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LOI NOI DAU

Mai nam, cir vao  dip théng 4 — thang ki niém mién Nam hoan toan giai
phéng, dat nude thong nhét, cic em hoc sinh gidi lop 10 va 11 cua céc
truong THPT chuyén va khong chuyén cta cac tinh mién Nam, mién Trung
va Tay Nguyén lai n6 nire tham dy ki thi OLYMPIC TRUYEN THONG 30/4.
Ki thi lan ddu dwoc td chitc vao nam hoc 1994 — 1995 theo sang kién cua
Truong THPT Chuyén Lé Héng Phong TP. Hd Chi Minh. T d6 dén nay,
ki thi d4 dugce 6 chie lién tyc véi quy md ngdy cang 16n, chit luvong ngay
cang cao.

Thang 4 nam 2013, ki thi OLYMPIC TRUYEN THONG 30/4, LAN
THU XIX lai duge td chic tai Trudong THPT Chuyén Lé Hdng Phong —
TP. Hd Chi Minh. Ki thi nim nay co quy md rét 1én gdm 3.756 thi sinh ctia
114 truong, thudc 36 tinh thanh tham gia tranh tai dit 10 mén thi: Toan hoc,
Vit li, Hoa hoc, Sinh hoc, Tin hoc, Ngit vin, Lich si, Dia Ii, Tiéng Anh
va Tiéng Phap.

Sau khi thi, Ban té chuc di tap hop, sap xép lai bd @& chinh thirc va
cac de thi dé nghi cta céc truong tham dyu. Ddy 12 mot tu liéu c6 gia tri,
rét cn thiét cho Quy thiy c¢b va cdc em hoc sinh tham khao trong qua
trinh giang day va hoc tap. Ban tb chuc da phdi hop véi Nha sach Hong An
TP. Hd Chi Minh va Nha xut ban bai hoc Su pham xult ban bd sach:
TUYEN TAP DE THI OLYMPIC 30/4, LAN THU XIX — 2013. B sach
gdm 10 tép, mdi tap la mdt mdn thi. Trong mbi tép sach gom c6 hai phan
chinh: Phén I 1a d& thi chinh thirc va cac d& thi dé nghi khdi 10, 11; Phan I
la dap an @ thi chinh thic va cac dé thi dé _nghi khéi 10, 11. Trong moi
phén déu c6 dap an, thang diém hodc hudng dn tra 16i chi tidt.

Chung t6i xin trin trong gidi thiéu bo sich: TUYEN TAP DE THI
OLYMPIC 30/4, LAN THU XIX —2013 v6i Quy dc gia. Hi vong rang day
1a nhitng tap tu lidu c6 gia tri glup cho Quy thay ¢d va cac em hoc sinh trong
cdng tac bdi duorng hoc sinh giéi va trong viée tu hoc tép, tir rén luyen

Chuic Quy thdy cd va céc em hoc sinh dat nhidu thanh cong. :
Ban 5 chirc






Phan I
BE THI OLYMPIC TRUYEN THONG 50[4
LAN XIX — NAM 2013 |

A LGP 10
DE THI CHINH THUC
Cu 1.

Giai phuong trinh: (x + 3)V-x> - 8x+48 =x - 24,

Ciu 2.
Cho hinh luc gidc ABCDEF théa man cac diéu kién sau:
Tam giac ABF vudng cén tai A, BCEF la hinh binh hanh, BC = 19, AD = 2013

vaDC +DE = 1994«/5. Tinh dién tich luc giac ABCDEF.

Cau 3. _
Cho x, y 1a céc sb thuc thay déi thoa man: 2x(1 —x) > y(y - 1).
Tim gia tri 16n nhét cia biéu thirc P = x —y + 3xy.

Cau 4.

Tim cac s6 nguyén duong X,ysaochop=x*+y*la s6 nguyén t6 va x° + y -4
chia hét cho p.

Cau 5. :
Trong mat phéng toa do Oxy, cho 19 diém c6 cac toa do 14 nhiing s6 nguyén,
trong d6 khong c6 ba diém nao thing hang. Chimg minh ring c it nhét 3 diém
trong 19 diém da cho la 3 dinh cua mot tam giac co trong tdm la diém c6 toa do la
s0 nguyén.
Cau 6.
Cho ham sb f: 7 — 7 (7 1a tap hop céc sé nguyén) thoa mén céc diéu kién sau:
f(1)=1; f(n+3) <f(n) + 3 va f(n + 2012) > f(n) + 2012 véimoin € Z.
Tinh £(2013). ’

TR L e S ey

DE THI DE NGHI CUA CAC TRUGNG TAI TP. HO CHI MINH

TRUONG THPT CHUYEN LE HONG PHONG
TP. HO CHI MINH
Cﬁu 1.
2 +2+ @ —y-INx2+2-y +y =0 @

2x+xy +2+(x+ 2y +4x+4 =0 (2

Giai hé phuong trinh <



Cau 2.

Cho hinh luc giac ABCDEF théa man céc didu kién sau:

Tam giac ABF vuong can tai A, BCEF la hinh binh hanh, BC =19, AD = 2013
va DC + DE = 1994+/2 . Tinh dién tich lyc gisc ABCDEF.
Cau 3.

S

Tim hing s6 thuc k duong 16n nhét sao cho bét dang thirc |kxy + yzl dl'mg

v&i moi x, y, z thoa mén x? +y +7% =1.

Cau 4.
‘ x4 6y2 =7
Tim x; y; z; t nguyén théa méan hé:
{6){2 +y =t
Cau S. ,
Ta xép 2013 s6 nguyén duong trén mot dudng tron. MSi phép bién ddi ta cong
1 vao so ding ké nhau. Chirng minh rang sau mot s6 phép bi€n doi ta thu dugc
2013 s6 bang nhau. Néu thay phép bi€n doi bang cach cong 1 vao 30 so ké nhau thi
két qua trén con dung khong?
Cau 6. ,
Tim tht ca cac ham s f: N*— N* thoa cac didu kién f(n+ 1)>f(n), Vn e N*
va f(f(f(n))) =n+2013,Vne N*

TRUONG THPT MAC PDINH CHI - TP. H() CHIi MINH
Cau 1.

Giai phuong trinh: 2x + (x + 1)v/x? +2x+3 +(x+2)Vx2+4x+6+3=0.
Céu 2.

Cho tam giac ABC khéng c6 goc ti. Goi I 1a trung diém cia doan BC va
P,P,P, lan luot 1a chu vi clia cac tam giac ABC, ABI, ACI. Ching minh rang
P? =P’ + P; khi va chi khi tam giac ABC vudng can tai A.

Cau 3.
1 11

Cho cac sb thuc a, b, ¢, d thoa man: ! 4 + Tt T+ 7=1(1)
l+a” 1+b" 1+c¢" 1+d

Chimg minh rang: abed >3 .
Cau 4.
Mot nhém gbm 7 em choi ban bi co tdng sb bi bang 100, ngoai ra tat ca’7em

déu ¢6 sb bi khac nhau. Chimg minh ring c6 3 em trong sb 7 em d6 6 tdng sb bi it
nhét 14 50 vién.

Cau 5.
Cho A ={1;2;3;4;5} va B la tdp hop tat ca cac s& tw nhién c¢6 5 chit s§ khac nhau

lay tir tdp A. Chitng minh ring trong tip B c6 it nhét 7 phin tir khac nhau c6 cing
sO du khi chia cho 120.
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Ciu 6. ,
Tim tt ca ham sé f:Q — Q thoa man céc diéu kién sau:
i) £(1)=2; '
i) f(xy)=f(x)f(y)-f(x+y)+1, Vx,yeQ.

TRUONG THPT NGUYEN THUONG HIEN

TP. HO CHI MINH
Cau 1
9 o .3

4xy + 4(x* + y°) + — =7

S : (x +y)*
Giai h¢ phuong trinh: 1
2x + =3
X+y

Cau 2.

Cho dudng tron b dinh (O; R) va mét diém cb dinh A. I 12 mét diém di dong
trén (O; R). Goi B va C 1a hai giao diem cua (O; R) va dudng tron tim I ban kinh 1A.
Chirng minh rang BC tiép xic v6i mot dudng tron cb dinh.

Cau 3. .
Choa,b,c>0thoamina+b+c=3.
a+l b+l c+1 _

Chirng minh ring: — + + >3.
8 8 b*+1 ¢ +1 a’+1

Cau 4:
a?+b ., b%+a

Vi
b2 __a3 a2 _b3

Tim tat ca cac so nguyén duong a, b sao cho déu la cac so nguyén.

Ciu 5:
Cho tap A ={1;2;3;...;99;100} dugc chia thanh 7 tip hop con. Chiing minh rang

it nhit tr mot trong cac tdp con y lubn tim dugc 4 s6 a, b, ¢, d sao cho
a+b=c+d hodc 3 s6k, m, nsaocho k+m=2n.

Céu 6:
£(0)=f(1) =1
Trén tép sb tu nhién, cho ham sb f(x) thda man 2
» P SO T 0 fx) f(x+1)=———-——ff((x)4{)1,Vx>1
x —

-Chimg minh ring tp gi tri clia ham s0 chi chira cic phén tir 13 s nguyén tu nhién.



TRUONG THPT TRAN PAI NGHIA
TP. HO CHI MINH

2 2 2 2
\/x +y +\/x +Xy+Yy Cx+y
2. 3

2xy — B[E-J—zr—z} =5

(Vi [x] 1a s6 nguyén 16n nhit khong vuot qué x).
Cau 2.
Cho tam giac ABC. Chirng minh rang

Cau 1.

Giai hé phuong trinh:

+cos’ +cos’ — >24 siné sinE sing
2 2 2 2 2

cos’

Céu 3.
Cho ba sb khong am x, y, z thod mén: x +y + z= 3. Chling minh rang:
4(J§+ Jy+ \/E)+12 >3(x+ YNy +2)z+X)

Ciu 4.

Chop lasb nguyén t6 khac 2 va a, b 12 hai so tu nhlen lé sao choa + b chia hét
cho p va a— b chia hét cho p— 1. Ching minh ring: a°+ b® chia hét cho 2p.

Cau 5.

Dung 3 hinh tron dudng kinh Iem co thé phu kin hinh vuéng c6 cajnh bang lcm
duoc khong?
Cau 6.

Tim tit ca cac ham f: Q— Q thoa: f(f(x+y)+f(x—y)):2X Vx,ye Q

TRUONG THPT HOANG HOA THAM
| TP. HO CHI MINH
Cau 1.
6x(y2 + zz) =13yz
Giai hé phuong frinh: 6y(z2 + xz) =57x
6z(x2 +y° ) =5xy

Cau 2.
Cho dudng tron tm | ndi tiép trong tam giac ABC.



Chitng minh ring abc>3x/—IA IB.IC, véi a,b,c 1a do dai cac canh BC,AC,AB
clia tam gidc ABC . DAu béang xdy ra khi nao?
Cau 3. ,

Cho céc sb thuc duong a,b,cthoa man a+b+c=1.

o ; 2, 11
Tim gia tri nho nhat cta biéu thic: P = —7——]—,——7 + —1— —+—.
a“+b°+c” ab bc ca
Cau 4.
Cho p 1 s6 nguyén t5 khac 2 va a, b 14 hai s tu nhién 1& sao cho a + b chia hét
cho p va a—b chia hét cho p— 1. Chitng minh ring: a® +b® chia hét cho 2p.
Cau 5.
Cho tép hop X gdm 10 sb ty nhién c6 hai chit so Chimg minh ring tap hcp X
c6 it nhét hai tap hop con khong giao nhau, ma téng nhiing phén tir trong chiing
bang nhau.

Cau 6.

Cho f la ham so 6 gia tri nguyén, x4c dinh trén tap hop tit ca cac sb nguyén
sao cho véi moi sb nguyén x ta co

f(x+3)<f(x)+3 va f(x+2012)>f(x)+2012.
Hay tinh gia tri £(2013) theo gia trj f(1).

TRUONG THPT HUNG VUONG - TP. HO CHI MINH

Cau 1.

Tim nghiém nguyén cta phuong trinh sau:

xf + xg + .t Xf3 = 1598, vdi x,, X2, X3,... € Z.

Cau 2.

Giai phuong trinh: (x + 3\— x’— 8x + 48 =x —24.
Céu 3.

3 3

Giai hé phuong trinh: { y'=2(V2x' \/g‘ -Y)
: yly-x-2)=3-3x
Ciau 4.
Choa, b, c> 0 va abc = 3.

1 1 N 1 .
a+b'+3 o3 T rd13

Tim gia tri l6n nhét ciaP=

Cau 5. ;
Cho hinh chit nhﬁt ABCD, AB =a, AD =b. Chon M, N lan luot trén doan BC

va DN sao cho MAN = 45°. Dt BM = x va DN =y, S la dién tich hinh chit nhat
ABCD.

Ching minh rang: S = bx + ay + xy.



TRUONG THPT CHUYEN LUONG THE VINH

DONG NAI
Cau 1.
J3x+y+J2x+7y=10 (D
Giai hé phuong trinh: (& N 1/—)( 1 Jz 2 (2
Jx +3y J3X +y
Céu 2.

Cho tam giac ABC va céc diém D; E; F 1an luot ndm trén cac canh BC, CA,
AB sao cho AD, BE, CF ddng quy tai mat diém. Cho M, N, P 14 cac diém lan lugt
ndm trén cac FE; FD; DE. Ching minh ring AM, BN, CP déng quy khi va chi khi
DM; EN; FP dong quy.

Cau 3.

Cho céc sb thuc duong a,b,c thoa man ab + bc + ca = 1. Ching minh réng:

8abc

>2
(a+Db)b+c)c+a)

a?+b%+c?+
Cau 4.

Vi mbi s6 nguyén n > 2; ta dat: A = =92 492

+1.

Chung minh rang: A_ luén 1a hop s6 va ¢6 it nhit n wc sb nguyén t5 phan biét.
Céu 5. ,
Gia st tir tdp hop X = {1; 2;3;...; 2013} ta chon ra 673 sb. Chung minh ring

trong céc sb da chon c6 hai sb a, bma 671 < la - b|, <1342.
Cau 6.

Tim tét ca cac ham f : Z* — Z* sao cho véi moi n € Z* taco:
i) f(n+1) > f(n);
ii) f(f(n)) =n +2012.

TRUONG THPT CHUYEN NGUYEN TAT THANH

KONTUM
Cau 1.

Gii 1 Yoy +2x7 = xy -1y | 4))
1a1 hé€ sau: ’
8xy’ +2y° +124x” + 2,/1 +(2x—-y)* )
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Cau 2.

Cho tam giac ABC nhon (AB # AC) c6 truc tam H. Dudng thing qua H va
vudng goc véi duong phan glac trong cua goc BAC cét cac canh AB va AC tuong
Ung tai D va E. Ching minh rang duong thang ndi tdm cac dudng tron ngoai tiép
hai tam gidc ABC va ADE di qua trung diém ciia doan thing AH.

Cau 3.
Cho a,b,c 1a cac sb thuc khoéng 4m théa midn a+b+c= N3
Chiing minh rang: I(a2 - bz)(bz‘—-c2 )(c2 - az)l <.
Ding thirc xay ra khi nao?
Cau 4.
Cho n 12 s6 nguyén duong 1€ va u a mot uée nguyén duong lé cia 3" + 1
Chung minh u — 1 chia hét cho 3.
Cau 5. ~
Xét da gidc déu A,A,...Ag tim O. Ching ta t6 mau cac mién tam gidc OA A
(1<i<8,Ay=A)) bang 4 mau khic nhau sao cho hai mién tam gic ké nhau dugc
t6 bdi 2 mau khac nhau. Hoi ¢6 bao nhiéu céch t6 mau nhu vay?
Cau 6.
Xac dinh tit ca cac ham f:7Z — 7 sao cho:
f(n+2012)+2013=f(n+f(m))-m;¥n,meZ.

TRUOGNG THPT CHUYEN LE QUY PON - BINH PINH

Cau 1.

Gidi hé oh X '\/x+2y+;/2x~y+x2y=w/;+\/3§+y2x M
iai hé phuong trinh:

" 2(1—y),/x2 +2y—1=y* —2x -1 )
Cau 2. ’

Cho tam giac ABC c6 1 la tAm dudng tron ndi tiép. Chitng minh réng:
a) IA> =bc—4rR .

b) abc(a+b+c¢)< abc{(b + C)Sin% +(c+ a)sing +(a+ b)sin—g—} +

B . C
+ 4rR(a2 +b%+c? - 2absin—(23 - 2casin—2,—— - 2bcsm—£]

Trong do cac ki hiéu trén thuong dugc sir dung trong tam giac ABC.
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Ciu 3.
, ., . 3 . e e " A, <X
Cho a, b, ¢ 1a ba s0 duong thdéa mén a+b+c :-5. Tim gia tri nho nhat cta bi€u

thic P=a”+b” + ¢’ +abc.
Cau 4.

Tim tit ca cac sé nguyén duong n c6 ding 24 udc s6 nguyén duong d,, dj,...,
d»4 thda min cac diéu kién:

l=d,<dy<..<dp<du= ndg~24vad,0~d9—31

Cau 5.

Cho tap X gdm 15 s6 nguyén duong phén biét. V&i mdi tip con A cua X, ta ki
hiéu lAl 14 s& phan tir cia A va S la tdng cac phan tir ciia A. Chirmg minh rang ton
tai hai tdp con A, B khac rdng ctia X thoa man céc diéu klen sau:

a) |A|=|B|<5;

b AnB=U;
~¢) Sp—Sgchia hét cho 3000.
Ciu 6.

Tim tit ca cac ham f: N —» N thoa man diéu kién

f(m + f(n)) =f(m+n)+2n+2 (1), v6i moi sé tu nhién m, n.

TRUONG THPT CHUYEN LE QUY PON

NINH THUAN
Cau 1.
Giai phuong trinh: (4x —1)Vx* +1=2x" +2x+1 (¥)
Cau 2. '

Trong mit phéng, cho hai dudng tron (OsR) va (O”:R) (vdi R > R?) tiép xuc
trong voi nhau. T ba dinh clha tam giac deu noi tiép duomg tron (O), v& ba tlep
tuyén dén dudng tron (O°). Chirng minh ring do dai tiép tuyén 16n nhét bing téng
do dai hai tiép tuyén con lai.

Cau 3.
Cho ba sb thuc a,b,c théamin 0<a<b<c.
Ching minh rang: véi moi s6 thuc x,y,z taco

y ( C) ' 2
(ax+by+c7)[a+b+cJ L {x+y+z).

Cau 4.

Tim tAt ca céc cap s6 nguyén duong (x,y) sao cho x* +y? chiahétcho 7* -3*.
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Cau 5. ;
Cho 1000 diém M,,M,,...,M, s, trén mat phdng. V& mot dudng tron bén kinh 1
bat ki. Chirmg minh ring ton tai diém S trén dudng tron d6 sao cho:
SM, +SM, +...+ SM, o =1000.
Cau 6.
Tim tét ca cac ham sd f:Q" —»> Q" thoa man:

f(x) +f(y) + 2xy.f(xy) = Y’(fpngyzl) *)

'TRUONG THPT CHUYEN LONG AN

Ciu 1. _
2
_Giai phuong trinh: x = (2013 + &)(1 -1 —\/;) .
Chu 2. |

] Cho tam gidc nhon ABC ¢6 H Ia tryc tdim va M la trung diém coa BC. Puong
théng quaH va vudng géc HM lan luot 14n lugt cit AB, ACtai E, F.Ching minh
tam giac MEF can. ‘

Cau 3.
.Cho a,b,c>0 va a+b+c=2013. Tim gia trj I6n nhét cia
P=(a+2b+3c)3a+b+c). |

Cau 4.

Cho céc b 1,2,3,....,99,100 . Xép tiy ¥ tat ca 100 sb d6 néi tiép nhau thanh day
ta dugc s& P. Chimg minh s6 P khong chia hét cho 2013.
Cau 5. ‘ ,

Cho san nha kich thudc 2013 x 2013. Hoi san nha nay c6 lat duoc bing cac vién
gach cé kich thudc 4 x 4 va 5 x 5 khong? (Céac kich thude cung don vi do)
Cau 6. o :

Tim tat ca cac ham f:N* - N* sao cho f(l) =2013 va thoa mén:

f(m +n) =f(m) + f(n) + 2013mn, v&i moi m,ne N*.
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TRUONG THPT CHUYEN LUONG VAN CHANH
PHU YEN

Ciu 1.
' 2y* —(x+4)y> +8y + x> —4x =0

Giai hé phuong trinh: ¢ [1_
J-l—i—)ﬁ+,/x+2y+3 = 4(x —1)? +8y~—;—.

Cau 2.
Cho tam gidc ABC khong can, ndi tiép (O) va ngoai tiép (I). Cac dudng thing
qua I vudng goéc véi Al BI, CI cht BC CA, AB theo thir tu tai M, N, P.
Chirng minh ring M, N, P cling nam trén mét dudng thang vuong goc vai Ol
Cau 3.

be+a? —bva? +¢? +cva + b2
J(@ +b*)@® +c?)

" Tim gi4 tri 16n nhét cta bidu thic S= , trong

do a, b, ¢ 1a ba sb thuc khac 0 va ¢ > b.
Cau 4.

* Chtng minh rang v&i moi s6 nguyén duong n, 2" +1 khong chia hét cho n.
Cau 5. _ ;

C6 bao nhiéu tam thirc bac hai f(x)=x> —mx—n (v6i xeR, mneZ") c6 hai
nghiém phan biét, trong d6 c6 mot nghiém am va nghiém con lai thudc khoang
(0;2013)2
Cau 6. .

Tim tat ca cac ham f:N — N théa man diéu kién:

f(m+f(n))=f(m)+n,VmneN,

TRUONG THPT CHUYEN LY TU TRONG - CAN THO
Cau 1.

202 +11y =2013 (1)
X

Giai hé phuong trinh: 202 +112=2013 @)

2

L20.-3‘2-+11x.—.2013 3)
Z ,

Cau 2. . .
Trén cung AB ciia dudng tron ngoai tiép hinh chit nhat *27N, lay mot diém

M khic A va B.Goi P,Q,R,S lan luot 1a hinh chiéu ciia M Ién cac dudng thing

AD,AB,BC,CD.
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a) Chiing minh PQ vudng géc v4i RS.

b) Goi I 1a giao diém cua PQ va RS. Chitng minh I thugc mét duong chéo cua
hinh chir nhdt ABCD.

Cau 3.
Ching minh: ]+‘v/2+l +3‘/3+1 + I4+1 +...+ 2013 2013+1 <2014.
‘ 2 V3 Va4 2013
Cau 4. |
- Cho x,yeR, chiing minh réng: [3x]+[3y]>2[x + y]+[x]+[y].

(3m)!(3 n)!

Y A A~ P . *
5 la s0 nguyén véi moim,n e N .
(m + n)!) min!

Tur @6 hay suy ra:

Cau 5.
Xét da giac déu n dinh (n > 8). Biét rang c6 25 tir giac c6 4 canh 1a cac duong
chéo ctia da giac. Hay tim n. '

Ciu 6. _ .
‘ Tén tai hay khong ham s6 £:Q —» Q théa mén diéu kién

£+ F(¥) =f(x)-y, VxyeQ?

TRUONG THPT CHUYEN NGUYEN PiNH CHIEU
PONG THAP

Cau 1. .
32+simr(x+y) -9
Giai hé phuong trinh:
X(2x2 +2y* + D)+ y22y2 +x% +1) =1

Cau 2. ) _
Cho tir gide ABCD vira ndi tiép duong tron (C) vira ngoai tiép dudng tron (C').
, ‘ 2
Goi S va p 1an luot 1a dién tich va ntta chu vi ciia tir giac d6. Chitng minh S < % .
Cau 3. ‘
.Cho x,y,z>0. Tim gi trj nhd nhét cta biéu thic:

X2 y2 Z2

P= .
(Bx +4y)(4x +3y) i Gy +4z)(4y +3z) " (Bz+4x)(4z+3x)
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Cau 4. .
C6 bao nhiéu cap sb nguyén duong a,b sao cho a<b va 1 +’—1—- :-———1— ?
a b 2013

Cau 5.
C6 bao nhiéu s& nguyén duong gdm 6 chir s6 ma tich cac chir sb nay bing 80007
Cau 6. 4 .
Cho ham s§ f:7" — 7Z* thda manf(f(m)+ f(n))=m+n Vmne 7" .

Tim £(2013).

TRUONG THPT CHUYEN PHAN NGOC HIEN

CA MAU
Cau 1.
x? +3x’y=—
Giai hé phuong trinh:
3 6
X

Cau 2.

Cho tam giac déu ABC. Goi I la dnem don xing voi C qua AB, vé duomg tron
tam [ di qua A va B. M 1a mot didm bét ki thudc dudng tron (I) (M khac A va B).
Chirng minh ring MA, MB, MC la ba canh ciia mot tam giac vudng.

Cau 3. ‘
Cho ba sé thuc duong a,b,c thdaman (a? +1)(b” +1)(c” +1)=8.
Ching minh ring: abc+bc+ca+ab<4.
Cau 4.
Tim tit ca cac s6 nguyén n>1 sao cho bat ki u6c nguyén td nio cia n® -1
ciing la uoc cua (n® —=1)(n* -1).
Cau 5.

Trén mit phing cho n dudng thang Biét rang khong c6 hai duong thang nao
song song va khong c6 ba dudng thang nao dong quy.

Hay tinh sb cac mién duoc tao thanh va sb cac da giac 16i trong mién nay.
Cau 6. ‘

Tim tit ca cac ham f don anh, xac dinh va lay gi4 tri trén tdp hop cic s6 nguyén
duong va thoa man dong thoi hai diéu kién sau:

i) f(f(m)+f(n)) = f(f(m))+ f(n), VmneN';
i f(l)y=2,f2)=4.
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TRUONG THPT CHUYEN TRAN HUNG DPAO

BINH THUAN
Cau 1.

Giai phuong trinh: x* —43x* +16%° —8(\/§~1)X —8/3=0.

Ciu 2.

Ching minh rang v6i moi sb nguyén duong n, ton tai n ) nguyén dUO’ng lién
tiép sao cho bat ki sé nao trong chung cling chia hét cho n sb nguyén t6 lién tiép.
Cau 3. :

Chi dang thuéce thdng va compa, hdy néu cich dung tam gidc c6 do dai cac
duong cao 13 2, 3, 6.

Cau 4.
. . b a+b b+c
Cho céc s6 thuc duong a, b, c. Chimg minh ring; i+—+£‘> + +1.
o , b ¢ a b+c a+b
Cau 5.

Ly 13 diém phén biét bét kl trong tam giac déu ABC ¢ canh bang 1. Chtmg mmh

rang ton tai it nhét 2 diém trong s d6 ma khoéang cach gitta ching nhé hon o

Cau 6. A
Cho cac sé thuc a, b, ¢, d thda min 2a +3b—6 = 0; 4c+6d-25=0.
Tim gié tri nho nhét cia biéu thic:
S = a2 +b? —6a — 10b + 34 +ya? +b? + ¢ +d? - 2ac — 2bd +
te? +d? 8 —2d +17.

TRUONG THPT HUYNH THUC KHANG

QUANG NAM
Cau 1. ,
(x—;y)(x+y+y2):x(y+1)
Giai h§ phuong trinh: i (y+ 2)2
Cau 2.

Cho da gidc déu n canh A|A,..A, (n>3). Léy cac diém B,;B,;...;B _,,B lin
luot ndm trén cac canh A A;A By A, A A A, sao cho
AB =A,B,=..=A _B,_,=AB,.
Xéc dinh vi tri cta cac diém B;;B,;..;B,_;B, dé chu vi da giac B,B,..B, la
nhoé nhat. '
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. Céu 3.

Cho cac sb duong a;b;c;d théa mén abed =1.
Chimg minh rang:
1 - 1 1 1
444+444+4444"4Jz4<
at+bt+ct+1 b+t +d*+1 f4+d*+a’+1 d+a’ +b" +1

Cau 4.
x4l yP 4l
Cho x,y € Z,x # —L;y # —1 sao cho + eZ.
y+1  x+1
. x2016 1
Chung minh rang: el.
: y+1

Céau 5.

Trong mit phéng, cho 2013 didm sao cho trong mdi nhém gbm 3 diém bt ki
trong 2013 dlem do bao gidr ciing c6 thé chon dugc 2 diém co khoang cach nho hon 1.
Chimg minh ring trong 2013 diém do, c6 it nhat 1007 diém nam trong mot dudng
tron ¢6 ban kinh béng 1.

Ciau 6.
Tim ham sé f: R — R sao cho:

1y =2 -
{(x ~y)f(x+y)-(x+y)f(x-y)= 4xy(x2 — yz),Vx,y eR

TRUONG THPT PLEIKU - GIA LAI

Ciau 1.

Cho tam giac ABC. Goi D la diém thudc BC. Trén cac canh AB va AC ldy céc
diém P va Q twong tmng. Cac dudng thing qua P va Q song song v6i AD theo thit
tu cét cac canh BC tai N va M.

Chémg minh ring dt(MNPQ)< max{dt(ABD),dt(ACD)} . Déng thitc xay ra khi
nao? O dé dt (MNPQ) la dién tich t&r gidc MNPQ...

Cau 2. _

Gia sir a, b, ¢ 1a ba s6 duong théa mén diéu kién abc = 1. Ching mmh rang

2 2 2
3 + 3 + 3
a’(b+c) b'(c+a) c’(a+b)
Cau 3. '

Cho f(x)=x* +ax’ +bx’ +cx+d.Véia,b,c,d ié nhitng hing sd.

23 (M

£(12) + £(-8
Gia st f(1) = 10, f(2) = 20, f(3) = 30. Hay tinh _(_li%'(“lHS
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Cau 4.

Cho tir giac 16i ABCD, trén cac doan thing AB, BC,CD, DA lan lugt 14y cac
diém M, N, P, Q-sao cho AQ = DP = CN = BM. Chitng minh ring MNPQ 14 hinh
vudng thi ABCD Ia hinh vudng.

Céau 5.
Giai va bién ludn phuong trinh:
Vx-3-2Jx 4 +«/x—4«/x—4=a(x>4) ¢))

Cau 6.

Ca\X A ‘
Giai phuong trinh sau: Ita’ ) fl-a =1, voi0<a<l.
: , 2a 2a

TRUONG THPT CHUYEN TRA VINH — TRA VINH

Céu 1. 7 ,
- Giai phuong trinh: ‘
V2x? —4x+2013 = x* —4x® +3x? +2x - 2013 (0

Cau 2.

Cho tam giac ABC c6 ba goc nhon va 6 30° ni tiép trong dudng tron (O; R)
Goi AD, BE la cac duong cao cla tam giac ABC; M va N lan luot 13 trung diém
BC, AC; K 14 diém dbi ximg cia D qua M; F la diém ddi xtng ciia E qua N; I 1a
giao diém cta OC va KF. Tinh ti s6 dlen tich hai tam gidc OFK va CF K.

Cau 3.
Cho x, y Ia c4c s6 thuc thay dbi théa man: 2x(1 —x) > y(y — 1).
Tim gié trj 16n nhét cia bidu thic P = x — y + 3xy.
Cau 4.
- Tim s6 nguyén duong n nho nhit sao cho n? + n + 1 phan tich dugc thanh ‘uch
clia 4 s6 nguyén to
Cau 5.

Trong mit phang mdi diém duoc to bang mot trong hai mau xanh hodc do.
Ching minh rang tdn tai mot tam glac ma ba dinh va trong tdm cda né dugc to
cling mau.

Cau 6.
Hay tim tét ca cac ham f:R — R thoa mén hé thirc:

XF(y) - yF(x)=f) ¥x #0,Vy e R (1)
X
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TRUONG THPT KRONG NO - PAK NONG

Cau 1.

3x

1+ x2
Cau 2.

Trong mit phéng Oxy, cho tam giac ABC c6 A(2; 2), B(-3; -7), C(4; -1) va
dudng théng A:x+2y+10=0.Tim toa d¢ ditm M thude dudng A sao cho:

IMK +MB+ I\_/fé' dat gia tri nho nhét.

" Giai phuong trinh: x +

=1 (xeR).

Céu 3.
Cho ba s6 thuc duong a, b, ¢. Chirng minh bét dang thirc:
2

a’ b’ 2 _a+b+c
+ + Z

b+c cta a+b 2
Cau 4.

Cho tam gidic ABC khong can cé’BC =a, CA=Db, AB =c va thoa: a’ + b’ =3ab”.
Duong phén giéc trong ciia goc C cat AB tai D sao cho CD + DA = a. Chiig minh:
a> Al (vé6i I 1a trung diém cua BC).

Cau 5.

x> +y? +1=2x+2y

Giai hé phuong trinh: { (x,yeR).

(2x-y)y=1+2y

TRUONG THPT CHUYEN VI THANH - HAU GIANG
.Cﬁu 1.

=2 (1)
X+y

Fl-——)=48 (2
X+y

V3x(1+

Giai hé phuong trinh

Cau 2.

