phuong trinh c6 hai nghiém phanbiétkhim +3 # 0(1), A" =
(m? +3m)* — (m +3)(m® +12) > 0(2)
(1) e m# -3
(2) ©3(m—2)(m+2)(m+3) >0« -3 <m< —2hoacm > 2.
Vay sb nguyén nhoé nhat dé phuong trinh c6 hai nghiém phan biét 1a

m=3.

(b) Phuong trinh c6 hai nghiém phan biét khi va chi khi -3 < m <

—2,m > 2.
m3 +12

m+3 "

Theo dinh ly Viete ta c6 x1 + x2 = 2m, x1x =

Khido A = X% + x% = (Xl + X2)2 — 2x1x2

g 12

m—+3
:4m2+2(m2—3m+9)—i.
m—+3

A € Z = (m + 3)|30. Ma m 16n nhat nén m = 27.
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Bai 3. Cho tam gidc ABC déu. P 1a mot diém nam trong tam giac. Goi
XY,z lan luot 1a kkhoang cach tu P dén cac canh BC,CA, AB tuong ung.
(a) Biétrang x = 1,y = 2,z = 3. Hay tinh dién tich ctia tam giac ABC.
(b) Tim quy tich diém P trong tam gidc sao cho x + y = z. Tir d6 suy
ra tdp hop nhiing diém P trong tam giac sao cho x,y, z 1ap thanh 3

canh ctia mot tam giac.

Loi gidi.
(a) Goialado dai canh tam giac déu ABC.Goi M la trung diém BC, ta c6

1 1
AMLBC.VaSapc = 3AM-BC = ZAM -a (1)

L 1 1 1 1
Ta c6 ¢6 Sapc = Sppc + Spac + Spac = Ea.x + an + Ea.z = Ea(x +
y+2)Q2)
Tr(l)va2)taco AM =x+y+z=6.Suyraa = BC =
4V/3.

AM =

S
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Do d6 Sapc = %AM ca =123,

(b) Goi Q la trung diém AB,tacd x+y+z = CQ, max+y =z suy ra
z= %CP. Suy ra P thudc duong trung binh MN caa tam gidac ABC.
Ngugc lai néu P € MN ta ciing ching minh dugcz = x + .

x, Y,z lap thanh ba canh cta tam giac khivachikhix+y > z,y+z >
x,x 4+ 2z > y khi va chi khi x < %AM,y < %BN,Z < %CQ khi va chi
khi P thudc mién trong ctia tam gidc MNP.

Vay quy tich cac diém P thda dé bai la mién trong tam gidc MNP.

Bai 4. Cho dudng tron (C) tdam O, AB la mét day cung ctia (C) khong di
qua O va I 1a trung diém ctia AB. Mot dudng thang thay d6i qua A cat
duong tron (C;) tdm O bén kinh OI tai P va Q. Ching minh rang tich
AP.AQ khéng ddi va duong tron ngoai tiép tam giac BPQ di qua mot
diém c6 dinh khac B.
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B

e

Loi gidi. Tacé AAPI ~ AAIQ, suy ra AP.AQ = AI* khong d6i.
Goi C la giao diém cta (BPQ) va AB. Ta c6 AC.AB = AP.AQ khong ddi.
Ma A, B ¢6 dinh, suy ra C c6 dinh.

[

Bai 5. (a) Trong mot giai bong dd, c6 4 doi thi dau vong tron 1 lugt
(trong mot tran, doi thang duge 3 diém, doi thua dugc 0 diém va
doi hoa dugce 1 diém). Khi két thuc giai, nguoi ta thiy c6 3 doi dat
dugc tong s6 diém lan lugt 1a 6 diém, 5 diém va 1 diém. Hay cho
biét d6i con lai ctia gidi c6 téng sb diém 1a bao nhiéu va giai thich
vi sao?

(b) Cho 13 s6 thuc théa man diéu kién: t6ng cta 6 sb bat ky trong
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chiing nhé hon téng ctia 7 56 con lai. Chiing minh rang tat ca cac s6

da cho déu duong.

Loi gidi. (a) Tong s6 tran dau 1a 6 tran. Goi A 1a doi dugc 6 diém, B 1a doi

duoc 5 diém, C la doi duoc 1 diém. A dé ba tran dugc 6 diém nén co
2 tran thang, 1 tran thua. B da 3 tran 5 diém thi ¢6 1 thang va 2 hoa, C
¢6 2 thua va 1 hoa. Goi D la déi con lai.

Vi tdng sb tran thang bang sb tran thua, nén s tran thang ctia D bang
s6 tran thua ctia D. D ¢6 3 tran, nén 1 ¢6 1 tran thang, 1 tran thua va 1

tran hoa. Do d6 dugc 4 diém.

Goi13s6 dd6laay, a, ..., a13. Gid stt c6 mot s6 khong duong, khong mat
tinh t6ng quatlaa; <0.

Khi d6 trong hai tong as + a3 + ... + a7 va ag + dg + ... + aq3 c6 tong nay
khong 16n hon tong kia. Gid st ay + az + ... + a7 < ag + dg + ... + ay3,
suyraa +ay+..+ay < a+a3+..+ay < ag+...+ap (voly vi
tong 7 s6 nho hon tng 7 s6).

Vay tat ca cac s6 déu la s6 duong.
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2,15 Nam 2007

x* + 6y = 6x(1)

y? +9 = 2xy(2) .

(b) Choa = /11 + 6v2, b= 1/11—6V2. Chung minh rf?mg a,bla
hai nghiém ctia mot phuong trinh bac 2 v6i hé s6 nguyén.

(c) Choc = \3/ 6vV3+10, d= \3/ 6v/3 — 10. Chung to ré“mg c2,d21a hai

nghiém ctia mot phuong trinh bac 2 véi hé sé nguyeén.

Bail. (a) Giai hé phuong trinh {

Loigidi. (a) Ly (1) + (2) ta c6: % + > 4 6y + 9 = 6x + 2xy
s x—y)?-6(x—y)+9=0
& ((x—y—-3)2=0
S y=x-3.
Thé vao (1) ta c6 x> +6(x —3) —6x =0

& x2 =18

x=3vV2,y=3V2-3
x=-3V2,y=-3v2-3
Vay hé c6 hai nghiém (x,v) 1a: (3v/2,3v2 — 3), (—3v/2, —=3v2 — 3).

(b) Tacéa = \/114+6v2 = /(34 V2 =3+ V2, tuongtub = /11 — 612
3-V2.
Tacéa+b = 6,ab = 7 nén theo dinh ly Viete dao thi 4, b la nghiém
ctia phuong trinh x* — 6x + 7 = 0 (dccm).

(€) Tacde = V/6vV3+10={/(V3+1)P3=V3+1,
d=1/6v3-10={/(vV3-13=+3-1.

= (V3+1)?=4+2V3,d*=(V3-1)?=4-2V3
Suy ra > +d* = 8,c%.d%> = 4. Do d6 theo dinh ly Viete thi 2, d% 1a
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nghiém ctia phuong trinh x* — 8x +4 = 0.

7

Bai 2. Cho tam gidc ABC ndi tiép duong tron (C). P la mot diém trén

cung BC khong chia diém A. Ha AM, AN lan luot vuong goc véi PB, PC.

(a) Ching minh rang MN luén di qua mét diém c6 dinh khi P thay
doi.

(b) Xac dinh vi tri ctia P sao cho biéu thitc AM.PB + AN.PC dat gia tri

16n nhat.

Loi gidi.
A

(@) Taco AM.BP = 2S 4pp, AN.PC = 2S5 ocp, suy ra AM.BP + AN.PC =
2S 4pB + 2S5 acp = 254Bc + 2SpaC-
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Do d6 AM.PB + AN.PC 1én nhét khi va chi khi Sppc 16n nhat khi va
chi khi P la diém chinh gitta cung 16n BC.

(b) Goi H la hinh chiéu ctia A trén BC. Ta c6 AMBH, ACNH, AMPN la
cac ti gidc noi tiép. Tir dé tac6 LZAMH = ZABH = ZAPC = ZAMN.
Suy ra M, N, H thang hang. Do d6 MN ludn di qua mét diém c6 dinh.

[

Bai3. (a) Cho a,b,c,d 1a cac sb thuc duong thod man: ab = cd = 1.

Chiing minh bt dang thic: (a +b) (c+d) +4 > 2(a+b+c+d).

(b) Cho a,b,c,d 1a cac s duong thod man diéu kién abed = 1. Ching
minh rang bat dang thic: (ac + bd) (ad + bc) > (a+b) (c +d).

Loigidgi. (a) Ap dung bat dang thitic Cauchy cho hai sb ta c6 a +b >
Vab=2,c+d > Ved =2.
Suyraa+b—2>0,c+d—-2>0.
Suyra(a+b—2)(c+d—2)>0= (a+b)(c+d)+4>2(a+b+c+
d) (dcem)

(b) Pat x = ac,y = bd,z = ad,t = bc, ta c6 xyzt = (abcd)* = 1.
Theocadua)tacd (x+y)(z+1t) >2(x+y+z+1t) — 4
Max+y+z+t>2/xy+2Vzt > 44/ xyzt = 4.

Suyra (x+y)(z+t) > (x+y+z+t)hay (ac+ bd)(ad + bc) > (a+
b)(c+d).
|
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Bai 4. Cho hinh thang ABCD c6 day AB va CD. Puong tron duong kinh
CD di qua trung diém cac canh bén AD, BC tiép xtc v6i AB. Hay tim sb

do cac goc cua hinh thang.

Loi gidi. Goi P la tiép diém cta AB va dudng tron duong kinh CD tam O.
Suy ra OP_L AB, suy ra P la trung diém ctia AB.

Goi M, N 1a trung diém AD, BC. Ta ¢c6 OMPN la hinh thoi, va OP = ON
nén tam giac ONP déu.

Suy ra ZPON = 60°, suy ra ZNOC = 30°.

Tam giac ONC can tai O, suy ra ZOCN = 75°, suy ra ZCBA = 105°.

Vay cac goc caa hinh thoi la 75° va 105°. u

Bai 5. (a) Cho a,b,c l1a cac sb thuc duong phan biét c6 téng bang 3.
Chung minh réng trong 3 phuong trinh x2—2ax+b =0, x*—
2bx +c¢ =0, x> —2cx+a = 0c6 it nhat mot phuong trinh ¢6 hai
nghiém phan biét va it nhat mot phuong trinh v6 nghiém.

(b) Cho S1a mot tap hgp gom 3 s6 tur nhién c6 tinh chat: tong hai phan
tlr tuy ¥ cta S la mot sd chinh phuong( vi du S = {5,20,44}).

Chiing minh rang trong tap S c6 khong qua mot sb 18.
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Loigidi. (@) Ay =a®> —b,Ay =b* —c,A3 =c>—a.Taco Ay + Ay + A3 =

+b*+c*—(a+b+o).

Ta c6 a® +b* + % > %(a—l—b—i—c)z =3,suyraa® +b*+c*—(a+b+
c) > 0,dau bf?mg xay ra khiva chikhia =0 =c.

Do a,b,c phan biét nén a® +b*> +c* — (a+b+c) > 0hay Ay + Ay +
Az > 0.

Suy ra cé it nhat mot trong cac sO A1, Ay, A3 duong, do do6 co it nhat
moét phuong trinh 6 hai nghiém phan biét.

Gid su ca ba phuong trinh déu c6 nghiém, suy ra a> —b > 0(1),b* —
¢ >0(2),c> —a>0(3).

a?>>b=a*> b Zc,suyraa8 > > a.Suyraa > 1.

Tuong twtacob > 1,c > 1.Suyraa+b+c > 3. Dodéa+b+c =
3&a=b=c=1woly).

Vay c6 it nhat mot phuong trinh vo nghiém.

Goi cac phan tir ctia Slaa,b,c. Tacéa+b=x*b+c=y*a+c =2
Ta c6 b6 dé sau: S6 chinh phuong khi chia cho 4 du 1 hoac 0.

Ta 6 x* +y* +z* = 2(a + b + c) chia hét cho 2. Suy ra trong khong

xay ra cac s6 x,y,z déu 1é. C6 it nhat mot s6 chan. Gia st x chan. Suy
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ra a + b chan.

Néu a,b 1é thi a,b chia 4 du 1 hodc du 3, hon nita a + b = x? chia hét
cho4.Suyraa =4k+1,b =49+ 3.

Khidéa+c=y? b+c=z%Vidk+1+c = y*chia4 du 1 hodc 0 nén
¢ =4m + 3 hoac c = 4m.

Néu ¢ = 4m + 3 thi b + ¢ chia 4 du 2 khong thé 1a s6 chinh phuong.
Néu ¢ = 4m thi b + ¢ chia 4 du 3 cing khong thé 1a s chinh phuong.
Vay a, b khong cung 1¢, suy ra a, b cing chan. Vay trong 3 s6 c6 khong
qua mot s6 1é.

2.16 Nam 2008

Bail. 1) Cho phuong trinh x*> — mx +2m —2 = 0 (1)

a) Chung minh rfing (1) khong thé c6 hai nghiém déu am.

b) Gid st x1, x; 1a hai nghiém phan biét ctia (1). Chitng minh rang biéu
(x3 —2x1 +2) (¥ —2x2 4 2)

thuc
X2 + x2

khong phu thudce vao gid tri cua
m

2) Giai hé phuong trinh

x =y* +2%(1)
y=2"+2%(2)
z=x"+y*(3)

Lyigidgi. 1) a) Gia stt phuong trinh c6 hai nghiém déu am, suy ra:

A=m?—4(2m—2) >0

m <0 o

x1+x=m<0 = (Vo ly)
m>1

x1xp =2(m—1) >0
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Vay phuong trinh khong thé c6 hai nghiém déu am.
b) Theo dinh ly Viete ta c6 x1 + xp = m, x1.xp = 2m — 2.
Ta c6 X2 + x5 = (x1 + x2)% — 2x1%0 = m? —2(2m — 2) = (m — 2)?
Tacéx% —mx1+2m—2 = O,suyrax% —2x14+2=(m—2)x; —2m+4
Tuong tu x5 — 2xp +2 = (m — 2)x; — 2m + 4.
Do d6 (x3 —2x1 +2)(x3 — 2xp + 2)
= (m —2)%x1x0 + (4 —2m) (m — 2) (x1 + x2) + (4 — 2m)?
= (2m —2)(m —2)% —2m(m —2)* + 4(m — 2)?
=2(m —2)>.
Vay A = 2 khong phu thudc m.
2) Tir hé phuong trinh ta suy ra x,y,z, > 0.

Lay (1) trir (2) ta c6 x — y = y* — x*

S x—y)(x+y+1)=0

Sx=yvVix+y+1>0).

Lay (2) trir (3) tuong tu ta cling c6 y = z. Do dé ta cé x = 2x% <& x = 0,x =

1
2 111
Vay hé phuong trinh c6 hai nghiém (x,y,z) 1a (0,0,0) va (2, 5 2) )

Bai 2. Cho tam gidc ABC khong can. Pudng tron ndi tiép tam I tiép xtic véi cac
canh BC,CA, AB lan luot tai D, E, F. Duong thang EF cat Al tai ] va cat BC
ndi dai tai K.

a) Chung minh céc tam giac IDA va I]D dong dang.

b) Ching minh rang KI vudng goc v6i AD.
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Loi gidi.
A
E
F i
© ¢ ° *C
P B D

a) Tacé AE = AF (tinh chét hai tiép tuyén cat nhau) va IE = IF.
Suy ra Al la trung truc ctia EF, suy ra AT LEF tai J. Tac6 I] - [A = IF?, ma

1] ID
IF =1ID,suyral]-1A ID,suyraI A I I
Xét tam gidc ID] va tam giac IDA c6: ZAID chung va —Ié = 14 nén

AID] «~ ATAD(c.g.c).
b) Tam giac AID] «~~ AIAD, suyra ZI]D = ZIDA.
T giac I[JKD c6 ZIJK + ZIDK = 90° + 90° = 180° nén la t giac ndi tiép,
suy ra ZI]D = ZIKD, tir do6 ta c6 ZIDA = ZIKD.
Goi P la giao diém cta AD va IK.
Ta c6 £LPDK + ZPKD = ZPDK + ZPDI = ZIDK = 90°, suy ra ZDPK =
90° hay AD_LIK.
|

Bai 3. Cho gbc xAy vudng va hai diém B, C lan lugt trén cac tia Ay, Ay. Hinh
vuoéng MNPQ c6 cac dinh M thudc canh AB, dinh N thudc canh AC va cac
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dinh P, Q thudc canh BC.
a) Tinh canh hinh vuéng MNPQ theo canh BC = a va duong cao AH = h
cua tam giac ABC.
b) Cho B, C thay ddi lan luot trén céac tia Ax, Ay sao cho tich AB- AC = k2
( k khong déi). Tim gi tri lon nhét ctia dién tich hinh vudong M N PQ.

A
M K N
H P

B Q c

Loi gidi.
a) Dat x 1a d6 dai hinh vudng. Goi K 1a giao diém ctia AH va MN.
Ta c6 MKHQ la hinh chir nhét, suy ra KH = MQ = x, AE = AH —EH =
h — x.

, MN AN

Ta c6 MN // BC, suy raE —E.

VaNK//CHnentacoA—C:ﬁ.
Dodétacéw—g a E—h_ixsu rax—L
BC  AH Yo~ T SWRYT LTy

b) Tac6 be = ah = k* va a® = b*> + ¢ > 2bc = 2ah. Suy raa > 2h.
Ta 6 Sapg = MN? = @° K
MNPQ = “(a+h)? (a+h)*

1 3
Ta c6 (a+h)2:a2+h2+2ah:h2+1a2+1a2+2ah.

1 3 3 3
Ma h? + 1(12 > ah = k2, 1112 > Eah = Ek2, ah = k2.

Suy ra (a+h)* > ng.

2 .
Do do6 S < §k2. Dang thitc xay ra khi a = 2k hay tam giac ABC can.
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. 2
Vay gia tri I6n nhat cuia dién tich hinh vudéng MNPQ la §k2 khi AB= AC =

k.

Bai 4. Mot s6 nguyén duong n dugc goi la s6 bach kim néu n bang tong

binh phuong cac chix sb ctia no.

(a) Chiing minh rang khong ton tai s6 bach kim ¢6 3 chit s6

(b) Tim tAt ca cac s6 nguyén duong n 1a s6 bach kim.

Loi gidi. (a) Xétsb tunhién c6 3 chirsb abc trongdé1 < a < 9,0 < b,c <

(b)

9. Ta ching minh abc khong thé 1a s6 bach kim.

Ta ¢6 abc = 100a + 10b + ¢ = a* 4 (100 — a)a + 10b + c.

Tacd10b > b%,100 —a > 90 vaa > 1, suy ra a(100 —a) > 90 > 2.

Do d6 abc > a* + b* + c*.

Vay abc khong thé 1a s6 bach kim.

Do d6 khong c6 s6 bach kim ¢6 3 chit sb.

Ta chitng minh moi s6 tu nhién c6 nhiéu hon 3 chir s6 khong phai la
sO bach kim. Dat a1a; ... a; 1a s6 tu nhién 6 k chit sd véi k > 4 trong
d61>a1>90>a;>9v6ii=2,3,...,k

Ta 6 man .. a = 105 ey + 105200 + ... 4+ 10a5_1 + ay
V6ii=2,3,...,k—1thi 10" a; > a? (1)

Va 10 1a; = a? + (105 — ay)ay > a2 + 990 > a? 4 a2 (2) (Vik > 3)
Tir (1) va (2) tacé ayan ... a5y > a3 + a3+ ... +a

Vay khong c6 s6 bach kim c6 nhiéu hon 3 chi s6.

TH1: Néu s6 bach kim c6 mot chirsétacéa = a* < a = 0(1),a = 1(n).

TH2: Néu sb bach kim ¢6 hai chit s6 ab = 4> + V> < 10a + b = a® + b,
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suy ra a chan, suy raa = 2,4,6,8. Thu truc tiép ta khong nhan dugc
gid tri nao thoa.
Do d6 khong c6 s6 bach kim ¢6 hai chi sé.

Vay chi c6 mot s6 bach kim 1a 1.

Bai 5. Trong mot giai vo dich bong dé c6 6 doi tham gia. Theo diéu 1é ctia
gidi, hai doi bat ky thi dau vdi nhau ding mot tran, doi théng duoc 3
diém, doi hoa dugc 1 diém va doi thua 0 diém. Két thiic giai, s6 diém cia
cac doilan luotla Dy, Dy, D3, Dy, Ds, Dg (D1 > Dy > D3 > Dy > Ds > Dg)
Biét rang doi bong véi s6 diém D1 thua ding mot tran va D; = Dy +

D3 = D4 + D5 + Dg. Hay tim D; va De.

Li gidi. Goi a 1a sb tran c6 két qua thang thua va b 1a sb tran c6 két qua
hoa.
Khidotacoa+b = % =15vaA = D1+ Dy + D3+ Dy + Ds + Dg =
3a + 2a la tong s6 diém cua cac doi dat dugc.
Taco62(a+0b) >3a+3a >3(a+b) = 30> 3a+2b > 45.
ViD; = Dy+ D3 = Dy+ Ds+ Dg, suyra A = 3a+2b = 3Dy, suy ra
D; > 10
Hon ntra do D; thua mét tran nén Dy < 12. Suyra 10 < D; < 12.
Goi m 1a s6 tran thang ctia D1, n1a s6 tran hoa ctia Dy. Khi dé tacé m +n =
4vald3m+n = Ds.

e NéuD; =10tacdé3a+2b = 30,suyraa =0,b = 15v6 ly vi D; thua

mot tran nén c6 it nhat mot tran théng thua.
1 7

. NéuDl:11tacc’>3m+n:11,m—|—n:4,suyran:E,mzi(vé
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ly)
e Vay D; =12. Khid6 3a +2b =36,suyraa =6,b =9.
Ta c6 D; thang 4 tran thua mot tran nén s6 tran c6 Dy vé6i 5 doi con lai
1a 5 tran c6 két qua thang thua. Do d6 trong 5 ddi con lai ddu v6i nhau
c6 dung mot tran théng thua, con lai 1a hoa. (*)
Ta co Dy + D3 = 12 va Dy > D3, suy ra D3 < 6.
Ta c6 Dy + D5 + D = 12 va Dg < D5 < Dy, suy ra Dg < 4.
Ta ¢6 Dg ddu véi Dy, D3, Dy, D5 ¢6 nhiéu nhat mot tran thua nén Dg <

3.

Néu Dg = 3, suy ra Dy + D5 = 9, suy ra Dy > 5.Suy ra phai c6 it nhat mot
tran thfmg (vikhong thé hoa v6i Dy) va Dy khi dadu véi D», . .., Dg c6 it nhat
3tran hoannénsuyra 6 < Dy < D3 < 6.Suy ra Dy = 6,suy ra D5 = 3. Suy
ra D5 c6 mét tran thua nira (vO ly vdi (¥)).

Vay Dg = 4. ]
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Nam 2009

7~

N N , A 2 ~ o X oA a
Bail. (a) Cho a,b,c,d la cac sO thuc thoéa man dieu kién - = - =
a—+c

. . o2 — 2
p_g °c # 0. Chung minh rang: b~ = d°.

x—1 3—x-y
3 7 _2_42
(b) Giai hé phuong trinh y—-3 7-x—y

(1)
y—2 3—x-—y 2)

xy—4  7—x2—y?

c a+c

Loi gidi. (a) Ta co L ——,suy ra ad = be(1),a(3b —d) =

b d 3b—d
b(a+c)(2).

Tir (2) ta ¢6 2ab = ad + bc = 2ad < 2a(b—d) = 0. Ma ac # 0 nén
a #0,suyrab =d,suyrab® = d°

(b) Diéu kién xy # 3, xy # 4,x* +y* # 7.

N . ,x—1  y-2
Tu’(l)va(Z)tacox —3_xy—4(3)’

. TH1:xy—3:—(xy—4)<:)xy:§.

Khidéx—1=—-(y—2) < x+y=3Tacohéx+y =3,xy =
7
5 (VN)
o e L. 3—x—y x—-1 y-2
e TH2:xy—3 # —(xy 4)'kh1d07—x2—]/2_xy—3_xy—4_
x+y—3

2xy —7
V6i3—x—y=0tacox—1=y—2,suyrax=1,y=2.

&3—x—y=0hodc7 —x*—y* = —(2xy — 7).

V6i7— x>~y = 2xy+7 < (x—y)? =0« x = y.Gidira
dugc nghiém (x,y) 1a (-1, -1) va (2, 2).
Vay hé ¢6 3 nghiém (1,2), (=1, —1) va (2,2).
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Bai 2. (a) Giaibatphuong trinh: 2x +1 < v/8x +9

(b) Cho a,b,c 1a cac sb thudc [—1;2] thoa man diéu kién a® + b* + ? =

6.Chiing minh rang: a +b+c¢ >0

N -9
Loi gigi. (a) Dieukién8x+9 >0 & x > 3

(b)

-1 . R
THL:2x+1 <0 & x < - thoa bpt. Ket hop diéu kién ta c6 nghiém

9 1
< .
g =<7

TH2:2x+1>0< x > _71(*).
Khi d6 bpt < (2x +1)* < 8x +9
S4x’ —4x—-8<0
S4(x+1)(x—2) <0

S -1<x <2

. -1
Ket hop (*) ta co - <x <2

) -9
Véy nghiém cda bat phuong trinh la 3 <x <2

Vil<a<2néntacé(a+1)(a—2) <0< a®><a+2.
Tuongtuchob,ctacébz§b+2,c2§c+2.
Suyraa2+b2—i—c2§a+b+c+6=>a—|—b—i—c20.

7~

Bai 3. (a) Chiing minh rang khong ton tai s tu nhién a sao cho a> +a =

(b) Chiing minh rang khong ton tai s6 tu nhién a sao cho a +a* +a° =

201 02009

20092010
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Loi gidi. (a) Gia stt ton tai s6 tu nhién a sao cho @ + a2 = 2010%°%. Ta ¢6
2010 = 1( mod 7), suy ra 2010°'° = 1( mod 7).
Mt khéc ta c6 a®> +a = 0,2,5,6( mod 7) véi moi a tu nhién. Do d6
khong c6 s6 tu nhién a théa phuong trinh a* 4 a = 2010°°%,

(b) Gia str ton tai s6 tu nhién a théa dé bai.
Ticla a® +a* +a = 2009°°1. Ta ¢6 2010 = 3.670 nén 2009210 = (2670)3
1a lap phuong ctia mot s6 nguyén duong.
Mit khac a® < a® +a* 4+ a < (a +1)° v6i moi a nguyén duong.
Suy ra a® + a? + a khong thé 1a 1ap phuong ctia mot s6 nguyén duong.
Do d6 khéng ton tai a thoa a° + a* + a = 2009719,
|

Bai 4. Cho duong tron (O) tdam O, duong kinh AB = 2R. C 1a mét diém
thay doi trén duong tron (O) sao cho tam gidc ABC khong can tai C. Goi
H la chan duong cao cta tam giac ABC ha tu C. Ha HE, HF vudng goc
v6i AC, BC tuong ting. Cac duong thang EF va AB cat nhau tai K.

(a) Tinh theo R dién tich tam giac CEF va d6 dai cac doan KA, KB trong
truong hop BAC = 60"

(b) Ha EP, FQ vudng géc v6i AB. Chitng minh rang dudng tron duong
kinh PQ tiép xtic v6i duong thang EF.

(c) Goi D la giao diém ctia (O) va duong tron duong kinh CH,D # C.
Ching minh rang KA.KB = KH? va giao diém M ctia cac duong

théng CD va EF luén thudc mét duong thgmg c6 dinh.

Loi gidi.
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Ta c6 ZBAC = 60°. AC = ABcos ZBAC = 2Rcos60° = Rva BC =

RV3.
Tacdo CH = ACsin ZCAB :Ré.
; 2 V3
CH 3R 1 3
. = 2 = — = — = — = _—
CE-AC =CH*,suyra CE CA 1 ,CF 2CH R 1 .Suy ra

1 3R%V/3
Scer = ECE -CF = -
Ta c6 CEHF la hinh chtt nhat, suy ra ZCEF = Z/ZACH = 30°, suy ra

ZKEA = 30°.

Suy ra ZEKA = ZEAB — ZAEK = 30° = ZAEK nén AKE can tai A,

suy ra KA = AE = g

Suy ra KB = KA 4 AB = %

Ta giac EPQF 1a hinh thang vudng. IH // EP va I 1a trung diém cua
EF nén H la trung diém PQ. Do d6 H la tam duong tron duong kinh
PQ.

Vé HT LEF. Ta chung minh HT = %PQ.

That vay, ta c6 LZAEP = LZACI = ZCAI.Suy ra ZHEP = ZHET. Tu
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dotaco HT = HP = %PQ.

. + 1 .
Vay khoang cach tir H dén EF bang EPQ nén EF tiep xuc voi duong
tron duong kinh PQ.

(c) Tacé KA - KB = KE - KF. Ma KH tiép xtic v6i (AEF) nén KE - KF =
KH?.Suy ra KA - KB = KH?.
Ta c6 /ZKAD = /DCB (CDAB ndi tiép) va DCB = /DEK (DEFE noi
tiép). Do d6 ZKAD = ZKED, suy ra DKEA ndi tiép.
T d6 ZKDE = ZCAB, ma ZCAB = ZCFE = 180° — ZCDE. Suy ra
/KDE = 180° — ZCDE.
SuyraK,D,C théng hang. Do d¢6 K la giao diém ctia CD va EF. Hay
K = M. Vay giao diém M thudc duong thang AB cb dinh.

[

Bai 5. Trén mét duong tron, ngudi ta xép cacsbd 1,2,3,...,10 (mdi s6 xuat
hién dung mot lan).

(a) Chiing minh khong ton tai mot cdch xép ma téng hai s6 ké nhau
déu 16n hon 10.

(b) Ton tai hay khong moét cach xép ma téng hai s6 ké nhau déu 1on

hon hoéc bang 10?

Loi gidi. (a) Gia st ton tai cach xép ma téng hai s6 ké nhau déu 16n hon
10. Xét hai sb ké bénsé 11aa,b. Tac6 1 +a > 10,1+ b > 10. Suy ra
a =b = 10(vd ly vi méi s6 chi xuat hién mot 1an).

Vay khong ton tai cach xép ma téng hai s6 ké nhau 16n hon 10.
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Xét cach xép nhursau: 1 —10-2—-8—-3—-7—-4—-6—-5-9—1.

2.18 Nam 2010

Bail. (a) Cho cacsb a,b,cthéaa+b+c = a®>+ b+ = 0. Ching

minh r?ang trong 3 sO a,b, ¢ c6 it nhat mot sd bf?mg 0.

x+y+z=3

(b) Giai hé phuong trinh xy+yz+xz=-1

PP +2+6=3x+y*+2%)

Loigiagi. (a) Tua+b+c = 0,suyrac = —(a+Db). Tt dotacd 0 =

P4+ =a>+ b~ (a+b)® = —3ab(a+b) = 3abc. Do d6 trong 3

sO a, b, c c6 it nhat mot so bang 0.

Cachl:batx =a+1,y = b+ 1,z = ¢ + 1. Thay vao phuong trinh (1)
tacba+b+c=0.

Thay vao (2) véia+b+c = 0tacdab+ bc+ ac = —4(4).

Thay vao (3) tacé a®> +b°> +c® = 0.

Theo cau a ta c6 abc = 0.

Néua = 0, khi d6 b = —c thay vao (4) tac6 b = 2 hodc b = —2. Ta c6
nghiém (x,y,z)la(1,1,-3),(1,-3,1).

Cac truong hop khac tuong tu. Vay nghiém cta hé phuong trinh la (1,
1, -3) va cac hoan vi.

Cach22 T (l)va(@tacd x* +y* +2z> = (x+y+2z)* —2(xy +yz +
xz) =11

Thay vao (3) ta ¢6 x° +y° + z° = 27(5)
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Tr()vaBG)suyra0 = (x+y+2)° — (P +°P+2%) =3(x+y)(y+

z)(x + z). Suy ra trong 3 s6 c6 hai s6 c6 tong bang 0.

Gidstux+y =0,tr(1)tacéz = 3. Thayvao 2)tacé x =1,y = —1

hodacx = -1,y =1.

Kétluan: Hé phuong trinh c6 nghiém (1,-1,3) va cac hoan vi (6 nghiém).
|

Bai 2. (a) Gidi phuong trinh (2x — 1)? = 12y/x2 —x — 2+ 1
(b) Cho tam gidc ABC vuong tai A c6 dién tich bang 1. Ching minh
rang 2 < BC < v2(AB + AC — V2)

x < -1

Loi gidi. (a) Pidukiénx®> —x —2>0 &
x>2

V6i diéu kién trén phuong trinh tuong duong v6i 4x* — 4x = 12 Va2 —x—2
s —x=3Vx2—x—-2.

batt = \/m(t > 0), phuong trinh trd thanh: 2 —3t4+2 =
O&t=1t=2.

1+v3 1-v3
2 '

Véit =1, giai dugc x = 5

Véit =2, giaidugcx =3,x = —2.

1+v3 1-3

Vay phuong trinh c6 4 nghiém la 3, -2, > 5

(b) Pata = AB,b = AC. Do tam gidc ABC vudng tai A nén ta c6 BC =

Va2 4+ b2 Ta cénchﬁmgminh:Z <AWVa?2+bh2< \/E({/l—l—b— \fZ)
b

Taco'SABc:%:1:>ab:2.

Tacéa®?+b>>2ab=4= a2+ b2 >2.

Tacé\/a2+b2§\f2(u+b—\f2)
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S Va2 +12+2<V2(a+b)
S+ +4Va2 +2+4<2(a+b)?
S a2+ —4Va2+ 2 +4>0(doab=2). = (Va2 +b2—2)? > 0.

Bat dang thiic sau cting ding, suy ra diéu can ching minh.

Bai 3. (a) Hay chi ra mot bo 4 s6 nguyén duong phan biét ma téng bd
ba s6 bat ky trong chting la mot s6 nguyén to.
(b) Chiing minh rang khong ton tai 5 sb nguyén phan biét ma téng 3

s6 bat ky trong chiing 1a mét s6 nguyén to.

Loigidi. (a) Motbo 4sbthdéadébaila:1,3,7,9vil+3+7=11,1+7+
9=17,3+74+9=19,14+3+9 = 131écécsénguyént6.
(b) Ta chiing minnh rang trong 5 s6 bat ki luén c6 3 s6 ¢6 tong chia hét
cho 3.
Mot sb khi chia cho 3 thisd du1a 0, 1 hodc 2.
Néu trong 5 s6 khi chia cho 3 xuat hién 3 s6 du khic nhau 12 0, 1, 2 thi
tong ctia 3 s6 d6 sé chia hét cho 3.
Néu chi xuat hién 1 hoic 2 s6 du (0, 1 hoac 1, 2 hoac 0, 2) khi d6 theo
nguyén ly Dirichlet sé c6 3 s6 ¢6 ciing s6 du khi chia cho 3, do d6 tong
3 s6 nay chia hét cho 3.
Vay ludn ton tai 3 s6 6 téng chia hét cho 3 va hién nhién la téng nay
khdac 3 nén téng d6 khong thé 1a s6 nguyén to.
n

Bai 4. Cho duong tron tim O, ban kinh R, day cung BC c6 dinh c6 do dai
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RV/3. A la mot diém thay déi trén cung 16n BC. Goi E la diém déi xting
ctia C qua AB; F 1a diém dbi xtiing ctia B qua AC. Cac dudng tron ngoai
tiép cac tam gidc ABE va ACF cat nhau tai K (K # A).
(a) Chiing minh K lu6n thudc mét duong tron ¢ dinh.
(b) Xac dinh vi tri ctia K dé tam gidc KBC c6 dién tich 16n nhét va tinh
dién tich do6 theo R.
(c) Goi H la giao diém ctia BE va CF. Chiing minh rang tam giac ABH
déng dang véi tam gidc ACK va AK di qua diém c6 dinh.

Loi gidi.

(a) T BC = R+/3 nén tinh duoc ZBAC = 60°, suy ra ZABE = ZAEB =
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30° (AABE can tai A).