Cho tam gidc ABC ¢6 BC=a,AB=c,AC=b; R, r lin lugt 1a tim dudng tron
ndi tiép va ngoai tiép tam gidc ABC. '
Chitng minh réng: (a— b)2 +(b- ¢) +(c— a)2 <8R(R-2r).

Cau 3. '

Cho céc s6 thuc duong a,b,c théa man dang thirc

3(ab+bc+ca)=4+3(a+b+c).
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Tim gia trj nhé nhit ctia bidu thic P =

3 3 3 1 1 1 1
a +b 4 6[ ]
a b ¢

+-+=+1
2 9

Cau 4.

Cho hai s6 nguyén duong a,b sao cho (a b) =1.Goi p 1a mét udc nguyén tb

& ciia a” s b (k 1a sb nguyen dwong). Chimg minh ring p=1 (mod2k+1)
Cau 5. : ;
_Trong hinh vuéng canh 8 ldy 100 d‘iém bat ki. Chirng minh ring c6 it nhét 4
diém nam trong hinh tron c6 ban kinh bang 1.
Cau 6.
Cho f:N— N thoéa mén cac diéu kién sau:
i) f(m? +n?)=f*(n) Vi moi m,n € N;
ii) f(1)>0
Tinh f(6).

TRUONG THPT CHUYEN NGUYEN THI MINH KHAI

SOC TRANG
Cau 1. ;
Giai phuong trinh Vx=2+/4—x +2x-5 =25 - 5x.
Cau 2.

Gia sir M 1a mot diém trén nira dudng tron (O) dudng kinh AB, H la diém thudc
AB, trén dudng thing MB ldy cac didm P, Q sao cho HM la phén giac trong cua
P/HB va PM.QB = MQ PB. Pudng tron (O°) dudng kinh MH cét MA, MB va (O)
lan luot tai E, F va C (C = M). Ching minh AB, EF, CM déng quy.

Cau 3. :
Choa, b, c > 0. Ching minh réng:
1 1 1

Wa+ 45y (Jo+adey  (Je+aday

1[ 1 1 1 )
>~ + +
S\a+3b+c b+3c+a c+3a+b
Cau 4.

Tim c4c s6 nguyén duong x, y sao cho p= X +y la s nguyéntd vax’ +y* -4
chia hét cho p. '
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Cau 5.

Trong mat phéng cho 50 diém phén biét, trong do khong co6 ba diém nao thang
hang, moi diém duoc to bdi mot trong ba mau: tim, vang, xanh. Mdi doan thang
ndi hai diém bit kI trong 50 diém trén duoc t6 bdi mdt trong ba mau: do, tréng,
den. Chimg minh ring lubn c6 ba diém trong 50 diém trén dugc t6 cing mau va ba
doan thing ndi ching duoc t6 ciing mau.

Céu 6.
Tim tht ca c4c ham s £:N* — N* thoa diéu kién:

FO+2./ Q)+ nf ()= ”("”)

J(n+l)— —n —%n —-;-n Vn— N*

TRUONG THPT CHUYEN THANG LONG
DA LAT

Cau 1.
A+x)A+xH)A+x") =1+’

Giai hé phuong trinh:
{(l+y)(l+y2)(l+y4) =1+x’
Ciu 2. |
Cho tam giac ABC ndi tiép trong dudng tron (C) ¢6 tam 0. Goi I 1a tam dudng
tron 1101 tiép tam giac ABC. Pudng thing Al cit canh BC clia tam giac ABC tai L
va ciit dudng trung truc cta canh BC tai Q. Chirng minh ring: ALLQ =1L.IQ.
Cau 3. :
Cho ba sb duong x, y, z théa mén diéu kién X'yt =1,
L S A2
Tim gia tri nho nhat cia: S = + +

8

1-x* 1-y* 1-2%
Cau 4.

Cho 2013 sb nguyén X, Xa; ...; Xa013 520 cho x;+ %+ ... + X013 = 0.

Ching minh ring S = x”” + %)’ +X, +...+ X, chia hét cho 399.
Cau 5.

Chitng minh ring trong 70 sb nguyén duong phén biét a;, a,..., an thoéa mén
diéu kién a; <200 véii= 1,2, ..., 70, ludn co hai sO ma higu cua hai s6 d6 bang 4
hoidc 5 hodc 9.

Cau 6.
Ki hidu N* 1a tap cdc sb nguyén dwong, Tim tAt ca ham sb f : N* — N* thoa mén:
f(f(f(n))) + f(f(n)) + f(n) =3n, Vn e N*
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~ TRUONG THPT CHUYEN NGUYEN BINH KHIEM
VINH LONG
Cau 1. ' '
Gidi phuong trinh: (x—1)’ (142x +3x” +...+-2013x”7) = 1.
Cau 2.

Cho duodng tron tim O, ban kinh 1. Ké hai dudng kinh vudng goc 4B va
CD. Mot diém M trén cung nhd BD, khong trang v&i B hoac D; MA cit
CD & E, MC cét AB & F . Ching minh ring OM di qua trung diém ctia EF
khi va chi khi doan EF c6 d6 dai ngén nht.

Cau 3.
2x* 7% +8x—2=y
Giai hé phuong trinh nghiém nguyén: {2y° —7y* +8y—2==2
228 —772° +8z—-2=x.
Céu 4. .
Cho x,y,z > 0 va thoa man didu kién x+ y +z = 1. Ching minh ring
x(ytz) y(ztx) zlty) |
4-9yz  4-9zx 4-9xy -

Cau 5.

Ki hiéu Q" 1a tap hop tt ca céc sé hitu ti duong. Hay tim tit ca cac ham sb
f:Q" — Q" théa man ddng thoi cac diéu kién sau: |

a) f(x+1): f(x)-i—l,v(yi moi xcQ*;

b) f(xz):f(x)z, voimoi x€Q'.
Cau 6. : .

Mot ban c& 8x8 dugc t6 bsi k mau sao cho néu mdi & vudng durge t6 boi mot

mau nao d6 thi trong cac 6 k& véi nd (chung canh) ¢6 it nhat hai 6 nita cing mau
vé&i nd. Tim gia tri 16n nhat cta k.

TRUONG THPT CHUYEN BAO LOC - LAM BONG
Cau 1. .

Giai cac phuong trinh sau:

Yt + 7+ 1 x+5+ 57 —x—3 —5x+7

b)x=V3-xJd—x+Vd-x/5-x+/5-x/3-x
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Cau 2. .

.Cho tam giac ABC vudng tai A. Goi Ta tiép diém cta duong tron ‘n(f)i tiép tam giac
ABC v6i canh huyén BC. Chirng minh rang dién tich tam giac ABC bang IB.IC.
Céu 3. '

Cho a, b, ¢ 12 ba sb thuc duong thoa man abe = 1. Chimg minh réng:

a’b+bc’ -1 ab2+ac2—1+a2c+bzc—l>3
ac(a+c) be(b+c) “ab(a+b) T

Cau 4.
Tim tét ca cac s6 nguyén té p sao cho hé phuong trinh:
p+7=2x> (1) hia o d

c6 nghiém x, y nguyén duong.

pP+7=2y"

Cau 5.

Cho mot hinh vudng v 13 dudong thing, mdi duong théng déu chia hinh vudng
thanh hai t& gidc 6 ti s6 dién tich 1a 2 : 3. Chimg minh ring trong s§ 13 dudng
thing do, c6 it nhét 4 duong théng cing di qua mot diém.

Céau 6.

Tim tét ca cacham f:N" — N’ biét riing tn tai n, € N saocho f(n,)=1 va

fn+ f(m)=f(n), VYneN (1)

TRUONG THPT CHUYEN NGUYEN DU - PAK LAK

Cau 1.
Giai h¢ phuong trinh:

{/xy+3x+2y+6+2(x+2)\/y+2 ~3xy+2x+y+2=1
(V2x=1+3fy-3x+2+2x’y-7x* +7x? —6x =0
Cau2. , _
Cho tam giac ABC c6 ba goc nhon théa mén hé thirc:
(tanA —1)(tanB - 1)(tanC —1) = 6+/3 ~10.
Ching minh ring tam gidc ABC déu.
Cau 3.

Tim gié tri 16n nhét va gia tri nhé nhét cia ham sé f(x) =16x" —20x°® + 5x
trén doan [-2; 2].
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Cau 4.
~ Xéc dinh-tit ca bo ba s6 nguyén duong (a, b, ¢ ) sao cho a’ +1,b? +1 14 cac sb
nguyénté va (a2 + 1)(b2 +1) =c’ +1.

Cau 5. '

Cho n 14 s6 nguyén duong tdy y. Ta t6 mau tit ca cac diém (x; y) trong hé toa
d6 Oxy bdi mot trong hai mau xanh hodc do, trong d6 x, y 1a c4c sb tu nhién thoa
man X +y < n. Biét rang n€u diém (x; y) t6 mau dé thi cac diém (x’, y’) ciing
dugc t6 mau do, véi X'<X va y'<y. Goi A la sb cach chon n didm mau xanh
¢6 hoanh d¢ khac nhau va B 14 sb cach chon n diém mau xanh ¢6 tung d6 khac
nhau. Ching minh ring A = B.

Cau 6.
Tim tt ca cac ham f:7 —> 7 thoa mén:

f(m+n)+f(mn—l)=f(m).f(n)+2 Vm,neZ

TRUONG THPT CHUYEN TIEN GIANG

TIEN GIANG
Cau 1. : : ‘
Giai phuong trinh 8x* +10x —17 =83/30x — 24x> — 7
Cau 2.

Cho tam giac ABC cé ban kinh du(‘mg\trc‘m ngoa_}i tiép R. Goi R}, R, 7l?m lwot 1a
ban kinh dudng tron (T)), (T,) qua C va lan luot tiep xtic v&i dudng thing AB tai
A, B.. ,

- a) Chirng minh réng cac sd Ry, R, R; theo thir tu 13p thanh mot cép s6 nhan.
b) Tinh cac goc cia tam gidc ABC néu ban kinh cia dudng tron tiép xic voi cac

. . R
dudng tron (T)), (T,) va duong thang AB bang —4—

Cau 3. ,
Chox,y,z>0 thoaxy +yz+zx =1.

Chiing minh + + s<1+
Cau 4.
Tinh tdng tat éé cac s6 c6 dang —Z, trong d6 a va b la cac wéc nguyén duong
cta 21168.
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Cau 5.

C6 2013 chiée tach udng tra dit trén ban. Lic dAu tit ca cac tach déu dugc dit
nglra. Moi bude di, ta lam cho dang 100 tach trong 6 chang lat nguoc lai. Sau mot
s6 bude di, c6 thé 1am tét ca ching déu Gip xudng dugc khong? Tra 16i cau hoi nay
trong truong hop chi c6 2012 tach.

Cau 6.
Tim tit ca cac ham sb f:N* — N* sao cho
f(m+f(n))=n+f(m+2013),Vmne N*,

TRUONG THPT CHUYEN HUNG VUONG - GIA LAI

Cau 1.
2 4
- -+ =1
: Jx  y+2x
Giai hé phuong trinh: 4 4

Ciu 2.

Cho hinh chit nhat ABCD ¢6 BC =1 va AB=3. Trén canh AB ldy diém N
sao cho' 0,2 < AN < 1. Dudng trung tryc clia DN 1An luot cit AD tai E va cat DC
tai F. Tim gia tri nho nhét ctia dién tich tam gidc EFD. ’

Ciu 3.

ydi m, n 13 cac sb nguyén duong sac cho téng cua m s& duong chin khéc nhau va
n s6 duong 1& khac nhau bang 2369. Tim gia tri 16n nhat ctia P =3m + 2n.

Cau 4. ’ ‘

Chiing minh ring néu n 1a s6 nguyén trong khoang (0;201 1!) thoa diéu kién
0" 4 1 chia hét cho 20111 thin=2011!-1..

Cau s.

Cho A = {1;2;3;4;5;6;7; 8, 9; 10}. Mot tap X < A dugc goi 1a tap dep néu
vc’rimoix,ye-Xtadéucéx-i-y:&1. k

a) Mot tap dep c6 nhidu nhét a bao nhiéu phin ta?

b) Tinh sb lugng tap dep.

Cau 6.
Gia sit ham s6 £:N* > N* thoa man diéu kién:
f(mf(n))= n’f(m), Vm,ne N*,
Chimg minh rang voi moi s6 nguyén t6 p thi f ( p) 12 mdt sb nguyén t5 hotic

12 binh phuong ctia mot sb nguyén tb.

26



SO GIAO DUC VA PAO TAO TINH BAC LIEU

Cau 1.

Giai phuong trinh: x* +5x% +6x = (x + 2)(\2x +2 +/5-x).
Cau 2. »

Cho tam gidc ABC c6 AB=c; BC=a; CA =b va G la trong tdm.

b? +¢?

22.

X B} TN 0 . ‘ A
Biét goc BGC =120". Chirng minh rang
a

DA4u dang thic xay ra khi nao?
Cau 3.

Cho céc sb thuc x, y thoa man x> +2y> =3. Tim gia tri nhd nhét, gia tri 16n
x> —xy

x? +1

nhét cia biéu thirc P =

Cau 4. ‘

bit A, =2012" +1 véi neZ*

a) Chiling minh rang c6 v6 sé cac sé nguyén duong k thoa man A, k.

b) Tim tét ca sb nguyén t6 p thoa mén A,p.
Chu 5. |

Cho tap hop A chira 1008 s6 nguyén doi mot khéc nhau. Chimg minh ring
trong tap A ton tai hai phan tir ma c6 tdng hodc hiéu chia hét cho 2013.

Cau 6.
Cho ham s§ f:Z" — Z* thda man (m> +n)*(f(m)’ +f(n)), Vm,n e Z*
Tinh £(4)

TRUONG THPT CHUYEN LE QUY PON - DA NANG

Cau 1.
Giai h¢ phuong trinh
J2x3-y2-+{/2x3—3y+1—-{/y2+l%3y (1)
txs +xXy? +xyt - yx*t —x’y’ -y’ +2013(x ~y) =0 (2)
Céu 2. '

Trong mit phang, cho ba dudng tron (C,), ( Cy), (C;) ddi mot tiép xtic ngoai véi
nhau. Goi P 14 tiép diém cta (C)), (C3) va P, 1 tiép diém cia (Cz) (C3). Goi A,Bla
hai diém trén (C3) (A, B khac Py, P, ) sao cho AB la duong kinh cta duong tron (C3)

Biét ring AP, m(C) X, BP, n(C,)=Y,AP,NBP, =Z
Ching minh ring ba diém X, Y, Z thing hang.
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Cau 3.
~ Tim gié trj nho nhét ciia hing s6 k sao cho bét déng thirc sau ddy dtng véi moi
s0 thuc a, b, ¢ khong am:

k(a+b+0)" > (@b +bc+ca)+(a’b” +bic? +c?a?) +abela + b+c).

Cau 4. k _
Cho (u,),(v,) 14 hai ddy s6 xac dinh nhu sau: u; =Lv, =2 va
{un” =22v, ~15u, =
véimoi n>1
Vo =17v, —12u, :

a) Chirg minh u_,v, khac khong véi moi n>1.

b) Khi n=1999"*", xét xem u,,v, c6 chia hét cho 7 hay khong?
Cau 5.

Cé n (n > 1)thi sinh ngdi xung quanh ban tron. Héi c6 bao nhiéu cach phat dé
sao cho hai thi sinh ngdi canh nhau ludn ¢6 d& khac nhau, biét rang trong ngan
hang & c6 ding m (m > 1) dé va mdi dé c6 nhiéu ban?

Cau 6. ‘

Tim tht ca cdc ham sb f:N — N thoa man ddng thoi cac diéu kién sau:

d) f(f(n)) =n+4,VneN;

b) f(2013)=2016.

TRUONG THPT CHUYEN HUNG VUONG

BINH DUONG
Cau 1. ,
Giai phuong ﬁ'iﬂh: 8x? —13x+7= (l +l]\/3 3x%-2.
v X
Cau 2.

Cho tam giac ABC, diém O nim trong tam giac. Dudng thing di qua O song
song v6i BC cét AB, AC lan luot tai C,,B,. Puong thing di qua O song song véi
CA cét BC, BA lan luot tai A,,C,. Dudng thing di qua O song song v4i AB cét
CA, CB lan luot tai B,,A,. V& cac hinh binh hanh OA A;A,, OBB;B,,
0C,C,C, . Chimg minh ba dudng thing AAs, BB;, CC; dong quy.

Cau 3.
Cho ba s6 duong a, b, ¢ théa man a+b+ab> ¢ +2c.

Chitng minh rang: a’ + b’ >2¢*.

28



Cau 4.

Cho n 14 s6 nguyén duong va ky hiéu U(n) ={d,.d,,...d,,} latap hop tat ca cac
ude s6 nguyén duong ciia n. Chirng minh rang d7 +d3 +..+d? <n’vn.
Cau 5.

Trong duong tron (C) tam O, ban kinh R = 2,5 cho 10 dlem bat ki. Chirng minh
rang c6 2 diém ma khoang cach g;ua ching nho hon 2.

Cau 6.
Tim tAtca g : Q — R théa mén diéu kién

g(x + y) = g(x) + g(y) + 4026xy, vx,y € Q
g(1) = 2014

TRUONG THPT KON TUM - KON TUM

Cau 1.
\/xy+x+2+\/x + X - 4\/_—0
Xy + X +2—x<\/xy+2+_3)

Giai hé phuong trinh:

Ciu 2.
Cho tam giac nhon ABC véi Q 1a tAm duong tron Euler cia n6. Dudng tron
ngoai tiép tam giadc ABC véi ban kinh R cit AQ,BQ, CQ lan luot tai M, N, P.
1 1 1 _38 -
Chimng minh ring —— + —— + — > —
QM QN QP R
Céu 3. ‘
Cho x, y, z 1a cac sb thuc duong thoa mén:

VE2 +y2 +4ly? 422 442 + x® = 2013.

<2 v 2
Tim gi tri nho nhat cia biéu thic H = + + .
y+z Z+X X+y

Cau 4.
~Cho m va a 4 hai sb tu nhién nguyén tb cting nhau. Chtng minh ring tén tai
hai sb llguyéh duong x, y sao cho x,y < «/I—n- va a’x? - y? chia hét cho m :
Ciu 5. ‘
Céc buc tuong ciia mot phong trién 1dm chén trén nén nha thanh mot da glac

phéng n canh. Hay chimg minh rang dé chiéu sang toan bd. cac gian cua phong trién

1am ngudi ta chi can [3:‘ ngon dén (ki hiéu [x} chi phén nguyén cua sb x).
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Cau 6.
Tim tt ca cac ham s6 f : R, — R thoa mén di€u kién: ’

f(xy)f(y2)f (z0)f (x + y)f(y + z)f(z + x) = 2013 v6i moi x, y, 2 duong.

TRUONG THPT CHUYEN BAC QUANG NAM
QUANG NAM

Cau 1.

Giai phuong trinh: (2v2x -1 - 4)x% + (T -44y2x ~1)x +V¥2x -1 -8=0.
Cau 2. :

Cho tir giac ABCD ndi tiép trong dudng tron. M 1a trung diém cua dudng chéo

AC. Chiing minh rang: AB.CD = AD.BC la didu kién can va du dé AC 1a dudng
N
phén giac cia goc BMD .

Céau 3.

Cho tam giac ABC c6 do dai cac canh 13 a, b, ¢ va d6 dai cac duong phén giac
trong tuong (g 1a /,, &, /.. Goi S la dién tich tam giac ABC.

Chimg minh: a(ly + lo— L) +b(le + la— ) + c(la + l,— 1) > 6S
Cau 4.

Tim céc nghiém nguyén duong caa phuong trinh: VX + 10\/1_— = \/; + «/; .
Cau 5.

Trong mat phang Oxy cho 19 diém cé: céc toa do 14 cac sb nguyén, “trong d6
khong ¢6 ba diém nao thing hang. Ching minh ring cé it nhét 3 dlem trong 19
diém trén 12 3 dinh ctia mot tam giac c6 trong tdm c6 céac toa do la cac s& nguyén.

Cau 6.
Tim tit ca cac ham f: Q —.Q saochovoi V x,y € Q tacé:

) +yl=x+1{y) (%)
(Q: ki hiéu tip hop cac s6 hitu ti)

TRUONG THPT CHUYEN BEN TRE - BEN TRE

- Caul.

(23 - 3x)V7-x = (20 - 3y)\/6 -y

J2x+y+2-4-3x+2y +8=-3x" +14x+8

Giai hé phuong trinh: {
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Ciu 2.

Cho tam giac ABC va P 1a mot diém bat ki nam trong tam gidc. Goi
A’, B, C' lan luot 12 hinh chiéu ctia P xudng cac canh BC, CA, AB. Goi L, r lan
luot 12 tAm va ban kinh duong tron noi tiép tam giac ABC.

Hay tim gié tri nho nhét cia biéu thirc: PA’ + PB’ + PC' + %!; .
Cau 3.

Cho tam gidc ABC. Tim gia trj I6n nhit coa: T =cos£;—‘fcos—]§-.cos% .
Cau 4. ‘

Cho p la sé nguyén t6 p > 7. Chimg minh ring trong day cac sd 1, 11, 111,
1111, ... ¢6 vd s s6 hang chia hét cho p. ‘
Ciu 5. .

Cho 183 tap hop hitu han A,, A,, ...,As3 c6 cdc tinh chit:

) A T+TA, T+ TA L+ + 1A =2013;

b) 1A, A TTA NA I v6iij=1,2,3,..,183vai=j.

183
Tinh UAi , trong d6 | X | : s6 phan tir ciia tap hitu han X.
-1
Cau 6.

Tim tit ca cac ham sé f : Q* — R* thoa man dong thoi hai diéu kién sau:
Dfx+1)=fx)+1;vxe Q" |
2) f(x*) = f3(x),x € Q*

TRUONG THPT CHUYEN HUYNH MAN DAT

KIEN GIANG
Cau 1. ‘
(x—y)2 N 4xy 1
Giai hé phuong trinh: Xty

\‘/3x+y+4x:(8x+y—6)2+4 X+y

31



Céiu 2.
Tam giac ABC c6 diém I 1a tim dudng tron ndi tiép, BC=a, AB=AC=D.
Maét duong thang di qua cht canh AB tai E, cét canh AC tai F.

. , S 4
Pudng thing CE va BF cit nhau tai M. Ching minh AABC > 1+ —b .

AMBC a

Cau 3.
Cho a, b, ¢ 12 cac sb duong thoa man didu kién a + b + ¢ = 3abc.
be ca ab
A —— +— >1
a’(c+2b) b’@a+2c) c’(b+2a)

Chirng minh:

Cau 4.
Cho p la s6 nguyén tb.

Chitng minh ring: 22...200...011...133...3 = 2013(mod p).

pss  pss PSS psd
Cau 5.
Cho S = {1;2...;2013}. Goi A 1a mdt tdp con cua S sao cho A khong chira 2
phén tir ndo la wéc cua nhau. Tim gia trj [6n nhét ciia iAl .
Cau 6.
Cho ham sé f : N* — N * théa man cac diéu kién sau.‘
e f(ab) = f(a).f(b); a,b e N* (a,b) =1
o f(a+Db)=f(a)+f(b), véi moi sd nguyén td a, b.
Hay tinh £(2013) . |
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‘PAP AN BE THI OLYMPIC TRUYEN THONG
30/4 LAN XIX — NAM 2013

A. LGP 10

Cau 1. - ~
Dit u=+v-—x"-8x+48 viv=x+3(u>0)= v’ +v =-2x+57
Phuong trinh tré thanh

2 2 _ o
{” PV EEAST v =9 o utv=t3,

2uv = 2x — 48
but+tv=3< v-x?-8x+48 = —
<0
IS X2 <:>X=—2—2\/'?.
2x° +8x-48=0

Putv=-3c Vx> -8x+48 =-x—6
< -6
Q{X o x= 531,

x2+10x-6=0
Cau 2. ‘ -~ B
Xét phép tinh tién
T.:A>KB->CvaF-E.

Ta c6 tam gidc CKE vudng cén

C
o
tai K nén: AN KWD
' CE CE
KC=KE=-"= = == = 2. ;

Ap dung bt dang thirc Ptoleme cho tir gidc CKED ta co:
KC.DE + CD.KE > CE.KD *)

= (DE + CD).KE > CE.KD = DE + DC > KD%

= 199442 > KDA/2 = KD < 1994,

Mat khac AK = BC = 19 nén: ,

AD<AK+KD <19+ 1994 =2013 = AD = KD = 1994 = K thudc doan AD.
Do KD = 1994 nén bit déng thirc Ptoleme * xay ra déng thirc

=C,K,E,D cung thudc mot dudng tron.

N
—, CDE = CKE = 90° va DE + DC = 199443 .
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Pata = (KE,C\E) , ta co:

Sascoer= Sasr + Sscer + Scpe = Sacer + Scke + Scoe = Secer T Sckep

=BC.CE.sina + %.CE.KD.sin o

=19.CEsin o + -12—.1994.CE sina=1016.CE.sin o .

i LIS iy P 0

Mit khac: DC = ECsinCED va DE = EC sinDCE va KDC =KDE =45
TN TN 0 NN 0 0 ,
= DCE=a-CDK=a-45"va CED =180" — (o +45”). Do do:

N S
1994+/2 =DE + DC = EC[sinDCE + sinDEc]

(a2

= 2EC.sina.cos£— = EC.sinomE .

Suy ra EC.sin o = 1994. Do d6 Sascper = 2025904.
Cau 3.
Ciach 1
Tacod: 2x(1 —x) > y(y— 1) = 2x-2x* 2y’ ~y
S -2 HY —y22Xy —y
=>2xy-y—-1<+x~ 1)2SO:>2xy51+y.
2x+y+3
—
Lai c6: 2x(1 -x) > y(y - ) = 2x—2x’ 2 y* —y
> (2x+y)2
3
= (2x+y)-32x+y)<0=>0<2x+y<3.

Dodé:P§x~y+-g—(1+y)=

1
= 2x +y> —(2+1)@2x% + y?
x+yz o ) )

SuyraP < 3;3 =3.Khix=y=1thi P=3. Viy max P=3.
' Ciich2

Tacd: 2x(1 —x) > y(y — 1):>2x—2x22y2~y

. 1 (2x +y)?

= 2x +y=—(2+1)2x% + y?) > ——=—
v=griety 3

Patt=2x+y,tadugc ' —3t<0 < 0<t<3.

3P=3x-3y +9xy=3x-3y+9xy-1+1=0Gx-DCy+1)+1

(6% + 3y - 1)

=—;—(6x~—2)(3y+1)+1 < 11= %(3t,—1)2+1
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Tacote [0;3] <> —1<3t—1<8

:>(3t-1)2564:>3PS%.64+1 =9=>P<3.

Khit=3va6x-2=3y+1e XY =3 yoimip=s.
6x—-3y =3 .
Vay max P =3.
Cau 4.

Tacé: x° +y® — 4 = 0 (mod p)

= x+y)P+yi-xy)-4= 0 (mod p)

= -xy(x+y) -4 =0(mod p) (vix’+y’=p)

= 3xy(x +y)+12 = 0 (mod p) )
Mit khéc: x* +y® —4 = 0 (mod p) ¥))
Cong (1) va (2) ta duge: (x + y)3 + 8 = 0(mod p)

S X +y+2E*+y® +2xy - 2x +y)+4) = 0 (mod p)
Viplash nguyén td, ta ¢6 céc truong hop sau:
Truwong hop 1: x +y + 2 chia hét cho p
CKhide: X +y? <x+y+2 o xx-D+y(y-1)<2.
Vix, y la s6 nguyén duong nén ta c6 cac trudng hop:
x=y=Lx=2y=1;x=1,y=2.
Thir lai, ta c6 céc cip sb (x, y) thoa man la: (1; 1), (2; 1), (1;2).
Truong hep 2: Néu x* + y2 + 2xy — 2(x + y) +4 chia hét cho p
Khi do: x* + y® + 2xy — 2(x +y) + 4i(x> + y?)
= 2xy -2(x+y) + 4 (x* +y?)
Do2xy ~2(x+y)+4=2[(x-1)(y-1)+1]>0
=2xy -2+ y)+4 222 +y? 4> (x—y)P +2x+y) > 4
= x=y=1. Tht lai ta cé‘cép s6 (1; 1) théa man.
Vay cac s6 nguyén duong x, y cén tim 1a: (1; 1), (2; 1), (1;2).
Cau 5. .
Gid st Ay, Ay, ..., Ao 12 19 diém d3 cho trong d6 khong cé ba diém nao thz?mg
hang va Ai(x;; y) voixi;yie Z(i e {1; 2; ...;19}) .
Mt s6 khi chia cho 3 thi dur 0; 1 hodc 2.

Vi 19 > 3.6 nén theo nguyén Ii Dirichlet: cé it nhat 7 trong 19 sb x; c6 clng sb
du khi chia cho 3.
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du

Khong mét tinh tdng quat, gia sir cac sb d6 1a X, X, +.. X7.
Xét bay diém A, A, ..., A, ‘
Vi 7 > 3.2 nén theo nguyén li Dirichlet: co it nhét 3 trong 7 56 Yi

(ie {1 2. } ) ¢6 cung s6 du khi chia cho 3.

Khong mét tinh tdng quat, gia sir cac s6 a6 lay), y2, y3.
Xét ba diém A (xi; )’1)9 Ax(X2; y2) va Ax(Xs; y3)-
Vi Xy, X2, X3 €O cung s& du khi chia cho 3 vayy, y2, y3 cling la ba sb co cing )

VitV tYs

+ X +X
z 3€Z,—-——-—3—-—'~'—€Z.

khi chia cho 3 nén |

- Viy trong tdm ctia tam giac A, A, A; c6 cac toa dO déu la cac so nguyén.

Bai toan dugc chirng minh.

Cau 6.

36

Theo tinh chit £(n + 3) < f(n) + 3, v6i moi s nguyén n tacd
f(n +2013) = f[(n + 670.8) + 3] < f(n + 670.3) + 3 < .. < f(n) + 2013 (1)
Miit khac theo tinh chit f(n + 2012) > f(n) + 2012 ta cling co

f(n +2013) = f{(n + 1) +2012] > f(n +1) + 2012,

v&i moi sb nguyén n. 2)
Tu (1) va (2) suy ra f(n +1) + 2012 < f(n) + 2013

hay f(n +1) < f(n) + 1, v6i moi s6 nguyén n. 3)
Ap dung lién tiép bét déng thirc (3) ta duoe f(n +2012) < f(n) +2012 (4
Theo gia thiét ta c6 f(n +2012) > f(n) + 2012 %)

Tir (4) va (5) suy ra f(n +2012) = f(n) + 2012, vdi moi s6 nguyén n.
Thay n béng 1 ta duoc £(2013) = £(1) + 2012 = 2013.



TRUONG THPT CHUYEN LE HONG PHONG

P

R >

= i‘rn'l'ni"—nﬁnleﬁn nni: TRUGNG TAI TP.HO CHI MINH

TP. HO CHI MINH

Cau 1.

(1) ©@x2+2+@F -y-DVx*+2-y2+y =0
S x2+2-yVxZ+ 24+ - DVxP+2-y(¥y -1 =0
<:>(«fx2+2—y)<\/x2+2+y2—1) =0

®y=\/x2+2 Vi vx2+2+y%-1>0)

Thay vao (2) ta duoc:

2x +xVx2 + 2+ 2+ (x + 2Wx2 +4x+6=0
o x+xVxP 42+ x 424 (x+2) (x+2)2+2 =0

S E+D+x+ DY +22+2 = (-x) + (- x)\/( x)2+2 3)

Pitu=x+2vav=-x.Tacout+v=2va

3) Sutuvu? +2 = v+ viv? +2

<:>u—v+u«/u2+2~vw/v2+2:0(4)

Taco: uvu? +2 = —yyv2 + 2

- uv <0
u? —-v* + 2u

=S2u-V=0=u=v=u’'<0=u=v=0=>x+2=-x=0(vdli.

Do d6:

4 < u-vq+

ut —v* +2u? - v?)

uw/u2 +2 +V\/V2 + 2

uv <0
2"‘V2)=O<:> 2 _ 2

W - vHW? +v:i+2) =

=0

< (u- V){l

(u+v)u?+v +2):l

uyu? +2+vVv? +2

2u? +2v% +4

=0(5)

<u=vhay 1+

Ta co:

'm/u21}2+v«/v2+2

2 2
0<|u‘/u2+2+"‘/"2+2|S«/u2+v2.\/u,2+v2+4 S‘z‘.u +§v +4

u? +2v? + 4

Iuwlu2 + 2+ V\/V2 +2

>2=1+

2u? +2v% +4

U\/u2 +2 + V\/V2 + 2

#0.
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Suy ra (5) vo nghiém. Vay tadugcu=v=>x+2=x=>x=~1.
Khidéoy= \[?: . Vay hé da cho c6 nghiém duy nhét 1a x = -lvay= «/5 .

Cau 2.