Tix giac ABKE noi tiép, suy ra ZAKB = ZAEB = 30°.

Chung minh tuong tu ta cting c6 ZAKC = ZAFC = 30°.

Tir d6 /BKC = LAKB + ZAKC = 60°.

Xét ta giac OBKC c6 Z/BOC + ZBKC = 120° + 60° = 180° nén la tu
gidc noi tiép. Vay K thudc dudng tron ngoai tiép tam giac OBC cb dinh.
Ta c6 Sgpec = %BC.KT(T 1a hinh chiéu cta T trén BC).

Suy ra Skpc max khi va chi khi KT max khi va chi khi K 1a diém chinh
gitta cung 16n BC ctia dudng tron ngoai tiép tam giac OBC. Khi d6 A
la diém chinh gita cung 16n BC cua (O).

Khi d6 tam giac BCK déy canh BC = RvV/3 nén c6 dién tich 1a Sgcx =
3RV3
2
Ta c6 ZAKC = ZAKE = 30° nén suy ra K, C, E thang hang. T giac

AHCE c6 /AEH = ZACH = 30° nén la ti gidc noi tiép ,suy ra
/AHE = ZACE. Ta dé suy ra ZAHB = ZACK.
Xét AABH va AACK ¢6 ZABH = ZAKC,ZAHB = ZACK(cmt) nén
AABH «~ ANACK(g.9)-
Goi D 1a giao diém ctia AO va (O). Ta ¢c6 ZABC = ZADC, /BAH +
/ZBAC = ZDAC + ZADC =90°. Suy ra ZBAH = ZDAC.
Hon ntta Z/BAH = ZKAC. Tu d6 ta c6 ZKAC = ZOAC. Suy ra
A,K,O thfang hang.

|
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Bai 5. Trong mot gidi bong da c6 12 dau vong tron mot luot (2 doi bat ky

dau véi nhau mot tran).

(a) Chung minh rf!mg sau 4 vong dau (médi doi dau 4 tran) luén tim

duoc 3 doi bong doi mot chua dau véi nhau.

(b) Khéng dinh con ding khong khi méi doi da thi dau dung 5 tran.

Loi gidi. Goi cac doilan luotla Ay, Ay, ..., A,

(a)

Gid sir sau 4 vong dau A; davéi A, Az, Ay, As va chua dau véi cac doi
con lai. Ta chi can ching minh trong cac doi con lai c6 hai doi chua
du véi nhau. That vay xét Ag sau 4 vong dau nhiéu nhét 1a véi 4 trong
6 doi Ay, As, ..., A1 con lai nén c6 it nhat 1 ddi chua dau véi As. Vay
doi bong do cung vai Ag, A1 1a 3 ddi chua dau véi nhau.

Cau khang dinh 1a khong diing. Ta xét mot lich thi ddu nhu sau:

Chia lam hai nhém, mdi nhém 6 doi Ay, Ay, ..., Ag va Ay, As, ..., A,
Cu mbi vong cho hai doi bat ki trong ciing mot nhém da voi nhau. Thi
sau 5 vong hai doi ciing 1 nhém déu da véi nhau. Xét 3 doi bat ki, thi
theo nguyeén ly Dirichlet ton tai it nhat hai d6i cing mot nhém, nén da
v6i nhau.

Trang 148



NGUYEN TANG VU

219 Nam 2011

Bai 1. Cho phuong trinh bac hai x* — (m + 3)x + m? = 0 trong d6 m la

tham s6 sao cho phuong trinh ¢6 hai nghiém phan biét x;, x,.

(a) Khim = 1. Chting minh rang {/x; + ¢/x> = \/2+ /2 + V6
(b) Tim tat ca cac gia tri ctia m sao cho /X1 4 /X2 = V5
(c) Xét da thitc P(x) = x° + ax? + bx. Tim tt ca céc cap sb (a,b) sao

cho ta c6 hé thitc P(x1) = P(x2) v6i moi gid tri ciia tham s6 m.

Loigidi. (@) TacoA = (m+3)> —4m* =3(m+1)(3—m) >0 —1<
m < 3.
Khi m = 1,ta c6 phuong trinh x> — 4x + 1 = 0, phuong trinh ¢6 hai
nghiém duong x1, xo. Theo dinh ly Viete ta c6: x; + x2 = 4, x1x2 = 1.

Ta bién d6i tuong duong:

Y+ =\24+ 2+ V6 e Yri+ Yn+2ynan =2+\2+ V6 &
Va1 + = 24 V6 & a1+ /xo +2¢xx0 = 2+V6 < x +
Xy 4+ 24/x1Xp = 6.

Hé thuc cudi cung dung do x1 + x2 = 4, x1x = 1.

(b) D€ phuong trinh c6 hai nghiém khong am thi:
A>0
S=x14+x>0 © —1<m<3(x).
P=x1x2>0
Theo dinh ly Viete ta c6 x1 +x2 = m + 3, x1x2 = m?.
Ta co /X1 + /X2 = \f5<:)x1+x2+2\/@:5
& m+3+2Vm? =5 m+2|m| =2
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2 . 2
S m= g(n),m = —2(l).Ketluan m = 3

() Tacd P(x1) = P(x2) & x5 — x5 +a(xi —x3) +b(x; —x) =0 &
(x1 —x)(F +xxa+ 23 +alx +x)+b) =0 (x1—x2)((x1 +
x2)% — x1x0 +a(x; +x)+b)=0< (1 —xz)((m—|—3)2 —m2+a(m—|—
3)+b)=0< (6+a)ym+9+3a+b=0véimoi —1 < m < 3.
Suyraa+6=03a+b+9=0&a=—6,b=09.

Vay (a,b) = (—6,9) 1a cap sb can tim.

7

Bai2. (a) Cho a,b la cac s6 thyc duong. Tim gia tri nho nhét cta biéu
thuc
V1+a2V/1+ b?

P =
1-+ab

(b) Cho cacsb x,y,z thdéa |x| < 1,|y| < 1,|z| < 1. Chiing minh rang:

V1—x24+4/1-y2+V/1-22< \/9—(x+y—|—z)2

Loi gidi. (a) Tac6 a® + b* > 2ab, suy ra

1+ a? + b* + a®b* > 1+ 2ab + a®b?
& (1+a*)(1+b*) > (1+ab)?
S \V14+a2V1+b2>1+ab

V14 a?v/1+ b?
< 1+ ab 21

(vil+ab > 0)
Déu bang xay ra khi va chi khi a = b.
Vay minP = 1khiva chikhia = b.
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(b) Binh phuong hai vé ctia bat dang thiic, ta dugc bat dang thiic tuong

1—x2+1—y2+1—22+2MM+2ﬂm
+2v1-22/1-22<9— (x+y+2)?

& m\/l—f—l—\/1—y2\/1—z2—|—\/1—22\/1—x2
<3—xy—yz—xz

D€ hoan tat ching minh, ta can ching minh m M <1-
xy(x). That vay do 1 — xy > 0 nén (*) tuong duong véi (1 — x*)(1 —

) < (1-xy)®

& (x —y)* > 0(dung).

duong:

Bai 3. Cho tam gidac ABC nhon c6 AB = b, AC = ¢. M la mot diém thay
déi trén canh AB. Dudng tron ngoai tiép tam gidc BCM cat AC tai N.

(a) Chiing minh rang tam gidc AMN doéng dang véi tam giac ACB.
Tinh ti 56 AA//II—? dé dién tich tam giac AMN bang % dién tich tam
giac ACB.

(b) Goi I la tam duong tron ngoai tiép tam giac AMN. Chiing minh
r?ang I luén thude mot dudng cd dinh.

(c) Goi J la tam duodng tron ngoai tiép tam giac MBC. Chiing minh
rang doan thang I] c6 d6 dai khong déi.

Trang 151



NGUYEN TANG VU

b

Loi gidi.
(a) Ta c6 BMN néi tiép, suy ra ZANM = /MBC = ZABC. Mat khac
/NAM = /BAC. Suy ra hai tam gidc AMN va ACB doéng dang. Suy

AM AN ~ .« A - v A
ra aC = AB < AM.AB = AN.AC. Pé dién tich AMN bing mot
ntta dién tich tam giac ACB thi ty s6 dong dang phai bang 7 ta la
AM 1 c c
—— = —.Suyra AM = —. Tir day tinh dugc BM = b — —. Su
Aa V2 y 2 y . V2 y

M c

ra = .
BM b3 ¢ |
(b) Vé tia tiep tuyeén Ay ctia duong tron (I) ngoai tiep tam gidc AMN. Ta

c6 LYAM = ZANM, ma ZANM = ZABC. Suy ra ZyAM = ZABC.
Suy ra Ay // BC.Ma IAL Ay, suy ra AI L BC.
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Do d6 I thudc dudng cao ha tir A ctia tam gidc ABC ¢6 dinh.

(c) Hai dudng tron (O) va (J) cat nhau tai B,C nén O] L BC, AI L BC. Suy
ra Al // BC. Mat khac OA_LMN va OI LMN (MN la giao caa (I), (O),
suy ra OA // I].

Vay tu gidc AIJO 1a hinh binh hanh, vay I] = OA khong déi.

Bai 4. Cho cac s6 nguyén a, b, ¢ sao cho 2a + b, 2b + ¢,2c + a déu 1a cac sb
chinh phuong (*).
(a) Biét rang c6 it nhat mot trong 3 s6 chinh phuong trén chia hét cho
3. Chiing minh rang (a — b) (b — ¢)(c — a) chia hét cho 27.
(b) Ton tai hay khong céac sb a,b, c thoa diéu kién (*) ma (a — b)(b —
¢)(c — a) khong chia hét cho 27?

Loi giai. (a) Giasu2a+b = m?,2b+c=n%2c+a= pz.
Cong ba dang thtc lai, ta dugc 3(a + b +c) = m* + n*> + p*. Suy ra
m? + n* + p* chia hét cho 3.
Ta thdy binh phuong ctia moét sb nguyén khi chia cho 3 du 1 hodc 0.
Do d6 néu 1 trong 3 s6, chang han m chia hét cho 3 thi n> + p? chia hét
cho 3 va nhu thé n? va p? cing chia hét cho 3.
Honntta 2a + b = 3a + (b — a) chia hét cho 3, suy ra a — b chia hét cho
3. Tuong ty thi b — ¢,c — a chia hét cho 3. Suy ra (a — b) (b —c¢)(c — a)
chia hét cho 27.

(b) Ton tai. Chang han c6 théldya =2,b =0,c = 1.
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Bai 5. Cho hinh chtt nhat ABCD ¢6 AB =3, AD = 4.
(a) Chiing minh rang tit 7 diém bt ki trong hinh chit nhat ABCD ludén
tim dugc hai diém ma khoang cach gitra ching khong 16n hon /5
(b) Chitng minh khang dinh & cau a) van con ding véi 6 diém bat ki

nam trong hinh chir nhat ABCD.

Loi gigi. (a) Chia hinh cht nhat thanh 6 hinh chtt nhat 1 x 2. Khi d6 theo
nguyén ly Dirichlet thi ¢6 2 diém cting thudc mot hinh chit nhat. Khi
d6 khoang cach gitra hai diém nay khong 16n hon d6 dai dudng chéo
hinh chit nhat, hay khong 16n hon v/5.

(b) Chia hinh chir nhat thanh 5 hinh nhu sau:

Khi d6 theo nguyén ly Dirichlet thi c6 2 diém cung thuéc mot hinh, va

trong cac hinh nay khoang cach gitra hai diém bat ki khong 16n hon
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V5.

Tir d6 ta ludn chon dugc 5 diém c6 khoang cach khong 16n hon /5.
n

2.20 Nam 2012

(x—y)? =2z—-2(1)
(y—2)? =25 - 2(2)

(z—x)" =2y —*(3)
(b) Cho hinh vuéng ABCD canh a. M va N la hai diém lan lugt nam
A . AM CN
trén cac canh AB va BC sao cho 2B~ CB /
duong thang qua M, N song song vdi BD lan luot cat AD tai Q va

Bail. (a) Giai hé phuong trinh

— =xv0i0 < x <1.Cac
CD tai P. Tinh dién tich ti gidc MNPQ theo a va x va tim x sao cho

dién tich nay 16n nhat.

Loi gidi. (a) Lay (1) trix (2) ta co:
(x—2y+2)(x—2) = x*—22-2(x—2) = (x—2)(x +2-2) &
2(x—z)(y—1) =0« x=zhoacy = 1.
-Voiy=1tac6(3) = (x—z)P?’=1oz=x+1,z=x—1.
+V6iz=x+1,giaidugcx =0,z =1vax =1,z = 2. Khi dé ta co
nghiém (0,1,1), (1,1,2).

+V6iz =x—1,gidiradugcx =1,z =0vax =2,z = 1. Ta c6 nghiém

(1,1,0) va (2,1,1).
-Vdix:z,tir(3)tacéy2—2y:0<:)y:0,3/:2.
» ] a2=2z- 22 272 =2z
+ Voiy = 0taco <
2% =2x — x? X—z

Giai dugc nghiém (0,0,0) va (1,0,1).
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+Véiy = 2, giai ra dugc nghiém (1,2,1) va (2,2,2).
Vay hé phuong trinh c6 8 nghiém.

(b) Ching minh dugc MNPQ la hinh chir nhat.

TacéMN—MB —AB_AM—l—AM—l—x
AC  BA  AB AB ’

suy ra MN = (1 — x)av/2.

MQ AM B

ﬁ—ﬁ—x,suyraMQ—xa\fZ.

1
1—x)?=".
(x+1-x)"=7

o |

Tir d6 S = MN.MQ = 2a°x(1 — x) Ma x(1 — x) <
2
Suyra S < %. Déng thiic xay ra khi x = %

fo1y 1 .
Vay dién tich dat gia tri 16n nhat bang Eaz khi M Ia trung diéem AB.
[

Bai 2. SO nguyén duong n dugc goi 1a s6 diéu hoa néu nhu téng cac binh
phuong ctia cac udc ctia né (ké ca 1 van ) ding bang (n + 3)?.
(a) Ching minh rang s6 287 1a s6 diéu hoa.
(b) Chiing minh rang s6 n = p*( p nguyén t6 ) khong phai la s6 diéu
hoa.
(c) Ching minh rang néu sb n = pq ( p,q 1a cac s6 nguyén tb khac

nhau) la s6 diéu hoa thi 7 + 2 1a s6 chinh phuong.

Loi gidi. (a) S6 n = 287 c6 cac udc duong la 1,7, 41, 287. Ta c6 124+ 72+
412 + 287> = (287 + 3)? nén 287 la sb diéu hoa.

(b) Céc u6c duong ctian = p>la 1, p,p? p°. Gia stt n 1a sb diéu hoa, ta c6

(n+3)>=1+p*+p*+p° < p*+p* =6p°+8.Suyrapl8map

nguyén t6 nén p = 2. Thit lai thdy khong thda, vay n = p3 khong phai

1a s6 diéu hoa v6i moi s6 nguyén to p.
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(c) Cac udc duong ctan = pglal,p,q,pg. Vinla sb diéu hoa nén ta cé:
T+p +q + 0" = (pg+3)" & p’+q" = 6pg+8 & (p+9) =
4(pg +2). Do 41a s6 chinh phuong nén pq + 2 cling la s6 chinh phuong
hay n + 2 1a s6 chinh phuong.

[

Bai3. (a) Tim tit ca cac sb thuc x thda x> —5x +4+2vx —1> 0.
(b) Chung minh réng Vi cac s6 khong am a,b,c théaa + b + ¢ = 3 thi
tacébétdéngthfrc Vva+ Vb + \/c > ab + bc + ac.

Loigidgi. (a) DPidukiénx > 1.Patt = vx—1.Khidét >vax =t +1.
Ta c6 bat phuong trinh:
(2 +1)2=5(+1)+44+2 >t 242t >0 H(t+2)(t—1)2 >
0 dung véi moi t > 0.

Vay nghiém ctia bat phuong trinh la x > 1.

(b) Tacé t? — 3t +2vt = Vt(V/t +2)(V/t —1)% > 0. Suy ra £ + 2/t > 3t
véimoit > 0.
Ap dung ta c6 a® +2/a > 3a, 0% +2vb > 3b,c? +24/c > 3c.
Suy raa® + b2+ +2(vVa+ Vb ++e) > 3a+b+c) & a® + b+
A +2(vVa+Vb+e) > (a+b+c)? e Va+Vb+ /e > ab+be+ac
(dccm).
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Bai 4. Cho tam gidc ABC vuéng tai A. Trén dudng thang vuong goc v6i
AB tai B ta lay diém D di dong ndm cung phia véi C déi véi duong thang
AB.

(@) Ching minh rfmg néu AC + BD < CD thi trén canh AB ton tai hai
diém M va N sao cho ZCMD = ZCND = 90°

(b) Gia str diéu kién trén duge thda man. Puong thang qua A song
song v6i MD cat duong thang qua B song song v6i MC tai E. Ching

minh rang dudng théng DE luén di qua mét diém cb dinh .

Loi gidi. (a) Xét dudng tron dudng kinh CD c¢6 tam O la trung diém CD.

Goi I 1a trung diém AB, khi d6 OI L AB va OI 1a dudng trung binh cta
hinh thang ACDB nén OI = %(AC +BD) < %
Do d6 khoang cach tir O dén AB nho hon ban kinh dudng tron duong
kinh CD nén AB cat duong tron duong kinh AB tai hai diém M, N.
Suy ra ZCMD = ZCND = 90°. Hon ntta ZOCA + ZODB = 180°
nén c6 mot goéc 16n hon hodc bang 90°. Gia str la ZACD > 90°. Suy
ra OA > OC. Suy ra A nam ngoai dudng tron (O). Do dé6 M, N thuoc
doan AB.

(b) Goi E’ 1a giao diém ctia duong thang qua A song song v6i MD véi
CD. Goi P la giao diém ctia MD véi AC, Q 1a giao diém ctua MC véi

BD.
. CEl CA CA BQ CE  BQ
Th. h 1y Thal 5: =, === —. = —=.
eo dinh ly Thalet ta c6 D CP’'CD ~ DQ D DQ
Tir d6 ta c6 BE'||MC. Suy ra C, D, E thang hang. Vay duong thang DE

Suy ra

luén qua diém C c6 dinh.
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o

Bai 5. Cho da giac déun canh . Dung 3 mau xanh , do, vang t6 mau cac
dinh da giac mot cach tuy y ( méi dinh dugce t6 bdi mot mau va tat ca cac
dinh déu duoc t6 mau). Cho phép thuc hién thao tac sau day : chon hai
dinh ké nhau bat ki ( nghia 1a hai dinh lién tiép) khac mau va thay mau
ctia hai dinh d6 bang mau con lai.

(a) Ching minh rang bang cach thuc hién thao tac trén mot s6 1an ta
luén luon lam cho cac dinh ctia da gidc chi con dugce t6 boi hai mau.

(b) Chitng minh rang véi n = 4 va n = 8, bang cach thuc hién thao tac
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trén mot s6 1an ta c6 thé 1am cho cac dinh ctia da giac chi con dugc

t6 bai mot mau.

Loi gidi. (a) Xét mot day cac dinh mau vang AV V;...ViB (c6 thé chi gom

mot dinh) duge gidi han bdi 2 dinh A va B (c6 thé tring nhau) khong
phéi mau vang. Str dung thao tac da cho ta d6i mau hai dinh A va V;
thanh mau thu ba (hién nhién khong phai mau vang). Tiép tuc nhu
thé d6i mau cac dinh |V, V3, ..., Vi sang mau khong phai vang. Nhu
vay ta da lam mat mau vang trong day cac dinh & trén.

Béng cach thuc hién nhu trén déi véi day cac diém mau vang khac ta
suy ra c6 thé lam cho cac dinh ctia da giac chi con dugc t6 bsi hai mau

xanh va dé.

Do cau a) ta chi xét truong hgp cac dinh ctua da giac dugce t6 boi hai
mau, chang han xanh va dé.

Bang thao tac da cho ta c6 hai kiéu chuyén mau bo 4 dinh lién tiép
nhu sau:

ddxx — dvvx — xxvx — xddx — vovvv va dxdx — dovd,dxxd —
vovo (1)

Do tinh d6i xting nén suy ra néu mot bo 4 dinh ma trong d6 c6 hai dinh
cting mot mau va hai dinh con lai cting mot mau khéc thi ta chuyén ca
4 dinh vé mau thi ba.

Bang cach dung kiéu bién déi trén ta c6:

dddx — ddvv — xxxx (dung (1)) va ddxd — dvvd — xxxx(2).

Nghia 1a néu c6 3 dinh cting mau, ta chuyén ta chuyén mau cta 3 dinh

d6 vé cting mau cta dinh tha tu.
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Nhu vay bang (1) va (2) ta c6 thé chuyén may ctia mdi bo 4 dinh lién
tiép vé cing mot mau. Diéu nay chitng minh cho truong hop n = 4.
Véin = 8, ta chia 8 dinh thanh 2 b6 4 dinh. Nhu da ching minh & trén,
ta c6 thé lam cho méi bd 4 dinh nhu thé c6 cing mau. Néu mau ctia
hai bd 1a nhu nhau thi ta ¢6 diéu can chitng minh. Néu hai bo khac
nhau, chang han ta c6 kiéu t6 mau xxxxdddd. Ta c6 c6 phép bién d6i
hai b6 lién tiép:
xxxxdddd — xxxvvddd — xxxv|vddd — vovvvvvvo(dung (2)). Vay ta
da ching minh cho truong hop n = 8.

|

2.21 Nam 2013

Bai 1. Cho phuong trinh x* — 4mx + m? — 2m + 1 = 0 (1) véi m 1a tham
s .
(a) Tim m sao cho phuong trinh (1) c¢6 hai nghiém phan biét. Ching
minh réng khi d6 hai nghiém khong thé trai dau.

(b) Tim m dé phuong trinh c6 hai nghiém x1, x thoa |x; — x| = 1.

Loi gidi. (a) Phuong trinh c6 hai nghiém phan biét khi va chi khi A’ =
1

3m*+2m—1>0<m> 3 hodc m < —1.Khi do6 tich hai nghiém cta

phuong trinh x1x; = (m — 1) > 0 nén phuong trinh khong thé c6 hai

nghiém trai dau.
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(b) Diéu kién dé phuong trinh c6 hai nghiém x;, x khong am:

AN =3m*>+2m—1>0

S=x1+x2>0 < m

v
W=

P=x1x2=m2—2m—|—120

Ta c6 | /X1 — V2| =1
Ex1+x—/xixp=1

Sdm—2vVm? -2m+1=1

om=tn),m= _71(1).

2
|
3x2 4+ 2y +1=2z(x+2)
Bai 2. Gii hé phuong trinh ¢ 342 42z + 1 = 2x (y + 2)
3224+ 2x+1=2y(z+2)
Loi giai. Cong ba phuong trinh lai ta c6:
3(x* + P +22) +2(x +y+2) +3=2(xy +yz +zx) +4(x +y +2)
&3P +yP+2%) —2(xy+yz+xz) —2(x+y+2)+3=0
Sx-y?+y—2+z—x)+x-12+y-1)2+(z-1%*=0
x=1
=49 y=1
z=1
Thi lai thay (1,1, 1) 1a nghiém cta hé. [ |

Bai 3. Cho x,y la hai s6 khong am théa x° +1° > x — y.
(a) Chiing minh rangy < x < 1.
(b) Chuing minh ré“mg ¥+ y3 < x%+ y2 <1.

Trang 162



NGUYEN TANG VU

Loigidi. (@) Tacoéx —y > x> +1° > 0,suyrax > v.
Tacox > y+1y° +x° > %3, suyrax(1—x)(1+x) > 0.
Suyra0 <x <1.

Dodo0<y<x<1
(b) Tﬁcéuatacéogygxg1,suyrax3§x2,y3 Syz.Suy1~ax3+y3 <
x2—|—y2.
Taco’x—y2x3+y32x3—y320.
Suyra x> 4+ y* +xy < 1,suyrax?+y* < 1.
Vay x* +1° < x> < 1.

Bai 4. Cho M = a? + 3a + 1 véi a 1a s6 nguyén duong.
(a) Ching minh rang moi udc cia M déu 1a s6 18.
(b) Tim a sao cho M chia hét cho 5. Véi nhitng gié tri nao ctia a thi M

la lay thura ctia 5?

Loigidi. (@) TacOM =a*>+3a+1=a(a+1)+2a+1. Maa(a+1)la
tich hai s6 tu nhién lién tiép nén chia hét cho2, suyra M = a(a+1) +
2a+11as61é, do d6 moi udc cua M déu la sb 1é.

(b) Gid st M = a*> +3a + 1 chia hét cho 5. Ma M = (a — 1) + 5a nén
(a —1)? chia hét cho 5. Suy ra a = 5k + 1 (k 1a s tu nhién).
Thi lai thay vdi a = 5k + 1 thi M chia hét cho 5.
Gidst M = (a —1)?> +5a = 5". Néu n > ta c6 M chia hét cho 25.
Ti M chia hét cho 5, tuong tu trén ta c6 a = 5k + 1.
Khi d6 M = 25k* + 25k +5 = 5(5k* + 5k + 1). Ta ¢6 5k* + 5k + 1 khong
chia hét cho 5 nén M khong chia hét cho 25. (mau thuan).
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Néun:1.Khidék=0,u:1Vé1A:5th6adébéi.Dépséa:1.
[ |

Bai 4. Cho tam gidc ABC c6 goc ZA = 60° , duong tron (I) ndi tiép tam
gidc (voi tam ) tiép xuc véi cac canh BC,CA, AB lan luot tai D, E, F.
Dudng thang ID cét EF tai K, duong thang qua K va song song véi BC
cat AB, AC theo thu tu tai M, N.

(a) Ching minh rang céc tu gidc [IFMK va IMAN noi tiép .

(b) Goi ] 1a trung diém canh BC. Chitng minh rang ba diém A, K, ]
thang hang.

(c) Goi r la ban kinh ctia duong tron (I) va S la dién tich tu giac
IEAF.Tinh S theo r va ching minh S;yn > Z (S1mn la dién tich
tam giac IMN).

Loi gidi.
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(@) Do MN // BC nén IK1LMN. Do ZIKN = ZIFM = 90° nén tu giac
IFMK néi tiép. Tam gidc AEF déu nén ZKFI = 30°. Tir d6 ZIMN =
/KFI = ZIAN = 30° nén t gidc IMAN noi tiép.

(b) Tacd ZIMN = ZINM = 30° nén tam giac IMN can tai I.
Lai c6 IKLMN nén K 1a trung diém ctia MN.

Goi J' 1a giao diém ctia AK va BC, ta ¢6 ];I]I/( = g? = Zgﬁ

NK nén B]' = CJ'. Suy ra J' 1a trung diém ctia BC. Suy ra | = |/, do

dé A K, | théng hang.

1
(c) Taco AE = AF =rv/3,suy ra § = 254r = 2.5 IF - AF = r24/3.

ma MK =

Ta ching minh duoc Sier = }15.
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Céac tam giac IMN va IEF cantai I c6 ZIMN = ZIEF nén déng dang.
S IM? S

Do d6 2MN — 2 > 1(do IM > IF). Suy ra Sjyn > Sier = >
SIEF IF? 4

Déu bang xay ra khi M = F hay tam gidc ABC 1a tam giac déu.

Bai 5. Trong mot ky thi, 60 thi sinh phai giai 3 bai toan. Khi két thiic ky

thi , ngudi ta nhan thy rang: V6i hai thi sinh bat ky ludn c6 it nhat mot

bai todn ma cé hai thi sinh d6 déu giai dugc. Chiing minh rang :

(a) Néu c6 mot bai toan ma moi thi sinh déu khong giai dugc thi phai

c6 mot bai toan khac ma moi thi sinh déu giai dugc .

(b) C6 mdt bai toan ma c6 it nhat 40 thi sinh giai duoc.

Loi giai. (a) Kihiéu cac bai toan la BT1, BT2, BT3.

Tir gia thiét suy ra rang moi thi sinh déu giai dugc it nhat mot bai toan.
Ta gid stt, moi thi sinh déu khong giai dugc BT1. Khi d6 moi thi sinh
déu giai dugc BT2 hodc BT3. Néu c6 mot thi sinh chi giai duoc 1 bai
todn, gia st do la bai toan 2. Khi d6 theo dé bai thi moi thi sinh khac
déu giai dugc bai toan 2. Vay moi thi sinh déu giai dugc bai toan 2.

Con néu tat ca cac thi sinh déu giai dugc 2 bai toan thi ciing thoa.

Ta xét hai truong hop:

TH1: C6 mot thi sinh nao d6 giai dung mot bai toan, theo cau a thi moi
thi sinh déu giai dugc bai toan do, ta co diéu can ching minh.

TH2: Moi thi sinh déu giai dugc it nhat 2 bai toan. Goi a 1a s6 thi sinh
giai dugc ca 3 bai todn, b la s thi sinh giai duge BT1 va BT2, c1a s6 thi

sinh giai dugc BT2 va BT3, d 1a s6 thi sinh giai duge BT1 va BT3.
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Tacéa+b+c+d=60.Néub,c,d > 20,suyrab+c+d > 60 Vo ly.
Do dé6 c6 mot trong ba s b, ¢, d phai nhé hon hodc bang 20. Gid st 1a
b <20.Suyraa+c+d > 60.

Hay s6 thi sinh giai dugc bai BT3 khong it hon 40. Diéu can ching

minh.
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2.22 Nam 2014

Bai 1. Cho phuong trinh (m? +5)x* — 2mx — 6m = 0 (1) v6i m la tham
s0.
(a) Tim m sao cho phuong trinh (1) c6 hai nghiém phan biét. Chung
minh rang khi d6 tdng ctia hai nghiém khong thé 1a s6 nguyén.
(b) Tim m sao cho phuong trinh (1) c6 hai nghiém x1, x; théa man diéu
kién

(x1x2 —Vx1+ XZ)4 =16

Loi giai. (a) Phuong trinh ¢6 hai nghiém phan biét khi va chi khi:
m*4+5#0
{ AN =m?+6m (m*+5) >0
& m (6m* +m+30) >0
& m [5m2—|— <m—|—l) —1—1419] >0

2
S m>0
Khi d6 theo dinh ly Viete ta c6 x1 + x2 = 2277;1
’ m=+5
Vim?+5—2m = (m—1)>+4 > 0,suy ram®>+5 > 2m > 0.

2 . . . A
Do d6 0 < mzin; < 1 nén tong hai nghiém ctia phuong trinh khong

thé la s6 nguyén.

(b) Diéu kién dé phuong trinh c6 hai nghiém A’ > 0 & m > 0. Khi d6

e I
iy = O
2= 2y s

X1Xp — X1+ xp =2
X1Xp — X1+ xp = -2

— [ 2
Truong hop 1: x1%0 — VX1 + X2 =2 & b mzr_n|_5 =2,

m2+5

Ta co (x1x2 — VX1 + X2)4 =16 & |:
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2
batt =/ mzin; , ta c6 phuong trinh: —3t> —t = 2 (VN)

—6 2
Truong hop 2: x1x0 — /X1 + X2 = =2 & m \/E =-2.

m2+5
batt = \/277” ta c6 phuong trinh: —3t> —t = —2 <t = —1(1),t =
' m?+5 ’
3
>
Véit = % ta c6 mgnj—S = % Gidi ra dugcm = 2(n), m = ;(n)

2(1+ 2_9
Bai2. (2) Gidi hé phuong trinn | 20 V¥ =WV
2(14+yvx)" =9y

(b) Cho tam giac ABC vudng tai A voi cac duong phan giac trong
. . £, 22 . (MC+ MA)(NB+NA)
BM,CN. Ching minh bat dang thic VANA >
3+2V2.

Loigiai. 1) Dita =x,/y,b = y/x. Diéukiéna,b > 0.
2(1+a)* =9b(1)

Ta c6 hé:
2(1+b)? =9a(2)

‘ a=>b(n

Léy (1) trir (2) tac6: (a —b)(2a+2b+13) = 0 & ()
2a42b = —13(1)

) a=2b=2

Véia = bthé vao (1) tacé 2(1+a*) =9a & 1 1

1=50=3

Khia=b=2tacéx =y =4

. 1. /1
Khla—b—ztacox—y— >

2) Ap dung tinh chat duong phan giac ta c6:
%—E su raiMC+MA_1+E
MA ~ AR’ MA T AB
NB  BC BN+NA _,  BC
M—A—C,suyraiNA = —I—A—C.
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Suy ra:

(MC+ MA)(NB+ NA) <1+BC> <1+I3C>
MA-NA AB AC
BC? BC BC

=1+ + =+ =

AB-AC = AB ' AC ,
B
Ta c6 BC? = AB®> + AC*> >2-AB- AC,suyra ——— .,

AB-AC =
BA BC BC - BC
[ > _ > .
Va‘AchAc—\/AB-Ac—Z”f2

(MC+ MA)(NB+ NA)
> .
Do do VA NA >3+4+2v/2

1

(a) Chiing minh rang a + b khong thé 1a s6 nguyén t6.

(b) Chiing minh rang néu ¢ > 1 thia + ¢ va b + ¢ khong thé dong thoi

1a sb nguyén to.

Loi gidi. (a) Tir dé bai ta c6 c(a + b) = ab, suy ra ab chia hét cho a + b.

Gia st a + b nguyén t6. Tacéa < a+1b, suy ra a,a + b nguyén to cung
nhau, suy ra b chia hétchoa +bvoly vib < a+b.

Gia st a + ¢, b + ¢ déu la cac s6 nguyén to. Khi dé:
cla+b)=ab<ca=ab—bc<alb+c)=>b(2a—c).
Vab(a+c)=a(2b—c).

Dé thay b + c nguyén té va b + ¢ > bnén b + ¢ va b la nguyén t6 cung
nhau; tuong tu a + b va a nguyén t6 cting nhau.

Ma a(b + a) chia hét cho b, suy ra a chia hét cho b, b(a + ¢) chia hét cho
a,suy ra b chia hét choa.Suyraa =b =2c,suyraa+c=b+c=3c
khong phai la s6 nguyén t6 do ¢ > 1.

Vay khi ¢ > 1 thia + ¢, b+ ¢ khong thé dong thoi 1a s6 nguyén to.
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7

Bai 4. Cho diém C thay déi trén nita duong tron duong kinh AB = 2R
(C # A,C # B). Goi H 1a hinh chiéu vudéng géc ctia C 1én AB; I va | lan
luot 1a tam dudng tron ndi tiép cac tam giac ACH va BCH. Cac duong
thang CI,C]J cat AB tai M, N.

(@) Chung minh AN = AC, BM = BC.

(b) Ching minh 4 diém M, N, I, ] cung nam trén mot duong tron va
cac duong thang MJ, NI va CH déng quy.

(c) Tim gia tri 16n nhat cia MN va gid tri lon nhat cta dién tich tam
giac CMN theo R.

Loi gidi.

C

AN

I B
A M

H

(@) Ta c6 ZHCB = ZCAB (cung phu véi ZABC) va ZHCA = ZCBA
(cung phu véi ZBAC).
Ta ¢6 ZCAN = ZNAC + ZABC = ZHAN + ZACB = ZCAN. Suy
ra tam gidc CAN can tai A hay AN = AC. Ching minh tuong tu ta c6
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BM = BC.

(b) Tam giac CAN can tai A c6 Al la phan gidc nén cting la trung truc, suy
raIC = IN,suyra ZINC = ZICN = ZICH + ZNCH = %4ACH+
%ABCH = 45°.

Tuong tu thi ZJMC = 45°.
T gidc MIJN ¢6 ZJMC = ZINC = 45° nén la ti giac noi tiép, hay
M, N, I, | cung thuéc mot duong tron.
Tam gidc INC cén c6 ZICN = 45° nén ZCIN = 90°, suy ra CI LCM.
Chung minh tuong tu MJ LCN.
Tam gidc CMN c6 CH, M], NI 1a cdc dudng cao nén dong quy.
(c) Pat AC = b, BC = a. Ta c6 a® + b*> = BC? = 4R2.
Taco AN = AC=b,BM = BC =a.
AM+ BN = BC+ MN,suyra MN =a+b—BC =a+b—2R.
Ta c6 (a+b)> < 2(a®> +b*) = 8R%. Suyraa+b < 2V2R, suy ra
a4+b—2R <2R(v2-1).
Dang thirc xay rakhia = b = RV2.
Vay gia tri 16n nhat ciia MN bang 2R (v/2 — 1) khi C la diém chinh gitra
duong tron. Khi d6 Scyny = %CH.MN < R%(v/2 —1). Pang thitc xay
ra khi C la diém chinh gitta dudng tron.
|

Bai 5. Cho 5 s6 tu nhién phan biét sao cho t6ng cta ba s6 bat ky trong
ching 16n hon téng ctia hai s6 con lai.
(a) Ching minh rang tat ca 5 s6 da cho déu khong nhé hon 5.