38

Xét phép tinh tién Tae:
A—>K;B—>CvaF—E.

B o
o
: D
A N K '

F E

Ta cé tam giac CKE vudng cén tai K nén: KC =KE = %—E— = —% = \/5
‘ 2
Ap dung bat déng thirc Ptoleme cho tur giac CKED ta cé:
KC.DE + CD.KE>CE.KD *)
= (DE + CD).KE > CE.KD
CE

=DE+DC2 KD = 19942 > KDA/2 = KD < 1994.
Mit khac AK = BC = 19 nén:

AD<AK +KD <19+ 1994 =2013 = AD = KD = 1994 = K thudc doan AD.

Do KD = 1994 nén bit ding thirc Ptoleme (*) xay ra déng thic
= C, K, E, D cung thugc mot duong tron.
N N '
— CDE = CKE =90 va DE + DC = 199442 .
—
Pito = (KD,CE) , ta co:

Sascoer = Sasr + Scer + Scog = Secer T Scke T Scpe = Sseer + Sckep

=BC.CE.sina + %.CE.KD.sin a

= 19.CEsin o + %.1994CE sina = 1016.CE sin o .

Miit khac: DC = ECsin GED va DE = EC sinDCR va KDC = KDE = 45°
— DCR = CER - CDR = 0. — 45° va CED = 180° — (0. + 45°). Do do:



: NN NN
199442 = DE + DC = EC[sinDCE + sinDEC}

- anfu-2) v anfa 2]

= 2EC.sinoc.cos—Z— =_EC.sinom/:9: .

SLly ra EC.sin a = 1904. Do d6 SABCDEF =2025904.
Céu 3.

Taco: P= |kxy + yz| = |y”kx + z1 < |y|w/(k2 +1(x% +2%)

2, 2 2 2
=\/k2+_1\/(xz+z2)y2 <\/k2+lx TY YE . k' +1

2 2
xX_Zz
k 1
Diu "=" X4y ra < yi=x2+22 (%)
X +y?+2? =1
Chon y = —-—1-— X = k z — !
Y N I R Y IS
2
thi (x; y; z) théa man (*) va P = k2+ 1 .
.2
Viy max P = maxlkxy + yzl = k1 .
: 2
Do d6: yéu cdu bai toan tuong duong véi sz 1 < 1/55— = |k| 2o k<2
© Vik 16n nhit nén k = 2.
Vay giatrik cAntimla k = 2.
Ciu 4.
Ta ()= 7+ Ty =22+ 1 (1)

b Ta théy (0; 0; 0; 0) 12 mot nghiém cua (I).
» Gia sir (I) c6 nghiém khac (0; 0; 0; 0). .
Goi (Xo; Yo; Zo; to) 12 nghiém kha}c (0; 0; 0; 0) ctia (I) sao cho
[Xo| + |yo| + |zo| + [to| bé nhét trong cac nghiém khac (0; 0; 0; 0).cua (I).
(D= TxE +y2) =z +t2 = 22 + 217

= 75 = =t7[7] (2), 6 d6 [7] la ki hi¢u khéc clia mod 7.

zg = 1[7]

te =1[7]

*Néu 2,/ 7 thi t, /7. Khi do: =25 =t[7] ()



Tir 2) = 2§ = 5[ 7] “4)

Tu (3)va (4) = Vo li.

Vay z,: 7= t,:7 = Tdn tai z; t; € Z sao cho zg=7z; vato = Tt;.
Thé vao (1) = Xo + yO = 7(z1 + tf).

Lap ludn tuong tuta cd X,:7va t,:7.

= Tbn tai x;; y, € Z sao cho xo = 7x, vayo="7yi.

Do d6 ta dugc: xXo = 7X;; Yo = 7y1, o= Tz; vaty = Tt,.
= (x1; y1; z1; t;) thoa mén (I) va ta co:

il + byil + [zl + i = %(|XO| o]+ o]+ [to]) < o) + [yl + ol + Jto] v0 1D,
Do d6 hé (1) khong c6 nghiém khac (0; 0; 0; 0).
Vay hé (1) ¢6 nghiém duy nhat la (0; 0; 0; 0).
Cau 5. '
b Ta c;lénh sb thr tu ,2013 s6 :crén duong tron theo mot chiéu nhét dinh sao cho
s0 nho nhat trong 2013 s6 d6 14 s0 ¢ vi tri 1.
Thuec hién lién tiép cac phép bién d6i & cac vi tri {1;2;3;4}, {5;6;7;8}...
Sau 1510 phep bién ddi ta da cong 1 vao cac s trén 6040 lan, ma 6040 =3 2013 +1,

ngha 1a cac so trén duong tron dugc cong thém 3 don vi, trir s6 ddu tién dugc cong
vao 4 don vi.

Do do, sau 1510 phep bién ddi nhu trén thi ta dugc 2013 s6 méi ma khoang
cach giita s 16n nhét va sb nho nhét giam di 1 don vi.

Vi vay, tlep tuc thuc hién qua trinh bién ddi nhu trén, sau hitu han phép ta s& thu
duoc 2013 sb bing nhau.

» Khi thay phép bién doi bang cach cong vao 30 s thi chua chic thu dugc
2013 s6 bang nhau. Thay vay, néu ban dau tbng cac sb khong chia hét cho 3, mdi
lan cong vao 30 sd thi ciing tao thanh 1 tong khong chia hét cho 3.

Vi téng khong chia hét cho 3 nén khong thé chia thanh 2013 s6 bang nhau.
Céu 6. :
b Gia sir ham s6 £ N* — N* thoa mén cac diéu kién:

f(n+ 1)> f(n), Vne N* (hH
va f(f(f(n)))=n+2013, Vne N* (2)
Tr(H)=>fn+ 1) 2f(n)+1, Vne N* 3)

T (2) va (3) suy ra Vne N*, tacod

f(n) + 2013 = f(f(f(f(n)))) = f(n + 2013)
2 f(n+2012) + 1
>f(n+2011)+2
2 f(n +2010) +3
2.
2

f(n+ 1) +2012 > f(n) + 2013
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= f(n+2013)=f(n+2012) + 1 =f(n+2011)+2
=f(n+2010)+3 =...=f(n+ 1)+ 2012 =f(n) + 2013, VneN*
=fin+1)=f(n)+1,VneN* @3
=f(n)=f(1)+n-1, Yne N*
=f(n)=n+a, Vne N* (5) vgia=f(1)- 1.
T (5)tacod f(f(n))=f(n+a)=n+2a, Vne N*
=>n+ 2013 = f{{(f(n))) =f(n + 2a) =n + 3a, Vne N *
a= EQ——l—?l =671
3

= f(n)=n+ 671, Vne N*
» Nguoc lai néu f: N*— N*, f(n)=n+671, Vne N* ta co:

fin+1)=n+1+671>n+671 =f(n), Vne N*

f(f(f(n))) = f(f(n + 671)) = f(n + 1522) = n + 2013, Vlle N*,
Vay f(n)=n-+671,V n e N* la ham sb can tim.

TRUONG THPT MAC PINH CHI

TP. HO CHI MINH
Cau 1.
Cach 1. Phuong trinh da cho twong duong véi.

(x+1)(1+Jx2+2x+3)+(x+2)(1+\)(x+2)2+2)—_—0.
Patu=vx? +2x+3,u>0va v=vx> +4x+6,v>0.

v:i-ou?=2x+3

Khi do: vZoul-3
=
Phuong trinh da cho trd thanh
vi-u® -1 u®+1
Tl ) T ) o

( —u? (2+u+v)+v~u:0;

o (v-u (V+u)(2+u+v)+1]:0;
S v=u

<:>\/x2+4x+6:\/xz+2x+3 <::>x:-—§

Vay phuong trinh da cho c6 nghiém la x = =
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Cach 2. \
Phuong trinh d cho twong dwong v6i phuong trinh

4x+2(x+1)\]x2+2x+3+2(x+2)\/x2+4x+6+6=0
o (x+2) +2(x+2)Vx? +4x+6+ (x> +4x+6)

(1) +2(x +1)Vx? + 2043 = (2 +2x+3) =0
<:>(x+2+\/x2+4x+6)2—(x+1— x““’+2x+3)2 =0

<:>(1+«/x2+4x+6+\[x2+2x+3)(2x+3+w/x2+4x+6—\/x2+2x+3)=0

<:>2x+3+«[x2+4x+6~\/x2+2x+3:0 :

<:>(x2+4X+6)+\jx2+4x+6—(x2+2x+3)— x2+2x+8=0

@(\/XZ+4X+6—\/X2+2X+3)(\[X2+4X+64+\/X2+2X+3)

‘+(«/>‘<2+4x+6-\/x2+2x+3):0

<:>(\/x2+4x+6~\/x2+2x+3)(\/x2+4x+6+\/x2+2x+3+1)=0

e +4x+6=Vx2+2x+3 @x;~§-. |

V4y phuong trinh da cho c6 nghiém la x = —-—32-.
Cau 2.
Tac6P=BC+CA+AB=a+b+c

— P2 = a2 + b% + ¢ + 2ab + 2bc + 2ca
P, = AB + BI + Al

2
a a

—ctetm =P =c®+>—+m?®+ca+am_+2cm
9 a 1 4 a ) a a

P, = AC +CI + Al

2
a a

=b+=+m_ = P?=b%+"—+m?+ba+am_+2bm
9 a 2 4 a a a

2 .
= P> +P; -P? = —?2—+ 2m? + 2am_ + 2bm_ +2cm, —ab —ac - 2bc
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a2 a’
= ———2——+b2+cz—?+2ma(a+b+c)—ab~ac—2bc

=-a(a+b+c)+2m_(a+b+c)+b?+c*—2be

= (2m, —a)a+b+c)+(b-c).
Tam gidc ABC khéng c6 goc tu
b® +c? — a2

= A <90° & cosA =
2be

>0 b+ -a2>0
‘ 2 .2 2
©b2+02—i—>a—®2m2 ;E_
2 2 a2
©4m?>a’ < 2m, >a < 2m, -a>0.
Ding thirc xay ra khi va chi khi A = 90°.
Ta duogc P12 +P22 -P2>0.
2m, —a=0 [A=90°
=
b=c
<>Tam gidc ABC vudng can tai A.
Dod6 P? =P + P} <> P2 + P2 -P? = 0
<> Tam giac ABC vubng cén tai A.

Ding thirc xay ra <
{b -c=0

Cau 3
a? = tanx
b? =t :
Pat{ Y (tanx,tany, tanztant > 0)
¢” =tanz
d? = tant

Theo d6 gia thiét (1) bién ddi thanh
1 1 1 1
+ + S+ P
1+tan®x 1+tan’y 1+tan®z 1+tant

<> cos®x + cos?y + cos®z + cos’t = 1
<> c082X+ cos2y + cos?z=1- cos?t

: 2
& sin’t = cos?x + cos’y + cos®z > 33cos?x.cos?y.cos?z

(Bét déng thic AM - GM)
Chitng minh tuong tu, ta co:

. . 3
sin’x » 3%/ cos?y.cos?z.cos?t; sin?y > 3% cos?z.cos? t.cos? x;

. 3
sinz > 3Ycos?t.cos?x.cos2z.
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Nhan vé vai vé cac bat phuong trinh trén, ta c6:
sin?x.sin?y.sin®zsin®t > 81.cos?x.cos’y.cos’z.cos’t

<> tan® tan®y.tan® z.tan®t >81

< a'bietd’ > 81

< ab.ed = 3 (dpem)

Déng thirc xay ra khivachikhia=b=c=d = 3/5'
Cau 4. _

Ta sép xép cac em theo thir tur dé sb bi ciia cac em giam dan.

Do d6, em thir 1 ¢o nhiéu bi nhit, em tha 7 ¢6 it bi nhit.

Néu em thir 4 ¢6 s6 bi 16n hon hay bang 15 vién thi 3 em d4u c6 s6 bi 16n hon
hay bang 16 + 17 + 18 = 51 vién. '

Néu em thit 4 6 sb bi it hon hay bang 14 vién thi 4 em sau c6 s6 bi khong qué

14 + 13 + 12 +11 =50 vién. Nhu vay, 3 em d4u c6 khong it hon 50 vién.

Cau s :

Tacod IBI = 5! = 120 nén khi chia cac phan tir cia B cho 120 ta dugc 120 s6 du

(c6 thé tring nhau).
Goix la phﬁn tir bit ki ctia B va r 13 s6 du khi chia x cho 120. Ta cé:

x =abcde véia, b, c,d, ecAvax=120k+rvsik re N

vareM={0; 1;2; 3;... 119}.

Via+b+c+d+te=1+2+3+4+5= 15 va 1513 nén x:3.

Suy rar:3 (vi 120k:3)

Vix —r = 120k chia hét cho 10 nén chit s6 hang don vi ciia r va x bang nhau.

Ta suy ra reC = {3; 12; 15; 21; 24; 33; 42; 45; 51; 54; 63: 72; 75; 81; 84; 93;
102; 105; 111; 114}

Ta con ching minh dugc r # 24. Thét vdy, gia st r=24.

Ta 6 x =abede = 120k + 24 =e=4 vaxid=>deid=>d=2(vi 14, 34, 54
d&u khong chia hét cho 4)

Ta con cb x:8 = cde’8. Vo livi 124, 324 va 524 déu khong chia hét cho 8.
Vay r+#24.
TaduocreD=C\ {24}va ID‘ =19.

Vi 120 > 114 = 6.19 nén theo nguyén li Dirichlet, c6 it nhét 6 + 1 =7 s6 du
~ trung nhau.

Tir d6 ta duge didu phai chirng minh.
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Cau 6.
Thay y =1 vao ii), ta dugc:

f(x) = £(x)f(1) - f(x + 1)+ 1 = 2f(x) - f(x + 1)+ 1, Vx € Q
= f(x+1)=f(x)+LvxeQ. (1)

Bang phuong phép quy nap ta d& dang chitng minh dugc:
f(x+n)=f(x)+n,Vxe@,VneZ.(2) ‘

Tu (1) va (2), thay X = n,Vn € Z, ta dugc: f(n + 1) = f(n)+ 1
= f(n) =-f(n+1)—1 :f(1)+'n—1 =n+1(4)

Tir i), ii) va (2), thay x = l,y =n,Vn € 7, ta dugc:
n
2=f(1) = f[—l—.n] . f{l)f(n) - f[l + n) 1
n n n

- f&j(n +1) -Hﬂ ; n} i1= nf[?lj “n+l
:f[ﬂ—_—%um | |

Tur ii), (1) va (5), thay x = p,y = —l—,p € Z,q € N, ta dugc:
. q .

f[2j=f(p)f(-1—]—f[p+l]+l:(p+1)(1+1]—[p+l+1J+1=£+1
q q q q q q
Suy ra f(x):x+1,Vxe(@ . '

Thir lai, ta théy f (X) =x+1,vx € Q thoa man diéu kién bai toan.

TRUONG THPT NGUYEN THUONG HIEN
TP. HO CHI MINH

Cau 1.
Diéu kién: x +y # 0.

=7

=7 3x+y)P+x—-y)?+
<

4xy + 4(x% + y*) + 5

(x+y) (x +y)?

=3 ‘ X+y+ +x-y=3

X+y A X+y

2X +
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a=x+y+ (|a‘>2
bit y

b=x-y

3a® +b* =13 Jja=2
3 phuong tri ong V6 = do lal > 2
Hé phuong trinh tuong duong voi {a bo3 {b _1 ( )

X+y+ 1 =2 {le
= X+y =

=0
x-y=1 Y

Vay hé phuong trinh ¢6 nghiém 1a (x; y) = (1; 0).
Cau 2.

‘

B

Goi H la hinh chiéu cta A 1én BC, ta c6: .
HI% - 1A? = HO? — R%(H thudc truc dang phuong BC cta (O ) va (1))
= IA? - R? = HI’ - HO*(1)
Goi p va p’ 1a phuong tich cua A d6i v6i hai vong ( O)va(l).
‘ (M a trung diém OI, A’ va H’ 1an luot 12 hinh chidu ctia A va H 1én OL, p’ = 0)

= HA = L khong dbi .
2OI 2R

Do d6 dudng théng BC luén cach diém A cb dinh mét doan khéng dbi 2—%— nén

BC tiép xiic dudng tron (A; L2 ).

2R
Ciu 3.
Str dung bt déng thitc AM - GM, ta co:
2 2
atl —a+1- _..b._(_ail_) +1__M:a+1_M.
b2 +1 b? +1 2b
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Chirng minh tu'ohg tur
b+1 c+be
2 Db+ ;

>b+1- ;
e +1
c+1 a+ca
/C+1—
a?+1 2
Cong ba bét ding thirc trén theo vé ta dugc:
a+1+b+1+c+1 a+b+c+3~ab+bc+ca_g_ab+bc+ca
b*+1 c*+1 a?+1 2 2 2 2
2
L9 _latbre) o
2 6
Déngthﬂ'cxéyrakhivéchikhia=b=c=1.

Cau 4. :
Do vai trd clia a va b 1a tuong duong nén khong mit tinh tdng quét, gia s a> b.
2
P -, a“+b a+1 R . n
Néu a=Db tacod = €Z nén a+lia=a=Db=1, khong
b?-a® a(l-a)
théa méan yéu ciu dé bai.

"Dodéa>b>1,tacéa®-b%>0.

2 2
Khi do6 a_+b -2 +b €Z nén a® +bia®-b% >0
b? - a8 a® - p?

=a’-b?<a’+b =>a’-a?<b®+b<2b.
Taco 2a>2b>a’-a®=2>a?-a=a=1 (mauthudn véi a > 1).
Vay khong ton tai cac sb a, b théa man yéu cau bai toan.
Ciu 5. ‘
Tép A c6 100 s6 dugc chia thanh 7 tdp hop con, nén theo nguyén Ii Dirichlet,
t6n tai it nhat mot tp hop con B chita it nhét 15 sd.

Trong tép B xét cap (a;b) trong d6 a > b. Xét hiéu a —b > 0, vi B ¢6 it nhét
15 s6 nén c6 it nhét 02 =105 hiéu.
DoBc A= {1; 2; 3;...;99; 100} nén cac hiéu trén thudc {1; 23 ... 99}~.
Theo nguyén li Dirichlet tn tai it nhat hai hiéu bing nhau, giast a—c=d - b
Néu a =d thi ¢ = b, vé Ii vi hai cip niy khéc nhau, do d6 a # d.
Khi d6 néu a, b, ¢, d d6i mot khac nhau thi a+b=c+d.
"Néua=btaco2 =c+d véiczd(vinbuc=d thia=d,vol.
Néuc=d thi2d=a+bvéia=b(vinua=>b thi a=d,véli.
‘Céc trudng hop con lai du khong xay ra.
Bai toan dugc chirng minh.
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Ciu 6.

2 +1 _

Voix=1taco: f(2) =
f(0)

2eN

Tuong ty f(3) e N

Gia str f(x) nguyén véix=kvax=k-1.

f2(x) +1

' f(x-1)

. {f(k + )£ 1) = f2(k) +1
fk).fk —2) =f2 (k-1 +1

— f(k +1)fk —1) - fF(k) F(k - 2) = f2(k) - f2(k - 1)

— f(k - D[fk + 1) + fk - D] = fE&)[fk) + fk - 2)]

N f(k) _ f(k -1) N f(1)
fk+1)+fk-1) f(k)+f(k-2) £(2) + £(0)

= fk+1)=3f(k)-f(k -1 eN.

Vay theo nguyén i quy nap f(x) e N,vxe N.

Tacd: f(x+1) = = fx+Dfx-1)=f*x)+1

1
3

TRUONG THPT TRAN DAI NGHIA
TP. HO CHI MINH

Cau 1.

48

1y’ 2(x2+y2)>|x+yl>x+y.
\} 9 “d £ 2 7 27

\/x2+xy+y2 >\[(;+y)2>x+y
3 N4 T 27

Céc déng thac trén xay rakhix=y > 0.
Phuong trinh trén suy ra: x =y.

Thé vao phuong trinh dudi, ta c6: 2x* =5 =3[x]
Do x -1 <[x] < x nén:

~ . 2h 1
ox® _5>3x-1) [2x®-8x-2>0 |¥7e0AX=Ty
Lemed <
2x” -5 < 3x 2x” -3x-5<0 5



X____\/2_2- \/'—
=x=2=2" 56| 2 =x-222 (4o[x]=2)
V22 2
X =———
2
22
. 2
Vay
V22
Y7
Cau2.
A-B _A+B _. A.B B .C .. A.B
cOoSs — COS = 2Sln""'Sln’— = COS - SiINn— = ZSIH_Sln““
2 g sy 2 2

\ (.c ..A.BY _.A.B.C
- C08" ~——— = | SIN— + 2sm—sm——— P 851n——sm—s1n——.
2 2 2 9 2

Tuong ty suy ra:

2A-B B-C C-

cos + cos” + cos? A > 24sin-ésin—3—sing .
2 2 2 . 2
Cau 3.
Ap dung bét dang thic AM — GM: x° + Jx + w/; + «/; + «/—}; >bx.
Tuong tu, suy ra: 4(\/; + \[}7 + «/;) 25(x+y+z)- (x3 +y° + z3).

Mit khéc, ta co: (x +y +2)* = x> + v+ +3(x + ¥y + z)(z + x).
Do dé:

4(«/;+\/3_1+x/;)>5(x+y+z)+3(x+y)(y+z)(z+x)—(x+y+z)3.'
Hay: (‘/;(-‘FJ—- \/—)+12 3(x+y)(y+z)(z+x)

Déu "=" xayrakhix=y=z=1.
Cau 4.

Giastra>b.

Goir 1a sé du khi achiacho p,tacé: a=r (mod p) =a’=rb (mod p).

Ma a+bipnénbs= —r(mod p) = b? = (—r)a =-r® (mod p) (vialaséle).
Khido: a® +b* =r - 1r* = rb(l - ra“b) (mod p)

Tacs: a-bip-1=a-b=k(p-1),keN"
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Do d6: a® +b® =rP° (1 - rk(p—l)) (mod P)
Theo dinh 1i Fermat nho: r** =1 (mod p)
Viy a® + b* = 0(mod p) = a° + b*ip

Do a® + b® 1a s& chin va p nguyén td 1¢ nén a® + b? chia hét cho 2p.
Cau 5.

Gia sir ¢6 thé phu kin dugc hinh vudng ABCD canh bang lcm bdi ba dudng
tron (Oy); (0,); (O5) dudng kinh bang lem.

Theo nguyén li Dirichlet, c6 it nhét 2 trong 4 dinh A, B, C, D thudc mét dudng

tron, do dudng chéo cia ABCD bing & nén hai dinh nay chi c6 thé 14 hai dinh
ké nhau, gia st 1a A, B thudc (O;). Do AB = lcm nén (O)) phéi la duong tron
duodng kinh AB. Ta xét hai trudng hop:

Trudng hop 1: Hai dinh C va D cing thudc mot dudng tron: gid sir 13 (O,).
Tuong tu suy ra CD la duong kinh cta (O,). Khi d6 trung diém P ctia BC va trung
didm Q ciia AD phai thudc (Os) (do ching khong thudc (O va (0y)). Do PQ =1
nén (Os) 1a dudng tron duong kinh PQ. Khi do trung diém E cua BP khéng thude
ca 3 duong tron trén (vO 1i).

Truong ho‘p 2: C, D thudc hai dudng tron khac nhau, gia st C thude (O,) va D
thudc (O3). Ly M tuy y trén canh AD (M khac A, D). Vi MC > 1 nén M thudc
(03). Do d6 (03) la duong tron dudng kinh AD, twong tu suy ra (0,) 1a dudng tron

dudng kinh BC. Khi d6 trung diém N ciia CD khéng thuoc ca ba dudng tron trén
(vo 1i)

Cau 6.
f(f(x+ y) + f(x-y)) =2x Vx,yeQ (1)
y =0:(1) = f(2f(x)) = 2x Vx e Q (2
Véi p,q € Q sao cho f(p) = f(q) :> 2f(p) = 2f(q) ;
= f(2f(p)) = (2f(@)) > 2p =29 = p=q.
Suy ra f(x) 1a don 4nh
1);(2) =» f(f(x + y) + f(x - y)) = f(2f(x))
=>fx+y)+fx-y)=2fx) vVx,yeQ 3
y=1:8)=fx+1)-fx)=fx) -f(x-1) VxeQ 4)
xeN :fx)-f(x-1) =f(x-1)-f(x-2)=...=fQ) - £(0)
= f(x) = f(x — 1)+ £(1) - £(0) = f(x —2) + 2[£f1) — £(0) ] = ..

= £(1) + (x - D[fQ) - £(0)] = xF(1) - (x - DE(0).

Ta chiing minh: f(nx) = nf(x) — (n— Df(0) Vx e Q; ne N (¥) bang quy nap.
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+) n=0: f(0) = 0.f(x) — (0 — 1)f(0).

) n=1:f{x) = 1.f(x) - (1 - 1)f{(0).

+) Gia sir (*) ding dén n =k (k > 1), nghia la: f(kx) = kf(x) (k — DI(0);
f((k - Dx) = (k — Df(x) — (k — 2)f(0)

Ta chiing minh (*) ding dénn=k + 1, nghia la chung minh:
fi(k + 1)x) = (k + Df(x) — kf(0)

Thay x boi kx; y boi x vao (3): flkx + x) + fkx — x) = 2f(kx) ,

=f ((k + 1)x) +(k - 1)f (x) — (k — 2)f(0) = 2kf(x) — 2(k — 1)f(0)

= f((k + Dx) = (k + Df(x) - kf(0)

Suy ra: f(nx) = nf(x) — (n - 1)f(0) Vx € Q;n e N (5)

Véix e N (5) = f(1) = f[xl) = xf(lj —(x - Df(0).
X

X o
:f(ljz—f(l) (-—1Jf(0) vxe N’
X
Véixe Q

Dat

=2 PaeN):(B)=f(x)=f (p-lj = pf(l) —(p - DF()
q q q

pf(l) [E_ p]f(O) (p - DF(0)

q
(3) = f(x) + f(-x) = 2f(0) = f(-x) = —f(x) + 2f(0)

= f(0) = 2£1) - [ lJf(O)—xf(l) (x - 1)(0)
q

= —xf(1) + (x - DF(0) + 2f(0) = (-x)f(1) - (—x - Df(0).

Suyra : f(x) = xf(1) - (x - 1)f(0) Vx e Q-

£f(0)=0 ha {f(O) =0

Déng nhét hé s, ta dugc: y
: f) = f)=-1

Viy f(x) = x hay f(x) = —x.

51



TRUONG THPT HOANG HOA THAM

TP. HO CHI MINH
Céu 1.
Truong hop 1:
Néuy= Ovaz= Othi xeR.
Néux= Ovaz= 0thiyeR.
Néuy= Ovax= OthizeR.
Truong hop2: x #0Ay#0Az =0

6xy , bxz

=13
6xy GXZ 13 Z y
6x(y2+22)=13yz z y 6xy+§y_z_10
Ta cé: 6y(z2+x2)=5zx = E;E}-r-wt-ﬁ—)E:10:> z X '
Z X 6xz+6yz_5
2, .2\ _ B e
6z(x +y)—5xy E}E+§ZZ_:5 y X
y X 6xy+6xz+6yz:14
|z y X
. g_z.___l rx2:1
%:1 X 1
X DXZ _ 4 Y2=Z
6xz y
27—:437‘ =>4, 1
y 6xy z" = —
— =9 9
6xy:9 Z 1
L 2 xyz~—1— E=%
6
x=1 x=1 x=-1 x=-1
= y-—-l hoéc y=—~1— hoéc Wyz-'l— hoéc < =——1-
2 2
1 1 1 1
Z=— Z=—— zZ=—— Z==
3 3 3

o . Lo = A . ~ A1
Thir lai ta c6 cac cdp so thoa mén hé la:

L L 1;"’1‘;“'1‘ -1;= L1 1,—1;-1—
28/ 2" 3 "2 3/ 23

Két luan: Nghiém cta hé 1a

| =2
23" 2 3/ 2 8 7 278

{(x;O;O) Ixe R},{(O;y;O) lye R},{(O;O;z) lze ]R}
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Cau 2. v
Ap dung dinh i ham s6 sin trong tam giac IBC, ta c6:
IB - BC IB BC ' IB . BC

= <> = Pomst =
sing sinl sing sin B + C + A sing sin I + é
2 9 M3 7g 2 2" 2

. C A
' asin—
1B = BC =IB = 2
Sin‘— COS— cOS—
2 2
bs.in—é  csin—
Tuong tutacd IC = 2 ,JA=—2
C i oy
COS— coS— B C
2

Suy ra: IAIBIC = abc.tan%tan—g—tan—(zz. )

A B
] C tan—2— + tanE 1

A B
Mait khac tan| — + — | = cot— < : =
2 2 2 ' A B
1 -tan—tan— tan—
2 2 2

o tanétanf}% + tanlg—tan9 + tangtané =1.
, 2 2 2 2 .2
Ap dung bat dang thirc Cauchy cho cac sé duong

tané—tang, tan—B‘-tén-(—), tangtan-é, ta co:
2 2 2 2" 2 2

1= tanétan—:li + tan—-B-tang + tangtané
2 2 2 2 .2

> 3§/tan2étan2§-tan2~q = tanétanE_tan—q < 1 )
2 2 2 2 2 2 33
Tir (1) va (2) suy ra abe > 3v3IA.IBIC, déu bang xay ra khi tam AABC déu.
Cau 3.

| | 1 9
Ta cé: (ab+bc+ca)—1—+—1—-+i >9:>i —1—+i>———,
a ¢c ca ab be ca ab+bc+ea
1 9
Suyra P > +
Y a2+b®+c2 ab+bc+ca
1 1 1 7

+— + +
a2+b?+c¢®2 ab+bc+ca ab+bc+ca ab+bec+ea
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3 7
+
Iﬁ\‘/(a2 +b%+ cz)(ab +be + ca)(ab +be + ca) ab +bc + ca

9 21 91

(a+br C)z ’ 3(ab + be + ca) * 2(ab + be + ca) +(ab +bc + ca)

2

E

21 21

\Y%
e}

2(ab+bc+ca)+az+b2+c2 (a+b+c)?

Ping thic xdyrakhia=b=c = %
Vay minP = 30.
Cau 4.

Giasi: a>b.Goirla s6 du ctia a khichiachopthia=r (mod p)

1

Do a + bip nén b=-r (mod p)

—a®+b=r"—r*(modp) > a° + b =r"(1 - ") (mod p)

Mic khac a—b chiahét chop—1néna-b=k(p—1)

Vi r khong chia hét cho p nén theo dinh li phec-ma nhd ta c6:
' =1 (mod p) = ™ V=1 (mod p) = =1 (mod p)

Do détacd a® +b® = O(mod p) hay a® + b? chia hét cho p.

Ngodi ra ta c6: a, b 13 hai sb ty nhién lé '

= aP,b® 14 céc s nguyén 1é nén a® + b® chia hét cho 2.

Vay a® + b? chia hét cho 2p.

Cau Ss.

Nhan xét rang néu c6 hai tap hop. con giao nhau ma tbng nhiing phén tir trong
chiing bang nhau, thi ta c6 thé bo cac phén tir chung di. Khl d6 ta dugc hai tap hop
khéng giao nhau, ma tong nhiing phan tir trong ching van béng nhau.

S6 tap hop con khac réng ciia X 1a
' 1 2 3 10 10 _
C,, +Ci, +Cyy + ...+ Cp =27 =1 =1023.
Tdng céc sb trong mbi tép con ctia X khong 16n hon 10.99 = 990.

Nhu vay sb luong cac tong khac nhau nhleu nhét 14 990. Do d6, theo nguyén li
dirichlet trong s6 1023 tap hop con khéc rdng cta X s& ¢6 it nhét hai tAp hop ma
téng cac phan tir trong ching béng nhau.

Cau 6. ;
Theo tinh chit f(x + 3) < f(x) + 3, v6i moi s6 nguyén n taco
f(n +2013) = f[(n +670.3) + 3] <f(n+670.3)+3<...<f(n)+2013 (1)
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Mt khéc theo tinh chét £(x + 2012) > f(x) + 2012 ta ciing c6
f(n +2018) = f[(n +1) + 2012] > f(n + 1) + 2012, v&i moi s6 nguyén n (2)

T (1) va(2)suyra f(n +1) + 2012 < f(n) + 2013

Hay f(n+1) < f(n) +1(3)

Ap dung lién tiép bat dﬁng thirc (3) ta duge f(n + 2012) < f(n) + 2012 (4)
Ma f(x +2012) > f(x) + 2012, suy ra f(n + 2012) > f(n) + 2012 (5)

Tir (4) va (5) suy ra f(n + 2012) = f(n) + 2012, v&i moi s6 nguyén n .
Thay n =1 ta duoc f(2013) = f(1) + 2012.