(b) Tim tat ca cac bo gom 5 s6 thda man dé bai ma téng cta chiing nhé
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hon 40.

Loi giai. (a) Goib s6ddlaa,b,c d e docacsbdla phan biét nén ta co thé

glasta<b<c<d<e.

Theo gid thiéttacéa+b+c>d+e suyraa+b+c>d+e+1 Suy
raa>d+e+1—-b—c.

Mit khac, do b, ¢, d,ela sé tunhiénnéntied >c >btacéd >c+1>
b+2,suyrad —b > 2.

e>d>c,suyrae—c>2.

Dodéa > (d—b)+(e—c)+1>5.Suyrab,c,d,e>>5.

Vay céac s6 déu khong nho hon 5.
Néua26,suyrab27,c28,d29,ez10,suyraa—|—b—|—c—|—d—|—ez
40(vo ly),suyraa < 6. Theocauatacéa =5 Khidob+c+5 >
d+e+1,suyrab+c>d+e—4
Mad—-2>be—-2>csuyrad+e—4>b+c.Dodob=d—-2,c=
e—2.

Khidéa+b+c+d+e=5+2b+2c+4 <40.Suyrab+c < %
Suyrab >7.

Tadotacdb=6,b=7.

Néub =6tacod =8,c=8,e=10.Tacébo (5,6,7,8,9)
Néub=7,d=9,c=8,e=10.Tacobo (5,7,8,9,10).
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2.23 Nam 2015

Biil. (a) Gidi phuong trinh v2x — 14 /1 —2x2 = 2¢/x — x2.
(b) Cho cac sb a va b théa man diéu kién /a + Vb = \3/ b— i Chung

minh r?ang -1<a<0.

Loigigi. (a) Data = +v2x—1,b= /1 —2x2.

2 b2
Khidétacéatb=2y" er Sa=b

Khidétacé vV2x —1=v1-2x22x—1>0,2x—1=1—2x2

Gidi ra dugc nghiém x = _1—‘2_\@

Taco x> —y® = (x —y)(® +xy+y*) vax> +xy+y> > 0nén x >
y<:>x3 2y3.

Patx = Va,y = Vb.Tacd x +y = \3/y3—i.5uyrax: \3/y3—%—
y <0.

Gidsttx < —1,tacé y y3—i:y+x<y—1
(:)y3—31<y3—3y2+3y—1

@yz—y%—% <0

& (y—%)2 < 0 (v ly).

Dodéx > —-1<a> —1.

Vay —1 <a <0.
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Bai2. (a) Tim cac s nguyén a,b,c saochoa+b+c = 0 va ab+ bc +

ac+3=0.

(b) Cho m la sb nguyén. Chitng minh rang néu ton tai cac s6 nguyén

a,b,ckhac0saochoa+b-+c=0vaab+bc+ac+4m = 0 thicing
ton tai cac sd nguyeén a,b,c’saochoad +b' +c =0vaad'b +b'c +

ad +m=0.

(c) V6i k 1a sb nguyén duong, chitng minh rang khong ton tai cac sb

nguyén a, b, c khac 0 sao choa +b+c = 0 vaab + be + ac +2F = 0.

Loigidi. (a) Twa+b+c=0,ab+bc+ca=—3tacéa’+b>+c*>=6.

Do a, b, ¢ vai trd nhu nhau nén ta c6 thé gia st |a] > |b| > |c|. Khi d6
1< |a| <3.Suyra |a| =2,suyraa =2 hodca = —2.
Véia=2thib+c= —2,b*+c*> =2gidiradugcb = c = —1.Ta c6 c6
bo (2; —1; —1) va cac hoan vi.

Véia=—-2thib+c=2+c*= 2, gidira dugc b = c =1, ta c6 bd
(—=2;1;1) va hoan vi.

Tacéa+b+c = 0chan (1)vaab + bc + ac = —4m chan.(2)

Néu 3sda,b,c déule, khong thoa (1).

Néu ¢6 1 chén, 2 1é thi khong thda (2).

Do d63sb a, b, c déu chan. Khi d6 data’ = %,b’ = g,c’ = %thia’,b/,c’
thoa dé bai.

Véik=0tacéa+b+c=0,ab+bc+ac= —1thia®+b*>+c*=2(3)
. Khong c6 bd 3 sO nguyeén 4, b, ¢ khdc 0 thoa (3).
Véik=1thia+b+c=0,ab+bc+ac=—2khidéa”+b*+c* =4
(4). Gia st |a| nhé nhat khi d6 1 < a® < 2 (khéng c6 a théa). Khong
ton taia, b, c nguyén khac 0 thoa (4).
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Vi k > 1.
e Néu kchan, ditk =2ntacéa+b+c=0,ab+bc+ac+4" =0,

theo cau a), ton tai a;, by, c1 nguyeén thoa
ap+by +c1 =0,a1by +aje; +bie; +4"1 =0

Tuong tu ta sé duoc a,, by, ¢, nguyén thoa a, + b, +c, = 0,a,b, +
bncn + anc, = —1 (vO nghiém).

e Néuklédiatk=2n+1tacéa+b+c=0,ab+bc+ac+24" =0,
lam tuong tu trén ta duoc a, + b, +c, = 0,a,b, + bycy + aycy, =
—2 (vo nghiém).

Véy khong ton tai cac s a, b, ¢ khac 0 thoa de bai.

Bai 3. Gia st phuong trinh 2x* 4+ 2ax + 1 — b = 0 ¢6 2 nghiém nguyén
(a,b 1a tham s6). Ching minh rang a* — b* + 2 1a s6 nguyén va khong

chia hét cho 3.

Loi giai. Theo dinh ly Viete ta c6 x1 + x2 = —a,x1x2 = 1;b Khi do
Q=a>—1+2=(x1+x)%— (2x100 — 1)2 +2 = 23 + x5 — 4x3x5 +
6x1x2 + 1 1a mot s6 nguyeén.

Ta chiing minh Q khong chia hét cho 3.

Ta c6 tinh chat sau, véi mot s6 nguyén m bat ki thi néu m chia hét cho
3 thi m? chia hét cho 3. Néu m chia 3 du 1 hodc 2 thi m? chia 3 du 1.
Taco Q = x7 + x5 — x3x3 + 1 — 3x3x3 + 6x1x.

Ta can ching minh Q' = x? 4 x3 — x2x3 + 1 khong chia hét cho 3. Xét

xac truong hop sau:
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Néu x1, x2 khong chia hét cho 3 thi x%, x% chia 3 du 1. Khi d6 Q'
chia 3 du 2.

e Néu x; chia hét cho 3, x, khong chia hét cho 3, khi d6 Q' chia 3 du
2.

e X1, x> chia hét cho 3. Khi d6 Q' chia 3 du 1.

Vay Q' khong chia hét cho 3.
Do d6 Q khéng chia hét cho 3.

Bai 4. Cho tam gidc ABC(AB < AC) c6 cac géc nhon, noi tiép trong
duong tron tam O. Goi M 1a trung diém ctia canh BC, E l1a diém chinh
gitra ctia cung nho BC, F 1a diém ddi xing cta E qua M.

(a) Ching minh EB? = EF - EO.

(b) Goi D la giao diém ctia AE va BC. Ching minh cac diém A, D,O, F
cung thuéc mot duong tron.

(c) Goi I la tam duodng tron ndi tiép tam gidc ABC va P la diém thay
déi trén dudng tron ngoai tiép tam giac IBC sao cho P, O, F khong
thang hang. Chiing minh rang tiép tuyén tai P ctia duong tron

ngoai tiép tam gidc POF di qua mot diém cb dinh.

Loi gidi.
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(a) Ta c6 E la diém chinh gitta cung BC, suy ra EB = EC va OE L BC nén
M, O, E thang hang.
Vé duong kinh EK. Ta c6 EM - EK = EB?.
Mat khac EF = 2EM, EO = %EK. Do d6 EF - EO = EM - EK = EB%.
(1)

(b) Ta c6 LEBC = LEAC = ZEAB. Suy ra AEAB «~ AEBD. Suy ra
EB?>+ED-EA (2).
Tix (1) va (2) tacé: EA - ED = EO - EF. Suy ra ti gidc OFDA ndi tiép.
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(c) Taco ZEIB = ZEAB + ZABI = %(AA + /B) = ZEBC+ ZCBI =
/EBI, suy ra EB = EI = EC. Vay E la tim dudng tron ngoai tiép tam
giac BIC. Do d6 EP = EB. Tac6 EP?> = EB*> = EO - EF.

Suy ra AEPF ~ ZEOP. Suy ra ZEPF = ZFOP.

Hon ntta, do O, F cuing phia déi v6i E nén PO, PF cung phia ddi voi
PE.

Vé tia tiép tuyén Px(PF, PO cung phia ddi véi Px)ctia dudng tron
ngoai tiép tam giac POF. Khi d6 /xPF = /FOP = /EPx. Suy ra
Px va PE trung nhau. Vay Px luén qua diém E c6 dinh.

Bai 5. Dé khuyén khich phong trao hoc tap, mot truong THCS da t6
chung 8 dot thi cho cac hoc sinh. 3 mbi dot thi, 6 dung 3 hoc sinh
duoc chon dé trao giai. Sau khi t6 ching xong 8 dot thi, ngudi ta nhan
thay rang v6i hai dot thi bat ki thi c6 dting 1 hoc sinh dugc trao gidi 6 ca
hai dot thi d6. Chiing minh rang:

(a) C6 it nhat mot hoc sinh dugc trao giai it nhat bon lan.

(b) C6 dung mot hoc sinh duogc trao giai & 8 dot thi.

Loigidi. (a) Giad st A; la tap 3 ban dat gidi trong dot thi thit nhat. Tuong
tu voi Ay, ..., As.
Tacoé Ay = {a,b,c}. Vi A1 N A;, i = 2,8 c6 diing mot hoc sinh nén céc
hoc sinh a, b, ¢ xuat hién trong 7 tdp Ay, ..., Ag va khong c6 hai ban nao
xuat hién cung mot tap. Do do theo nguyén 1i Dirichlet thi ¢6 1 hoc
sinh thuoc it nhat 3 tap trong cac tap A», ..., Ag. Khi d6 hoc sinh nay c6
xuat hién trong it nhat 4 tap, hay dugc nhan thudng it nhat 4 lan.
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(b) Theo cau a, c6 mot hoc sinh @ nhan thudng dugc it nhat 4 1an, gia st
1a tir 1an 1 dén lan 4. Hay a thudc Aj, Ay, Az, As. Khi do néu a khong
nhén thudng trong 8 1an, tic 1a c6 mot lan a khong nhan thudng. Gia
swlalan 8, tuclaa khong thudc As.

Khi d6 A; N Ag la 1 hoc sinh nén ¢6 hoc sinh b # a thudc Asg, tuong
tu c6 hoc sinh ¢, d, e 1an lugt thudc Ay, A3, Ay cung thudc Ag. Hon ntta
b, c,d, e phai phan biét. Do d6 Ag chia it nhat 4 phan tu. (vo ly). Vay
c6 mot hoc sinh thudc 8 tap, hay nhan thudng 8 lan. Va khong ¢6 hai
hoc sinh nao cting nhan thudng hai lan nén chi c6 diing mot hoc sinh
thoa.

[
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2.24 Nam 2016

x —2y)(x +my) =m?>—2m—3
( y)( ]/) khim = —3va

Bail. (a) Gidihé
(y —2x)(y + mx) = m* —2m — 3
tim m dé hé co it nhat mot nghiém (x,, y,) thoa x, > 0,1, > 0.
(b) Tim a > 1 dé phuong trinh ax* + (1 —2a)x + 1 —a = 0 c6 hai

2

nghiém phan biét x1, x, thoa x% —ax1=a"—a—1.

Loi giai. (a) Khim = —3 ta c6 hé:
{ (-2)(x-3y) =12 _ { 2 — 5xy + 612 = 12(1)
(y —2x)(y —3x) =12 y? — 5xy + 6x% = 12(2)
Lay (1)- (2 tac6 5(y> —x?) =0 = x =y, x = —v.
Véi x = y thé vao (1) tacé x* = 6 & x = V6,y = V6 hoac x =
—V6,y = —V6.
Véix = —ythévao()taco x> =1 x=1,x=—-1.Voix =1,y =
—1,véix=-1,y=1.
Vay hé phuong trinh c6 4 nghiém.
Hé c6 thé vibt lai ot (m = 2)xy = 2my” = m” —2m = 3(1)
v? + (m —2)xy — 2mx® = m* — 2m — 3(2)
Lay (1)- (2) tac6 (2m +1)(y* — x*) = 0.

~1 5 7
Xét m = —- ta c6 hé tré thanh: X2 - Sy + y: + 7 = 0, 6 nghiém

2 +2ﬁ, 2) thoéa dé bai.
Xét m # _71 ta co x = y hoac x = —y. Truong hop x = —y khong thoa
dé bai.

Truong hop x = y, thé vao (1) ta co:
—(m+1)x* =m*—2m—3= (m+1)(m—3).
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Néum = —1tacéd (x —2y)(x—y) =0, (y — 2x)(y — x) = 0 cé nghiém
thoa dé bai, chi can chon x =1, y=1
Néu m # —1tacé x* = 3 — m dé c6 nghiém x, = y, > 0 thim < 3.
Khi d6 phuong trinh c6 nghiém xo = v/3 — m,y, = /3 — m thoa dé
bai.
Két luan m = _71,711 =—1vam< 3.

(b) Diéu kién dé phuong trinh c6 hai nghiém phan biét A = (1 — 2a)% —
4a(1—a) =8a*> —8a+1>0.

2a—1
Theo dinh ly Viete ta ¢6 x1 + x2 = 4

,suy ra axy +axy = 2a — 1.
Suyraax; =2a—1—ax,.

Két hop gid thiéttacé x +axa —2a+1=a*>—a—1
ex3+ax—a?—a+2=0

<:>ax§+a2x2—a3—a2+2a:0(1).

Ma x; la nghiém ctia phurong trinh nén ta c6 ax3 + (1 —2a)xo +1—a =
0(2).

Lay (1) - (2) ta c6 (a* +2a—1)x; = a®> +a*> —3a+1, maa > 1nén
a2—|—2a—17é0,suyrax2:a—1.

Thé vao phuong trinh (1) tacé (a —1)* +a(a—1) —a*> —a+2=0<
a=1,a=3.

Th lai ta nhan hai gia tria = 1,2 = 3.

Bai 2. Cho x,y 1a hai s6 nguyén duong ma x* + y* + 10 chia hét cho xy.
(a) Ching minh rang x, y 1a hai s6 1é va nguyén t6 ciing nhau.

2 2
(b) Chiing minh k = x+3ycy+10 chia hét cho 4 va k > 12.
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Loi gidi. (a) Gia st trong hai s x,y c6 mot s6 chén, vi vai trd x,y nhu

nhau nén c6 thé gia st x chan. Suy ra x> 4+ y* + 10 chia hét cho 2, suy
ra y chan. Khi &6 x> 4+ y* 4 10 chia hét cho 4, suy ra 10 chia hét cho 4
vo ly.

Vay trong hai s6 déu 1a s6 1é.

Datd = (x,y),x =dx,y =dy tacé x¥* + y* + 10 = d*(x? +y'*) + 10
chia hét cho d*x'y’. Suy ra 10 chia hét cho d°. Suy ra d = 1. Vay x,y

nguyén t6 cting nhau.

Am?>+m+n*>+n+3
(2m + 12 (2n+1)
4,(2m +1).(2n + 1) nguyén tb ciing nhau. Suy ra m? + n? +m +n + 3

chia hét cho (2m + 1)(2n + 1). Tir d6 ta c6 k chia hét cho 4.

Datx =2m+1,y =2n+1,suyrak = , ta co

Chung minh k > 12 bang hai cach.

Céch 1: Ta 6 x* + y* + 10 = kxy.

Néu trong hai s6 x,y c6 mot s6 chia hét cho 3, gia st x chia hét cho 3.
Ta c6 y* + 10 chia hét cho 3 v ly vi y? chia 3 du 0 hodc du 1.

Vay x,y khong chia hét cho 3, suy ra x* + 3 + 10 chia hét cho 3 va 3, xy
nguyén to cting nhau. Do d6 k chia hét cho 3.

Do d6 k chia hét cho 12, vay k > 12.

Céach 2: Xétk = 4ta 6 x% + y? + 10 = dxy(x) & (x — 2y)? = 3y* — 10.
Ta c6 (x — 2y)? chia 3 du 0 hodc 1 ma 3y — 10 chia 3 du 2, nén phuong
trinh (*) khong c6 nghiém nguyén duong. Xét k = 8 ta co X%+ yz +
10 = 8xy(x) < (x —4y)> = 154> — 10.

Ta 6 (x — 4y)? chia 3 du 0 hodc 1 ma 15y*> — 10 chia 3 du 2 nén (**)
khong c6 nghiém nguyén duong.

Vay k > 12.
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Bai3. Biétx >y >z x+y+z=0vax>+y>+z°>=6.
(@) Tinh § = (x —y)* + (x—y)(y—2) + (y — 2)*
(b) Tim gia tri lon nhat cta P = |(x —y)(y — z)(z — x)|.

Loigidi. (a) Taco (x +y+2)* = x> +y* + 2> +2(xy + yz + xz). Suy ra
xy +yz+xz=-3.
Tac6S = (x—y)?> +(x—y)(y—2)+(y—2)2=x> —2xy +y* + xy —
V4yz—xz+yt -2z + 22 =y 2 —yx —yz —xz =09

(x=y)P+(x—yy—2+y—2?% =3

W -

(b) Taco (x —y)(y —z) <
Suyra P < 3|x —z|.
Ta c6 |x —z| < 1/2(x2+2%2) < \/2(x2+y2—|—z7-) — V/12. Suy ra
P < 3V12 = 6/3. Pang thic xay ra khi x = v/3,y = 0,z = —/3.
Véy gid tri 16n nhét ctia P1a 6v/3 khix = V3,y =0,z = —V/3
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Bai 4. Tam giac ABC nhon c6 ZBAC > 45°. Dung cac hinh vuéng ABMN, ACPQ
(M va C khac phia déi v6i AB; B va Q khéc phia déi véi AC). AQ cat
doan BM tai E va NA cat doan CP tai F.
(a) Ching minh AABE ~ AACF va ti gidc EFQN noi tiép.
(b) Chitng minh trung diém I ctia EF 1a tim dudng tron ngoai tiép tam
gidc ABC.
(c) MN cat PQ tai D, cac dudng tron ngoai tiép cac tam giac DMQ va
DNQ cat nhau tai K (K khac D), cac tiép tuyén tai B va C ctia dudng
tron ngoai tiép tam gidc ABC cat nhau tai J. Chtiing minh cac diém

D, A, K, ] thang hang.

Loi giai. (a) Ta c6 ZEAB + ZBAC = 90°, ZFAC + ZBAC = 90°. Suy ra
LEAB = /FAC.Mat khac c6 ZABE = ZACF =90°. Suy ra AABE «
AACF.

Suyra AE- AC = AF-ABma AC = AQ,AB = AN.Suyra AE-AQ =
AN - AF. Suy ra tu giac QNEF noi tiép.

(b) Céch 1: Goi T 1a giao diém ctia MB va CP. Ta ¢c6 ABTC ndi tiép va AT
la duong kinh ctia dudng tron ngoai tiép tam gidc ABC. Mt khac ta
c6 AF // ET, AE // FT nén AETF la hinh binh hanh. Suy ra trung diém
EF cing 1a trung diém AT. Do d6 trung diém I cta EF 1a tdm dudng
tron ngoai tiép tam giac ABC.

Céch 2: Xét hinh thang AEBF, goi X la trung diém ctia AB khi d6 1X
thudc duong trung binh ctia hinh thang, suy ra IX // BE hay IX vuong
goc AB vay IX la trung truc cua doan AB. Chung minh tuong tu thi I
cting thudc trung tryc doan AC. Vay I 1a tdm ngoai tiép ctia tam gidc

ABC.
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(c) DA cat EF tai K’ ta c6 ZNFK' = /NQA (vi NQFE ndi tiép). Ma
/NQA = /NDA(vi AQDN ndi tiép). Suy ra /NDA = ZAFK'.
Suy ra NDFK' néi tiép. Chitng minh tuong tu ta c6 DQK'E ndi tiép.
Do d6 K’ la giao diém ctia dudng tron ngoai tiép hai tam giac DQM
va DPN. Vay K’ = K. Suy ra D, A, K thang hang.
Ta ¢6 /BKE = ZEAB = ZCAF = ZCKF. Suy ra ZBKC = 180° —
2/BKE = 2(90° — ZEAB) = 2/BAC = /BIC. Suy ra BKIC ndi tiép.
Ma IBJC noi tiép, suy ra va JB = JC nén /BK] = /CK]J. Hay K] la
phén giac ZBKC.
Mat khac Z/BKA = 180° — ZAEB = 180° — LAFC = ZAKC. Suy ra
tia ddi ctia tia KA cling la phan giac cia /BKC. Do d6 A, K, J thang
hang.
Vay 4 diém D, A, K, ] thang hang.

Bai 5. V&i mdi s6 nguyén duong m 16n hon 1, ki hiéu s(m) 1a udc nguyén
duong 16n nhat ctia m va khac m. Cho sb tu nhién n > 1, datn, = n
va lan lugt tinh cdc s6 1y = n, —s(n,),np = ny —s(ny), ..., niy1 = n; —
s(n;),.... Chiing minh ton tai s6 nguyén duong k dé n; = 1 va tinh k khi
n = 210.147,

Loi gidi. Ta c6 s(n;) < n;, suy ra n; —s(n;) > 1. Suy ra n;;; > 1. Do d6
n;>1véimoii =1,2,....

Mat khac n;1 = n; —s(n;) < n; véimoii.Suyran =mn, > ny > ny > ... >

Néu khong ton tai 1y dé iy = 1 ta xay dung duogc day vo han cac s6 nguyén
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duong gidm va nhé hon 7 (v6 ly) vi s6 cdc s6 nho hon 1 1a bang n — 1.

Vay ton tai k sao cho n; = 1.

Véin = 20147 = 28717 ta c6ny = 2387V — 232717 = 232 717,

ny = 2377,

Tiép tuc ta c6 nzz = 7V,

Dat m, = 7Y ta c6 my = 6.7, my = 3.7, m3 = 2.7'%,my = 7'°. Tuong tu
tacomg =7, meg =7° = 1.

Vay k = 33 + 68 = 101. |
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Nam 2017

7~

Bai 1. Cho phuong trinh x* — 2(m + 1)x +2m* +4m +1 = 0(1) v6im 1a
tham sb.
(a) Tim m dé€ phuong trinh (1) c6 hai nghiém phan biét x;, x;. Ching

. S X +x
minh rang LI P

R A ) . oy 1
(b) Giasurcacnghiém x1, xp khac0, ching minh rang —— +

VAERR |x2]

2> |X1| + |x2|.

Loigidi. (a) e Déphuong trinh c6 hai nghiém phan biét thi

A=(m+1)?—2m*+4m+1) = —m?> —2m > 0
esmm+2)<0s -2<m<0.

e Khi d6 theo dinh ly Viete ta ¢6 x1 + xp = 2(m + 1).
X1+ x2

Suyra' =|m+1] <1(do—-2<m<0).

(b) e Tacém?>+2m+1>0=2m>+4m+1> —1.
Vam(m+2)<0=2m+1)2>0=2m*+4m+1<1.
Do d6 [2m?* +4m + 1| < 1.(%
o [x1| + x| €2 xF + 43+ 2)x1x0| < 4
& (X1 4 x2)% = 2x100 + 2|x1x0| < 4
S4m+1)* —202m> +4m+1) +22m* +4m +1| < 4
& [2m? +4m 41| < 1 (do (*)).

1 1 1
e Taco + >2 > 2 (ding vi |x1xp| = [2m* +
Vial Vx| VARSESY
4m+1] < 1).
Vay L S PN
: >22>|x 2|
Vial Vx|
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Bai 2. Cho x, y la hai s6 nguyén véi x > y > 0.
(a) Chiing minh rang néu x®> — 4> chia hét cho 3 thi x®> — 3> chia hét cho
9.
(b) Chiing minh rang néu x> — y® chia hét cho x + y thi x + y khong 1a
sd nguyen to.

(c) Tim tat cd nhitng gia tri k nguyén duong sao cho x* — y¥ chia hét

cho 9 véi moi x, y ma xy khong chia hét cho 3.

Loigidi. (a) e Tacé x> —y® chia hét cho 3 ma x*> —° = (x —y)° +
3xy(x —y):,3 nén (x —y)*:3. Hon nita 3 1a s6 nguyén t6 nén =

x—y)>i9
(x —y):3.Suyra =) = x> -’59
3xy(x —y):9
(b) e Gia stt ngugc lai x + y nguyeén to.

Tacox® —y° = (x —y)[(x+y)* —xy] = (x —y) (x + y)* — xy(x —

y):(x+y).
(x—y):(x+y)
= (x—y)xy:(x+y), max+ynguyéntonén | x:(x+y)
yi(x+y)

(volivid <x,y,x—y <x-+y).
() e Chox =2,y =1= xykhong chia hét cho 3.
= —yf=2F 1i9= 2k 113
Do2 = —1(mod 3) = 2 — 1 = (—=1)¥ — 1 (mod 3) nén k chan.
Ta chiing minh k = 6n, (n € N¥)
Véik =6n+2=2F—1=2"2_1=3(mod 9).
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= k = 6n + 2 (khong thoda).
Véin =6k+4=2F—1=2""_1=6(mod9).
= k = 6n + 4 (khong thoa).
Nén k = 6n.
Lai c6 6k — ¥ = x5 — o = (x5)" — (1)1} (x0 — 1)
Do xy khong chia hét cho 3 nén ca x va y déu khong chia hét cho
3.
Truong hop 1. x = y (mod 3) = x° — °:3
Theo cau (a) = x> — y®19 = xF — fi9,
Trudng hop 2. x khong dong du véi y mod 3.
Khong mét tinh téng quat, gia st r=datd
y=3b+2
Tacé x> +1° = (3a+1)> + (3b +2)* = 274 +27a* +9a + 27b° +
27b* +9b +9:9
Suyrax® —y® = (x> —*)(x® + %) 19 = xF — 9.

Vay tap tat ca cac sb thoa dé bai 1a k = 6n v6i n ty nhién.

7~

Bai3. (a) Chobasba,b,c > —2théaman a®+ b*+c?+ abc = 0. Ching
minhranga =b =c =0.
(b) Trén mat phang Oxy, cho ba diém A, B, C phan biét v6i OA =
OB = OC = 1. Biét rang x5 + x% + x& + 6x4xpxc = 0.
Chting minh rang min{x4, xp, xc} < —% (ki hiéu xps 1a hoanh d6

cta diém M).
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Loigidi. (a) e Trongbasda, b, c phéico it nhat 2 s6 cing dau. Khong
mat tinh téng quat, gia st hai s6 d6 la a va b.
Ta c6 a* + b* 4 c* +abc = 0
S (a—b)?++ab(c+2) =0(x)
Do (a—b)?, ¢?, ab(c +2) >0
a=>b

Nén(x) & qc=0 ©a=b=c=0
ab =0

(b) e Gia st nguoc lai min{x,, xp, xc} > —% = XA, XB,XC > ~3
Trong 3 sO x4, Xp, Xc €O 2 sO cung dau, gia st x4, Xp.

e Taco
X5+ x5 4 x2 + 6x4xpxc = (x4 — xB)> + x5 +2x4x5(3xc +1) =0
= x4 = xp = xc = 0,suyra A,B,C déu thuoc truc tung. Hon
nita OA = OB = OC = 1 nén c6 it nhat hai diém trting nhau (v6
ly).

Vay ta c6 diéu phai chitng minh.

Bai 4. Cho tam gidac ABC nhon ndi tiép dudng tron (O) v6i tam O. Goi D
1a diém thay ddi trén canh BC (D khéc B, C). Cac dudng tron ngoai tiép
cac tam giac ABD va ACD 1an luot cat AC va AB tai E va F (E, F khac
A). Goi K 1a giao diém cua BE va CF.

(a) Chiing minh rang ti giac AEKF noi tiép.
(b) Goi H la truc tam tam ABC. Chiing minh rang néu A, O, D thang
hang thi HK song song véi BC.
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(c) Ky hiéu S la dién tich tam giac KBC. Chung Ei&h réng khi D thay
dé6i trén canh BC taludn c¢6 S < <BZC>2 tan BI;C.

(d) Goi I 1a tam dudng tron ngoai tiép tam giac AEF.
Chiing minh rang BF.BA — CE.CA = BD?> — CD? va ID vuéng géc

4.
voi BC.
/”" \\\\\
4 \\
/’ .,
, N
A P \,
__________ \\
,f” 4 \\\\ N
’ {2 ~ \
e ( AN \
! \
/
i / N\, \\
’ ! N, \
,I " \\ \
’ \ \
’ ,' I \ II

/ H \

/ i \ H
l’ U \ 1
1 \ '
| F | /
[l p\ O ! 1
\ \ g vl /
\ \ I ’

\ Y ] /

\ \ / /

\ '\ d /
\ N N K s
\ N 7 J/
AN 7 /
\\\ ~ Pid
.
N N 7 JRae
) N~ N\ A
S S
G
T
e e
Loi giai.

(a) e T gidc AEDB ndi tiép suy ra AEB = A/D\B, ta giac AFDC noi

tiép suy ra AFC = ADC.
Khi d6 AEK + AFD = ADB + ADC = 180°. Vay tit gidc AEKB
noi tiép.
(b) e Tacé BKC = FKE = 180° — BAC va BHC = 180° — BAC.
Suy ra BKC = BHC = BHKC néi tiép.
Suy ra FKH = HBC = HAC va KCB = BAD (do AFDC néi tiép).
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Khi A, O, D théng hang, ta c6 15473 = 1% = ITA\C (tu chung
minh, hehe)

Do d6 FKH = K/C\BsuyraKH//BC.

Ta ¢6 K thudc cung BHC ctia dudng tron ngoai tiép tam gidc BHC
tam T.

Goi M 1a trung diém ctia BC va N la diém chinh gitta cang BHC
va X la giao diém cta TK va BC.

Dung KL 1 BC.Taco KL< KX =TK—-TD <TN—-TM = MN.
Ta c6 BNC = BHC = 180° — BAC, suy ra NBM = 90° — BNM =

1l 1—=
90° — =BNC = -BAC.
2 2 o -
... MN ~ NBM BAC . BAC BC
Khldow—tan > —tanT/,ilyraMN—tan IR
BC? BAC

1

5 = —.KL. < — .
Do d6 Sgkc 5 KL.BC < n tan 5 - -
Xét tam giac BCF va tam giac BAD ¢6 BCF = BAD va goc B
chung.

BD  BF

Chung minh tuong tu ta c6 CE.CA = CB.CD.
Suy ra BF.BA — CE.CA = BC.BD — BC.CD = BC(BD —CD) =

(BD + BC)(BD — BC) = BD?> — CD?.

Ta cé ADE = ACF = AEB — EKC = AEB— A

va ADE = ABE = AFC — BAC,

suyraﬁ)\F — ADF + ADE = AEB + AFC —2A = 180° —
2BAC = EIF. Do d6 td giac IEDF ndi tiép, hon nita I[E = IF
nén DI la phén gidc EDF.

Mt khac FDB = BAC = CDE.
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Suy ra DB, DI lan luot 1a phan gidc ngoai va phan giac trong ctia
EDF nén ID L BC.

Vay ta c6 diéu phai ching minh.

Bai 5. Lop 9A c6 6 hoc sinh tham gia mét ky thi todn va nhan duoc 6
diém s6 khac nhau la cac s6 nguyén tir 0 dén 20. Goi m 1a trung binh
cong cac diém s6 ctia 6 hoc sinh trén. Ta néi rang hai hoc sinh (trong 6
hoc sinh trén) 1ap thanh mot cap "hoan hao" néu nhu trung binh cong
diém s6 ctia hai em d6 16n hon m.

(a) Ching minh rang khong thé chia 6 hoc sinh trén thanh 3 cip ma
mdi cip déu "hoan hao".

(b) C6 thé c6 dugc nhiéu nhat la bao nhiéu cap "hoan hao"?

Loigidi. (a) e Gid st cothé chia 6 hoc sinh thanh 3 cap déu "hoan hao".

Goi s6 diém ctia cac cap hoc sinh nay 1a (x1; x2), (x3;x4), (x5; x6)-

. X1+ X X3+ X X5+ X
Ta co 12 2>m; 32 4>m; 52 6

Suy ra x1—2kx2+X3—2Fx4+X5—2Fx6 > 3m

PN X1+ X2+ x3+ X4+ X5+ X6 >3x1+xz+x3+x4+x5+x6
2 ' 6

(vO

ly).
Vay ta c6 diéu phai chiing minh.
(b) e Xéttap A = {0,16,17,18,19,20} vdi m = 15 ¢6 10 cap hoan hao.
1)
e Gid st c6 nhiéu hon hodc bang 11 cap "hoan hao". Goi tén 6 thi
sinhla A, B,C, D, E, F.

Véi tong 15 cdp thi sinh. Ta chia thanh cac nhém nhu sau:

Trang 195



NGUYEN TANG VU

Nhém 1. {AB;CD; EF}
Nhoém 2. {AC; BE; DF}
Nhém 3. {AD; CE; BF}
Nhoém 4. {AE; BD; CF}
Nhém 5. { AF; BE;CD}
e Do c6itnhat 11 cgp "hoan hao" ma chi c6 5 nhém nén theo nguyén
ly Di-rich-1¢, c6 it nhat 1 nhom dt 3 cdp thi sinh.

Ma theo cau (a), diéu nay vo 1i (2)

e Tir (1) va (2) thi c6 nhiéu nhat 10 cdp "hoan hao".
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2.26 Nam 2018

Bai 1. Cho cic phuong trinh x> —x+m = 0 (1) vamx* —x+1 =
0 (2) v6im la tham sb.
(a) Tim m dé cac phuong trinh (1) va (2) déu c6 2 nghiém duong phan
biét.
(b) Gia str diéu kién & cau a) duge thda man goi x1; x; la nghiém cda
(1) va x3; x4 la nghiém cua (2).

Chung minh rf?mg X1XpX3 + XoX3X4 + X3X4X1 + X4X1Xp > 5

Loi gidi. (a) Xét phuong trinh (1): x* — x +m =0
Phuong trinh (1) c¢6 hai nghiém duong phan biét:

A >0 1—4m >0
m< = 1
S>>0 <X 1>0 & 4 <:>O<m<Z
m >0
P>0 m >0

Xét phuong trinh (2): mx® —x +1=0
Phuong trinh (2) ¢6 hai nghiém duong phan biét:

7

m#0 m # 0
m#0
A >0 1—4m >0 1 1
=41 S{m<s ©0<m< -
$>0 — >0 4 4
n m >0
P>0 — >0
" 1
Vay dé (1) va (2) c6 hai nghiém duong phan biét thi 0 < m < 1
x1+x=1
X1Xp = m
(b) Theo Viet ta cé: 1
X3+X4:%
1
X3X4 = —
m

Ta co x1x2x3 + XpX3X4 + X3X4X71 + X4X1X2
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X2 0 X1
=X1X3+ —+ — +mxy
m m

1
:m(x3+x4)+a(x1+x2)

1 1
:1+%>1+I:5(dpcm).
4
[

Bai 2. Cho a,b 1a hai s6 nguyén théa man a® + b° > 0.
(a) Ching minh rang a® +b% > a+b > 0.
(b) Ching minh rang a® + b° > a? + b*.