TRUONG THPT HUNG VUONG

TP. HO CHI MINH
Cau 1. (
Xét x 14 mot s6 nguyén tuy y.
Néux=2k k e Z thix* = 16k* = 0 (mod16)
Néux=2k+ 1,k e Z thix*=4kk + 1) + 1
= x' = 16k> + 8k(k + 1) + 1 = 1 (mod16)

Do dé: x; +x; +...+ x}, =r(mod16) véire Z var<13 (1)

Mit khac: 1598 = 14 (mod 16) , )
Tir (1) va (2) ta c6 phuong trinh khong c6 nghiém nguyén.
Cau 2.

(x+ 30 -x*—8x+48 =x—24 M
= — 3 khong thoa phuong trinh (1)

~24 |
(Heo--8&+48 =55 @

biéu kién: x <-3 vx >24

: ; y=—x"-8x+48 (3)
(2) 1a phuong trinh hoanh d¢ giao diém cua: x—24
‘ y = X+ 3 (4)

| Y20 <:>{ y>0
2 {y2=~x“—8x+48 (x+4Y+y =64

bat x + 4 = 8sint; y = 8cost
8sint — 28
—gssl?Tt——l_ <> 16sintcost — 2(sint + cost) + 7=0

<> 8(sint + cost)? —2(sint + cost)— 1 =0

(4) < 8cost=

)

. 1 .
&> (sint + cost = 5 Vsint+cost=—

N

55



. 1
e sint+ cost= 5

x+4 y 1
I
< x —24
-24 y=
}’— <13 x+3
- ' =-2 i
);+2; =—xoxX+4x-24=0 & X + 27 (loai)
x=-2-27

. 1
® sint + cost = —Z

g x—24
x—24 y=
y= x+3
X+3
— 24 =-5+2+/31(loai
S mx 60X+ 10x-6=0 51 V31 (o2
x=—5—2\/§—l_
Thir lai hai nghiémx=~2—2\/:/;x=—5-2\/ﬁ thoa man (1)

o [x=—2-247
Két ludn:
X =-5-2431

Cau 3.
Piéu kién: x>0

(e y +2y= (\2x )* + 24/2x
Pat fit) =t + 2t dong bién trén R

Vay fy) = fy/2x ) < y =1/2x

Q)& (y=3)y—x+1)= 0<:>[ y=3

y=x-1
) y=3
9
y=\f2—x <::>3=\/§;( ox=3
e y=x-1
~1=12 x>1 =2+4f3
x—1 \/_x c»{ & Ax+ | =4 \/_

y=x—1<:>y=1+\/§.
, 9
Két luan tap nghiém cia h¢ 1a: S = { (5;3), 2 +/3; 1 +/3) }.

 Caud. .
Ta c6: a° — ab + b’ > ab (d4u “="" x4y ra khi a = b)
& (a+b)(a’—ab+b’)>ab(a+b) < a’+b’>aba+b)

1
< a’+b’+3>ab(a+b)+abec <

I
& +b +3 Sab(a+b+o)
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: _ 1
Tuong tu: b +o+3 <bc(a+b+C)
1 1
at+cd+3 <a(:(a+b+c)
! I !
+b+c) +bc(a+b+c)+ac(a+b+c)

(ct+a-+b) 1

abc(a+b+¢) abc

Khi d6: P < ab(a

1
&SP 3

Viy maxP == khi dé {a 30 ea=b=c=33

3 abc =
Cau 5. A . a B
S 0 i
tan MAN = tan[ 90" - (A| + A,)] 450 : X
otand5” = cot(A, + Az) . 2 M
| = 1 —tanAtanA, ' ‘
U= tanA, + tanA, b
<1 —tanA tanA, = tanA, + tanA,
o —§%=§+%©ab—xy=bx+ay
a a D y N C

<> ab=xy+bx +ay
< S =xy+bx +ay.

TRUONG THPT CHUYEN LUONG THE VINH
| PONG NAI

Cau 1.

. x,y =20
Piukign: 4 0~ .
xX*+y° %0

'Ap dung bét ding thirc Cauchy ta c6
Ix B b x+y<lx+x+y
Vx+3y Vx+yx+3y 2lx+y x+3y

y _ 1 2y 11 2%
x+3y V2'x+3y 2|2 x+3y

Suyra:'\/;ﬁL‘/;gl( ; +§j
Xx+y 2

,/x+3y 2
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Tuong tu: + ‘/_ < ——( —J
\/3x +y  2\x+y 2

Suys (J;+J')[ L2

Jx + 3y J3x +y
Ping thirc co khi x =y .

Do d6 (2) < x =y thay vao (1) ta c6 duoc: 2\/};+3«[_=10¢:> x=4.
Vay nghiémciuahéla x=y =4.
Cau 2.

Gia sit AM ciit BC tai X; BN cit CAtai Y, CP cit AB tai Z.
Theo dinh li Ceva, didu kién dé AM, BN, CP dong quy Ia:

sin /ACZ sin/BAX sin/ZCBY )

sin&ZCB'sin‘AXAC.ginLYBA h .
Theo dinh 1i Ceva diéu kién dé DM;EN;FP dong quy la:

MF PEND _, -
~ MEPD NF | -
Ap dung dinh 1i ham so sin d6i voi tam gidc AFM va AEM, ta co:
FM _ FM _ AF D
sin/BAX sin/FAM sinZAMF
EM EM AE

2
sin/XAC smLMAE " sin/EMA )
Chia (1) cho (2) va chu y rang sin /ZAMF = sm.éAME ta duoc

MF FA. sin/BAX

ME EAsin/XAC’
PE CE. sin/ACZ ND BD. sin/ZCBY

PD " CDsins/ZCB’ NF  BF.sinZYBA

Nhan ba déng thic trén lai v6i nhau ta dugc:

MF PE ND _ sin/ACZ sin/BAX sinZCBY [DB EC FA]

Tuong tu trén ta dugc: —

ME PD NF  sin/ZCB sin/XAC sin/YBA'| DC EA FB
Ma ta lai ¢o: ;DE-I—E—C—-E—A——I nén , ‘ A
DC EA FB

ap dung dinh 1i Ceva cho AD; BE; CF
trong tam giac ABC, suy ra dpcm.

A

X p

B
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Ciu 3.

Khéng mét tinh tdng quat, ta gia st a = min{a,b,c} .

a® +b%+c? +a’

Doa?+b%+c?>ab+bcrca=1=a%+b%+c?>
: : 1+a?

2a? + b2 + c?

(a+b)a+c)

2a? + b2 +¢? . 8abc
(a+b)a+c) (a+b)b+clc+a)

& (b +c)2a” +b® + c*) + 8abe > 2(a + b)(b + c)c + a)

Hay a® + b2 +¢? >

Ta chirng minh:

< 2a%b + b3 + be? + 2a%c + cb? + ¢® + 4abe
> Z(azb +ac? + b + b’a +a%c+ bcz)
< bd el + 4abc — be? — cb® ~ 2¢%a — 2b%a > 0
& (b+ob-0)? -2a(b-c) >0 (b-c(b+c-2a)>0
Bt ding thirc nay hién nhién dang.

. P . 1
Bai toan dugc chiing minh. Dang thirc xdy rakhi a =b=c = —.

&

Cau 4.
Taco A >7>1. : ' @)

Tur hang déng thire: a* +a% +1 = (aL2 -a+ 1).(a2 +a+ 1) ta co:
11+ 11 1 2 n 11 - n v n-—
92" | 92 +1_—.(22 ) +9? +1=(22 +o2 +1).(22 _g? +1) @
néu dat: B, = 92" _ 92"
Tir (2) ta c6 thé vit: A,

+1= B, >1 nhungdoB,lasj1énén B_ > 3;
.=A B_. ; 3)
T (1); (3) suy ra A, ludn 1a hop s6 v&i moi n nguyén duong. B

Ta s& chimg minh: A, va B, 13 hai s§ nguyén t5 cung nhau, hay: (A u ,Bn) =1
v6i moi n nguyén duong .

That vay: Gia sir A, va B, ¢6 uéc chung nguyén tb p; do A, va B, la nhiing sb
I& nén p la sb nguyén té 1é.

Khi d6 p ciing s& 12 uéc ciia A- B, = 2.22° = 22" didu nay vé Ii vi

n-1 A e e A LA A1y
2% "1 1amot sb chi c6 ude nguyén to duy nhat la 2.
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Su vo li d6 chimg to (A, ,B,) =1 (4).
Déyrang B, > 3=>B,co it nhét mot uéc nguyén 6 1é (5).

Tir (3), (4) va (5) = Sb udc nguyén t6 cia A,y nhidu hon sb wéc nguyén td cia
A, itnhatla 1 (*)

Talai co A, =7 ¢6 1 udc nguyén 614 7; A =21 ¢6 2 udc nguyén t6 1a 3;7.

Theo nhin xét (*) thi Az co it nhét 1a 3 wéc nguyén t6; A4 co it nhét 12 4 uéc
nguyén to ,....; A, co it nhét 12 n udc nguyén to.

CAu 5.
Gia st trong 673 sb chon ra khong c6 hai s6 nao thoa mén yéu cau bai toan.
Tae 13, v6i hai sb a,b bt ki trong 673 sb chon ra ta ludn c6
la — b| < 671 hodc [a — b > 1342.

Khéng mét tinh tong quat, ta gia st a > b, khi dé:

*0<a-b<671=>0<a-b<672vaa>672.

bit a' = a - 672, khi do: 672<a-b<0=>0<b-a'<672.

* 1342 <a-b<2012,suyraa-b>1341,dit a'=a—1341 tacd:

0<a-b<671. ‘

Tém lai, voi mdi s6 x > 672 ta ludn chon duge mot 6 x'e [1;67 2] ma x' thoa
man didu kién bai toan. Hay ndi cach khac 1a ta c6 thé dua 673 sb da chon vé trong
doan [1;672] va cac sb méi nay d6i mot khac nhau. Nhung trong doan [1;672] co
ti da 672 s nguyén, diéu nay trai v6i gia thiét [ 673 s6 14y ra phén biét.

Cau 6. »
Ta chiing minh bt dang thirc (i) khong xay ra ddu “=”. That vay:
Giast 3m e Z" : f(m + 1) = f(m) thi:
f[f(m + 1)] = f[f(m)] =m+2012,suyra
m+1+2012 =m +2012 (vo li)
Viy: Vne Z' : f(n+1) > f(n).
Do f(n+1) va f(n) 1a cdc s6 nguyén duong nén:

fn+1)>f(n)+1, VneZ".
Ta co:

n +2012 = f{f(n)] = f(n + 2012) = f[f(f(n))] = £(n) + 2012 (1) (do ii)
Ta lai co: o
f(n +2012) >f(n +2011) +1 é.f(n +2010) +2 5. >f(n)+2012 (2)
Tir (1) nén hé bit déng thic (2) phai xay ra déu “=”
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Do d6: f(n+1)=f(n)+1, VneZ" .

Ta cé: f(n+1)=f(n)+1:f(n—1)+2:‘...:f(1)+n, VnelZ'.
Dodéf(n)=f(1)+n—-1VneZ".

= f(f(n)) = f(f(1) +n— 1) = 1)+ [f(1) +n— 1] 1 =2f(1) +n—2

Ma f(f(n)) = n +2013 = 2f(1) + n—2=n + 2012 = f(1) = 1007.
Vay f(n) = n + 1006. '

TRUONG THPT CHUYEN NGUYEN TAT THANH
KOMTUM
Ciu 1.
1 1Y 1 1
VP() = Z*-[XYMZ-J <§:>VT(1)=y6+y3+2x2<§

o 2y° + 2y3 +4x?2 <1 (8)
Tur (2) va (3) suy ra: :

8xy® +2y° +23 2y + 2% +4x% + 45 + 241+ @x—y)?
< 8xy® + 2> 2y% + 8x% + 2\/1 +(2x - y)?

< 4xy® +12 55 +4x + 1+ @2x - y)?

o 1- \/1 +(2x —y)? > y® —4xy® + 4x% = (y° - 2x)* (4)

VT(4) < 0,VP(4) > 0. Do do:

{x=0
y=0
(1

=9 =9x - e
(4)@{}73 * @{y3 X¢:>‘ x 2
1

X =

2

Ly =-1

Thu lai chi cé: (x;y) = (~—%;~1) théa mén.

Viy hé da cho c6 nghiém duy nhét (x;y) = (—-—;—;—1) .
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- Goi BI va CJ 1a cac duong cao ctia AABC,tacé BInCJ =H.
- Dung dudng kinh AA’ cia dudng tron (ABC) va goi K la giao diém cta HA®
voi duong phéan giac trong ciia goc BAC.
Ta c6 cac két qua sau: ‘
- ZJHD = Z/BAK = -ézé- = /IHE = ZDHB va do d6 HD la phén giac trong
cua géc BHJ.
- ZBAH = ZCAA' (ciing phu vé6i géc ABC), tir d6 suy ra AK 1a phan giac
trong cua goc HAA’. v
- ' JD HJ AH HK
- Theo tinh chat dudng phén gidc ta c6: — = —— (1) va —— = —— (2).
e phan & pB mB " aa kA @
- Tlr céc cdp tam giac dong dang: AHIB va A AIB; A AIB va A AJC; A AJH
va A ACA’, cho ta két qua sau: .
HJ Al AJ AH
HB AB AC AA

3)

~-Tu (1), () va(3) sdy ra: —%—% = —II_{I_E—' , lai vi A’B//HJ (ciing vudng goc voi AB),

suy ra: KD // HJ // A’B. Ma HJ L AB nén KD L AB.
Dé thdy AD = AE, do véy ciing c6 KE L AC.
Tir day suy ra AK la duong kinh ctia duong tron ngoai tiép tam giac ADE.
-Goi O va O’ lan luot 1a tdm cac duong tron (ABC) va (ADE) thi O va O’ 1a
trung diém cia AA’ va AK, suy ra: OO’ 1a dudng trung binh cta tam giac AKA’
va tlr day ta suy ra OO’ // HA va OO’ di qua trung diém ctia AH (dpem).
Céu 3. :

© Khong mét tinh tdng quat, ta gia sir a = min{a-,b,’c}.
Tacob +c =5 —a < 5.
pat P = (a2 - bz)(b2 - cz)(c2 - az)’.
Ap dung bt déng thic AM - GM, ta c6
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P2 = (a2 - b2)2 (b2 - 02)2 (c2 - a2)2 < bict (b - 0)2 (b + 0)2 < 5b*ct (b ,—‘ c)2

5 r 5
bc+bc+bc+bc+(b2+c2~2bc) (b+c)2
<5 | —

5 5
SuyraP<\/g.

V5+1  A5-1

Ding thirc xay.ra khi va chi khi a = 0,b = 5 T va cac hoan vi.
Cau 4.

+Véin=1thiu=1: dé bai théa man.

+Véin>2:

Gia st p 12 mot u6c nguyén t6 16 coa 3"+ 1, hlen nhién p > 3.
n+1

pit32 =2q+1,taduo’cp!q +q+1.

o+l 3';—1 -1
That vay, tr 3 2 =2q+1 = q=
1\ ma 2l an
2 2 _ n+l 9 2 _
:>q2+q+1:3 1 +3 1+1; 3 2.3 +1=3 1+1
2 2 4 2
ad (o
3 -23% +1 32 -1 _ 3(3+1)
= + +1= .
_ 4 . 2 4
Suyraplq’+q+1.Suyraq #0, | (mod p) vaq’ =1 (mod p).
Dén dén q** "' # 1 (mod p), V¥ k e N*. ~ (N

Mat khéc, do (p, q) =1, theo dinh li Fermat nho ta ¢6 qp_l = | (mod p).
Kéthop véi (1), suyrap—1+3k+ 1 hayp#3k+2, V k € N*,

Vivay p=1 (mod 3).
Suy ra, néu u 1a uéc nguyén duong 1é cia
3"+ 1thiu=1(mod 3), hay u— 1 chia hét cho 3.
Ciau 5.

Goi Pg, 0 14 s6 cach t6' mau cia da gidc déu 8 canh boi 4 mau 6: sao cho hai
mién tam gidc ké nhau duoc to bdi hai mau khéc nhau.

- Ta co6: 4 cach t6 mau mlen tam glac OA,A,, ing v6i mbi i cach o mién nay ta
lai ¢6 3 cach t6 mau cho mién tam gidc OA,As; khi do6 ta cung c6 3 céch t6 mau
cho mién tam gnac OA3A4, ..., 3 cach t6 mau cho mién tam gidc OAzA,.

Vay theo quy tic nhan, s cach 6 1a: 4.3
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- Tuy nhién, ching ta phai trir di so cach to sai khi mién tam gidc OAgA, va
OA/A; ¢6 mau gidng nhau. D&i véi mdi cach to sai, ta lai coi mién OAzA, nhu mot
mién tam giac ( bo qua dinh A;) s& tuong tng 1-1 véi cich t6 ding cua da giac déu
7 dinh v6i 4 mau to.

Do do chung ta co cong thic truy hoi:
Paay =43 —Poay=43" = (4.3°-Pa) = 4.3 = 43° +[43° —Ps )]
=43" - 436+435~[43 —Pua)] =437 435 +4.3° - 43"+ 43" - Pu)]

Nhung de dang nhén thdy: P4, = 4.3.2 =24.
- Vay sb cach to thoa bai toan:

Pay=43"-43°+43°-43'+43-24=3+3=6564.

Cau 6.

bit g(n) = f(n) -4025; ne Z.
+ Véimoi nym € Z; ta co:

g(n + g(m)) = g(n + f(m) - 4025) = f((n - 4025) + £(m)) ~ 4025

= f(n - 4025 +2012) + 2013 + m - 4025

=g(n -2013)+ m + 2013
ta dugc g(n + g(m)) = g(n - 2013) + m + 2013 n.
+ Suy ra

g(g(n + g(m))) = g(m + 2013 + gn - 2013))

= g(m) +n - 2013 + 2013 = n + g(m)

ta duge g(g(n + g(m))) =n + g(m) (2).
Thay m =0 va n bdi n — g(0) vao (2) ta dugc g(g(n)) =n 3);VnelZ.
+Tur(l)va(3)tacod

g(n +m) = g(n + g(g(m))) = g(n - 3013) + g(m) + 2013.
Tuong tu g(m +n) = g(m - 3013) + g(n) + 2013.
Suy ra g(n) — g(n - 2013) = g(m) — g(m — 2013) = C (C 1a hing s0).
Suy ra g(n + m) = g(n) + g(m) + 2013 -C
hay g(n + m) = g(n) + g(m) — g(0).
+Pat h(n) = g(n) — g(0) tacé h(n + m) = h(n) + h(m),
nén bang quy nap ta chimg minh dugc h(n) = an véi a = h(1).
Suy ra g(n) = an + b, thay vao (1) va ddng nhit hé sb ta dugce

{a =1 o {a Lb=0 .

ab =2013(1 - a) a =-1b =-4026

Ta dugc g(n) =n;Vn € Z, gn) = -n - 4026;Vne Z.
Suyra f(n) = n + 4025;¥n € Z hoic f(n)=-n-LVvneZ.

Thir lai ta thiy hai ham s6 nay thoa man dé bai.
Vay, f(n) = n +4025;Vn € Z hodac f{(n) =-n-1vneZ. -
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TRUONG THPT CHUYEN LE QUY DON - BINH PINH

Cau 1.
. (x>0 0
y50 X >
A La y>0 .
bicu kién: <x+ 2y > 0 & *)
2x >y
2x -y 20 2, 00 150
+2y-12
x+2y-120 & TVTET

V6i diéu kién (*)

(1)<:>\/x+2y—\/3y+,/2x—y—«/;c+x2y—yzxz()
1 1
- =0 =
@(X y) \/x+2y+\/3y+§/2x—-y+w/;+xy Ty

(Do biéu thirc trong ngoic luén duong véi x, y théa mén (*)).

V6iy =x, thay vao (2) ta dugc:

21 —x)Vx® +2x-1=x%-92x -1
& (x2 +2x—1)~2(1—-x)w/x2 +2x -1 —-4x =0(3)

Patu=vx2+2x-1,u>0
u=2

Phuong trinh (3) tré thanh: u® —-2(1 - x)u -4x =0 < {
u=-2x

+) u=-2x (loai)

x=-1- JE
x=-1+ «/g
Déi chiéu véi didu kién (*) ta duoc nghiém cia hé phuong trinh:

x=y=—-1+w/—6-.

Hu=2= x2+2x—1=2©x2+2x-5=0‘©[

- Cau 2.
a) Goi H 13 hinh chiéu cta I trén AB thi AH = P-f—;:—?-.
"Tacod: r = §, R=ik-)E = 4rR=2a—l)c.
p 4S at+b+ec
be(b+¢c—a) .
— (1)

Do d6 bec —4rR = be -
. .a+b+c
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Mit khac
AH? 2AH?  be(b+c-a)

IA? = =
C2A "1+ cosA a+b+ec

Ccos

(str dung dinh li cosin) (2)

Tir (1) va (2) suy ra dpem.

b) Tuong tu cdu a) ta c6 hai dang thic con lai dbi voi IB2 va IC2.
Trong tam giac ABC ta c6 hé thirc quen thudc alA + bIB + cIC = 0 3)
Binh phuong v6 huéng hai vé clia (3) ta c6

a?IA? + b2IB? + c2IC? + 2abIA.IB + 2bcIBIC +2calCIA =0 (4)

Thay IAIB = IA.IBcos(S)O0 +—2) = ——IA.IBsin—g— va cac hé thic tuong tu
cung voi udc lugng:

2IAIB < IA? + IB? = c(a + b) — 8rR va céc udc lugng tuong tur

Chuyén vé ba s6 hang sau cia (4) qua vé phai va sir dung cdu a) va cac déanh
gia & trén ta c6 dpem.
Cau 3.

Taco: 2P = 2(a? + b2 + ¢2) + 2abe = a? + b? + ¢? + (a% + b® + ¢ + 2abc)

- Ap dung bit dang thirc Cauchy — Schwarz ta c6:

1 2 3
2,12, .2
=a’+b’+c*2=(a+b+c) 2= (1)
Q serbre) 2]
DAu ding thic xdyra <> a=b=c¢ =—;—
- Ta tim gi4 tri nhé nhdt cia S = a® + b® + ¢® + 2abe
Ta c6 tich ciia ba thira s6 :
(2a—-1)2b—1),(2b-1)(2c - 1), (2c - 1)(2a—1) la (2a—1)’(2b—1)*(2c — 1Y’
khong 4m nén ¢ it nhét mot trong ba thira s trén khong am.

Khong mét tinh téng quat, ta gia st
(2a-1)2b-1)>0=>4ab>2(a+b)-1

:>4ab>2(g'—c]—1=2~2c:>2ab>1—c::>2abc>(1—c)c
Do d6: Q=a2+b2+c2+2abc>?12—(a+b)2+c2+(l—c)c
=—1—(§—~c)2+c=—1— 9 _gesc?|+e
2 2 214
=l(4c2 ~4c+9) :1{(2%1)2 +8} >1 @)
8 8 .
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2c-1=0

Q =1 khi va chi khi {a = b @a:b:czé
a+b+ec=—
. . 7 7
T (1) va (2) suy ra 2P:P+Q>Z:>P>§.

Vay gié tri nho nhét caa P 1a %khi a=b=c= %
Cau 4.

Véi sb nguyén duong n = Hp i v6i p; 1a cac sb nguyen th vi=12,. .,m,
i=1

P; # P; n€u i # j thisd cac udce sb nguyén duong cia n la H(ou + 1) .
i=1

Do 24 =2°3 nén 24 c6 8 udce s6 nguyén dwong Ia 1, 2,3, 4, 6, 8, 12, 24. Tu d6
va do n ¢6 diing 24 uée sb nguyén duong nén hoac n= 27 32 n= 23 35 n=2"3va
n=2"3 hogc n = 2°3p? hogc n = 232 p v6i p la sb nguyén té l(m hon 24.

- Bang cach thir tryc tiép khin =23’ hogc n =27.3 hoac n =23’ hodc n=2"2.3
khong théa man yéu ciu bai toan.

- Néu n=23% (p>24)thidg=12 #24 nén ciing khong thda man yéu cau bai toan.

-Néun=2%3p? thi p khong thé nho hon 24.

+ Néu 24 <p<48 = dy=p,djy = 2p, suy radjp—do=2p—p =31 :>p 31.

Thir lai n =2"3.31% thda man yéu cau bai toan.

+ Néu p>48thidy= p, dip=2p =djg—dy=2p-p= p 31 (loai)

Vay ton tai duy nhét sé n nguyén duong théa mén yéu cau bai toan 14 223312
Ciu 5.

S6 tap con ¢6 5 phan tir cta X 1a C5 = 3003.

Vi 3003 > 3000 nén theo nguyén tic Dirichlet tdn tai hai tdp con M, N ¢6 5

phin tir cia X sao cho Syt — Sy = 0 (mod 3000)

bit A=M\(MnN)
B=N\(MnN)

Khi d6 A, B déu khac rng va thoa mén

A/ =8 <M =5, AnB=2

S, Sy =S, - S =0 (mod 3000)

Vay t'(‘"m tai hai tdp A, B théa man yéu ciu bai toan.
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Cau 6.

Gia sir ton tai ham f thda mén y8u cau bai toan..

" Trong (1), cho m =0, ta co: f(f( )) f( )+2n+2\7’neN (2)

Ta ching minh f 1a don anh.
Gia st ton tai n,,n,sao cho f (nl) =T (nz)
= f(f(nl)) = f(f(nz)) = f(ril) + 2h1‘ +2= f(nz) +2n,+2=>n, =0,
Do d6 f la don anh. .
-bat f(0)=a
Trong (1) cho n=0 ta co: ;
£(m + £(0)) = £(m) + 2 = f(m + ) = f(m) + 2vm € N 3)
Ap dung (3) va (1) ta co:
f(m+f(n)) =f(m+n)+2n+2=[f(m+n)+2]+2n
=f(m+n+a)+2n =[f(m+n+é)f2}+2(n—1)
=..= f[(m + n)_+ (n + 1)a}Vm,n eN
Do f 1a don anh nén suy ra
m+f(n)=m+n+(n'+1)a:>f(n)=(a+1)n+a 4) .
Thay (4) vao (1) ta cé:
f(m+(a+1)n+a)=( +1)(m+n)+a+2n+2

--a’-a+2 Vvn

' :>(a+1)[m ( )n ] (a+1)m+(a+1)n+a+2n+2
+3)n

> (a +'1)2n (a+
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:>(n+1)(a +a—2)=0 Vn

—a’+a-2=0ca=1va=-2 (loai)
= fn)=2n+1. '

Thi lai f(n) = 2n + 1 (thda mén).

Viy f(n) =2n +1.



TRUONG THPT CHUYEN LE QUY PON

NINH THUAN
Cau 1.
Pidukién: x}* +120< x> 1.

Pitu=vx®+1>0=>u?=x%+1.
Khi d6, phuong trinh da cho tré thanh

(4x-Tu=2(x" +1)+2x-1 < 20° - (4x-1u+2x-1=0

Tacs A= (4x-1) - 8(2x - 1) = (4x -3)’

Suy ra
% u=-— 2 X=—i[: , o aAL Lea
( )¢:> .9 <1 (2x =130 o 4 (théa mén dicu kién)
u=2x-1 =92 .
©+1=(2x-1)"

Vay tap nghi€ém cia phuong trinh 1a S = {—i/g;Z} .

Cau 2. X

Goi T 1a tiép didm cua (O) va (0’);

ABC 14 tam gidc déu ndi tiép (0); :

M, N, P lan luot la mdt trong hai tiép diém xudt phat tir A, B, C;
D, E, F lan luot la giao cia AT, BT, CT vdéi (O°). '
Khéng mét tong quat ta gia st A va T ndm khac phia so véi BC.
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AN TN N

Ta c6é DE/AB vi BAT = EDT = BTx.
Tuong tu, ta c6: DF//BC, FD//CA.

BE BT
AD ~ AT
CF _CT
AD AT

Ap dung dinh li Ptoleme cho ttr gidc ABTC noi tiép trong (O), ta co:
AT.BC=AB.CT + AC.BT ‘

Ma BC =AB = AC nén taco: AT =BT +CT

Ta lai co:

BN? - BEBT — JAM’ “ADAT AT _ JAM AT
' CP®> CFCT _CT* |CP _CT

CP? = CFCT
| AMZ ADAT AT? (AM AT

_ BN+CP _BT-CT _; _ AM-BN+CP.
AM AT
va khong mit tinh tdng quat nén ta suy ra didu phai chitng minh.
Cau 3.

Ta sir dung két qua: AB < i—(A +B)?

a c
Pit o =—,B=—>2>0<a <1<
. T B D .B

Khidé: (o -1)(B-1) <0 1+op< o+,

Tacéd: (ax + by + cz)(%:— +% —2—) = b(%x +y+ %ZJ'%(EX +y+ _b;.z}

= (ocx +y+ Bz)(—éx +y+ %z]: éé(ax +y+ Bz)(Bx + By + az)

< —4—1——-[(og + B)x + (1 + ocB)y + (a + )z]2

of

2
<%%)——(x+y+z)2 =—£—l—;—c——(x+y+g)2

Cau 4. :
Ta‘c() 7% — 8¥ 1a sb chin nén x4 +y? ciing la s6 chén.
Néu x, y cung 1¢ thi x* +y® = 2 (mod 4), trong khi
7* -3 =7-3=0(mod4) (voli).
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7" -3

Dodé x =2u,y =2v(uveN)=T* -3 = 2(7 +8").

Suy ra x* +y? = 2(8u® + 2v2)i2(7" + 3¥) = 7" + 3" < 8u? + 2v2.
Dé dang chimg minh duoc: néu u > 4 thi 7° > 8u®* va 3° > 2v? (mau thuén).
Vithé u e {1;2;3} . |
+Véiu=1taco: 8+2v*i7+3".
Néu v > 3 thi 8+2v> <7 +3¥ (voli). Vithé v< 2.
-Voiv=1= (x,y) = (2,2) khéng thoa man yéu cu bai toan.
-Voiv=2= (x,y) = (2,4) th'(")a man yéu cAu bai toan.
+Voiu=2 :>‘x =4, taco:
74 - 3v] =49 — 3*[(72 + 8) > 22(72 + 3%) > 4% + 4v? = x* + y? (méau thuln).
+Voiu=3=x=6,taco:
176 — 3| =343 - 8*|(7% + 3") > 100(7% + 8*) > 6 + 4v? = x* + v (méu thudin).
Vay (x,y) = (2,4) .
Cau S.
Xét duong duong kinh S S, batki ciia duong tron,

M,

oday S, va S, Ia hai ddu cia dudng kinh.

Vi8S, =2, néntaco: S

S,M, +S,M, >8,8, =2
S,M, +8S,M, > 2

2

S1 M g0 + 5, M, g0 > 2
Cong tirng vé 1000 bat déng thirc trén ta c6 .
(S;M, +8,M, + ...+ 8, M, ) + (S,M, +8,M, + ...+ 8,M, ;) > 2000 (*)

Tur (*) va theo nguyén Ii Dirichlet suy ra trong hai tdng ciia vé trai (*), c6 it nhat
mdt tong I6n hon hodc bing 1000.

Gia str (S, M, + S, M, +...+ S, M, ..} > 1000, khi d6 ldy S = S,.
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Cau 6.
-Cho x =y =1. Thay vao (*), ta duoc

45(1) - (1) f@) =0
(2) £(1) =
Ta s& loai fl) 0 vi f(x)r:‘(@‘“,Vxe(@+ .

Viy ta co f( ) —}1-
- Cho x =y = 2. Thay vao (*), ta duoc -
2£(2) + 8£(4) - ) 1 aligee)-1e () -1
£(4) 4 16
-Cho x =2 va y = 1. Thay vao (*), ta dugc
1 —
5+ 4£(1)

- f(2)+£(1) +2.2.1£(2) = ff-% o f(3) =

-Cho x = 3 va y =1 . Thay vao (*), ta dugc

£(3) + £(1) + 2.3.1£(3) = % & T4(3) + £(1) = 16£(3) > £(1) = — Z )
; f(1)=1
e 4[f(1)] +5.£(1)-9 0C>“ﬂ=“%

Ta s& loai f(l) = ——Z- vi f(x) eQ",Vxe Q. Vaytacod f(l) =

- Cho y = 1. Thay vao (*), ta dugc

£(x) + £(1) + 2x.f(x) = _fﬂ o Fx)(2x+ 1) +1= f(x)

f(x+1) f(x +1)
1 1
é——_f(x+1) —2x+1+-%—(—;(—)-
Tir d6, bing quy nap ta chimg minh duge
—fT};};—;l_)- = 2nx + n® +—17(1)-(—)—, VneN* (**)
That vay, gia st (**) ding v&i n < k , nghia la ta c6
ﬁ:ZnXJFM +—f-—(1)—(5 vn<k,nke N
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Ta s& chimg minh (**) ding véi n =k +1
1 1 1 y ,
- = 2 2x +2n +1
f(x+n+1) 2(x+n)+1+f(x+n) f(x)+ nx +n° +2x+2n +

:;—(1)—{—)—+2(n+1)x+(n+1)2.
. 1 a1 q
Vay: %f(x+n) 2nx +n +f(x),VneN .

-Cho x =n va y =1 . Thay vao (*), ta dugc

: f(n) B 1
f(n) + f(l) + 2n.f(n) = f(n " 1) = f(n).(l + 2n) + f(l) = f(n).f(n " 1)
= f(n).(l + 2n).+ 1= f(n){}—(—i—)- +2n + nz]
= f(n).(l + Zn) +1= f(n).(l +2n + n2)
=N f(n).(l +2n+n?-1 —2n) =1o f(n) = %
- C‘ho y=nvéineN". Thay vao (*), ta dugc
f(nx)
f(x) + f(n) + 2xn.f(nx) = f(x " n)
<:>f(x)+i=f(nx). 1 — 2nx :f(n ).-——1——+2nx+n2—2nx
n? f(x + n) f(x)
1
f(x)+—=
B _1__ 9 B nZ e
= f(nx)[f(x) +n ] o f(n) ————————__l—_Jrn,z (** *).’
f(x)
- Cho x =£— véi n,p € N'. Thay vao (¥**), ta duoc
f(!l) L 1 f[-?i) ;
p)_\n) n* . 2 1 _\n pl_n 1
f(n.;]— 1 +n2<:>f(p)—_n1—<:>p2— " @f(n] . Bz.
5 2 “
n n
Viy: f(x) = —lz—, Vx e QF
ox
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TRUONG THPT CHUYEN LONG AN

Cau 1.
Phuong trinh c6 nghiakhi 0 <x < 1.

bat y = 1—\/;(,0<y<1‘tacé«/—=1'_y2,x:(1,y2)2
AR A

o y=0 (v y2+y~2013

<0v6i 0<y<1)

‘Tacd:y =0 nén x=0.

Cau 2.
“Goi Dla giao diém cta dudng tron ngoai tiép tam giac ABC véi AO.
Ta dé chimg minh BHCD 14 hinh binh hanh )

Ta ¢6 BEHD, CFHD noi tiép nén HBD = DEH; HCD = DFH (2)
Tu (1) va(2) suy ra diéu phai chimg minh
Cau 3.

4a+3b+4c

Tacé: J(a+2b+3c)(3a+b+ ) >

2
Suyra: P < [—{1-2—9—-153—:—13] = P <4.2013%.
Diu " ="xayrakhia=c = 2013; b=0.

Vay 4.2013? 1a gia tri 16m nhét cia P.
Ciu 4. ‘

Ta thay trong s6 P mdisb2,3,4,5,6,7,8,9 xuit hién xuét hién 20 1an; s6 1
xudt hién 21 lan

Tdng céc chit sbcuiaPla+3+4+5 +6+7+8+9)20+ 1.21=901.
Nhu viy P khong chia hét cho 3 va hién nhién khong chia hét cho 2013
Cau 5.

T6 mau san nha boi 2 mau den tring sao cho céc & & hang 1é t6 mau den, cac 6
0 hang chan t6 mau trang.

Suy ra sb 6 den nhiéu hon s 6 tring 12 2013 6.
Gia st ta lat dugc theo yéu cAu cua bai toan. .
Vi m&i vién 4x 4 phu 8.0 tring, 8 6 den; mdi vién 5x 5 phu 15 trang (den),

10 6 den (trang) nén sb 6 den va sb 6 tring chénh nhau mét sb chia hét cho 5
(mau thuan).

Vay khong thé lat dugc theo yéu cdu bai toan.
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Cau 6.
Véi m=1ta co: f(n+1)=£(1)+f(n)+2013n = £(n)+2013(n + 1), véi

moineN#*

Ta du doan f(n) =

——-——2013(2 +1ln voimoi ne N *

Chirng minh duoc du doan trén bing quy nap.
Thu lai, ta thay ham so trén thoa man yéu cau dé bai.

TRUONG THPT CHUYEN LUONG VAN CHANH
PHU YEN

" Caul.

-x20

Diéu kién L
X+2y+320.

Phuong trinh thr nhét duogc viét lai theo phuong trinh bac hyal‘i ddi voi x.
X2~(y2+4)x+2y3—4y2+8y:0 @)
Tacod A = (y* + 4)% -42y° —4y? + 8y) = (y® —4y +4)%.
yi+4-yirdy-4.

X == =2y
Do dé (1) & 2 22
_y +4+3;—4Y+4:y2_2y+4>3 (loai).

Thé y = E vao phuong trinh th{ hai, ta duoc:

+\/2x+ = 4x* —4x+—(2)

Ta cé:

*) 4x% — 4x +72— =(2x -1)? +—g— Z Vx ; ddu bang Xy ra khi va chi khi x = 1

1~X+\/2X+3=—;-\/2~2X+\/2x+3< -i-+1.\/—=g-,

o , 1
VX e [—2—;1]; dau bang xay ra khi va chi khi 2\/2 -2x = \/2x +3 o> x= 3

Do d6 (2) <:>x:~;~.
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| S S PP
Suyray = 7 thoéa méan cac diéu kién noi trén.

Vay hé c¢6 nghiém duy nhit (x;y) = (—;—%} .

Cau 2.

M

Giast AB<ACsuyraM n&m trén tia ddi cia tia BC,

ZAIB =90° +-§- = /MIB = -(22 = /ZMCI
Suy ra tam giac MIB ddng dang v6i tam giac MIC, suy ra MI? = MB.MC.
Suy ra M nam trén truc ding phuong d cta (O) va dudng tron diém tam L
R6 rang d vudng goc véi Ol.
Tuong tu, ta ciing chimg minh duoc N, P thuge d.

Cau 3.
Taco: S = be + a2 — bya? + ¢ + cya® + b?
\/(a2 +b?)a? +¢?)
be +a? -b c
«/(32 +b2)@? +c?) Ja? + b2 Ja? + c?
be + a? ~b(c -b) cc—b)

_ ; ; (vic>b).
J@? + b2)@? +c*) |c - b|«]a2 +b? lc - b‘\/az +c
Vi ba sd a, b, ¢ khac khong nén trong hé truc toa d6 Oxy chon ba diém khong
tring gbe O: A(O;a), B(b;O), C(c;O), vGib <c.

Tacé AB = (b;—a), AC = (¢-a), BC - (¢ -b0).
Xét tam giac ABC, ta co:
‘ be +a?

\/(a2 +b?)a? +c?) ,

cosA = cos(Kﬁ;K@) =
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~b(c -b)

lc - b]\/a2 +b? ’,

cosB = cos(ﬁ;ﬁ?}) =

~x.ao) . cle=b)
cosC = COS(CA,CB) = i;m .
be +a” ~b(c - b) c(c—b)

Suyra: S= + + 4
V@? +b2)a? +*)  [e-ba® +b?  |e-blVa® +c?
= cosA + cosB + cosC. ' '

_ Mt khac, ta ching minh dugc bét déng thirc quen thude: Trong tam gidc ABC
~ bat ki, ta ludn co:

cosA + cosB + cosC < -g—, dang thic xay ra khi va chi khi tam gidc ABC déu.

_be+a? —bya? +c? +c«/a2+b2‘<3

J@? +b?)a? +c?) 2 ’
Déu bang xay ra khi va chi khi tam giac ABC déu
J3 | c>0

o 1&():?BC<:> b:“c

OB:OC a:i,\/:‘);c

Vay S

Véay maxS = ?3 .

Ciau 4,

Vi n chin la hién nhién nén ta chi cdn xét n 1&. Gia sit n = p'p;%..py* la
phan tich tiéu chuin ciia n ra tich céc thira s6 nguyén td.

Do n lé néncac p;lé, i =1,2,... k.

Viviy p; =2"m, +1 véim, lévas, >1,Vi=12, .. k.

Khéng mat tinh tong quat, gid sir s, = ];nil_}’;lsi .
i=1,

Ta cé: pji = (Zsi m, + 1)01i =2"M, +1.
k N
Suy ra: n = ppy?..ppk = [ @M, +1) =2" M +1.
) i=1 ’ ’

Giasirtontai n saochon 12! +1 tic1a 27! +1 = 0 (mod n), suy ra

m)(n-1) _

2" = ~1(mod p,), viviy 2 -1 (mod p,) (vi m,; 1¢).
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. _ 251 -1)M A A
Ma 2™@D o élM — 9 UM _ 4 (modp,), mau thuan.

Vay 2°7' +1 khéng chia hét cho n .
Cau 5.

Theo gia thiét f(x) c6 hai nghiém phén biét x,, x, véi: x, <0 <x, <2013.
Suy ra: £(2013) > 0 <> 2018 —2013m —n > 0 < n < 20132 - 2013m.
Tacling c6: x, +X, <X, < 2013 = m < 2013 (vi x, <0)

MameZ" nénme {1;2;3;...;2012}.

Khi m =1 thi n € {1;2,3;..,2018” - 2013 -1}

taco 2013% -~ 2013 -1 tam thie f(x).
Khi m =2 thi n e {1,2;3;..;2018 - 2.2013 - 1} :

tacod 2013% —2.2013 — 1 tam thirc f(x)
Khim=3thine {1;2;3;...;20132 ~3.2013— 1} :

taco 20132 — 3.2013 — 1 tam thirc f(x).

.............

Khi m = 2012 thi n e {1;2;3;...;20132 ~92012.2013 - 1} :

ta cd 2013% —2012.2018 — 1 tam thirc f(x).
Téng s6 nhiing tam thirc f(x) c6 duoc la:

S =(2013% - 1).2012 - 2013(1 + 2 + 3 + ... + 2012) =4076480002.
Cau 6. ‘ :
it a = £(0), tir gia thiét ta c6 f£{m + £(0)) = f(m)
hay f(m+ a) =f(m), Vme N.

Giasir a > 0. Khi d6 f 12 ham tudn hoan va

£(N) = {£(0),...,f(a - 1)} .

Dt M = max{f(0),...,f(a - D}, khidé f(n) <M, VneN.

Tir gia thiét, thay m = 0, ta duge f(f(n)) =n+a, Vne N, suyra
fEOM)) =M +a <M, vd Ii.

Viy a=0.

Tir d6, suyra f(f(n)) =n, Vne N.
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Bt b=1(1),néu b =0 thi 0=1(0)=f(f1)=1,vo i, vivay b #0.
Talaico 1 = £(£(1)) = f(b).

Suyra fn+1)=f(n+f(d)=f(n)+b, VneN.

Két hop vai £(0) =0, suyra f(n) = bn, do d6 f(f(n)) = b%n.

Ma theo két qua trén thi f(f(n)) =n nén b =1, vivay f(n) =n.

Thit lai, ta thdy f(n) thoa man dé bai.

Véy fn)=n, VneN.

TRUONG THPT CHUYEN LY TU TRONG
CAN THO

Cau 1.

20

T (1), ta co y[—2+ 11} =2013=>y>0.
X

Tuong tu, tr (2) va(3) = z> 0, x > 0.

Do h€ hodn vi vong quanh nén ta gia st x = max {x; y; z}, nghia lax>y, x> z.

Trlr vé vé6i vé ciia (3) cho (1), ta duoc

20[}2— - -%—J +11(x - y) = 0 < 20(x° — yz*) + 11x*2%(x - y) = 0 4).
Z X

Vix2y>0,x22>0néndéthéyx—yZOva‘lx3——y2220.
v 3_ .9
Do dé (4) < 1% T Y% SOX=y=az.
X=y ,

- Thay vao (1), ta dugc 122 +11x = 20183 < 11x% - 2013x+ 20 =0.

X
Tur d6 suy ra nghiém ctia hé.
Cau 2.
P - M
AU N B
) Q 1
// \
d \
D S C
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a) PQ.SR = (PM + MQ)(SM + MR)
— PM.SM + PM.MR + MQ.SM + MQ.MR
— PM.MR.cos180° + MQ.SM.cos0° = 0
= SR 1 PQ

b) Do PQ L RS nén 5 didm M, R, B, I, Q thudc duong tron dudng kinh QR.

A~ N . ,
Suy ra RIB = RQB (hai géc ndi tiép ciing chan cung RB)

Tuong tu: 5 didm P, M, I, S, D thudc duong tron dudng kinh PS.
Suy ra SID = PSM (hai géc ndi tiép ciing chan hai cung bang nhau PM, DS)
Do MS L PR (tai M) va PQ L RSnén Qla tryc tdm cua APRS.

A~
Do d6 PS L QR suy ra PSM = BQR (gdc c6 canh tuong tmg vudng goc)
AN N

= RIB = SID
Ma R, L, S thing hang nén suy ra D, I, B thang hang.
Suy ra I thudc dudng chéo BD.
Cau 3.
Ap dung bét déng thic AM — GM ta c6: -

‘i/kH :1;/1”1.1.1....1 P P
k k k| k K>

Déu “=" khong thé xay ra nén: ‘f’k +1 <1 +>—]1—
k k2

Ap dung bét déng thirc trén ta dugc:

VT<1+ Ll+-—1—)+(1+—1—]+(1+—1—-)+...+(1+ ! j
22 32 42 20132

=2013+i+—1-+—1—+...+ 1
2?2 3 47 2013
<2013 + 1 +i+-——1—-+ 1

— b ————

1.2 23 34 2012.2013

=2013 + —1—-~1— + -1———1~ + —1———1— +
1 2 2 3 3 4

=2013+|1~ 1
201

Nl

i S
2012 2013

3] < 2014 (dpcm)

Cau 4.
Pitt x=m+a;y=n+B,v6imneZ0<a,p<1
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Sxty=min+o+p; [x+y]=m+n+[a+p];
2[x+y]=2m+2n+2[a+p]
8x =3m +3a; 3y = 3n +3B; [3x|+[3y|=8m+3n +[3a] +[3p]
2[x+y]+[x]+[y]=3m+3n+2[a+[3].

Vay bét déng thirc cn chimg minh tvong duong: [3a] +[38]> 2o + 8] (*)

Taco: 0<a+PB<2

.LOSa+B<1:(*) ding

2.1< oc+B<2 thi [oc+B]

a) Néu c6 o hay B, giasrdola a > 2 th1 [Sa] 2:(% dt’mg

b) Néu ca hai sé a, B déunhéhonz tic 11 < oc+[3<§- lic d6: o,p > %

vinguoc laithi a + B <1,vd li

Vay a,B > é—, suy ra [3&] + [38] =2 (*) dang

Do d6 bét déng thirc dugc chirng minh.
Xét phan tich tiéu chudn ra tich c4c thira sb nguyén t ctia tir s va mu sb trong
phén s6 da cho.

S6 mii clia s& nguyén td p trong phan tich A = (3_m)!(3n)! la:

| | 3m 3n
k=1\| P P
. . . 2 '
S6 mii ctia sO nguyén to p trong phén tich cia B = [(m + n)!] min! la
m+n m| | n
b p

~ (3m)Y(3n)!
Theo trén ta c6: o > 3 nén - 5
, ((m + n)!) m!n!

14 sO nguyén.

Cau 5.

Ta dénh s6 cac dinh A, A,,..., A, twong tmg v&i cac chisd 1,2,... n

Trude hét, ta dém cac tir gidce thoa méan yéu cdu clia bai toan co dinh A,.

Céac dinh A,, A, s& khong dugc chon vi AjA,, A A, 14 cic canh cua da giéc.

Ta cén chon thém 3 dinh tuong {ng véi bd ba sb (a, b, c) thoa man tinh chét:
5<a+2<b+1<c<n-1(do giita 2 dinh phai c6 it nhit 1 dinh).
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Vay s cach chon 3 dinh bang s6 cach chon 3 sb phan biét trong n — 5 s0 tir 5
dén n— 1. Suy ra sb tur giac dinh A, thoa méin yéu cau cia bai toan bang Ci_s
Vi ¢6 n dinh va mdi tir giac dugc dém lap lai 4 l4n theo 4 dinh nén so tir giac co

3
n-5

4 canh la 4 dudng chéo cua tir giac la

nci5zzas%wan@_5xn—®@ﬁq)=25
4 64

Theo gia thiét:

Vay n(n - 5)(n — 6)(n —7) = 600, suy ran = 10.
Két luan n=10.
Ciu 6.
Gia sir c6 ham sb théa man yéu cAu bai toan.
D2 dang chirng minh ham sé f 1a don anh
Tur didu kién cia bai toan: ‘
Cho x =y = 0 = f(f(0)) =£(0) = £(0) = 0
Cho x =0= f(f(y)) =-y VyeQ (¥)
Thay ybdi f(y)vado (*)taco f(x+y) =f(x)+f(y) vx,y e Q
Suyra f(x) =kx Vxe QkeR
Thay f(x) vao diéu kién bai toan ta duoc
f(x +ky) =kx -y = kx + k%y =kx-y=>k*=-1

Piéu nay vo li. Vay khong ton tai ham thoa méan yéu cau bai toan.

TRUONG THPT CHUYEN NGUYEN PINH CHIEU

DONG THAP
Cau 1.
D osintx+y)=0ox+y=k keZ

. ' ) x* +y® = -1(loai)
2) 2(){2 +y2) +(x2 +y2)~1=0 o

2, 2 _1
X“+y =3
2
x2+y2=-;—<:>(x+y)2—2xy=é-:>xy=2k4“1,
keZ
Ta c6 hé phuong trinh: |x+y = k
xy:2k2—1

4
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H¢ phuong trinh ¢6 nghiém khi

2__..
{82—413;0@ k2~—4.[2k 1J>0©{k2—1<0

4
kez keZ
kez
ke
o1 ek={101)
k*-1<0 .

A LA . . o " 11 11 1 1 11
Véy hé phuong trinh c6 cac nghiém: —5;—--2— N I il EPI el bl P P ey

Cau 2.

Goi r la ban kinh duong tron ngi tiép tr gidc ABCD, khi dé ta c6: S=p.r.

Goi M, N, P, Q lan luot I céc tiép diém cia cdc canh AB, BC, CD, DA véi

dudng tron ndi tiép, ta co:
A
p=BM+CN+DP+QA =r cotE+cotg+cot2+cot—— .
2 2 2 2
Vi ABCD con la tir gide noi tiép, nén: ZA + £C = /B + /D =180°.

Suy ra ‘ ’
1 1

=r tan—é‘ + cot—A— + tang + cotE =r
P =1 tangy T ooty 2 )TN T A AT
sin—cos—  sin—cos—
2 2 -2 2
‘:21{ 1 + 1 )221* 4 > 4r 4r

: " . 2 >
sinA sinB sinA +sinB sinA +B

2
Suyrar<£:>8<2—.
4 4
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- Céau 3.
Taco (3x + 4y)(4x + 3y) = 12(x? + y?) + 25xy

2 2
<12(x? + y®) + 25(X 42~y }:fl.zg(xz +y%)

Tuong tu:
49 5 4 49 o o
By +4z)4y + 32z) < —2—(y +2z%);(3z + 4x)(4z + 3x) < -—é—(x +2z%)

' 2 2 2
SuyraP?—%— x ¥y =
49\ y? + 2 22+x> x2+y?

L s ) , X z 3
Theo bat dang thiic Nesbit, ta c6 — + + > 3

2 2 2
SuyraP?—z— 2x =+ 2y S+ 2Z > 2-—2—-.§:-—:3—
49\ y? +2° z°+x° X +y 2

Vay oid tri nho nhit cia P = — khi 4 © 27 o 0
a 1a tr1 nho nhat cua = — 1 X = =Z >
1y gla trl 49 x2=y2=z2 Y
Cau 4.

Tir gia thiét ta c6 a > 2018, do d6 ta viét a = 2013 + k (véi k e Z")

Khldotaco-l—— 1 1 k

b 2013 2013+k T2013(2013 + k)
2
:>b:2013+(20113)

Vi b 14 sé nguyén duong nén k 13 udc ctia (2013)?

(2013)?
k

Tacoé b>a < 2013+ >2013+k < k <2013

Mit khac (2013)% = 3%.112.61°

— 86 w6 sb cia (2013)% 12 (2 + 1)(2 + 1)(2 + 1) = 27 ude sb nguyén duong.
Trong 27 udc sb do ¢6 14 ugce sb nguyén duong 16n hon 2013

Vay ¢6 13 udc sb nguyén duong théoa man d& bai hay c6 13 cip sb nguyén
duong a, b. :
Cau 5.

Goi s6 can tim 1a abedef véi a#0.
Tacé ab.cdef = 8000 = 2°.5°.
Vay phai c6 ba chit s6 bing 5, ba chit s con lai phai c6 tich la 2% =64.
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Khi d6 ba chit s6 con lai 1a b (2,4,8), (4,4,4), (1,8,8)

|
Véi  bo (2,4,8,5,5,5) ta co: % s0 thoa mén bai toan.

S
Vai bd (4,4,4,5,5,5) ta co: __Q___ s0 thoa mén bai toan.

33!
. g 6l .
Véi b (1,8,8,5,5,5) ta co: 3ol s0 thoa man bai toan.
! ] 1
Vay sb cac sb cAm tim 1a: sl + 5 + 8 =200.
3! 3L3! 3L.2!

Ciu 6.
Thay m=n=1:(1)= f(2f(1)) =

Thay m =n: ()= f(2f(n)) =
Ta ching minh f(1) = 1. That vy, gia st f(1) =1+a Vae Z*
Khi d6 2f(a) + 2£(1) = [ £(2f(2) + £(2£ (D)

= £(2a +2) = f| 2(f(1) - 1) + 2| =£(2£(D)) =

Suy ra f(a) =1-f(1) = -a (miu thin vi f(a) e Z*)
Vay f(1) =

Ta chitng minh f(n) = n bang quy nap

Giastt f(n) =n

fn+1) = f(f@)+f@)=n+1 =fn)=n, VneZ".
Vay £(2013) = 2013

TRU@NG THPT CHUYEN PHAN N GOC HIﬁN
CA MAU
Cau 1. ‘
Pidu kién x # 0.
x2+3x2y=§- —83——3y=1
X o X ,
s 1.8 3_q2_

y' —1-= . y 3.x =

Ta co:

bat t = 2 (t # 0), ta dugc hé phuong trinh
X .
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3 _ 94— '
v -3y 1:>(y—t)(y2+yt+t2+3)=0:>t:y
y*-8t=1

Do d6, y? -3y =1 (1
Pat y = 2cosa,voi 0<a < «.

(1) = 8cos®a. — 6cosa =1 <> cos3a =—;— o= ig—+k23£ (k e Z)
y = 2c08—
Chon a ——73 o =§7£;oc ZZEEI:O;R] = y=2cos@
9’ 9 9 9
y = 2cos—
Vay hé phuong trinh dd cho ¢6 3 nghiém:
1 1 1
X = X = X =
T b3 n
cos— | cos— | cos—
s 9 s ' 9 .

T 5n n
= 2c08— = 2c08— = 2c08—
Y 9 ¥ 9 (¥ 9

Cau 2.
Giastt AB =2 va O latrung diém cta doan AB.
Chon hé truc toa dd Oxy sao cho tia Ox tring véi tia OB va tia Oy trung

véi tia OC.
Khi d6 A(-1;0), B(1;0), C(O;\/g ), I(0;~—\/§ ) va phuong trinh duong tron (I) la
2
x% + (y + \/f;) =4.
Gia sit M(m;n). Vi M thudc dudng tron (I) nén:
S 2 2
m? +(n+\/§) =4 = m’ =4—(n+w/§) .
Mit khac: MA? = (1 + m)® +n®
MB? = (1 - m)* + n®
MC? =m? + (3 -n)®* =m? +n? —2V3n+3
Taco: MA2 + MB? =2m? +2n%? +2

:mz+2n2+2+[4—(n+\[?:)1:m2+n2—2J§n+3.‘
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" Do d6 MA? + MB? = MC?.
Véy MA, MB, MC la ba canh clia mdt tam giac vudng,

Ay
C

v

4 0 B x
Cau 3.
Taco 16 = (a2 + 1)(b + 1)(c® + 1)1 +12) > (ab+ 1) (e +1)’

>(J§E+J§)2.
:>\/:£+«/E<2

Mit khac 16 = (a® + 1)(b2 FIE + DA +12) > (a+ b) (c+1)".

=(@a+b)c+1) <
Tacd abc+bc+ca+ab:ab(c+1)+c(a+b)

pat (c+1)+f°+1(a+b)

gw_;&aﬁ(@wz)@

Ding thirc xdyra @ a=b=c=1.
Cau 4.
Véisdnguyén n>1,tacé n® -1 =(n® -n+1n+ 1@® -1) .

Man®-n+l=n(n-1+11lasblé nén c6 ude nguyén th1e, giasklap
=>pl@®®+1) () ,
Vi (0% +1) = (n® ~1) = 2 khong chia hét cho p nén (n® —1) khong chia hét
cho p.’ A
Theo gia thiét p | (n? - 1) (2)
Ta(l)va@)suyrapl@m®+1+n?-1)=n’n+1).
Vi p khong la wécciia n nén pl(n+1) (3)
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Dodé pltn®-1-n®-n+1)=n-2 (4)

TrG3)va@tacd pl3,suyrap=3van?-n+1=8 véireN .

Phuong trinh n® —n+1=3 (4n n, r € N*) c6 nghiém nguyén n >1 khi
A=1-4(-3")=3(4.3"" —1) 14 binh phwong ctia mdt s6 nguyén.

Néu r > 2 thi 4.3 —1 khong chia hét cho 3 v A khéng la binh phuong clia
mdt sO nguyén.

Dodor=1 =>n*>-n-2=0n=2.

Kiém tra ta dugc n = 2 thda man yéu ciu bai toan.

Cau 5.
Goi S(n) 14 sb mién mit phing do » dudng thing chia ra.
Taco S(1) = 2;

Sm+1)=SM)+(n+1)

Do dudng thing thi (n+1) cit n dudng
thfmg coOn lai tao nén n giao diém, chia n6 1am
(n +1) khoang, m&i khoang nay chia cac mién
chira n6 1am hai mién.

Ta co: '

S(n) =S(n-1)+ @)
Sn-1)=Sn-2)+(n-1)

S(2) =S1)+2
n(n+1)
2
Ta l4y mét hinh tron (C) du 16n phi tit ca céc giao diém coa cac duong thing
nay v&inhau.

Dodo: Sn) =2+2+3+4+...4n =

+1

M3i dudng thing trong n dudng thing nay cit hinh tron (C) tai hai diém. Tacé
2n tia xuét phat tir (C) tao nén 2n mién khong bi chan.
Vy s6 mién khong bj chin (c4c da giac 16i) phai tinh véi n > 2 la:
n(n - 3)
2

+1

S(n) -2n =

Cau 6.
+ Tir i), ta co: A
f(f(m) + f(n)) = f(f(m)) + f(n) = f(f(n) + f(m)) = f(f(n)) + £(m)
= f(f(m)) - f(m) = f(f(n)) - f(n) '
Ma f(f(1)) - £(1) = £f(2) — 2 = 2 nén v4i moi n nguyén duong, ta co:
f(f(n)-fn)=2 = ffxn)) =fn)+2 ¢}
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Tir (1) va gia thiét f(2) = 4, bing quy nap, ta dugc:
f(2n) =2n+2Vne N’ Q)
+ Vi f1a don anh nén néu n 1é khéc 1 thi f(n) 1&.
Goi 2p + 1 1a b 1& nho nhét thudc tap gié trj cia f.
Bing quy nap, ta dugc:
f2p+2k+1)=2p+2k+3vk >0 (3)

Ta thdy r?mg voimoi t e {3, 5 ..,2p - 1} thi f(t)>2p+1.
Néu 3t e {3,5,...,2p - 1}
sao cho f(t)=2q+1>2p + 1 thitir(3)chonk=q—p— 1.
= f(2q—-1)=2q+1=1()
dodét=2q—1>2p- 1, miu thudin véi t € {3 5,...,2p — 1}.
Vay voimoi t € {3,5,...,2p - 1} thi £(t) = 2p +1.
Do f don 4nh nén diéu nay chi xay ra khi 3 = 2p—-1 =>p=2
= f(3) = 5 va tir (1), bang quy nap ta chirng minh duoc f(2n + 1) = 2n + 3,
VneN". :
2 khin=1

i , thir lai thay thoa man bai toan.
n+2khin>2

Vay f(n) ={

TRUONG THPT CHUYEN TRAN HUNG DAO
BINH THUAN

Cau 1. |

batx =t + \/g , phuong trinh di cho tré thanh

£ 2% +8t-3=0ct* + 2% +1-4t2 + 8t -4 =0

o1 46-1" =0 E+26-1)E2 -2t +3) =0
t=—1+\/§:{x=—1+\/§+w/§
t=—1—\/§ x=——1—w/§+\/§

Vay phuong trinh da cho 6 hai nghiém ~1 + V2 + V3,1 -2 + 43
Cau 2.

Goi p;,Py,e-5p , 12 n? sb nguyén td lién tiep.
n

<:>t2+2t—1=0<:>[

Vin so PPy P> PyPrig-Pons 5P s Py P do6i mdt nguyén to

n“-n+l" n“-n+2

cung nhau nén theo Dinh Ii phan du Trung Hoa, hé phuong trinh dong du:
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x=0 (modplpé---Pn)
x=-1 (mOdpn+lpn+2"'p2ﬂ) )

sz—(n—l)(modp s Py P 2)

—n+1t n?-n+2’ n

co nghlem nguyén duorng x.Suyra x,x+1,..,x+n~-11an ) nguyén duong
lién tiép, ma bat ki s nao trong chiing ciing chla het cho n sé nguyén td lién tiép.
Cau 3. :
Gia st tam giac ABC c6 ba dudng cao 14 2,3, 6 vaco dién tich 1a S.
ZS 2S 2S
376"
Theo bat déng thic vé canh tam giac, ta cé
2S5 2S 2S 1 1 1, ..
s o o =<=+—= (voli).
; 2 3 6 2 3 6
Vay khong dung dugc tam giac thoa mén dé bai.
Cau 4.

Ta c6 ba canh cua tam giac la —

-, a b ¢
Tacd: —+—+—2
¢ a

a+b b+c a b ¢ a+b b+c
+ +lo—+—+—+12 + +2
b+c a+b b ¢ a b+c a+b.

a®? b2 2 b2 (a +2b + c)2
&>t — t — 2
ab bc ca b’ (b + c)(a + b)

Ap dung bit déng thirc Cauchy - Schwarz, ta c6:

2 b ﬁ> (a+b+b+c)2 _(a+2b+c)2

@b be ca b2 “ab+bcrca+b® (b+c)b+a)

Bét déng thirc dugc chimg minh.
Diu “="xayrakhia=b=c.
Cau 5.
Chia tam giac déu da cho thanh 12 tir gidc

bang nhau nhu hinh v&. MBai tir gidc c6 hai goc
vubng dbi nhau, duong chéo 16n c6 do dai bang

{?. Theo nguyén li Dirichlet, khi ldy 13 diém

phan biét bat ki trong tam gidc dé cho thi co it
nhat 2 diém nim trong cling mot t&r giac va do a6

khoang cach cta ching nhé hon —é—g— .
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CAau 6.

Tacs S= (a3 +(o-5) +J(;_c)2+(b~d)2 +\/(4~c)2 +(1-dy

Goi d,,d, la hai duong théng ¢ phuong trinh 1a

d; :2x+3y-6=0,d, :4x+6y-25=0.
Lay P(a;b), Q(c;d), M(3;5),N(4;1) thi
Ped ,Qed, va S=MP+PQ+QN.

Thay toa d6 cua O, M, N vao phuong trinh d,,d, ta kiém tra dugc O, N nim
khéc phia ciia d;; O, M nim khac phia ctia d,; M, N nam khéc phia cia d,.
Goi Ml(x;y) déi ximg véi M qua d, vallatrung diém MM, .

Ta co:
o x-3 y-5 - 21
MM, / /n (23 2 3 ==
{ 1 nl(,)Q 7 3 ’ 5 < 1235
ITed, 2("; ]+3[y; )~6=0 y =22
13
M (2125
13713

Tuong tu, N, (i—g,—?—;—] ddi xting véi N qua d,.

Ary 663
, dau “=

xay ra khi P, Q lan luot la giao diém cua doan thing M,N, va hai dudng thing
d,d,.

Do tinh dbi xting suy ra S = M,P+PQ+QN, > M,N, = .._....._W

Phuong trinh duong thing M, N, : 45x - 79y — 1030 _ 0.

13
Tir do tim duge P 9252;1450 Q 31855;10505 .

3809 3809 7618 7618
Vay min S = 812366 dat duogc khi

09252, 1450 .. 31855 . 10505
©3809° 3809° 7618’ 7618

91



TRUONG THPT HUYNH THUC KHANG

QUANG NAM
Cau 1.