(c) Tim tat cd cac bo s6 x, vy, z, t nguyén sao cho x° + y° = 2> + t* va

24 =x A

Loi gidi. a,b € Z:a® +b* >0
@ >+ >0« (a+b)(a®>—ab+b*) >0
Do a* —ab +b* = a—? 24-3—b2
N 2 4
(loai).

= a*—ab+b*>>0néna+b > 0 (dpcm).

ZO.Déu"z"xéyra(:}a:b:O

Tacé:a® +b%>>a+b
& (a+b)(a*>—ab+b*—1) >0 (*)

a* —ab+b* >0 ) ) )
Do = a“ —ab+ b° > 1 nén (**) dung.
a,beZ

A 3 13 < Az a=1 a=0
Vay a” + b > a+bvadau"="xay ra & hay hay

b=0 b=1
a=1
b=1
(b) Cdch 1:

Doa+b>0=a+b>1.
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THl:a+b=1<b=1—a.

Taco:a® + 02 > > +1? < a4+ (1—a)’ > a®+ (1—a)?

sa®—a >0

< a<0 hoac a>1(dangvia € Z)

Vay a° +b° > a> + b* vadau"="xayra < (a;b) € {(0;0);(1;1);(0;1); (1;0)}.
TH2:a+b>2

Tacé:a® +b° = (a+b) (A —ab+b*) > 2 (a* —ab+b*) = a® +b* +
(a—b)* > a® + 12

Cdch 2:

R0 rang a, b khong thé dong thoi bé hon 0.

TH1: a = b = 0: hién nhién a® + b° > a? + b*

TH2: M6t trong hai sb bfing 0, s6 con lai khac 0.

b=0
Giés&:{ sa>1=ad>d*=a+b >+

a#0
Dau "=" x4y ra khia = 1.
a® > a 3,13 < 2, 12
TH3:40,b > 1 = =a’+b>>a"+b
b32b2
a>0 a>1
TH4: =
b<0 b< -1

Dita = [b| +k k> 1
2+ b2 >a%+ 1P
& (|b| +k)° +6° > (|b| +k)* + b2
& 3|b|%k + 3|b|k* + k> > 2|b|* + 2|b|k + k*
= 3%k + 3|blk + k> > 2b* + 2|blk +k* (Dok>1)
& (Bk—2)b* + |blk + k* (k — 1) > 0 (dung).
Vay a° + b® > a® + b
(c) Tir gia thiét = x°> + 1> > 0,22 + £ > 0.
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Néuxl +1P=0=22+*=0=z=t=0
S+ =0=>x=y=0.
Néuz® + > =0, tuongtutacé x =y =z =t = 0.
. P4y >0
Neéu
2Z+2>0
Tir gia thiétsuy ra (x* +17°) + (22 + £) = > +y? + 22+ £2 (**)
3,.3 2, .2
x+y > x"+
Theo caub) : = 7
BAPR >4
Néu (**)& (x;y), (z,t) la mot trong cac bo (1;1);(1;0);(0;1).
Vay nghiém phuong trinh:
(x,y,z,t) € {(0;0;0;0),(1;1,1;1),(1,0;0; 1), (0;1,1,0), (1,0, 1,0), (0;1;0;1) } .
[ |

Bai 3. Cho A, = 2018" + 2032" — 1964" — 1984" v6i n 1a s6 tu nhién.
(@) Chung minh véi moi s6 tu nhién n thi A, chia hét cho 51.

(b) Tim tAt cA nhitng sb ty nhién 1 sao cho A, chia hét cho 45.

Loigidgi. (a) Do2018 =1964 (mod 3) = 2018" = 1964" (mod 3).
2032 = 1984 (mod 3) = 2032" = 1984" (mod 3).
= A, :3.
Talai 62018 = 1984 (mod 17) = 2018" = 1984" (mod 17).
2032 = 1964 (mod 17) = 2032" = 1964" (mod 17).
= A, :17.
Do (3;17) =1nén A, :51 Vn
(b) A, = 2018" +2032" — 1964" — 1984
e Ta xét cac trudng hop cuan dé A, : 5.

Taco Ay, = (—2)"+2"—-2-(—1)" (mod 5).
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Dodénéunlé= A, =2 (mod5) (loai).
Néun=4k=A,=2-2%-2=2-2=0 (mod 5) (nhan)
Néun=4k+2= A, =2-2%+2_2=8—2 =6 (mod 5) (loai).
Vay A, 5 ni4.

e Ta xét cac trudng hop cuan dé A, : 9.

Ta co

Ay =2"4+(=2)"=2"—-4" (mod?9)
=2"—-4" (mod9) (Donchan).

=2"(1-2" (mod9)

Vi(29)=1=2"-1:9.

Xétn =3kvéik € N.Taco6 A, =2% 1= (-1)" -1 (mod9) =
k chan

Xétn =3k+1véik e N.Tacé A, =251 —1 = 2. (—1)F -
1 (mod9) (loai).

Xétn =3k4+2véik € N.Tacd A, = 2512 1 = 4. (—1)F -
1 (mod9) (loai).

Vay A, 145 & n 2.

Bai 4. Cho tam giac ABC nhon. Mot duong tron qua B, C cat cac canh
AB, AC 1an luot tai E va F;BF cat CE tai D. Ly diém K sao cho tir giac
DBKC la hinh binh hanh.

(a) Ching minh rang AKBC dong dang v6i ADFE, AAKC dong dang
voi AADE.
(b) Ha DM vudng goc véi AB, DN vudng goc véi AC. Chiing minh
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rang MN vudng goc voi AK.

(c) Goi I 1a trung diém AD, ] 1a trung diém MN. Chiing minh rang

duong thang I] di qua trung diém ctia canh BC.

(d) Puong thang I] cat dudng tron ngoai tiép tam giac IMN tai T (T #

I). Chiing minh rang AD tiép xtc v6i dudng tron ngoai tiép tam
gidc DTJ.

Loi gidi. (a) Tir gide BEFC noi tiép nén /DEF = /DBC va /DFE =

()

ZDCB.

Va BDCK la hinh binh hanh nén ZDBC = ZKCB, ZDCB = ZKBC
Do d6 Z/DEF = ZKCB, ZDFE = ZKBC, suy ra AKBC ~~ ADFE

Ta ¢c6 LAEC = ZABK va ZABK = ZABD + ZDBK = ZACE +
£ZDCK = ZACK (do LABD = ZACE, Z/DBK = ZDCK)

DE EF
Do ADEF «~~ AKCB né n =2 EB? (1) .
Mat khac AAEF - AACB;;n B3C = AC )

DE
T (1) va (2) suy ra — CK — AC .
Xét AAED va AACK c6 LAED = LACK, K= AC
Suy ra AAED «~ AACK (c-g-c)
Goi Q la giao diém ctia AK va MN
Ta c6 ADAE «~ AKAC nén ZKAC = ZDAE hay ZQAC = ZDAM
T gidc AMDN c6 ZAMD + ZAND = 90° 4+ 90° = 180° nén noi tiép.
Suyra /ZDNM = ZDAM = ZQAN
Ma ZDNM + ZMNA = 90°, suy ra ZQAN + ZMNA = 90°
Suy ra ZAQN = 90°. Vay AKL MN.
Cach1Taco IJLMN va AKLMN,suyral] || AK.
Ma I 1a trung di€ém AD, suy ra I] qua trung diém P cta DK. Lai ¢6
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DBKC la hinh binh hanh nén P ctng la trung diém BC.
Cach 2. Goi P 1a trung diém ctia BC. V, U 1an luot 1a trung diém cda
DB, DC.

1
Ta co MI = EAD = NI, suy ra I thudc trung truc caa MN.

1 1
Taco MV = EBD (ADBM vuong tai M) va PU = EDB (duong trung

binh)

Suyra MV = PU

Tuong tu thita c6 PV = NU

Tac6: ZMVD =2/MBD =2/NCD = ZNUD va Z/DVP = ZDUP
Suy ra ZMVP = ZPUN

Xét AMVPva APUN c6 MV = PU,PV = NU,ZMVP = ZPUN

= AMVP = APUN (c-g-c)

Suy ra PM = PN. Do dé P thudc trung truc cia MN.

Vay I, P, ] thuoc trung triec MN nén I, P, ] thang hang hay I] qua trung
diém P ctia BC.

Ta c6 tam giac IMN cantai I, I] L MN nén IT la duong kinh ctia duong
tron ngoai tiép ATMN

Suy ra ZINT = 90°.

Suyral]-IT = IN°ma IN = IDsuyraIJ-IT = ID?

Dodé ID?> =] - IT. Suy ra AID] «~ AITD(c-g-c)nén ZID] = ZITD

Tir d6 ta c6 ID la tiép tuyén cia dudng tron ngoai tiép ADT].
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a D

Bai 5. D6i van nghé cia mot truong THCS c6 8 hoc sinh. Nha truong
mudn thanh 14p cac nhém t6p ca, méi nhom géom ding 3 hoc sinh, (moi
hoc sinh 6 thé tham gia vai nhém tép ca khac nhau). Biét rang hai nhém
tOp ca bat ky c6 chung nhau nhiéu nhat 1a mot hoc sinh.

(a) Chiing minh rang khong c6 hoc sinh nao tham gia tit 4 nhom top
ca trd lén.

(b) C6 thé thanh 1ap nhiéu nhit la bao nhiéu nhém t6p ca nhu vay?

- v
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Loi giai. (a) Gia st c6 1 hoc sinh tham gia 4 nhém A, B, C, D la x.
Khid6 A = {x,a,b} B={x,c,d} C={xef} D={xgh}.
Vi cdc nhom khong c6 chung qua 1 thanh vién nén cachocsinh:a,b,c,d, e, f, g, h
la khac nhau (v6 1i vi chi ¢6 8 hoc sinh tham gia).

(b) Ta ching minh lap dugc nhiéu nhat la 8 nhém.

That vay, néu c6 9 nhém, mdi nhém c¢6 3 hoc sinh thi khi d6 s6 luot
hoc sinh tham giala 9 - 3 = 27 luot tham gia.
Ma chi c6 8 hoc sinh nén theo nguyén ly Dirichlet thi c6 it nhat mot
hoc sinh ¢6 nhiéu hon hodc bang 4 lugt (mau thuan do cau a).
(Mot hoc sinh tham gia 1 nhom tinh 1a 1 luot).
Goi8hocsinhlaa,b,c,d,e, f,g,h.
8 nhém hoc sinh dugce chia nhu sau:
{a,b,c}; {hb,e}; {bd f};, {ade};
{hcf}; {cegt; {afg}; {hdg}
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2.27 Nam 2019

7

Bai 1. Cho phuong trinh ax? + bx + ¢ = 0 (1) thdéa man céc diéu kién:
a>0va2y/lac| <|b| <a+c

(a) Chiing minh rang phuong trinh (1) c6 hai nghiém phan biét x1, x,
va

(I—x1)(1—=x2)>0va (14+x1)(1+x2) >0

(b) Biét rang a > c. Ching minh rang —1 < x1,x; < 1

S

Loi giai. (a) Co
|b| > 24/ |ac]

nén b? > 4ac. SuyraA = b? —4ac > 0 vay phuong trinh c6 hai nghiém

phan biét.
Co
b <a+c
S -—a—c<b<a+c
a+b+c>0
=
a—b+c>0
Suy ra

(1 — Xl)(l — XZ)

=1-— (x1 —|-JC2> + x1x7

b ¢
=1+-+-

a a
B a+b+c
o a

>0
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va
(1—|—x1)(1+x2)
=14+ (x1+x2) + x12x2
b ¢
=1—=4-
byl
1 >0
a
(b) Co
(1—x1)(1=x2) >0
Xét Truong hop :

x1>1 c
:>x1x2>1:>5>1:>c>a

X >1
mau thuan véi gia thiéta > c.
Vay xq,x < 1.
co

(1+2x1)(1+x2) >0
Xét truong hop:

x < —1 c

=xx>1=->1=c>a
Xy < —1 a

mau thudn véi gia thiéta > c.

Vay xq,x > —1.

Bai 2. (a) Tim tAt cd nhitng sd ty nhién 1 sao cho 2" + 1 chia hét cho 9.
(b) Cho n1as6 tynhién n > 3. Chitng minh rang 2" + 1 khong chia hét

cho 2™ — 1 véi moi s6 tu nhién m sao cho 2 < m < n.
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Loigidgi. (a) n =3k suyra2"+1=8"+1=(-1)*4+1( mod 9).Suyra

(b)

klé,k=2t+1.Suyran =3(2t+1) = 6t + 3.
Néun=3k+1tac62"+1=3-8+1=(-1)"-3+1( mod9), suy
ra 2" 4+ 1 khong chia hét cho 9.
Néun =3k+2tac62"+1=4-8+1=4(-1)"+1,suyra2" +1
khong chia hét cho 9.
Vay voin = 6t +2,voitla s tu nhién 1a cac s6 can tim.
Cach 1 Ta c6 2F" — 122" — 1. Tir 22" = (2" 4 1)(2" — 1) chia hét cho
2" —1.
bat2n =km+q(0 < g < m).
Khi d6 22" —1 = 27 _ 20 429 — 1 = 29(28 — 1) 4 27 — 1 chia hét
cho 2" — 1, suy ra 21 —1chiahétchomma0 <21—1< 2™ —1, suy
rag=0.
Do d6 2n = km.
Truong hop 1: Néu m 1&, suy ra k chan, k = 2k, suy ran = kK'm,
2" 41 =2F" 4+ 1 = 25" _ 1 4 2 chia hét cho 2" — 1, suy ra 2 chia hét
cho 2" — 1vo ly.
Truong hop 2: Néu m chdn m = 2m’ thi n = km/, suy ra 2" + 1 chia
hét cho 2" — 1, ma 2™ — 1 chia hét cho 2" — 1 nén 2" + 1 chia hét cho
2" — 1, suy ra 2 chia hét cho 2™ —1vo Iy vim' > 1.
Céach 2 Ta c6 2" ™(2" —1)2" — 1, suy ra 2" — 2""™:2" — 1, ma 2" +
1:2" — 1 suy ra 2"~ + 1 chia hét cho 2" — 1.
Ly ludn tuong tu ta c6 2"=km 11 chia hét cho 2" — 1. Gid st n = km +
3,0 < g < m. Chon k nhu trén ta c6 27 + 1 chia hét cho 2" — 1. Ma
g<mnén2i+1=2"—-1gidiraqg=1m=2(voly).

|
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Bai 3. Cho a va b 1a hai s6 thyc phan biét thoa man diéu kién at — 4a =
b* — 4b.
(a) Ching minhrang0 <a+b < 2.
(b) Biét rang a* — 4a = b* —4b = k > 0. Ching minh ring —Vk <
ab < 0.

Loigidi. (a) Tacoa* —b* =4(a—b),maa* —b* = (a—b)(a+b)(a® +1?)

nén dang thitc dugc viét lai thanh
(a—Db)(a+b)(a®+b*) =4(a—D).

Ma a # bnén (a+ b)(a® +b*) = 4. Via* +b*> > 0 (do a, b khong thé
dong thoi bang 0) nén ta céa + b > 0.

(a+Db)?

Ngoai ra, ta cling ¢6 danh gia a? + b > (déng thirc khong

xay ra via # b) nén

(a+b)°
2

4> & (a+b)’ <8< a+b<2

Vay tadugc 0 <a+b < 2.

(b) Ro rang ab # 0, ta sé ching minh 4, b trai dau. Ta xét hai truong hgp:
e Néua > 0,b >0thia*—4a =a(@®—4) > 0néna > V4 > 1.
Tuong tu thi b > 1. Khi d6 a + b > 2, mau thuan vdi a).
e Néua <0,b <0thia+b <0, ciing mau thuan véi a).

Do d6 a, b trai dau va ab < 0.

Khong méat tinh téng quat, gid stra < 0 < b thi datc = —a > 0, ta viét
lai ¢* + 4c = b* —4b = k > 0. Tix day dé thay (b —c)(b* +c?) = 4 va
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b # c. Ta can chtiing minh
—Vk <ab e —Vk < —bc < be < Vk.

Cong hai ve cua cac dang thuc trén lai, ta c6

2k=b*—db+ct+ac=b+ct—4b—c) =+t — (b— )PP+ A)

= 2bc(b? — be + %)

Suy ra k = bc(b* — be + c?), ma b* — be + ¢ > be (dang thic khong
xay ravib # c)nén k > be - be = (be)? < be < Vk. Vay ta c6 dpem.
[

Bai 4. Cho tam gidc ABC ¢6 AB < AC. Goi dy,d 1an lugt 1a cac duong
phén giac trong va ngoai géc ZBAC. Goi M, N lan 1a hinh chiéu vudéng
gbc ctia B1én dy,dy. Goi P, Q lan luot 1a hinh chiéu vudng géc ctia C 1én
dq, ds.

(a) Ching minh rang MN va PQ lan lugt di qua trung diém ctia AB, AC.
(b) Chiing minh rang MN va PQ cat nhau trén BC.
(c) Trén dq lay cac diém E va F sao cho ZABE = /BCA va ZACF =

ZCBA. (E thudéc nira mat phéng bo AB chua C; F thudc nira mat
BE AB
CF AC’
(d) Cac duong thfmg BN va CQ 1an luot cat AC va AB tai cac diém K

phéang ba AC chita B). Chitng minh rang

va L. Ching minh rdng cc dudng thang KE va LF cit nhau trén

duong thang BC.

Loi giai. (a) Ta gidc AMBN c6 LA = ZM = ZN = 90° nén tu giac
AMBN la hinh chit nhat. Suy ra MN di qua trung diém AB.
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Tuong tu, APCQ 1a hinh chit nhat nén PQ di qua trung diém AC.

(b) Co6: ZNMA = ZBAM = ZMAC nén MN || AC ma theo y a) ND di
qua trung diém AB nén ta thu dugc NM di qua trung diém BC.
Tuong tu, PQ di qua trung diém BC nén MN va PQ cat nhau trén BC.

(c) Goi T la giao diém ctia d; va BC. Dé dang ching minh dugc AABE ~

. AB BE
Tuong tu, AABT ~ AACF(g — g) nén AC = CF
Do d9, ta co:
AB,, BE:-BT

72_
(AC) CT-CF

ma AT la phan giac goc A nén

BT _ AB
CT AC
Ta thu duoc
AB _ BE
AC CF
(d) ABET cé:

/BET = /EBA+ ZEAB = LZACB + ZCAT = ZBTE

nén ABET can tai B. Suy ra M la trung diém ET.