(x—y)(x+y+y2) =x(y+1) @

22
G2,

x3+4x =1+
Piéu kién: tir (2), suy ra x > 0.
(Hhe x2-y% +xy° -y -xy-x=0
o x? +(y2 —y—l)x~y3 -y2=003)
2
Tacd: A= (y2 —y—l) +4(y3 +y2)

2
=y4+2y3+3y2+2y+1=(y2+y+1) >0

= 1
Nen: @) |~
x=-y <0
Thay y = x — 1 vao (2) ta duogc:
2
x+1
x3+4x=1+—(—-—3—-)——<:>3 x3+4x=x2+2x+4
u= v—u?=4
biat 5 ta dugc hé 9
v=x +4 9uv=(v+2u)
2,4 v=u
v=u®+4 B M u? —u+4 =0 (vd nghiém)
Ly < 3lv=u P
v? —Buv +4u?® =0 [ v =4u ,
: v =4u
u2—4u+4=0

c>{ =2¢:>x=2
v=_8

Viy: Hé phuong trinh c6 mot nghiém (2; 1).
Cau 2.
+ Goi O la tim da giac déu A A,.. A .

-Néunchinthin=2m, meN,n>4:
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Khi d6 A,A_,;A,A
diém nén: OA; + OA, +...+ OA_
- ((_SKI + (_)—Xm+1) + ((A)”AZ + 6Km+2) + ...+ (6Km + 6&2:}1) = 6.

e An Ay, 12 cic dudng kinh nhén tdm O lam trung

-Néunléthin=2m+1, meN,n > 3: Pat v = 0A; +0A, +...+0A .
OA, va
OA, ..., OA va OA_ ., dbi xtmg v6i nhau qua dudng thing OA, nén ghép

Khi d6, xét dudong thing OA, thi céc cdp vecto OA, va OA

2m+1 °

theo cac tdng nay thi vecto v c6 gia Ia dudng thing OA,.

Tuong tu, xét dudng thing OA, thi cac cap vecto OA, va OA,, OA, va

OA, ... déi xing v6i nhau quaAdLr(‘mg théng OA,, nén ghép theo céac tbng nay
thi vecto v c6 gia la duong thing OA, . ‘
Viay v ¢6 hai gia khac nhau nén v =0A; + OA, +...+0A = 0

+ Ching minh dugc da gidc B,B,..B_ déu.

+ Chimng minh dugc hai da gidc A|A,..A va B, B,.B_ c6cung tam.
AlBl — A2B2 = ... = Aan .

AA, AA, A A

Goi O, O’ l4n luot 13 tAm ciia hai da gidc

MA, + MA, +...+ MA_ =nMO
AA,A véBle..an{ 1T e e P 20

bat k =

MB, + MB, +...+ MB, = nMO'
=n00'=AB, +AB, +..+A B kA A, +kA,A +..+kA A

=k(A,A, + AA .+ AA) =0

~ Suy ra hai da giac A A,..A_va B,B,.B_ c6clngtdm O
Ap dung dinh li cosin trong A B,OB, :

0 0
B,B; = OB! + OB} - 20B, OB, cos200 ZOBf[l'— cos20 J
n . n

Chu vi da gidc B,B,..B, =nB B, . Suy ra chu vi da gidsc B,B,...B_ nho nhét
<> OB, nhé nhat. |

Khi d6 B, Ia hinh chiéu cia O lén A A, . Hay B, la trung diém AA,.

Vay chu vi da giac B,B,..B_ nho nhit khi B,; B,;...; B
trung diém cia AA;A B A A A AL

B, lan luot 12

n-1?
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Ta co: <a2 - bc)2 + (bz - ac)2 + (c2 - ab)z. >0
e a* + bt ¢’ +a’? +b%® +c%a’ > 2abe(a+ b+c)-

Mit khac:
(a2 —bz)2 + (bz - 02)2 + (c2 —a2)2 >0
o at +b* + ¢ > a?? + b%e? + cfa’
= 2(a4 +b* + 04) >at + bt + ¢t +a’h? +b%? + c’a’ > 2abe(a + b+ c)
Viy: a* +b* +c* > abc(a +b+ c)

< at +b4 +ct +abcd>abc(a+b+c+d)

Viabed = 1 nén

a‘1+b4+c4~!1>abc(a b c+d)

o 1 < 1 D
at+ bt rct 11 abe(a + b +c+d)
Tuong tu
1 ‘< 1 @)
b* +c¢t +d* +1 bcd(a+b+c+d)
1 < 1 3)
¢ +d*+a*+1 cda(a+b+c+d)
L < L @
d* +a*+b* +1 abd(a+b+c+d)
Cong (1), (2), (3), (4) vé theo vé ta duoc: -
1 _ 1 1 1
+ + +
a+b*+ct+1 bi4ct+d*+1 ctadieat+1 d*+at+btl

< d+a+b+ec _ 1 1
abcd(a+b+c+d) abed

Diu “=” xay ra khi vachikhia=b=c=d=1.

Cau 4.
. 3 3 B
par X8V L _C (ygiabc,de(ab)=1,(cd)=1).
y+1 b x+1 d
Tacé:i+£:ad+bCeZ.

b d bd
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Nén: ad + be:bd = ad + betb = ad:b = d:b (1).

Mat khac: %.—§-=X3+1 y3+1=(x2—x+1>(y2'y+l)ez

y+1 x+1
= acbd = acid = aid (2)

Tu (1) va (2) suy ra: aib.

3
Nén = +1:m:>§+4y+1 (mez) @)

y+1 :

672

Max”w~1:(f) 1k 41 4)

Tir (3) va (4), suy ra x2°%% —1iy +1
(2016 _
Vady —— € 7Z (dpcm).
y+1
Ciu 5.
Goi A 1a 1 diém trong 2013 diém da cho. V& dudng tron tim A bén kinh 1. Néu tit
¢4 2012 diém con lai déu nim trong hinh tron tdm A béan kinh 1 thi bai toan dugc giai.
Gia sir c6 diém B ndm ngoai dudng tron (A; 1) tirc 14 AB > 1. V& dudng tron
tdm B-ban kinh 1, ki hiéu (B;1). Ta ching minh 2013 diém d4 cho d&u nim trong
(A; 1) hodc (B; 1).
That vay, ldy C bét ki, xép 3 diém A, B, C theo gia thiét AB > 1 nén AC < 1
hoic AB < 1. Khi d6 C nam trong duong tron (A; 1) hodc C nam trong (B; 1).
C6 2013 diém nam trong 2 dudng tron, nén theo nguyén tic Dirichlet c6 1
duong tron chira it nhat 1007 diém. Suy ra diéu phai ching minh.

Cau 6.

f1) =2 :
(x - y)f(x + y) - (x + y)f(x - y) = él)(y()(2 - y2),Vx,y‘e R (1)

u+v
u=x-y_ |*7 3
bat =
V=X+y u-v
y 9

1) = Vf(u) - uf(v) = <u2 - vz)uv

:biu—)—@:uz -vZ,Vu,v # 0 :>—f—(—\2—v2 =@—u2.
u v v u

Chonv=1: (1)::f(l)—1=£(-l—]l—u2 :>—f—'£l—l—)—;—u2 =1$f(u):u3+u.
u u

Viy f (x) =x% + x . Thir lai yéu cAu bai toan ta thiy dung.
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Cau 1.

TRUONG THPT PLEIKU - GIA LAI

Q
bit —=xva—=y,v0i0<x,y<l,
AB Y Y

AC P
dt(APQ) AP. AQ

Sl t(ABC) ABAC
suy ra dt(APQ) = xydt(ABC) (1) BT N D M
Miit khac ta lai co: 13—1-\-1— = BP =1-x

BD BA

CM _CQ _

CD CA

Suy ra dt(BNP) = (1- x) dt(ABD) (2)

dt(CMQ) = (1-y)° dt(ACD) 3)
Tu (1), (2) va(3) taco : :
dt(MNPQ) = d(ABO) - dt(APQ) —dt(BNP) - dt(CMQ)
=[(1-w) - (1-)"[arcarD) « (- x) - (1)’ ascacD)
- (2x - xy - x2) dt(ABD) + (2y - xy — y*).dt(ACD)

Vi 2x — xy — x° :X(Z—y-x)>0, 2y —xy - y° =y(2—.x—y)>0

. nén dt(MNPQ) < [(2){ - Xy - XZ) + 2y - Xy - yz].max{dt(ABD);dt(ACD)}

& dt(MNPQ) <[2(x + y) - (x + y)? | max{dt(ABD);dt(ACD)}

¢ dt(MNPQ) < [1 - (x +y - 1)” | max{dt(ABD);dt(ACD)}
)

Do d¢ dt(MNPQ) < max{dt(ABD); dt(ACD)}.

D4u déng thirc xay ra khi va chi khi

dt(ABD) = dt(ACD) vax+y=1, hay BD=DC va AP +é¥@— 1.
AB AC

Cau 2.
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2 2 2 .
allb+c) bc+a) ca+b)

11 1 .3 0
a’lb+c) blc+ra) cla+b) 2
‘ Datx:—l—;y:—l—,z:l
a b c

2 2 2
Khi do xyz=1(2)va (1) & ——+ L — 4 = >3 (3)
_ y+z x+z X+y 2
Ap dung bat dang thirc Cauchy ta co

Y )

y+z 4
2
y X+z
+ 2y (5
X+ z 4 Y ( )
2
Z_J¥rx P/ (6)
y+x- 4
Cong vé theo vé cac bét ding thirc (4), (5) va (6) ta dugc
2 2 2
X Y .z >x+y+z @
y+z x4z x4y 2
3
Ngodira 20 2 3 ;zyz =g-(**)
T (**) va (7) ta suy ra bat déng thirc (*) (dpcm).
Cau 3.

it g(x) = f(x) - 10x, lic d6 g(1)=2(2)=g(3)=0
nén g(x) chia hét cho (x - 1)(x - 2)(x - 3) .
Vi g(x) la da thirc bic 4 nén g(x) = (x - 1)(x - 2)(x - 8)(x - x,)
= f(x) = (x - 1)(x - 2)(x - 3)(x ~ Xo) +10x

Khi dé -f(—l@f()—f@l 115 = 1984 + 15 = 1999,

Cau 4.
bat AQ=DP=CN=BM=x, AB=a, MN =u;
R : '
AM=a-x; PQD =«
Xét tam giac AMQ ta co
u’=(a-x) +x2—2x(a—x)cosA(1) X
Khi MNPQ 12 hinh vuéng thi Q

s '
AQM =90° —o vAMN =NP=PQ=QM =u.

M

A
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/\
Taco AM? = AQ? + QM? — 2AQ.QM.cosAQM
o (@-x)" =u?+x®-2uxsina (2)
Ap dung dinh Ii ham sb sin trong tam giac QDP, ta co:

X ) )
= usino =xsinD.

sino  sinD

Hé thirc (2) tré thanh (a - x)2 =u? + x? - 2x”sinD (3)

Tu (1) va (3) suy ra cosA = X (1 - sinD) > 0.
a

- X

Vi tir gisc ABCD 18i nén 0 < A < 90°

Chtng minh tuong ty ta clingcdé 0 < B < <90°; 0 < C 900 0<D<90°.
Suyra A+B+C+D< < 360°

VéaytaphaicoA=B=C=D= 90°.
Khi & ABCD la hinh chit nhat. Ap dung dinh 1i Pytago, ta co:
AM?= MQ’ — AQ” = MN? - MB? = BN’ = AM = BN = AB = CB.
Vay ABCD la hinh vubng.
Cau S.
Truée hét ta c6 didu kién x > 4. Phuong trinh (1) c6 thé viét lai

\[( x—4—1)2 +J(«/x'?1—2)2 =a@\«/><_:l—1|+‘«/§c—~z—2| —a

Pty =Vx—4 (y > 0) phuong trinh tré thanh ly - 1|+iy - 2l =a 2)
Pidu kién dé (2) 6 nghiém la a> 0, vi néu a < 0 thi phuong trinh v6 nghiém; va néu

a=0thi vx -4 ~1va\/x =2(vd li).

dengh_ap]:NéuOSy<lthil—y+2—y=a¢;>y=

3—a
5

8 1e0<8-a<2o1<a<3

—Zefo)

Khi a <1 ho#c a> 3 thi phuorng trinh v6 nghiém.

Truong hop 2: Néu 1<y <2 thiy-1+2-y = aca=1

Vay v6i a = 1 thi phuong trinh (2) c6 nghiém y thoamin 1<y <2,véiazl
thi phuong trinh (2) v6 nghiém.

Ta phaico 0 <

Vay véi 1< a < 3th1y—3

a+3
5

Truong hop 3:Néu y >2 thiy-1l+y-2=a&y=

>2&a>1.

Ta phai c6 25
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3+a

Vay véi a> 1 thi phuong trinh (2) ¢6 nghiém y =

Khia <1 thi phuong trinh (2) v nghiém.
Tom lai: V6i a = 1 thi phuong trinh (2) ¢6 nghiém y:
1<y<21<Vx-4<25<x<8

Néu 1 < a <3 phuong trinh ¢6 hai nghiém
I 2 i 2
x-4=y%= 3-a X = 3-a +4
2 , 2
’ =

2 N2
o 55 e

Néu a < I phuong trinh vo nghiém.

a?+6a+25

Néu a > 3 thi phuong trinh ¢ nghiém I3 x = 1

Cau 6.

1+a?) (1-a2) 1+a?) 1-a2) .
- =1 =1+ , chia ca hai vé cia
- 2a 2a 2a. 2a

2\ | x _a2Y
phuong trinh cho (133 J ta dugc 1:( 2a J 4{1 a J
a .

1+a® 1+a®
. Al LA . T 4z D
Viae (0;1) nén ton tai ¢ € (O;EJ dé cho tan—2— =a

Khi d6 phuong trinh c6 thé viét lai thanh

2tan> 1- tan?2 . .
1= 2 | 2] o= (sin(p) + (coscp)
1+tan2g- 1+tan2%

Qe (O;g) nén 1 > sing > 0; 1> cosp > 0.
Do d6 ham sb f (x) = (sin(p)x + (cosq))x 14 ham ludn nghich bién trén R, hon

nitatacd f(2) = 1.
Vay x = 2 12 nghiém duy nhét ciia phuong trinh.

99



TRUONG THPT CHUYEN TRA VINH
TRA VINH
Cau 1.
(1) Jz(x ~1)° +2011 = (x - 1)" - 3(x - 1) - 2011 (2)
u= (X - 1)2 >0 |
v= @— 1)’ +2011 > J2011
v? = 2u + 2011 (3)
Ta co hé: .
v =u?-3u-2011 (4)
Cong (3), (4) theo vé :
v:iv=u? ~u<:>(v+u)(v—u+1):0
< v=u-1(doV+u>0)

o P 4u—2010=0 & u=2+2014 (dou>0)

e (x-1) =2/2014 & x =1+ 2+2014" (nhin)

Dat

CAu 2.
. [MB=MC ' A
Tacd
MD = MK
= CK = BD = AB.cosB
NC =NA
NF = NE
= CF = AE = AB.cosA
CK cosB OC.cosCON ON

OF A  ouesconi OM
= CK.OM = CF.ON = S0 =S0p
= d(F;0C) = d(K;0C) = IF = IK
— 1 1a trung diém FK

. S T
— 4CI2 = 4CT = (CK N CF) — CK? + CF? + 2CK.CF.cosC

= AB? (cos?‘A +cos®B + 2cosAcosBcosC) (1)
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Ma: cos’A + cos’B + cos’C = | — 2cosAcosBcosC

=>cos’A + cos_zB +2c0sAcosBcosC = 1 —cos’C =sin’C  (2)

Twr (1), (2) suy ra:

4CI° = AB’sin’C = 4R”.sin"C

:_{?_1_{_3 S, ork _ d(O,FK) :;_Ql _3

< Cl=Rsin’C = % = Ol

S,x AAFK) CI
Céu 3. ‘
Taco: 2x(1 - x)>y(y—1)
2 N
ST CLL.5 ) AR
S2X+y 22X +X 4y 2 EFTTSE (Bt dang thirc Cauchy — Schwarz )
: +1+

2
:>2x+y>—(—2—)ij—}—’—)— (1)

Patt=2x+ythi(1)thanh * = 3t<0 < 0<t<3
Khi do:

P—3:x—y+3xy—3:%(3x—3y+9xy—9)=%[(3x—1)(3y+1)—8]

W
1

Liex-2)3y +1)- 3}

11(6x+3y-1) 1
<§§[_X_+_§X__..) -8 =§Z(6x+3y—9)(6x+3y+7)

:2i4(3t-9)(3t+7)<0, do 0<t<3

a+b

(O day ta sir dung (a —b)? > 0 < ab < ( 7 )?)
Vay P <3
t=3 : ¥
_0u2 o2 :
Déu “ = ” xay ra khi va chi khi : Iy =24y x=y=1.
X=y
6x-2=3y+1

Vay maxP =3 khix=y=1
Cau 4.

Giast n® +n+1=p,p,p,p, (1)

v6i p1, Pa» P3, P4 1286 nguyén td va p, <p, <p; <p,.
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en’+n+1=n(n+1)+11asd1é =p, ps, ps, ps déu 1
= p.'23, Vi :1) 2’3’4'
en(n+ 1)tincungla0;2;6 = n2+n+1téncfmgle‘1’] ;357
= (n2 +n+ 1) khéng chia hét cho 5,¥n € N* = p, khong chia hét cho 5 véi
moii=1;2;3;4.
@ Xét p; =3 : thay vao (1), ta dugc
n’+n+1 = 3papsps (2)
=n’+n+1:3=n=3k+l (keN)
Khi d6 (2) tré thanh
9k + 9k + 3 = 3p,psps <> 8k® + 8k +1=p,p,p, (3)

Do (3k2 +3k+1)l3 = p,/3
Mapy[5 = pr> 5

@ Xétp,=7:
(3) trd thanh 3k + 3k + 1 = Tpsps 4)
. k=
:>(3k2+3k+1):7—_—> 7ol (teN)
k=Tt+5 :
Do ta cin tim n nguyén duong nho nhét nén ta chon n =7t + 1 thay vao (4) :
2188+ 9t + 1 = pa.ps . &)

@ Xét p; =7 thay vao (5):
218 +9t+1=Tp, =21t +9t+17=>t=Tm+3 (meN)

Do ta cin tim n nguyén duong nho nhat nén ta chon
n=3k+1=3(7t+ 1)+ =21t +4=21(7Tm + 3)+ 4 = 147m + 67
Pé n nho nhit nén tachonm =0 < n=67
Thir lai v&in =67 tacd
n’+n+1=67"+67+1=3.7.7.31, thoa man dé bai.
Viy n=67.
Cau 5. ‘

Liy 5 diém tiy y, trong d6 khong c6 3 diém nao thing hang Theo nguyén li
Dirichlet 6 it nhét 3 diém cing mau, gia sir 1a A, B, C t6 mau doé. Goi G 1a trong
tdm AABC.

@ Néu G duoc t6 d6 = AABC c¢6 3 dinh va trong tAm ducrc t6 cung mau do.

® Néu G duge td mau xanh : Goi M, N, P 1an luot 14 trung diém BC, CA, AB.

AA' = -3AG = -2AM A 1a trong tdm AA'BC
BB' = -3BG = -2BN = (B 14 trong tam AB'CA

CC = -3CG = -2CP C la trong tam AC'AB
vi GA'+GB +GC' = 4((_}K +GB+ @) =0 = Glatrong tim AAB'C’.
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e Truong hop 1: Néu A’,B',C’ dugc t6 cling mau xanh thi ta dugc AAB'C' ¢
3 dinh A',B',C’ va trong tdm G duoc t6 mau xanh. ‘

e Trudong hop 2: Néu ¢6 it nhét 1 trong 3 diém A’, B', C' t6 do, gia sir A’ t6 mau
do6 thi ta dugc AA'BC ma 3 dinh A’, B,C va trong tdm A dugc t6 mau do (dpem) .

A"g

B M C
B ¢
Cau 6. _ ‘ :
e Thayx=2,y=0vao (1): f{0)=0.
o Thayx=y=1vao ()= f1)=0. ' 2)
o Thayy=x’vao(l): f(xz)z(x+l)f(x) ZVx#0 3)
X
e Thay x bdi x” vay bdi y? vao (1):
2
Xf(y) -y (") = £(5) ,vx # O,vy e R @
e T (3)va(4)suyra:
Xy + ) - x4 DG = S D) vx 2 0,5 # 0
y X y X X
o x%(y + —1—)f(y) —-yi(x+ }—)f(x) =xf(y) - yf(x),vx =0,y # 0
y X
o (22 - Dyf(y) = (y% - 1)xf(x) (5)
Thay x =2,y =-1 vao (5) = f(-1)=0.
o Néu x #+1y = +1 thi:
5) e 2 SO o e p\ )
x> -1 y*>-1
2
52 6 = S D gy e RA[1,0,1) (6)(C la hing s6)
x° -1 X
’ Cx*-1) (x # 0)
Viay f(x) = % X # (C 14 hing sd).
0 C (x=0)

Thir lai ta thdy ham sb trén thoa mén dé bai.
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TRUONG THPT KRONG NO - DAK NONG

Cau 1.
0<x<1

3x =1 VJ1+x? = =S 9x2

3x
N 1-x 1+x2=(1_x)2 @

() < @ +x>)0+x? -2x) =9x%.

X+

Chia hai vé ciia phuong trinh cho x* # 0, ta duoc:

[x2+—1?J~2(x+—1-}—7=O 2)
X X )

=1-+10
Bétt:x+l>2.Khid(’)(Z)tréthz‘mh: t2-2t-9=0< t
X t=1++10

Vi t > 2 nén nhén nghiém t =1+ \/16

. X~1+«/1_4\/7+2«/1—6
. 1 B 2
Vo‘rt:1+«/16: x+—:1+w/i—6<:>
X X:1~+«/E+\/7+2\/I6
A 2

1+\/16~\]7+2w[1—0
2 .

Do 0 < x <1 nén phuong trinh da cho ¢6 nghiém x =

Cau 2.
Goi G 14 trong tdm tam giac ABC = G(1; -2).

Ta c6: |MA+MB+M6 ::|3MG ,Gva A cddinh (G ¢ A).

3MG| nho nhit, tic 1a MG

Do dé lMA + MB + MC| nhé nhat khi va chi khi

nho nhit hay M 14 hinh chiéu vuéng goc cta diém G 1én dudng thing A .

Suy ra: M 1 giao diém ciia duong thing A va duong thing d qua G, vudng goc
voi A ' ‘

Phuong trinh dudng thang d: 2x —y —4=0.Tacé: M = And.

2
, S T
Toa d6 diém M thoa man hé phuong trinh: x+2y+10=0 o 5
2x-y-4=0 24
-

Viy diém M c0 toa do: (~-§—;~25—4—].
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2 b2 CZ

+
b+c c+a a+b
2 2 2
=( a +aj+(k) +b}+(c +%—(a+b+@
b+ec a+c a+b -
a( a +1]+b[ b +1]+c[ ¢ +J}—(a+b+c)
b+e a+c a+b

:a@+b+c)¥Ma+b+®+c@+b+cX{a+b+q
b+e a+c a+b

(a+b+c{ i b T —1](U

b+ec a+c a+b

I

Il

Ta lai co: a + b ¢ >-§u'Thétvéy:
b+c a+c a+b 2

2 . b T b +1+|——+1|-3
b+c¢ a+c a+b b+c a+c a+b

=(a+b+c)[b1 + L + 1 )-3

+¢c a+c a+b

1 A 1 1 1 )
—2Bb+®+®+aﬂia+mm +c+c+a+a+bj 3

Theo bt déng thirc Cauchy, ta co:
(b+c)+(c+a)+(a+b)>3%/(b+c)(c+a)(a+b)

o

1 1 1 1
+ + >3
b+c a+c a+b '&b+®@+aXa+m

?J(b+c)(c+a)(a+b) 5.8
(b+c)c+a)a+Db) 2

a’+ b ¢ >19
b+c a+c a+b 2

Tu (1) va (2) tasuy ra
2 2 2
a b c 3 a+b+c
+ + >la+b+c)|=-1|=—— (dpcm
b+c c+a a+b ( {2 ] 2 (dpem)
Cau 4.
Tacé: CD+ DA =a = CD?=(a— DA)
< CA?+ DA’ - 2CA.DA.cosA = a° — 2a.DA + DA’
2,2 2
b* +c¢* —a j:a2

2be

()

< by DA(Za ~ 9%
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o a?_ b2 :DA[za_M]
[

DA b DA b be
Tach —=—= = = DA =
DB a DB+DA a+b a+b
2 2, .2
Nén a® - b? — ‘be (2ac-b c +a}
a+bk ¢

< (a+b)a? —b?) = 2abe — b® - be? + ba®

< a® —ab? + ba? = b® = 2abe - b? - be? + ba?

& a® = ab® + 2abc — be? < a® +b? = ab® + 2abc - be? + b?

& 2ab =2ac-c? +b? « 2a(b-c)=b*-c*

= 2a=b+c (vi bzc) = 2a>2Al (vi b+c>2Al)

= a > Al (dpcm).
Cau 5.

{x2+y2+1:2x+2y

2 2 2
= X +y +2xy -y -2y =2x+2
(2x—y)y=1+2y’ Y yoy y y

o x(x-2)+2y(x-2)=0 < x-2=0
' : x+2y=0

+) THI: =
(2x—y)y:1+2y y=1

x+2y=0 | x——2y
+) TH2:
(2x—-y)y=1+2y 5y” +2y+1 0

Vay hé phuong trinh di cho c6 nghiém: (x; y) = (2; 1).

(v6 nghiém)

TRUONG THPT CHUYEN VI THANH - HAU GIANG

Cau 1.
Piéu kién: x > 0;y >0.
D& thay x = 0 hosic y = 0 khong théa mén hé.

(oL _2 ‘_ 1, 28
3 \ xty Bx [ ¥Bx Ty
Vai x>0vay>0tacd
R R I WS S )
x+y iy |x+y Bx |7y
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1 ———-1—-—-——- (nhén vé voi vé)
x+y 3x Ty

=

= 21xy =(Ty —24x)(x +y) = 24x> + 38xy - 7y> =0
=y =6x (vix,yduong).
Thay vao phuong trinh (1) ta dugc

Lo goged)

Két luan (x;y) = 3 18 )‘(X'y)=( 3 18 ]
S eI e ) Y T e 1e )
Cau 2.

Goi O, I, H 1an luot 1a tAm dudng tron ngoai tiép, tam duong tron ndi tiép va
truc tdm tam giac ABC. Ta sir dung 2 bd d sau:

B6 dé 1. Trong tam giac ABC, ta luén ¢6 OH = OA + OB + OC.
(Chirng minh danh cho ban doc). '

B6 dé 2. aIA +bIB+cIC=0 (Vi du 10, trang 16, Téi liéu chuyén Todn
hinh hoc 10).
Ta s& chimg minh IH? = 4R? — 8Rr - ~;—((a —~ b)z + (b - c)2 + (c - a)2) .
That vay:
Tirbd dé 1 va bd dé 2 ta co:
OH = 6K+OB+OC OH = OA + OB + OC
alA+bIB+cIC=0 2p.0I = 2.0A + b.OB + ¢.OC
(v6i p 1a nira chu vi cta tam gidc ABC)
Tur do ta tinh duoc:
2piﬁ = (2p_ - a)ﬁ + (Zpy— b)()?% + (2p - c)aé
= 4p’IH® = RZ((Qp —~ a)2 +(2p - b)2 + (Zp — 0)2)
+(2p - a)(2p - b)2.0A.0B +(2p — b)(2p - ¢)2.0BOC
+(2p - c)(2p - a)2.66.6x

Ma 20A.0B = 2R? — AB? = 2R? — ¢? nén:
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4TI = R2((b+¢)" + c+a)" + (a+b)')
+(2p - a)(2p - b)(2R? — ¢?) + (2p - b)(2p ~ ¢)(2R ~a”)
+(2p - ¢)(2p - a)(2R* - b2)
~R’(2p-a+2p-b+2p-c)
~[¢*(2p - a)(2p - b) + b*(2p - c)(2p - a) + a*(2p — b)(2p )
= 16p”R? - (a3 + b+ 03)2p —abe.2p
a®+ b’ +c®  abe

Suy ra: I[H? = 4R? - — - .
2p 2p

Ma a® +b® +c? :(a+b+c)(a2+b2+c2—ab—bc—yac‘>+3abc.

Nén IH” - 4R® ~l—(a2 +b? +¢” —ab-be - ac) _ Aabe
2 %p
Mit khac, S = abe _ =pr = 2rR = abe
4R 2p

IH? = 4R? —é—(a2 +b? +c? —ab—bc~ac)~8Rr>O

o (@a-b)? +(b-c)?+(c-a) <8RR -2r)
DAu bang xay ra khi va chi khi tam gidc ABC déu.
Cau 3. :
Sir dung bat déng thirc AM - GM, ta c6: a* + b’ + o’ > 3o..ab
b’ +c¢’ +a’ > 3abe
¢’ +a* + o’ > 3a.ca voia la s thue duong.

Khi d6 ta dugc: 2(a° + b’ + ¢*) +3a’ = 3a.(ab + be + ca)
Bét diang thirc tuong duong voi 3£(a3 +b'+ )+ o’ >ab+be+ca(l)
- 3a
Mat khac: (l+—21,-)+(—1—+—b7—)+(l+—07]>—6—
a o b o c o) o
(Ap dung bét ding thirc AM - GM)
11 1_6

1 ,
& —+—+—>2>—-—(a+b+c)
a b c a a

=N az(-l—+~1—+—l—)>6oc~(a+b+c) ()
a b ¢
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Tu (1) va (2) ta dugc:
4
—2—(a3+b3+c3)+az(—l—+—l—+—l~+lj>6a———
3a a b ¢ 3

Ta chon a sao cho déng thic xay ra, ticli a =b =c =

Chon o :gi la nghiém ctia phuong trinh 9o = 9o + 4

3 3 3 2
Vi vﬁy P:M+J_6_(l+_l_+l+1]>_§

2 9\a b ¢
. , ' 4
Gia tri nho nhat cia P 1a %§ khia=b=c¢ =—5
Cau 4.
Tir gia thiét suy ra p 14 udc cia

k41 k-1 ok ok ok ok R . . R 1
o> -0 = (az — b )(a2 + b ) vap la ude cia a” .

. L X A ) ., Je ho_ Ao .
Goi h 1a s6 nguyén duong nhé nhat sao cho a* = h la udc cua

(2p-1) = h=2
Giast s < k,tacd o = (mod p)

' ok ok
T dé do p la uéc cia a® + b*

2k .zk
pl2a°  |pla
suy ra o ma p 12 s0 1é nén

pl2b plb

'Zk

Diéu nay mau thudn voi gia thiét (a,b) 1. M

Vay b = 2" = p =1 (mod 28
Cau 5. . , o
Goi 100 diém da cho nim trong hinh
vuong ABCD c¢6 canh bang 8 Ia
A, A, ..., A, . Tadung 100 hinh tron c6

. \ B - C
tAm la cac diém d6 va c6 ban kinh bang 1. N P

Téng dién tich cia chang 1a 1007

V& phia ngoai cia hinh vuéng ABCD, dung hinh vuéng MNPQ ddng tdm, c6.
cac canh tuong Gng song song va4i cac canh cla hinh vuéng ABCD va MN cach
AB mot khoang bang 1, MQ cach AD mét khoang bang 1.
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Khi d6, hinh vuéng MNPQ c6 canh 14 10 va 100 hinh tron vira dung déu nim
trong hinh vuéng MNPQ.

Dién tich hinh vudng MNP() 14 100.

Ta ¢6 1007 > 3.100 nén theo nguyén i Dirichlet, c6 it nhit 1 diém la diém
- chung ctia 4 hinh tron (diém nay c6 thé khong 12 mot trong 100 diém da cho).

Goi diém do 1a I . Khi d6 khoang cach tir I dén 4 tim cita 4 hinh tron trén déu
nho hon hodc bang 1. Vi vy hinh tron tdm I c6 ban kinh 1 13 hinh tron chira it
~ nhét 4 diém trong 100 diém da cho (dpcm).

Cau 6.

Cho m = n = 0, tir i) ta duge: f(0) = 0.
Tar do: f(mZ) = f*(m).

Do do, i) ¢6 thé viét lai nhu sau: |
(m %)= 7 (m) 1 (n) = 1) 4 5 (7).
Vithé: (1) = f(1‘2) = *(1). Do ii) nén suy ra: f(1)=1.

Tir day, ta thu dugc két qua nhu sau:
F@) = +0)= 1)+ r(1)=2; 1(4) = 4;

1(5) =5 1(s)=

Mat khac: |
25 = f*(5) = f(5°) = (¥ +4’2)=f'2 (3)+ 12 (4) = £ (3) +16
Suyra: £(3)=3 |
Tir day ta d& dang thu duge: f( )=9/(1 )
Cubi cing: 100 = (10°) = £(6” +8°) = 1*(6) + £ (8) |

Vay ta thu duoc két qua bai toan: f (6) =6
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NG THPT CHUYEN NGUYEN TH! MINIL 52—
sOC TRANG

2+
& ! +,,/71""f2x+1%/l'/’
2+1 \}2)6—‘5‘\'1 , «Mexﬂ
, 5
x+12Z 6 Vo1 xe&«;ﬁfx
2

Nhan thay: VP~ 2

YT <1+2=3V0 xe%;ﬂ

Do d6 () vb nghiém.
Vay phuong trinh d2 ch

Cau 2.

o co nghi¢m 1 x=3




O MP _ HP
Ta c6: HM la phén giac trong cuia PHQ suy ra ——

Q HQ
Ma PM.QB = MQ.PB < — MP _ BP
MO BO
Do do: BP _ = il vi thé HB 1a dudng phan giac ngoai ctia goc PHQ .
BQ.  HQ

Suyra MH | HB

Goi I = ABNMC, F'=IEN(0").

Ta lai c6: I4.IB = IC.IM = IE.IF"' suy ra tir gidc ABF’E ngi tip.
Mat khéc, theo hé thirc lugng trong tam' gidc vudng ta co:

ME.MA = MH? = MF.MB suy ra tt gisc ABFE ngi tiép

Vi F va F’ 1a c4c giao diém khac E cua (O’) va dudng tron ngoai tiép tam glac
ABE nén F = F' suy raE, F, I thing hang.

Véy minh AB, EF, CM ddng quy.

Cau 3.
Ap dung bét dang thirc Cauchy - Schwarz, ta c6:

(JE+4JE)2 = (1a +224b) <5(a+4b)
I

(\/2+4f) ” 5(a+4b)

Tuong tu ta dugc:
1 1 1 1

(JB+4J”) "5(brac)’ (sz”) 5(c+4a)

Cong vé theo vé ba bét de‘ing thace trén ta dugc

Suy ra

‘1 . I - _+ 1 2}1( 1 N 1 N 1 )(1)
(\/;+4\/5) (\[];4.4\/2) (JE+4J;) 5\a+4b b+4c c+4da
Ap dung bét déng thirc Cauchy - Schwarz, ta c6:

1 1 1. 3

+ + > .
a+4b a+4b b+3c+a a+3b+c’

1 1 1 ’ 3

+ + > :

b+4c b+4c c+3a+b b+3c+a

1 N 1 N 1 5 3 .

c+4a c+4a a+3b+c c+3a+b
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Cong vé theo vé ba bét dang thic trén ta duoc: o
1 1 1 1 1 1
— 4 + > + — +
a+4b b+4c c+4a a+3b+c b+3c+a c+3a+b
-Tir (1) va (2) ta duoc
1 1 1

(o lB) (] (o)

)

S1 ( L S )
S\a+3b+c b+3c+a c+3a+b
Dau “=" xay ra khi va chi khi a=b=c.
Cau 4.
Ta cé:
X4y —4=0 (mod p) & —xy(x +y)—4 =0 (mod p)
<:>3xy(x+y)+ 12 =0 (mod p) )
Mit khac: x> +y* —4 =0 (mod p) 2)
Cong (1) va (2) ta duge: (x +y)’ + 8 = 0 (mod p)
<:>(x+y+2)(x +y’ —2xy - 2(x+y)+4)=0(mod p)
Vi p la s6 nguyén td, ta c6 cic trudng hop sau:
Trwong hop 1: x +y + 2 chia hét cho p
Khidé: x>+’ <x+y+2 @ x(x—)+p(y-1)<2
Vix,y la sé nguyén duong nén c6 cac trudng hop:
x=y=Lx=2y=lx=1,y=2
Thu lai ta ¢6 cac cdp ) (x; y) thoa man la: (1;1); (2;1); (1;.2).
Truong hop 2: Néu x* + 37 +2xp —2(x+y)+4ip
Khidé: x*+y° +2xy—2(x+y) + 4:(x? + y*)
= 2xy-2(x+ ) +4:1(x7 +y?)
Do 2xy = 2( x+y) +4 =2 [( x-1)(y-1) +1 ] >
= 2y-2(x+y)+42x +y°
Déu " =" xdyrakhix=y=1.
Vay céc cip sd nguyén duong (x; y) can tim 1a: (1:D), (2;1), (1;2).
Cau 5.
Vi 50 diém duoc t6 béi 3 mau nén theo nguyén li Dirichlet, tdn tai 17 diém
dugc t6 cling mau, khong mét tinh téng quat gia sir 17 diém d6 la A,4,,... 4,

dugc té cling mau tim.
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Tu 4, ta ké duogc 16 doan thing dén cac diém 4,,4;,.., 4, . Cac doan nay
dugc t6 bdi 1 trong 3 mau nén tdn tai 6 doan dugc t6 boi cing mot mau, gia st d6
la 4 A4,,A4,,..., 4,4, duge td bdi cing mau do. ’

Néu mét trong cac doan thing ndi hai diém bét ki trong 6 diém 4,,4;,.... 4,
dugc t6 mau do thi bai toan dugc théa méan.

Néu céc doan théng ndi hai diém bét ki trong 6 diém 4,,4;,.., 4, déu khong t6
méu dé thi chiing dugc t6 bdi 1 trong 2 mau tréng hodc den.

Th A, ta ké dugc 5 doan thang dén cac diém A; A,.. A4, la
A4, 4, 4,,..., A, A, . Trong 5 doan nay co it nhét 3 doan dugc t6 cling mdt mau,
gia sir do 1a A, 4,, 4, 4,, 4, A, dugc td bdi mau tréng.

Xét ba doan thing nbi hai diém bat ki trong ba diém 4, 4,, 4;. Néu c6 it nhat
mdt doan dugc td6 bdi mau tréng thi bai toan duoc théa man. Néu khéng cé doan
nao duoc t6 mau tréng thi ba diém 4,, 4,, 4 thoa diéu kién bai toan.

Ciu 6.
Theo dé bai ta Cc’>'

(n- l)n Fn)- ( 1y __;_(n_l)Z_%(n—l)+nf(n)

n(n+1) 1 5 1,1 .
=——> f(n+)—-—n ——n"——n,VneN*
f(n+1) e” 3" 73

n\n+ ) n(n+1) n(n+1)

= f(n+1)— JS(n)= 5
:>f(n+1)—f(n)=1 Vne N*
Khi d6: f(n) —f(n—-1)=1
fin-1)-f(n-2)=1
fQ)-f(1)=1
Cong vé theo vé ta dugc: f(n)=n—1+f(1)
=f(n)=n+avoia=f(l1)-1,a eN*
Thi lai ta thiy dang.
Viy f(n)=n+avéi VneN*, aeN*
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TRUONG THPT CHUYEN THANG LONG

DA LAT

Cau 1.

Day Ia h¢ d6i xting loai I1. Ta xét céc truong hop sau:

1/ xy = 0: Ta c6 (x; y) = (0; 0) 1a nghiém ctia hé.

2/ Xy < 0: Do hé d6i xtmg nén ta gia st x> 0 > y. Khi d6 ta co:

(1+x)(1+x)(1 +x*>1va1+y’ <1.Vay hé v6 nghiém.

3/x>0,y>0vax+#y: Do hé dbi xling nén ta gid st x >y > 0.

Khi d6 (1 +x)(1 +x)(1 +x*)>1+x">1+y": Hé vd nghiém.

4/x <0,y <0vax#y: Giasirx <y < 0. Khi d6 nhan phuong trinh ddu véi 1 —x
va nhén phuong trinh thir hai véi 1 —y ta cé:

{1—::8 =t-x+y" —=xp" ()
1=y =1-y+x" =" ()
Lay 2)- (1) tacé: x8—y8=x—y +x -y —xy (xé-yG) 3)
Vix <y <0 nén ta co: x8~y8>0,x—y<O,x7—y7<0,,~xy(x6——y6)<0.
Vé trai ciia (3) 12 6 duong va vé phai ctia (3) 14 s6 am.
H¢ v6 nghiém. '
5/x=y:Tu()tacd 1 —-x=1 -x+x7~xgsuyrax=0hoaflcx=— 1 hode x=1.
Thu lai, ta loai (x,y) = (1;1)
H¢ ¢6 nghiém (x;y) € { (0; 0), (-1; -1)}.
Vaéy hé c6 tap nghiém 12 S = { (0; 0), (~1;-1)}
Céu 2.

Goi D la trung diém cta BC. ,» |
Trung truc ciia BC 1a dudng thang OD. Goi Q Ia trung diém cung nhd BC.
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Ta cé: + QB = QC nén Q thugc OD. .

+ £ BAQ= Z QAC nén Q thudc AL
Vay Al cit OD tai Q.
1/ Chiing minh tam giac BQI cén tai Q:

Tacé ZIBC= ZIBC+ £ CBQ= ZIBC+ LQAC—%B+—Z—1}—

2

Mat khéc, £ BIQ la goc ngodi ctia tam giac AIB nén: £ BIQ = —é2-1—3- + -‘%

Viy tam giac BQI cén tai Q suy ra: BQ = QL
2/ Ching minh ALLQ = IL.IQ:
+ ABLQ ddng dang AALC (£ QBL L QAC, £ BLQ = £ ALQ), suy ra:
BQ AC )
LQ LC ,
+ Tir tam gidc BQI cén, (*) va tinh chit phan gi4c trong cac tam giac
ABC, ABL ta cé:
IQ BQ AC 4B _ Al
LQ LQ CL BL i
Véy: AL LQ =IL. IQ.
Cau 3.
Theoglathléttaco 0<x<1;0<y<l;0<z<l.
Xetf(t)*t(l «t)v010< t<l.
Ap dung bét dang thuc AM - GM VO'l 956 duorng, ta co:
SIAD]E = (8t)(1 — 9 = BY(1 — ) (1 =) ... (1 =19

8 +(1=15)+...+(1—1 ° 3
S{ (A=£%)+..+( )Hg) NP I 9
9 9 o3 " f(t) 8
. Suy ra: '
3 3 3 4 4 4
S= X N y N zZ X y z

+ +
1-x* 1-y* 1-2° (1_x8) y(1-y")  z(1-z%)

>( +y +z4)

8 8
: 1
Véay minS = 9\/5 xagyrakhix=y=z= —=
Cau 4.

Phén tich tiéu chudn cua 399 14 399 = 3.7.19.

Ta chirng minh S 14n luogt chia het cho 3, cho 7 va cho 19.

Theo dinh li Fermat nho ta co: x~ = ] (mod 3), véi moi sd nguyén x nguyén tb
cung nhau von 3. Liiy thira 18 hai vé ta c6: x*° = 1 (mod 3).

Suy ra: x*" = x (mod 3) véi moi x nguyén. Do do

37 37 37 37 _ _
XX+ X, Fot X3 =X X, . Xog 5 = 0 (mod 3) (1)
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(1) chitng té S chia hét cho 3. :

Theo dinh 1i Fermat nho ta ¢6: x° = 1 (mod 7) v&i moi s& nguyén x nguyén tb
cung nhau véi 7. Liiy thira 6 hai vé ta c6: x*®* = 1 (mod 7). Suy ra: x*’ = x (mod 7)
v61 moi x nguyén. Do d6

XX X Xy =X Xy et Xy =0 (mod 7) (2)

(2) chiing to S chia hét cho 7.

Theo dinh 1i Fermat nhé ta c6: x'® = 1 (mod 19) v6i moi sé nguyén x nguyén t6
cung nhau véi 19. Lily thira 2 hai vé ta cé: x® = 1 (mod 19).

Suy ra: x*7 = x (mod 19) véi moi x nguyén.

Do d6 x;7 +X; 42X, ...t Xog s =X, X, Feeot Xpgp5 =0 (mod 19) (3)

(3) chiing t6 S chia hét 19.

Viy S chia hét cho 399.

Cau s

Xét 210 sd: ay,ay, ..., a, a; + 4,a,+4,..,a50 +4,a,+9%a+9,..,a,0+9.

Trong 210 sb nay khéng c6 sb nao vuot qua 209.

Theo nguyén li Dirichlet, tdn tai hai sd a; + x va at+ysaochoa+tx=a+y(x#y)
v6ix,yla0,4 hodc 9. Suy ra |a;— aj) =4 hodc 5 hodc 9.

Cau 6. ‘

Tacé f(n)=n, Vn € N* la ham sb thoa man dé bai.

That vay: f(f(f(n))) + f(f(n)) + f(n) = f(f(n)) + f(n) + n
=f(n)+n+n=n+n+n=3n.

Ta chirng minh khoéng con ham sé nao khac.

Goi f1a ham sb cin tim.

+ Ching minh f 1a don anh:

X,y € N*, f(x) = f(y) = f(f(x)) = f(f()')) = f(f(f(x))) = (L))

= f(f(f(x))) + f(f(x)) + f(x) = f{(f(f(y)) + f(fy)) + f{y) = 3x =3y =>x=y.

Vay fla don anh.

+ Chiing minh bing quy nap:

Khin =1, ta c6: f(f(f(1))) + f(f(1)) + f(1) = 3, suy ra f(f(f(1))) = f((1)) = f(1) = 1.

Gia st voi n <k, ta cé: f(n) =n. Ta cht’mg minh f(k) =k

Diat p = f(k).

Néu p =f(k) < k thi theo gia thit quy nap ta co:

f(p) = p = f(k), vo li vi f 1a don anh.

Néu p = f(k) > k thi f(f(k)) > k va f(f(f(k))) > k .

Thét vy, néu f(f(k)) < k thi f(f(f(k))) = f(f(k)) = f(f(k)) = f(k)

= f(k) = k (vi f don 4nh). Trai gia thiét f(k) > k

Néu f(f(f(k))) < k thi ff(f(f(k)))) = ff(fCk))) = fREK)) = f(A(K))

= f(f(k)) = f(k) = f(k) = k. Trai gia thiét f(k) > k

Vay: f(f(f(k))) + f(f(k)) + f(k) > 3k. Trai v6i diéu kién cua dé bai.

Dodéf(k)=k Vn e N*

Ket ludn: f(n)=n, Vn e N* [a ham duy nhét cin tim.
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TRUONG THPT CHUYEN NGUYEN BiNH KHIEM

VINH LONG
Cau 1.
Pit S =14 2x+3x* +...4+2013x*" (1)

Suyra x.8 = x+2x> +3%" +.. +2013x2°‘3( 2)
Trir theo vé ctia (2) cho (1) ta dugc

S.(x=1)=2013x"" — (I +x+x" +.. +x2°”) hay

S.(x—1)" = (x—D[2013x™" — A+ x+x* ...+ ™).
Phuong trinh da cho tuong duong véi '
S.(x=1) =14 (x=D[2013x”" = 1+ x+x" +... 4 x™7)| =1

<:>x2°13[2013x 2014|= 0o x=0vx=224
, 2013
2014
Vay tap nghiém cita phuong trinh 1a 10;=——1.
ay tap nghieém cua phuong trin a{ 2013}

Caiu 2.
N N
bit MAB=a, MCD=B va OF =x,0F = y.
- Ta s& tim hé thirc rang budc gitta x va y khi M chay trén cung nho BD.
o~ o~ I N
Tacdé AMC=CMB = 7 nén MF' latia phan giac goc vudng AMB, do d6

FB]WB
FA M4

Tiur do oz+B:—vé 1—y::x:>xy+x+y:1 O<x,y<]).
4 1+y

x2 +y2

Vi xy < , X+ y < f2(x* + %) nén %EF2+EFﬁ>xy+x+y:1

(x*+y* = EF?Yhay EF? +2EF\2—-2>0 = (EF +2)’ >4,

dodé EF >2-+2. | |

Vay EF c6 d6 dai ngén nhét bang 2-V2 ex= y= \[5——1(1)

Goi I 14 giao diém ciia OM va EF, ta c6

IE=—IF & S, = Spur < OM.OE.sin 23 = OM.OF .sin 2cx

OF.0C _ ) OEOA %y _ xp

& xsin Beosf = ysinacosa &> x = ;
' feoshi =y CF? AE? CF* AE?

118



Do dé EIIF =CF® = AE® & OF* = OE* & x =y (2)
Tir (1) va (2) ta duge dpem. |
Cau 3.
Gia sit x =a, y =b,z = ¢ la nghiém nguyén ctia hé phuong trinh trén.
Pat f(1)=2'~T7 +8t—2.Taco f(a)=b,f(b)=c,f(c)=a.
Xét truong hop a,b,c d6i mot khac nhau, suy ra
a—-b=0b—c=0,c—a=0.

- Tir hang déng thirc x" — y"‘ =x—)x"" +. 4y, suyra
(f(@—f®B))}|a—b

s(fB)— f(©)ip—c|;(f() - f(@))i|e—a|.

Do dé6 bfc:k(a—b), c—a=m(b—c), a—b=n(c—a) véi k,m,n la

céc sO nguyén.

Suyra (b—c)(c—a)(a—b)=kmn(a—b)(b—c)(c—a).

T d6 din dén kmn =1. Do d6 trong ba s k,m,n c6 mot sb bang 1 hoic ci

ba s6 bang 1, tir 46 a = b = ¢, mau thun.

Viy hé phuong trinh trén néu ¢6 nghiém nguyén x,y,z thi x=y=z.Suyra

2%’ =7x* +8x—2=x ¢ (x—1)(x—2)(2x-1)=0.

Phuong trinh nay ¢6 hai nghiém nguyén la x=1,x=2.

Vay h¢ phuong trinh ¢6 hai nghiém nguyén (x; y;z) 1a (L1;1) va (2,2,2).

Cau 4.
Bt dang thirc cin chirg minh twong duong véi
y+z z+x x+y
3yz(4—9yz) 3zx(4—9zx) 3xy(4—9xy) g
St dung bat déng thirce AM — GM, ta ¢6

ytz 2/yz _ 2
3yz(4—9yz) ~ 3yz(4-9yz) 3 yx(2—3 yz)(2+3J}?)
2 4

N/

P>

2 2
Tuong tu ta cling cé :
z4+x 4 . x+y S 4

P ’ =
3zx(4—92x) " 443z+43x 3xp(4—9xy) " 4+3x+3y

/3 yz+(2—3 yz)(2+3(y+z)J_4+3y+3z-
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Cong cac bit ding thirc trén theo timg vé, suy ra

y+z z+x Xty
3yz(4—9yz) 3zx(4—9zx) 3xy(4—9xy)
4 4 4
2= + +
443y+3z 4+3z+3x 4+3x+3y
9.4
= :2.
44+4+44+6(x+y+2)
Ping thic xay rakhix=y=z:§.
Causs.
Tir diéu kién a), ta suy ra f(x +n) = f(x) + n véi moi n € Z . Véi x P Q",tacd

q

5] (e o ) - ol 4

2\ A2 Y 9 2
Mat khac f[p—tg—] :f((l”q ) } =f[q2+2p+%]=q2 +2p+f(9—]
q q

9 q
Suy ra 2qf (P—] =2p hay f (—E] -2
q Q) q
Phép thir lai cho ta f(x) =x,v6imoi x€Q".
Ciu 6.

Gia st trude khi t6 mau, cdc 6 clia ban c& c6 mau den, trang nhu thdng thudng.
Khi d6, cac 6 ke vOi 6 mau den ¢ mau trang va nguoc lai, 6 ké véi 6 mau trang la
6 mau den. Néu ta t6 mét 6 mau den bdi mau do, khi d6 ta phai t6 hai 6 trang lan
cdn voi 6 mau do. Vi mdi 6 mau trang duoc t6 mau do, ta phai tlep tuc to it nhét
hai 6 mau den 1an cén v6i 6 mau do. Vy néu ding mét mau thi mau dé phai duge
to it nhit bbn 6.

Do dd k £ {TJ 16.

Xét cach td nhu sau

11112213 |3|4]4
111212133144
5/516 6| 7|7|8]38
5151616717188 !
919 |10j1011 |11 ]12]12
9191101011 }11]12]12
13131414 |15]15]16]16
13]13(14|14]15]15]16]16

Viy max k =16.
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TRUONG THPT CHUYEN BAO LOC - LAM PONG

Cau 1.

A 7
a) Diéu kién: x > _E

I+ +11x+5+x2 —x—3 =557
<:>3/x3 +7x° +11x+5—(x+2)+x2-x—3=\/5x+7 —(x+2)
x'—x-3

{/(x‘ +7x7 + 11+ 5) + (x+ 2)Yx* + a2 +11x+5 + (x +2)°

—

+

>

x’=x-3

+x° —x-3+ =0
5x+7 +x+2

o (—x-3) 1 N

Y +7% +11x+5)2 + (2 + 2% + 722 +11x+5 + (x+2)

1
+1+ =0(*
VSx+T7 +x+2 ®)

1

Vi _ +
YO 47 4 11x4+5) + (e 42U 1702 411045 + (x+2)°
1 7
+1+ >0,Vx>——
V5x+T7 +x+2 5
RV
Nén () x’ -x-3=0c 2 (nhan)
1++/13
X =
2

Vay phuong trinh da cho c6 hai nghiém: x =

1-V13°  1+\13
—lv X =
2 2
b) x=\/3—-x.\/4—-x+\/4——x.x/5—x‘+\/,5—x.«/3—x.Diéu kién: x <3
bat a=\/3—x;b=\/4—x;c=x/5—x ;a,b,¢ >0, ta c6 hé phuong trinh:
ab+bct+ca=3-a’  ((a+b)a+c)=3 (1) ‘
ab+bc+ca=4-b < {(a+b)b+c)=4 (2)= (a+b)(b+c)a+c) =60
ab+bc+ca=5-c*  ((a+c)b+c)=5(3)
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Tir (1), (2), (3) ta c6:

b+c=\/§6

<a+c=—@:><\/5—x+\/3~ =-\/§—6©x:—g%(—l)— (nhén)

Nd—x++/5-x =—-\/—§_-Q_

N

5

a+b= ,60 \/3—x+<\/4—x=—\/;§_9-

671
Vay phuong trinh ¢6 nghiém: x =-—

240
Cau 2.

Goi (O3r) la dudng tron ndi tiép tam giac ABC va H, K lan luot Ia tiép diém
(O;r) v6i canh AC, AB.

Goi S, p 14n luot 14 dién tich va nira chu vi ctia tam giac ABC.

B

" Tacé: 2S = AB.AC = (AK + KB)(AH + HC)
= (r + KB)(r + HC) = (r + BI)(r + CI) = + r.CI + BLr + BLCI

—r(r+CI+BI)+BICI~rp+BICI(v1p—r+CI+BI) S+BICI.
Suy ra: BL.CI=2S-S =8.
Cau 3.

Trude hét ta chimg minh bat déng thie: &’ +b° > ab(a + b)

That vay: @’ +b° = (a+b)(a’ —ab+b*) > (a+b)(2ab—ab) = ab(a +b)
DAu ding thirc xay ra khi va chikhi a=b5.

2 2 2 ,
Ta co: a3+b3>ab(a+b)<:>a ab+b > ! @ac+bc I, ¢ (1)

ab(a+b) a+b ab(a+b) a+b
@’b+be’ -1 b

ac(a+c) a+c

Tuong tu, ta cling chirng minh duogc:

)

ab* +ac’ —1 a
be(b+c) b+c

€))
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Cong (1), (2), (3) vé theo vé, ta duoc: -

a’b+bc*> -1 ab’*+ac*-1 a’c+bc-1_ a b c .
+ > + + (%
~ac(a+c) be(b+c)  ab(a+b) b+c c+a a+b
Ma:
a b

¢ =-;—[(a+b)+(b+c)+(c+a)]-

+ +
b+c a+c a+b
( 1 + L + 1 j—321.9~3=§(**)
a+b b+c c+a 2 2

Tir (*) va (**) suy ra diéu phai chirng minh.
Cau 4. ;
Trwong hop 1: p =2, ta ¢é hé phuong trinh:

9=2x" .

, , - Khong c6 nghiém x, y nguyén duong.
11=2y

Trwong hop 2: p =3, ta ¢ hé phuong trinh

[10=2x? , :
- Khéng c6 nghiém x, y nguyén duong.
116 =2y

Trwong hop 3: p =5, ta ¢d hé phuong trinh:
{12 =2x" : Khéng c6 nghiém x, y nguyén duong.
32=2y7 T
Trwong hop 4: p =7, ta ¢ hé phuong trinh:
{14 =2 : Khéng c6 nghiém x, y nguyén duong.
56=2y" B
Trwong hop 5: p>7
Tacé: 2x” =7 =2y*(mod p) = x = +y(mod p) (do (2; p)=1)
2 _ 2

Tir (1) va (2), ta cé: {x <Y Dx<y<p:>x+y=p:>y#p—x.'
X,y<p )
Khi dé: ,
QP +T7=2p-x) & p*+T1=2p> —4px+2x* & p=4x-1(3)
Thay (3) vao (1),ta c6: '
, {x:—l (loai)
4x+6=2x" <
x=3

Viyx=3 = p=1Ly=8
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Céau 5.

Goi d 1a duong thing chia hinh vudng ABCD thanh hai tir gidc ¢6 ti sb dién tich
2 : 3. Pudng thing d khong thé cat hai canh ké nhau cta hinh vudng vi khi d6
khong tao thanh hai tir giac. Gia sir d cit hai canh AB va CD tai M va N, khi do no
cit dudng trung binh EF tai I.

2

. 2
Gia sir SAMND = ESBMNC thi EI = EXF
Nhu vy, mbi dudng thang da cho chia cac dudng trung binh ciia hinh vudng

. 2 2
theo ti sO —.
3

. .2
Cé 4 diém chia cac dudng trung binh cta hinh vuéng ABCD theo ti s6 3

C6 13 dudng thing, mdi dudng thang di qua mét trong 4 diém. Vay theo
nguyén li Dirichlet co it nhit 4 duong thing di qua mot diém.

Cau 6.

Gia st tOn tai ham sb f(n) théa yéu cdu bai toan. Néu tdn tai ne N sao cho
f(n)=1 thitheo (1) taco f(n+1)= f(n+ f(n)=f(n)=1

Didu nay 1a c6 thé vi theo gia thiét, tdn tai n, € N" sao cho f(n,) =1 nén theo
nguyén li quy nap ta co

fin)=1, VneN',n>n,

Kihiéu S = {n eN'| f(n)# 1} .

Khidé S hitu han. Néu S =@ thif(n)=1, Vne N .

Néu S # @ thido S hitu han nén ton tai n, € N" 1a phin tir 16n nhét cta S.

Khi dé: , '

(4 f(n)= f(n)#1=>n + f(n) €S mau thudn vi -+ f(n)>n va
n, 14 phén tir I6n nhit coa S. Vay S=& .

Do d6 f(n) =1, Vn €N’ 14 ham duy nhét cin tim théa mén yéu cAu bai toan.

TRUONG THPT CHUYEN NGUYEN DU - PAK LAK
Cau 1. | .
{/xy+3x+2y+6+2(x+2)\/y+2 ~Yxy+2x+y+2=1 (1)
V2x-1+3y-3x+2+2x7y - 7x’ +Tx* —=6x =0 (2)

1
Diéu kign: x> —;y>-2

2
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(1)<:>i/(x+2)(\/§rﬁél)2 =1+3(x+1)(y+2) @)

bita=x+1>0vab=,y+220

Tu (3) ta ¢o: \3/(1+a)(1+b)2 =1+13/ab’

1 1 a b b
o1=3 . . +3 . . 4) -
~ V1+a 1+b 1+b l1+a 1+b 1+b )
Mit khac theo bt dang thirc AM - GM ta c6:
\/1 11 \/a b b 1(1 2)1(51 2b)
3 . . +3 . . <= + +=| —+——|=1
l1+a 1+b 1+b l+a 1+b 1+b 3\1+a 1+b) 3\1+a 1+b
DAu bing xayra <>a=Db

Suy ra phuong trinh (4) <> a=b hay x+1=\y+2 & y= x> +2x-1(5)
Thay (5) vao-(2) ta co:

2x -1 +3/x7 = x+1+2x" =3x* +5x" = 6x =0

e (V2x- —1)+(%/x2-—x+1—1)+2x“‘—~3x3+5x2—6x+2=0
LX D) X(X ) +(x-1)(2x-1)(x*+2)=0
V2x = +1 ,'/ x+1 +\/x -x+1+1

2 X

+
V2x-1+1 {/(Xl_erl)z +Yx?—x+1+1

< (x-1)

+(2x-1)(xé +2) =0

& X =

(vi: -+(2x - 1)(x +2) >0
Jax-1 1+1 ,*f x+l T x4

I 1
v&i moi X>§)

Véy hé cé nghiém (X;y) = (1;2)
Cau 2.
bat x =tanA, y = tanB, z = tanC
Vi tanA + tanB + tanC = tanA.tanB.tanC va tam giac ABC nhon nén ta c6
X,y,z>0vax+y+z=xyz : N

Theo bt déng thirc AM — GMtacé X + y+2z2>33xyz (2)
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Tir (1) va (2) ¢6 Yxyz >+/3.

Vi tam gidc ABC nhon nén c6 nhiéu nhit mét goc bé hon 45°,

- Néu c6 mot goc bé hon 45° thi (tanA—l)(tanB¥-l)(tanC—1) <0 (khong
thoa mén).

- Néu ca ba géc déu khong bé hon 45° thi x,y,z>1.

bata=x-1,b=y-l,c=z-1=a,b,c>0

Tir (1) va bét déng thic AM — GM, ta c6:

2 =abc+ab+be+ca>t® +3t%,t=3/abc,t >0

=430 -2 =(t+1)( +2t-2)>0 =7 +2t-2>0

t>v3-1
t < —\/_ 1 (loai)

= (tanA -1)(tanB—1)(tanC—1) = abc =’ 2(\/- ) =633 10.
Theo de bai. ta co (1anA —1)(tanB ~l)(tanC—1) =64/3-10

nén t=~3-1=x= y=z= \/3 hay tam giac ABC déu.
Cau 3.

+Néu || <1. Pit x = cost.
Taco

cos 3t = 4x’ —3x,cos2t = 2x° ngsin 3t =3sint—4sin’ t,sin 2t = 2sintcost
cos 5t = cos3t cos 2t —sin 3tsin 2t -
= (4x* =3x)(2¢* ~1) 2% (1-x)(3 —'4(1—x2)) =16x° —20x> + 5%
Suy ra [f(x)| =|cos5t| <1
+Néu 1<|x|<2.

Do f(x)=16x" —20x’ +5x 1a ham sb 1& nén ta chi cin xét 1< x <2

i)®m2—2xm+l=0¢:>m=xi\‘/x2—1.

m

Chon m=x+x/x2—l:>1<m<2+\/§.

5
Tacé 32x° =‘(m+~1—) =m’ +‘15“+5(m3+”1“3‘)+1-0(m+—1——);
m) m : m m

bat x =—1—(m+
2
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3
8x’ =[m+—1—) =m’ +“1‘5+3(m+—1—)
m m m

. ‘5
— f(x) = ]65~20x3+5x=%(t+%]=g(t), voit=m'= 1<t <(2++3)

Xét1<t, <t, <(2++3) = 2(a(t)-g(t,)) = (t —t )(1—2—1{—}0

1%2
r 2 : ’ 5
= g(t) 4 ham s6 ddng bién trén [1;(2 ++3) }
1/ —\3 5! 3
-1 <g(t)<5((2+\/:) +(2—J§) )~ 362
Déu ding thirc xéy ra khi x = 2.

Do f(x) 1a ham s6 1é nén khi —2<x<-1=-362< f(x) <-1.
Viay max f(x) =362 khix =2; n[un f(x) = -362 khi x =-2.

X€ 22 xe|-2

Ciu 4.
Khong mét tinh tdng quét ta c6 thé gidsirring: a<b

Tur gia thiét ta co: a’ (b2 +1) =c’-b b+ (C+ b)(c b) (N

- Suy ra ton tai hai s6 nguyén duong n va k sao cho
nk =a’ véi n(c+b) va k|(c-

. . +b c—-b
Vi (b2 +I) 1a s6 nguyén to nén ta phai cé: °TP hoac =]
: n k
+b
Truwong hop 1: g—-~—=1
n
c—b n—-2b
Tu(l)taco b r1=2"2 thayc—n b, tacé: k=—;
k b’ +1

n- 2b a’=2b b’-2b ‘
Tacé k = < <1 (vb li vi k nguyén duong)
RORTTT Sl oy (oliviknguy )

‘ . ¢—b
Trwong hop 2: gi—— =1

+b 2b+k
Ttr(l)tacé: b2+1:10——~,thayc=b+ktacc'>: n=—
n b” +1

)

2b+k 2b+a 2b+b2 2(1+b)

T Bl oAl bl
Do n 14 s6 nguyén duong nén n = 1.

=2
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Suyra k=a’, thay vao (3) ta duoc: a’= (b—l)2 <a=b-1

2 A £ ; T
Via®+1 va (a + 1) +1=Db"+1 la cac s6 nguyén t6 khéc tinh chan 1€, nén

a’+1=2 <a=1
Suyra:a=1,b=2vac=3.

Vay c6 hai bd sb (a ; b ; ) thda man dé bai la (1;2;3)va(2;1;3).
Cau 5.

Goi sb dlem mau xanh c6 hoanh do i 1a a; va sé diém mau xanh cé tung doila
b, v6i 0<i<n-1. Tacan chimg minh aya,... =b,b,...b,_,, & ddy ta s& chi

*
ra a,,a,,....,a, , 1a mdt hoan vi cia by,b,,.....,b, ( )

Ta chirng minh didu nay bang quy nap theo n.