C6 TM || NB nén
T™ DM EM
NB DN KN
suy ra ADME ~ ADNK(c — g —c).
Ta thu duoc D, E, K théng hang.

Tuong tu, L, D, F thfing hang ta c6 diéu phai ching minh.
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Bai 5. Trong mot budi gap gd giao luu gitra cac hoc sinh dén tir n qudc
gia, ngudi ta nhan thdy rang ct 10 hoc sinh bat ky thi ¢6 it nhat 3 hoc
sinh dén tir cing mot quéc gia.

(a) Goi k 1a s cac qubc gia c6 ding 1 hoc sinh tham dy budi gép go.
k +10

Chung minh ré“mg n < B

(b) Biét rang s6 cac hoc sinh tham du budi gap g 1a 60. Ching minh

rang c6 thé tim dugce it nhat 1a 15 hoc sinh dén cing mot qudc gia.

k+10

Loi gidi. (a) Gia st nguoc lai rang n > thi2n —k > 10. Goi A la
tap hop cac quéc gia c6 ding 1 hoc sinh tham gia va B 1a tap hop cac

quéc gia con lai. Khi d6, méi qudc gia trong B sé c6 it nhat 2 hoc sinh.

Ta chon tat ca hoc sinh trong A va méi quéc gia trong B, chon 2 hoc

sinh thi c6 k + 2(n — k) = 2n — k hoc sinh.

Céc hoc sinh nay c6 déc diém la: khong c6 3 hoc sinh nao dén tir cting
quéc gia. Do 21 — k > 10 nén c6 thé chon ra trong d6 10 hoc sinh nao
dé6 khong thda man dé bai.

k+9

(b) Theocdua,tacé2n —k <10nén2n—k <9< n < —

Do s6 hoc sinh t6ng cong 1a 60, dé chi ra c6 15 hoc sinh dén tir cing

quéc gia thi theo nguyén ly Dirichlet, ta chi cAn chi ra rang

60 _: > 15 < 151 — 14k < 60.

n —

Ta sé chung minh danh gia trén dung véi moi (n,k). Vitada con <

k%g nén ta sé dua vé chiang minh 15 <k—£9> —14k<60<= k> 1—2
Do d6, v6i k > 2 thi khang dinh dtng. Tiép theo, ta xét hai truong hop
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e Néu k = 0 thi theo (*), ta phai c6 n < 4nén 151 — 14k = 151 < 60,
dung.

e Néu k = 1 thi theo (), khi d6 loai trir hoc sinh & nudc d6 ra thi
con lai 59 hoc sinh, dén tir 4 qudc gia. Theo nguyén ly Dirichlet,
ton tai 15 hoc sinh dén tir ciing quéc gia.
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Chuong 3
Bai tap tu luyén

3.1 Bai tap dais6
BAI 1.1 bata, = V2 + \’71, n = 2,3.... Chitng minh rf?mg

1 1 1 1
—+—+—+—=138
s 4g  A12 20
BAI 1.2
a) Tim tat ca cac s6 nguyén duong a thoa

1<1+1+1<1
4 a+4+1 a+2 a+3 3

b) Ching minh rang véi moi s6 nguyén n > 2 ton tai n s6 nguyén duong

ay,a»,- - ,d, thoa:
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BAI 1.3 Giai hé phuong trinh

_x3+12xz_y3+12yx_z3+122
C 324477 3y24477 0 32244

BAI 1.4 Choa,b,c,d > 0 thda abcd = 1. Chung minh réng

1 n 1 n 1 n 1 <1
a+b+2 b+c+2 c+d+2 d+a+2

BAI 1.5 Cho 4, b, ¢ la cac s6 nguyén duong théaa > b > c va 12b > 13¢ > 1la.
Chuing minh rang
a+b+c>56

L

1 1
b+ -=c+-.
b c a

BAI 1.6 Cho cac sb thuc a, b, ¢ thod man diéu kién a +
a) Choa =1.Tim b, c.
b) Chiing minh néu a, b, c d6i mot khac nhau thi a?b*c* = 1.

¢) Chung minh néua,b,c duong thia =b =c.

BAI 1.7 Giai cac phuong trinh sau:
a) 32+Vx—-2)=2x+Vx+6
b) (Vx+1—vVA—x)(1+V4+3x—x2)=3

(x —2y)(x —4z) =55

BAI 1.8 Giai hé phuong trinh sau: (y —2z)(y — 4x) = -39

(z—2x)(z—4y) = —16

BAI 1.9 Cho tam gidc ABC C6 d6 dai cac canh 1a a, b, c trong do6 a la canh c6 do dai
16n nhat. Chung minh rfang tam giac ABC vuong khi va chi khi:

(Va+b+Va—b)(Vatc+va—c)=(a+b+c)V2
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BAI 1.10 Cho cac sb ay, a5, a3; by, by, b thda a; + a» = 2a3 va by + by = 2bs. Chung
minh rfmg néu hai phuong trinh x> 4ax+by =022 +ax+by =0vo nghiém thi

phuong trinh x? 4 a3x + b; = 0 cling v6 nghiém.

BAI 1.11

a) Tim tat ca cac s6 nguyén duong n dé ton tai s6 nguyén duong x thoa:
Vi+vn—1<yx<V3n+1

b) Cho sb6 nguyén duong n. Ching minh rang khong ton tai cac s6 nguyén

duong x, y thoa:

Vin+vVn+1<yx+y<Vén+2

BAI 1.12 Cho 3 phuong trinh an x:

x? +ajx 4+ by = 0(1), 2% + ayx + by = 0(2), x> + azx + bz = 0(3)
V6i diéu kién a; + a3 = 2ay, by + by = 2bs. Chung minh ré“mg néu phuong trinh (1)

va (3) c6 nghiém thi phuong trinh (2) cing c6 nghiém.

BAI 1.13 Cho céc sb x,y,z. Pata = x(y — 2)%,b = y(x — 2)%, ¢ = z(x — y)?
a) Timx,z,ybiéta=9,b=—1,c =8.
b) Chiing minh réng néu x, v, z khong am thi a* + b* + ¢* > 2(a%b? + a*c* + b*c?)
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3.2 Bai tap hinh hoc

BAI 2.1 Cho AABC nhon noi tiép (O) v6i cac duong cao AD, BE, CF cat nhau tai
H. AH cat (O) tai giao diém thit hai 1a M. Goi K, L 1an lugt 1a cac diém thudc canh
AC, AB sao cho HK || DE, HL || DF.
a) Ching minh BLKC noi tiép.
b) P la giao diém thit hai ctia BE va (O). Ching minh P, K, L thang hang.
¢) Qua A vé duodng thang song song véi BC, cat KL tai T. Qua M vé duong
thang vuéng géc véi KL cat AT & S. Ching minh rang HS L HT.

BAI 2.2 Cho AABC nhon (AB < AC) véi diém D la diém di dong trén canh BC.
Goi 01,0, lan lugt 1a tam (ABD), (ACD).

a) Chung minh giao diém ctia 010, va AD thudc mot duong théng c6 dinh.

b) Chirng minh duong tron (AO;0;) di qua mot diém cb dinh.

c) Goi K la tam dudng tron (AO;0,). Tim vi tri ctia diém D dé AK nhd nhat.

BAI 2.3 Cho dudng tron (O) va diém A nam ngoai duong tron, tir A vé cac tiép
tuyén AB va AC véi B, C 1a cac tiép diém. Vé duong kinh CD cta (O), AD cét (O)
tai E(E # D). Goi H 1a giao diém ctia AO va BC. Dudng tron ngoai tiép (BEH) cat
AD tai F.

a) Chiung minh EB- EC = EH - ED.

b) Tinh /BFH.

¢) Ching minh OA 1a tiép tuyén duong tron ngoai tiép (ABE).

BAI 2.4 Cho hai duong tron (O) va (I) cat nhau tai A va B, mot dudng thang thay
déi qua A cat (O) va (I) lan luot tai C va D v6i A nam gitra C va D.
a) Ching minh rang giao diém ctia CO va DI thudc mot dudng tron cb dinh.
b) Ching minh rang C, D cach déu mot diém cb dinh.

¢) Ching minh trung diém ctia CD thudc mot duong tron c6 dinh.
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BAI 2.5 Cho AABC nhon (AB < AC), duong tron tam (I) noi tiép A ABC tiép xdc
v6i cac canh BC, AC, AB lan luot tai D, E, F. Goi K 1a hinh chiéu vuong goc voi D
trén EF.
a) Chung minh ZBKD = ZCKD
b) Puong tron ngoai tiép (ABC) va (AEF) cat nhau tai P. Ching minh P, K,
thang hang.
c) DK cat AB tai H. Tinh /FPH.

BAI 2.6 Cho AABC nhon (AB > AC), P 1a mot diém nam trong tam giac sao cho
/ABP = /ACP. Goi D la diém dbi xting ctia P qua trung diém M ctia BC. AP cat
CD tai E, CP cat AD tai F. Chung minh rf?mg bon diém D, E,F, P cung thudc mot

duong tron.

BAI 2.7 Tir diém A nim ngoai duong tron, dung cac tiép tuyén AB, AC dén duong
tron (O; R), (B,C) la cac tiép diém. Cat tuyén ADE khong di qua tim O thay ddi
théa man D nam gitta A va E. Tiép tuyén tai D va E cat nhau tai F.

a) Chung minh F thudc mét duong théng c6 dinh.

b) Tam I cua duong tron noi tiép ADEF thudc mét duong c6 dinh.

c) Tam T ctia dudng tron ngoai tiép ADEF thudc mot duong cb dinh.

d) Trong tam G ctia AEBC thuéc mot duong cd dinh.

BAI 2.8 Tir diém A ndm ngoai duong tron (O) dung cac tiép tuyén AB, AC (v6i
B, C 1a céc tiép diém). Dung dudng kinh BD cua (O). Goi E 1a giao diém cta BC va
tiép tuyén tai D ctia dudng tron. F 1a trung diém ctia CD. OF cat CD tai P va EF cat
BD tai Q. Chiing minh AD, OF va PQ dong quy.

BAI 2.9 Cho AABC. Goi M la diém di dong trén canh BC. Pudng tron ngoai tiép
(ACM) cat AB tai D, goi giao diém ctia CD va BE la N. Puong tron ngoai tiép
(ABM) cat AC tai E. BE va CD céat nhau tai N. Hai duong tron (NBC) va (NDE)
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cat nhau tai P. Tim vi tri ctia diém M dé PB + PC + PM dat gia tri nhd nhét.

BAI 2.10 Cho AABC nhon ndi tiép (O). P la diém di dong trén canh BC. Goi H
va K 1an luot la diém doi xiing cta P qua AB, AC. T la diém thuoc (AHK) sao cho
AT || BC. Chting minh P, O, T thang hang.

BAI 2.11 Cho AABC nhon néi tiép (O). D la diém chinh gitta cung 16n BC. Goi
E, F 1an lugt 1a chan duong vudng géc dung tir D dén phan giac trong /B va Z/C
ctia AABC. Chiing minh rang trung diém H cta EF cach déu B va C.

BAI 2.12 Cho tit gidc ABCD noi tiép dudng tron (O). Goi E la giao diém ctia AC
va BD. Puong thang vudng goc v6i OF cat (O) tai M va N, duong thang MN cat
AD va BC lan luot tai P va Q. Goi S, T lan luot 1a trung diém ctia AB va CD. Ching

minh réng:
) ES_ 4B
Y ETTCD

b) E la trung diém ctia HK va PQ (dinh li con budm)

BAI 2.13 Cho AABC nhon (AB < AC) ndi tiép (O), H la truc tam AABC. AH cat
BC tai K. Duong thang vuéng goc véi OK tai K cat AB, AC lan lugt tai M va N. Cac
duong thang MH, NH cit AC, AB lan lugt tai S, T. Chting minh t gidc ASHT noi

tiép.
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3.3 Bai tap s6 hoc
BAI 3.1 Ching minh rang phuong trinh > +y = x + x> + x® khong c6 nghiém
nguyén duong.

BAI 3.2 Tim tat ca cac bo ba s6 nguyén duong thoa phuong trinh:

(x+y)’+3x4+y+1=2

BAI 3.3 Tim nghiém nguyén duong ctia phuong trinh sau xy + yz + zx — xyz = 2
BAI 3.4 Tim tat ca cac s6 tu nhién x, y théa: 5 = y* + 4y + 1

BAI 3.5 Giai phuong trinh nghiém tu nhién x — y* = 4 véi x 1a s6 nguyén to.

BAI 3.6 Tim nghiém nguyén cua phuong trinh sau (x2 — y2)2 =1+ 16y

BAI 3.7 Tim s6 nguyén t6 p dé p? + 27 ciing la s6 nguyén to.

BAI 3.8 Cho p, g la cac s6 nguyén t6 va phuong trinh x* — px + g = 0 c6 nghiém

nguyén duong. Tim p va q.

BAI 3.9 Tim tat ca cac s nguyén tb p sao cho tong cac udc duong ctia p* 1a mot sb

chinh phuong.

BAI 3.10 Tim tat ca cac sb nguyén t6 p sao cho ton tai cac s6 nguyén duong x, y

théa phuong trinh x(y* — p) +y(x* — p) = 5p.

BAI 3.11 Tim tat ca cac s6 nguyén t6 p sao cho hé phuong trinh p 41 = 2x?, p* +

1 = 2y? c6 nghiém nguyeén.
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BAI 3.12 Tim cdc sb tu nhién x, Y,z thoa 21* +4Y = Z2.

BAI 3.13 Cho cac s6 nguyén duong a, b, ¢, d thoa ab = cd. Ching minh rang a + b +
¢ + d 1a hop sb.
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3.4 Baitap to hop

BAI 4.1 Cho ay,ap,- - - ,az, ¢6 téng bang 0. Chiing minh ring trong cic cip sb

(ai,a;),i <jvéii,je {1,2,---,2n} ton tai it nhat 2n — 1 cap sao cho a; +a; > 0.

BAI 4.2 Ching minh ring trong n + 1 s6 bat ki tir tap tap {1,2,- - - ,2n} luén chon

dugc hai s6 ma sb nay chia hét cho s6 kia.

BAI 4.3 Cho 7 sb nguyén duong a1 < ap < ... < a, < 2n, biét boi s6 chung nho

£ 212 N 2
nhat cta hai so bat ki 16n hon 2n. Chiing minh rang a; > [3”} .

BAI 4.4 Chiing minh rang tir 52 s6 nguyén duong, ta c6 thé chon ra hai s6 ma téng
hoac hiéu cta chung déu chia hét cho 100. Kh:fmg dinh nay c6 con dung khi ta c6

51 s6 nguyén duong hay khong?

BAI 4.5 Cho hinh thang can, nguoi ta t6 mau 4 canh va 2 duong chéo ctia hinh
bang hai mau dé va xanh, trong d6 mdi mau t6 3 doan. Chirng minh ¢6 3 doan

théng duoc té cing mau c6 thé lap dugc mot tam giac.
BAI 4.6 C6 bao nhiéu tap con A ctia tap {1,2,3,...,2014} théa man diéu kién: A c6

y2

r—y

it nhat 2 phan tr vanéu x,y € A, x > y thi cA

BAI 4.7 Mot da gidc 1430 dinh c6 chu vi 2017. Chting minh rang ton tai 3 dinh cta

da gidc d6 sao cho tao thanh tam giac c6 dién tich nhé hon 1cm?.

BAI 4.8 Cho tap X = {1,2,--- ,n}. Xét k tdp hop A1, Ay, - - -, Ai con cua X va moi
tap c6 r phan ti sao cho giao cda r + 1 tap bat ki trong k tap d6 ludén khac rong.

Chung minh réng giao cta k tap Ay, Ay, - - - , Ay cing khac rSng.
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BAI 4.9 Mot con r6ng ¢6 100 cai dau. Mo6i nhat chém, mot con dao c6 thé chat duat
15,17, 20, hay 5 cai dau. Méi lan nhu thé, & ba vai ctia n6 lai moc ra 24, 2, 14 hay 17
cai dau méi. Néu chit duit hét dau, con rong sé chét. Hoi rang c6 thé giét chét dugc

rong hay khong?

BAI 4.10 (Tuyén sinh vao 16p 10 Chuyén Toén truong PTNK 2019) Doi van nghé
ctia mot truong THCS c6 8 hoc sinh. Nha trudng mudn thanh 1ap cac nhém top ca,
mdi nhém gom ding 3 hoc sinh, (mbi hoc sinh c6 thé tham gia vai nhom top ca
khéac nhau). Biét rang hai nhém top ca bat ky c6 chung nhau nhiéu nhat la mot hoc
sinh.

a) Chiing minh rang khong c6 hoc sinh nao tham gia tir 4 nhém top ca trd lén.

b) C6 thé thanh lap nhiéu nhét 1a bao nhiéu nhém t6p ca nhu vay?

BAI 4.11 (Tuyén sinh vao 16p 10 Chuyén Toan truong PTNK 1996)
a) Ching minh v6i N > 3, ludn ludn c6 N s6 chinh phuong doi mot khac nhau
sao cho tong ctia ching la mot s6 chinh phuong.
b) Chiing minh rang véi moi s6 nguyén mn > 3 bao gids ciing xay dugc mot bang
chit nhat gom m x n s6 chinh phuong déi mot khac nhau cho téng ctia méi

dong 1a mot s6 chinh phuong va téng ctia méi cot 1a mot s6 chinh phuong.

BAI 4.12Cho X = {1,2,---,168,169}. A 1a mot tap c6 84 phan tir ctia X sao cho
khong c6 hai phan tir nao c6 tong bang 169. Chitng minh rang A chira it nhat mot
s6 chinh phuong.

BAI 4.13 Cho x1, X2, X3, ... 1a mot day cac s6 nguyén thoa man
l=x1<x<x3<..vaxg <2n, védimoin=1,2,..

Chung minh ré“mg moi s6 nguyén duong k déu c6 thé biéu dién duoge dudi dang

Xi — Xj, vii l,] € IN.
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