V&i n =1: Hién nhién (*) ding.

Vé&in > 1. Gia st (*) dang v6i moi gia tri nhd hon n.
R

xanh

(k;n-1-K)
do

xanh

do

Néu moi diém (x; y) véi x + y =n — 1 ¢4 mau xanh. Bo qua cac diém nay,
ta dugc hinh tam giac vudng can véi hai canh goc vudng c6 d6 dai n — 1, trong do
s& diém mau xanh trén mdi cot 1a: a, —l;a, - 1;..;a, , —1 va s6 diém mau xanh
trén mdi hang 1a: by —1; by —1;...; byo 1.

Theo gia thiét quy nap ta c6: a, —1;a, ~1;...;a,_, —1 la hoan vi cua:

1. -1 . P 3 _— — A Lok
b, —1;b,~1;..;b, ; —1 vado a, , =b,_, =1 nén tacé (*) »

Néu co diém (k; n — 1 — k) 1a mau d0, thi toan bd cac diém (x;y) cla hinh chit
nhit véi x <k va y<n-1-k lacé mau do.

Do do, xét cac didm (xjy) v6i x < k, thi theo gia thiét quy nap ta co:
458,5..;8,_, lahoan vicia: b,_;b, . ;...;b, _; va tuong tu thi:

8,158,558, & hoan vicia: by;b;;..;b, ,  ,vavia, =b,,, =0nénta
cling dugc (*).
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Cau 6.
Thay m = 0 vao gia thiét ta c6: f(n)+f(~1)=£(0).f(n)+2
= f(n).(1-£(0))=2-£(~1)
-Néu £(0)=1 thi f(x)=c, VxeZ, taco:

2c=c’+2& (c—1) +1=0 (vo li)

-Néu f(0)=1=>f(-1)=2
Thay m =—1 ta ¢6: f(n—1)+vf(—n~1)=2f(n)+2'(l)
Thay n bdi —n vio (1) ta.cé f (n—1)+f(-n—1)=2f (-n)+2 (2)
Suy ra f(n)zf(—n) Vn € Z, hay f1a ham chin
Tir (2)tacé: £(n—1)+f(n+1)=2f(n)+2
Véin>0,dit u, =f(n),v, =u, —u -

| =vn+2:>v,;=2n~l

=V, =y -y, =Lv

n+l’
=>u, %ivk +u, =i(2k~1)+1=n2+1
P pa

Do fla ham chin nén f(n)=n’+1, neZ.

Thir lai ta c6 f(n)=n? +1, n e Z, théa man diéu kién bai toan.

TRUONG THPT CHUYEN TIEN GIANG

TIEN GIANG
Cau 1 ‘
Phuong trinh da cho tuong duong

8(z — 1)3 + 242 — 14z —9 = 8%/16(33 ~1)- (24:::2 — 14z — 9) |

bitu = 2(:1: ——1),1} = i/lfi(z —1)—(24:32 .—141:—9)

[t 240 — 140 -9 = 80 (1)
Ta co hé
v’ +24a” — 14z -9 = 8u (2)
Léy <1) trir (2) , ta dugc: |
u3—1;3+8(u—v)=0®~(u’—-v)<u2+uv+v2+8):'0,$u.:v
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"h=v & Z(w—l):‘{/16(:13-1>—(24:c2—-14a:—-9)
®8x3—6m:1®4w3+3x:—;
Xét |z < 1, dit @ = cost, t € [0;].

Khi d6 ta duge S = {cos % ; COS %7—[ ;cos ZZT-}

9
Vi phuong trinh bac 3 ¢6 t8i da 3 nghiém nén S ciing chinh la tdp nghiém cua
phuong trinh.
Chu 2. 02
C

a)Pat AB =¢,BC =a,CA=0.

Ki hi¢u O,,0; la tam céc dudng tron O,
(Tl)’(T2) thi O, 1a giao diém cﬁa‘
duong thing vudng goc voi AB tai A

vi trung truc doan A C,0, la giao diém

ciia dudng thing vudng goc véi AB tai A
B va trung tryc doan BC'.
Goi M, N lan luot 14 trung diém canh AC,BC'.
N A
Ta cé6 MAO, =[90° - Al nén: _
AM _AC
90° — A‘ 2sin A

Rl_—_AOl:

COS

Theo dinh li sin cho AABC: AC = 2R.sin B, suy ra:

B _b _b
RmaéRl“a‘R(])

Tuong tu, tacd: R, = SR 2
2 b

Tirdé: RR, = R* = R}; R; R, lap thanh cAp sb nhan.
b) Goi O 1a tim duomg tron (C) tiép xic véi (1;),(7, ) va duomg thing AB
tai P va r 1a ban kinh ciia duong tron (C) .

Tur hinh thang vuong APOQ, , suy ra:

AP = (B o) (=) =2,
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B

A .
- AB

. 2 .
Vay AB = AP + BP = 2(JrR JR = ’
¥ ’ ‘(ﬁi}‘rﬂbr 4I%+ﬁ§f

Dat AB=c,BC=a, AC=b.
abe’
— )

Tur (1) va (2), ta duoc: r = .
' 4R (a + b)‘

| sy

ab 1
L—vac<2R néntrB)suyra: r <

Vi - 5
(a+b)

a=0b 0 0
, lic nay ta duoc LA = /B =45";/C = 90°.

Déu bin xé‘ ra khi:
& xay c=2R

Cau 3.
Vi z,y,2 > 0 théa 2y + yz + 2z = 1 nén ta dat

A B
r=tan—,y =tan—,z = tang- voi A+ B+C =m.

Biét ding thirc da cho tré thanh
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3

2

nén cos[A;B] >0

hay cos A+ cos B +sinC <

A— B
2

Vi

wlﬁ

suy ra

< 2cos

cos A +cosB = ZCOS[A+ B].cbs[A—B

2

A+ B . C

= 2sin—

2 2
Do d6 ta cin chirg minh

[

2sm—q—|—sm(1 33 hay smg 1—|—cos——— ——
2 2 2 2

Ta c6 sin% >0,1+ cos—g— >0 vei C € (0;)

Ap dung bét déng thic AM — GM taco

< +-| =
2 2

C C
\lgsin—+cos~ 2
\Esin%[l + cos% 2 2 L [sin[c W] 1

[

Suy ra sm—q 1+ cos~ —_—
2 2

Piéng thirc xay ra khi va chi khi

4\/§sin-§—:1+cos—02—
T
. A=B=— -y =1 1
lan| +Tl=1 ol L, 0o TEY=MI
2 6 : C:l z___\/g
A—B=0 3
L
Céu 4.

Vi 21168 = 2*.3%.7% nén mbi sb % c6 dang 2°.3%.7° ma a,b,c 1a céc sb

nguyén thoa mén a € [%4; 4],b € [—3; 3],6 € [——2;2].

N T S R S JURTY Y
Do d6, moi sO E chi xuat hién mot 1an trong khai trién sau:
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A= 3 20307 -
ae[~4;4] be[-3;3],ce[-22)

_ (2“4 +...+24)(3‘3 S 33)(7‘2 bt 72)

1 9°-13 171 (29~—1)(37—1)(75-—1)
21gi7? 2-1 3-1"7-1 2 3472

Suyra A =

Cau 5.

Néu c6 2013 chiéc tach déu lat ngira thi ta khong thé 14t Gp it ca dugc.

That vay, theo quy téc choi, tai mbi thoi diém, gia st c6 k tach dit ngira dwoc
lam ap xubng thi c6 100 —k tach dang tp xudng dugc 14t ngira 1én.

Khi 4y sé tach Gp xubng da tang 1én k chiéc va giam di 100 — & chiéc.

Viy sb tach tp bi thay dbi di mét luong 1a k — (100 k) = 2k — 100 1a mot
s chén tach, nghia 14 tinh chin 1& khong thay dbi. Vi lic dau sb tach up bing 0 nén
khong thé 1am cho 2013 tach 0 up dugc.

Néu c6 2012 tach thi c6 thé 1am tit ca cac tach ip duoc. Thuat toan nhu sau:

Pénh sé thtr tw céc tach 1,2,3,...,2012. Lén luot, m3i lin ap 100 tach ké
nhau theo thir tu, sau 19 1an ap dwoc 1900 tach chuyén tir nglra sang up.

Tiép theo tip tach s6 1901,1903,1904,...,2001 va dé nguyén tach 1902 dang
nglra. Lan thir hai dao nguoc céc tich 1902,1903,1904,...,2001 va dé nguyén
tach 1901 dang tp.

Sau hai 1in nhu vay, thuc chit chi c6 tach 1901,1902 bi Gp, cc tach khac
khéng dbi. Tiép tuc nhu vdy, sau 12 lan, ta Up dugc céac tach )
1901,1902,1903,...,1912 va con lai ding 100 tach 1913,1914,...,2012 ngua.

Tap 100 tach ndy xudng, thé 1a hoan thanh xong.

Vay sau 19 + 12 4+ 1 = 32 14n thuc hién, tit ca 2012 tach déu bi 13t ap.
Cau 6.

Trudc hét ta ching minh f don anh. Thay vay, gia st f (nl) =f (”z)
= f(m-{—f(nl)) = f<m+f(n2))

=n +f(m+2013): i —l—f(m+2013),‘v’m eN = n, = mn,
Vay f don anh. ‘

Léy m = f(1),taco f(F(1)+ f(n)) =n+ f(f(l) +2013)

& f(£(1)+ £(n)) = n+1+ f(2013+2013)

o 1{10) 5 o)) = 1)+ 209

Vi f don anh nén f(l) + f(n) = f(n + 1) +2013.
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hay f(n+1) = f(n)+ f(1) - 2013

Suy ra f(n) a cAp s6 cong ¢ cong sai d = f(l) — 2013 va s6 hang déu la f(l)

Do d6 f(n) = (f (1)- 2013)n 12013

ticla f(n) = an +b,véi a = f(1)— 2013

Tir diéu kién ban dau ta cé

f(1+f(1)) =1+ f(2014) & a(f(l)-2013) —led=1=a=1,
via>0. , .

Dodo f(n)=n+2013,n € N". Thir lai, ta thdy ham 5 nay théa méin & bai.

Vay f(n) =n+2013,neN".

TRUONG THPT CHUYEN HUNG VUONG - GIA LAI

Cau 1.
Diéu kién x >0;y>0.
2 4 1 2 1 2
il =] —=t—==1 ——=+—F==1
JVx o ye2x x Ay Vx oy
Taco =L =
4 4 1 1 2 4 4 1 4
—_— = e B ———— -
\/)—; y+2x x \/; y+2x y x y+2x
Xét phuong trinh i —l - 4 .
y x y+2x,
Taco 2-1__ % o Y2 +2xy—8x% =0
y x y+2x

X X

Yy
2 ~=—4
Q[l) +2(Zj-8=0® X S y=2x (vix>0;y>0).
Y
X

Do d6 hé da cho tuong duong véi:

1 2
—=t—==1 x=3+4+22
Vx o\y @{

y=2x y=6+ a2
Vay hé ¢6 nghiém duy nhét: J” 34242
y=6+42
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T

Cau 2. D 5 __C

¢
E ¢

A N | B
N 2
bat EFD =a va goi M 1a giao diém cta EF va DN.
1 .
Tacd: Sy =—2—EF.MD 48]
P R
Mit khac vi ADN =EFD=a

Nén: I\/1D=1DN=l AD = 1 (2)
, 2 2 coso.  2coso

Lai co:

EF = ME + MF = MD.tan o + MD.cot a
1
2sina.cos’ o
Y
8sino.cos’a

=MD(tan o+ cota) = 3) |

Tir (1), (2) va (3) ta cd: Sy, =

Vi 0,2 < AN <1=AD nén O<oc<~;£

, N3
) . . cos’a.
Xét P =sino.cos’a = P? =sin’ a.cos’a = 27.sin’ oc.[ 3 }

5 4

., cos’a cos’a cos’a
sin o =T +,,,§_a 7
<27 3 _2!

23
9

Suyra P< % Do do6: S, 2

. . cos a 1 1
Dang thirc xay ra khi: sin’ o, = Stan‘o=-tana=—x=< o=
3 3 NE]

n
6 -

Khi dé6 AN = L
NE]
. , 243 1
Vay gia tri nhd nhat cha dién tich tam giac EFD bang -—\9/-—_— khi AN = ——\/—?’_— .
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Cau 3.
Vi tdng ctia m s dwong chin khac nhau khong nhé hon
244+6+..42m=2(1+2+43+...4+m) ='2.—f——5——

va tong cua n so duong 1é khac nhau ciing khong nhé hon

1+3+5+..+(2n-1)=n"

' 2
Do d6 2369 > m* + m+ n? =(m+%) 2oL

4
1) 9477
hay m+-—) +n* < .
2 4

Ta co P=3n1+2n:3(m+é—)+2n-%

. 2
< (32 +22){(m+%) +n2} —-;i < ‘/13.9%71 -%:174.

3m+2n=174

m* +m+n* =2369

Xét hé phuong trinh {

Tac 3m+2n=174=>n=87-3.7., do do m=21;n =87 3.

Suy ra (2) +(2)+ (87— 31)? =2369 &> 2~ 401 +400 =0 & 1 = 20.
m=40
n=27"

Tém lai ta co: P <174,Vm,n thoéa man yéu clu dé bai.

Tirc 1a hé c6 nghiém nguyén {

Hon nira, tng véi m = 40;n>= 27 thi P=174 va
2 +4+6+...+240) +[143+5+...+(2.27-1) | = 2369.

Vay gia tri lon nhét coa P 1a 174.
Cau 4.

Trude hét ta thiy (20011 — 1)*°'" + 1 = 0 (mod 20111)

Xét s& nguyén n trong khoéng (O; 2011!) thoa man diéu kién »
cho 2011!.

Goi p 1a mot s& nguyén t6 khong vuot qua 2011.

Khi d6 p la udc ctia 2011! nén

21 11 chia hét
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p‘nm“ +1 ___>pl_,nzon _1 :pi(_n)mu 3
Mit khéc theo dinh li Fermat ta c6 p,’(—n)p“1 -

Suyra p|(-n) ~1, trong d6 d=(2011,p—1)=1

Nhu vay cubi ciing ta dugc pln +1.

Chon p=2011 ta duoc 2011ln+1 €))

Néu ta xét p <2011 thi 4= (nzom it +...5a+1) =n+#0(mod p) nén 4
va 2010! nguyén t6 ciing nhau va do d6 theo khai trién

M l= (n+ 1)( WO _ 200 4 —ag+ 1) ta suy ra 2010![}1 +1 (2).

T (1) va (2) ta suy ra 201 l!!n+1. Nhu‘ng vi n 13 sb nguyén trong khoang
(0;2011!) nén ta céd n+1=2011!hayn=2011!—1. |

Bai toan dugc chirng minh. '
Cau 5. ‘

a) Gia sir X 1a mot tp dep. Voi mdi phin tir x € X thi 11— x£X, do d6 X c6
nhiéu nhét 5 phén tu. Chang han tép {1;2;3;4;5}.

b) Ta xét mét tdp dep X va mot cip (a;b) trong sb 5 cap sau:

(1;10),(2:9),(3;8),(4:7).(5:6).
Khidétaco3 quanhé: ae X,be X hoic ag X,be X hoic ag X,bg X .
Vay s6 tap dep 1a 3% =243 tap.

Cau 6.
Trudce hét ta chimg minh f 12 mét don anh.

Vm,neN" taco
f(n) = f(m) = f(f(n)) = f(f (m)) = nzf,(l) =m’f (1)

=n'=m"=>n=m
Ticp theo ta s& chirmg minh f 12 ham nhén tinh.

Truéc tién Vm e N' | ta co: f(m.f(l)) = f(m) = m.f(l) =m= f(l) =
Vadodo f (f (m)) =m’,VmeN" |

Cudi cuing:

Vm,neN" taco f(f (m).f(n)) =n’.f (f(m)) =n'm’ = f(f (nm))
= f(m.n) = f(m).f (n)
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Gia st p la sb nguyéntdva f ( p) khong 1a sb nguyén tb ciing khong 1a binh
phuong ciia mot s6 nguyén t. 4

Khi d6 tdn tai hai s6 nguyén phan biét m, n > I:f'(p) =m.n.

Taco p° = f(f (p)) = f(m.n) = f(m).f(n) = f(m) = f(n) =p
= m = n (mau thun) ' '
Vay két luan ciia dé bai la ding.

SO GIAO DUC VA PAO TAO TINH BAC LIEU

Cau 1.
Piéu kién —1< x <5.
Phén tich nhan tir chung (x + 2) ta dugc |

(x+2)(w/2x+2+\/5—x~)i2—3x):0.Do x+2>0 nén

Vox+2+5-x-x2-38x=0

> W2x12 -2+ (B -x-2)-(x>+3x-4)=0

2Ax-1). 1-x

o -1x+4) =
\/2x+2+2 VB —x
x=1

< 2 +x+4

1
J2x+2+2 5-x

Phuong trinh dudi vo nghiém do VP > 3;VT <

Véy phuong trinh da cho c6 nghiém x =1
Céu 2.

Ap dung dinh Ii Cosm cho tam giac BGC, ta co
a’? = GB? + GC® - 2GB.GC.c0s120°

< a% = GB? + GC? + GB.GC.

Ap dung bat dang thic Cauchy, ta co

2 | (2
a? <GB? + ge? + BB FGC L oar c3@B? + GO ()
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2 . 2 2
Mt khac, ta c6 GB? = imi = fl_(a te P_.‘);
9 9 2 4
2 1.2 2
GCZ:émgzia +b __(E__)
9 ° 9 2 4
2, 2
+
Thay vao (*) va rat gon ta duoc b +e 22
a’

Déu ding thirc xay ra <> GB = GC <> AABC déu
Cau 3.. -

2 _ 2 2 _
p_ 3(x” - xy) &P 3(x* —xy) o P 3(x xyz)
3x% + 3 3x® + (x* + 2y?) 4% + 2y

Néu y =0 thi Pzg

2 ' )
3t 3t@(4P—3)t2+3t+2P=0(*),v6it=§-elR.
5

'Néuy:OthiP:LI 5
t° +

Ta chi Xét P —z— nén phuong trinh (*) c¢6 nghiém te R khi va chi khi

A>O<:>32p2~24P—9<0<:>3;3J§<P<3+3‘/§.

8 8
3+3Y3 . 3-343
;mi

8 ‘ 8

Viy max =

Cau 4. ‘
a) Nhan xét: Néu 2012" + Iin thi 2012™ + 1I'm , trong d6 m = 2012" + 1
That viy: Néu 2012" + 1'n thi m = 2012™ +1 = k.m (k1¢)
'Dod6 20127 +1=20125" + 1= (2012" + 1)(2012°* 4 .+ 1)
Viy 2012™ + I'm.

Trd lai bai toan ta thay A,:3, A, :11,... nén vén dung nhan xét trén ta c6 diéu
phai chirng minh

b) Xét s6 nguyén t6 pma Ap P thip la s6 nguyén tb 1é.

Néu p 1a uée sé ctia 2012 thi Ap =2012° +1 khong chia hét cho p.
Néu p khong la udc ciia 2012 thi p va 2012 14 hai sb nguyén t5 cung nhau.
“Theo dinh li Fermat ta c6 2012° — 2012:p

Do d6 Ap =(2012° - 2012) + 2013 chia hét cho p
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Suyra 2013:p = p =3;11;61

Thir lai ta thdy c4c gid tri ctia p & trén thda mén yéu ciu bai toan
Cau 5.

Giasr A = {xl,xz,...,xmos} ,goi 1 la s6 dur cla x; khi chia cho 2013.
- Xét 1007 tap hop con ciia A ‘

A, ={xi i1 =O}, A ={xi i, =1lvr =2012}

A, ={x; i1, =2vr, =201} A, =

Ay = {x; i1, =1006 v 1, = 1007}

{x, 11, =3vr, =2010}

Do A co6 1008 phan tr nén theo nguyen Ii Dirichlet, ton tai hai phan tir cia A
cuing thuéc mot trong 1007 tdp hop noi trén, goi hai phén tir 46 12 a, b.

Khi d6 a + b hodc a —b chia hét cho 2013 (dpcm).
Cau 6.

Cho m =n =1 ta duge 4(E(1)? + £(1) = £(1) =1
Xét p la sb nguyén t§, cho m = 1,n = p —1, ta dugc
. 1+f(p-1)= fp-1)=p-1
pz:(1+f(p~—1)):>{ P 92@»{ prep
1+f(p-1=p fp-D=p" -1
Néu f(p-1)=p?-1chom=p-1,n=1 tacé:

f(p-1)% + () = p* - 2p® + 2 12 udc s6 cia ((p 1)% +1)% < p*

-2p% +2
(vo i)

Dodé f(p—-1)=p-1,véimoi pla so nguyén td.
Vay f(4) =4 (do 5 14 s nguyén td).

TRUONG THPT CHUYEN LE QUY PON
DA NANG
‘Cau 1.
Bién dbi phuong trinh (2) nhu sau
(X5 -y )+X y ( —y)—xy(x —y3)+'2913(x——y) =0
=N (x‘— y)(x4 +y*+ 2013) =0ox=y.
Thay vao phuong trinh (1), ta duoc :
2x% ~3x+1+3¥2x° —3x +1 2 i1+32 41
< f(2x3 -3x+ 1) = f()‘(2 + 1)(*)
Trong dé f(t) =t +§/1T, .
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Véi t,t, e Rva t, #t, thi

)f(r (f f) I

=>f (t) déng bién trén R

+1>0

3
Viy (*) o 2%’ -3x+1=x"+12x’ -x* -3x=0x¢€ {0;_1;5}

Vay hé c6 ba nghiém (0;0);(~1; 1) @ 2)

Ciu 2. _
Goi Oy, 05, O; lan luot 12 tim ba dudng tron (Cy), (C2), (Cs); Ps 1a tiép diém cia
(Cy) va (Cy) va O4 la tAm dang phuong clia ba dudng tron.

Suyra OF =0,P,=0,P,.
Vay O, la tim dudng tron (Cy) ngoai tiép tam gidc BP,P,. Vi O,F, L O,0; nén
0,0, 1a tiép tuyén ciia (Cy).

N TN T i .
Tacéd P,RZ = P,AO, = AP0, . Goi Z’ 1a giao diém cua AP, va (Cy).

Do O;P, la‘ttiéptuyén cia (Cq) nén O,P,A=0,PZ'=PRZ".

Suyra Z'e BZ. Vi Z,Z'nam trén AP, va AP, #BZnén Z=Z".
Do d6, Ze(C)

T T
Do cac géc O, B0, va XP,Z vudng nén
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S NN T AN T | s
ZPO, = ZPO, + O,P0, = XPZ + ZPO, = XPO,.

, ; TN N ) oY
Vi RO, 1 tiép tuyén cta (C, )nén XFO, = XPF, (mod180°)va suy ra
TN T 0 TN N 0
XRO, + XPF, =180" = ZRO, + XP,P, =180
Ki hiéu d la duong théng 7P, néu Z = P, hodc dudng thz"mg tiép xtc vai (Cy)
e U 0
tai P. Khi d6(1; B,P) = ZPO, = XB,F, (mod180°) = X el.
Chimg minh tuong ty ta cling c6 ¥;Z e€/. Do d6 X, Y, Z thing hang.
Cau 3.

Cho a=2,b=1,c¢ =0 thu dugc k>54_7.

Ta chirng minh &k = -24—7 1 gi4 tri can tim, tirc 14 bat déng thirc dung véi & = 2;47
Bién ddi bt déﬁg thirc cin chﬁ'ﬁg minh nhu sau
—é-l—(a +b+ c)4 > a®b + bdc + cda + a%b? + b%e? + c?a? + abc(a +b+ c)
27 .
=N %(a +b+ c)4 >a’(b+c)+b(c+ a) + la+ b) + 2(azb2 +bZ%e? + c2a2)
- (a - b)(b - c)(c - a)(a +b+ c) + Zabc(a +b+ c).

Chi cin chimg minh bt déng thirc trong trudng hop (a - b)(b - c) (c - a) <0.
biat p=a+b+c, g=ab+bc+-ca, r = abc , thi bit ding trén bién ddi thanh
‘ 2
P’ (p2q2 +18pgr —27r* —4q’ -—4p3r)< (%p“ —p2q+3pr) ‘
52 64 16 v
S 36p°r +| = p° -24p° )r+-— ‘vap’gt-—=pSq=0 (*
p (919 Pq oo p +4pe ——p' *)
Vi bét déng thirc dling véi lﬁ()i a, b, ¢ nén ta co thé cho p=3vadat

F(r)=324r" +(1404— 648¢) r + 364" — 432 + 576

Truodng hop 1. 0<q<16§’::>39~—18q20, f(0)=36(q+4)(q—2)2 20

Trudng hop 2. 165 < g <3,khido
A=(39-18g) -36(q’ ~129 +16)=-364" +324¢’ ~972¢+945<0
Vay f(x)>0,Vx > 0(dpem).
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Cau 4. ,

a) Tir gia thiét suy ra véi moi # > 1thi u
=2v,., -9, (2)
Bang quy nap, ta chirng minh dugc véi moi » 21 thi

‘u, =1 (mod2), v, =2 (mod4)

v, #0véimoi n>1.
w1 (mod 7), tir (1) suy ra
U,,,=0(mod7), u, ; =5u,(mod7), u,,, =3u,(mod7), u,,s E’3u,, (mod7),
U, =0(mod7).
Nhu vdy, u, =0 (mod 7) vGimoi k=n+ 2(m0d 4).
Vi u; =1=u, (mod7)va 1999 =3 (mod 4) nén khi
n=1999"thi u, = 0(mod 7).

Ta ching minh v, khong chia hét cho 7 véi moi n.

=2u

n+l 9 (1)

n+2

n+2

Noi riéng u

n?

b) Nhan xét rang néu u, =u

Gid st ngugc lai, goi 1, 1a s6 bé nhét sao cho v, =0(mod7).

Dé thy, n, > 5, tir 2) taco 3v, , +v,,,—v, =7v,, —28v,
Suy ra, véimoin: v, = =V +3v,,,(mod7) -
Nhu vay ' ‘

V2 TV, 3vn“ =V, (mod 7)

v,,(,—; =v, ,+3v, ;=4v, _ (mod7)
+3v, ,=0 (mod 7)

Dleu nay mau thudn véi ‘tinh nhé nhét cia n,. Vay voi moi n>1 th1 v, khong

v

n —4 n —3
o o

chia hét cho 7, néi riéng v, khong chia hét cho 7 khi 7 =1999"*,
Cau s.
Ki hiéu n thi sinh da cho 14 a,,a,,...,a,va P la sb cach phat dé thoa man yéu

clu bai toan. Véi i# ], ta s& vibt a,. =a, néu a;,a,cung phat mot loai dé va
a; # a, trong truong hc')'p nguoc lai. D& thiy P, = m(m ——1).

Xét n 2 3,ta s& tim cong thiic truy 1101 cho P,. M&i cach phat d& hop 1é cho n
thisinh thudc vao mét trong hai loai sau:
Loai I. a) #a, ;. Khi d6bé a, di thi ta dugc mot cach phét dé hop 1¢ cho n — 1

thi sinh a,,a,,...,a, ,. Nguoc lai, voi mdi cach phat dé hop 18 cho n — 1 thi sinh
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a,,a,,...,a, , thi c6 m—2 cach phat dé cho a, dé thu dugc mét cach phat dé hop
1¢ cho ay,...,a,. Do vay, sb cach phat, d8 thudc loai nay 1a (m —2) P,

Logi2. a,=a,_,. Khid6bo a, ,,a, dithi dugc mot cach phat d& hop 1€ cho n—2

thi sinhay,a,,...,a,_,. Nguoc lai, véi mdi cach phat d& hop 16 cho n — 2 thi sinh
a,,a,,...,a, , thi co m — 1 cach phat dé cho a, ,.a, dé thu dugc mot cach phat dé

hgp 1€ c?\o a,,...,a,théa man g, =a,_,. Do do, sb cach phat dé thudc loai nay la
(m—1)P,_,. Véy ta c6 cong thirc truy hoi
P, =(m-2)P_ +(m-1)P,_,

Goi f(x) 1a ham sinh cta day (R, )nz

f(x)=Px"=Px*+) ((m-2) "1+(m 1)2_2)x"

n22 nz3

=m(m-1)x* +(m—2)xf (x)+(m-1)x* f (x)

| m(m-1)x* - 1
1-(m-2)x—(m-1)x =(m=1)x { —(m-1)x 1+x}
=3[ (m=1)"+(=1)" (m-1) |»"

nz2

Vay f(x)=

Pdng nhit hé s6 thi duge P, =(-1)" (m-1)+(m-1)’
Cau 6. ’ ‘
Gia sir 12 ham s théa man yéu ciu bai toan
Vi moi sb tw nhién n,, 1, sao cho £(n, ) = f(n, ), tirdidukién 1, suyra n, =n,.
Vay fla don anh vatu 1, suy ra
f(n+4) = £(f(f(n))) = £(n +4) = £(n) + 4VneN
Do d6, véi n = 4k + 1,k € N,r  {0;1,2;3} thi £(4k + 1) = £(r) + 4k
+ Tinh f(1): Vi 2013=4.503+1 nén £(2013) = 2012 + (1) = f(1)=4
+Tinh f(0): £(£(0)) = 4 = £(1) = £(0) = 1 (do f1a don énh)
+ Tinh £(2),£(3) ‘
Giasir f(2) = 4m +r,m e N, r € {0;1,2;3}
Khi d6 f(4m +r) = £(f(2)) = 6 = 4m + f(r) = 6
Vi £(r) > Onén m e {01}
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Truong hop 1. m = 0 thi f(r) = 6va f(2) =
~ -Do £(0)=1va f(1) = 4nén r ¢ {0;1}
-Do fla don anh nén r # 2. Do do, r =3 va f(2) = 3; £(3) =
) e 3 (ot
Truong hop 2. m =1 thi f(r)=2va f(2) =4 +r
Sirdung f(0) = 1,f(1) =4 va n'nh don anh cia f, suy ra:
r=3vaf(3)=2 £(2)- |
n+1néun=0 (mod4)
n+3néun=1 (mod4)
n+5néun =2 (mod4)
n-1néun=3 (mod4)

Do dé: f(n) =

Th lai, tat ca cac ham so da tim déu thoa mén yéu cau bai toan.

TRUONG THPT CHUYEN HUNG VUONG

- BINH DUONG
Cau 1.
Phuong trinh da cho tuong duong véi:

8x® —13x% + Tx = (x+ 1)\/3 3x? -2

<:>(2x—1) (x —-X— 1) (X+1)J(X+1)(2X 1) (x - X - 1)
Dz}tu=2x—1;v=\/33x — 2, ta ¢6 hé phuong trinh:
u3—(x2—x—1):(x+l)v |

v —(x -X - 1) (x+1)

Néu u=v thi ta cé 2x~1;33x2——2 < 8x® -15x2 +6x+1=0

x=1
<:>(x—1)(8x2—7x—1)=0¢:> 1

- X:_—.

:>(u—v)(u2+uv+v2+x¥1):0. |
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Néuuw? +uv+vZ+x+1=0

2
o v+9-\ 3 ixi1-0
2, 4 ‘

2
@4(”5) +3(2x-1) +4x+4=0
2 .

2 .
‘ @4(V+EJ +2(2x—1)2+4x2+5=0.
2 .

Phuong trinh nay v nghiém.

Kiém lai phuong trinh da cho ¢6 hai nghiém: x =1 X = —8—

Cau 2.
Gia sit AA; , BB;, CC; 1an luot cit BC, CA , AB tai M, N, P.
Tacd A,A,// AB va A A, // AC
MB MA MC - MB MA, MB+MA, AB
MA, MA, MA, MC MA, MC+MA, AC
MB A,B ABCB AC BA ABA/C
MC AC CB'AC CA ‘AB, - AC'AB, A

Tuong tu ta co
NC BC B)A,
NA BA'B.C,’ B,

PA CA C,B,

PB CBCA,
C,
Tir cac dang thuc trén ta co: /

MB NC PA __ b A\

C3 Cl

B,

MC NAPC
Theo dinh Ii Ceva ta c6 AM, BN, CP dong quy.
Vay AA;, BB;, CCs déng quy.
Cau 3.
pat T =c® + 2¢
Goi k 1a nghiém duong ctia phuong trinh

x2+2x-T=0(*),suyrak =-1++1+T

AN
/’\z
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Tacéd

\Y%

(k + 1)(313 + b3) +k* +4Kk3

Cong vé theo vé dugec:

> ,kz(ab +a+ b) = k2T.

: 3
Suyra a® +b® > ST k' - 4k’
' k+1
2 1.4 413 -
Thé ma Sk Tk -4k = 2k3

k+1
& 8T -k 4k = 2k(k +1) < 3k? + 6k —3T =0
< k? + 2k — T = 0 (didu nay hién nhién ding do k 12 nghiém cua (*))
Viy & +b" > 2k = 2(VT+1 - 1)3 - 2(%2 12 +1- 1)3 = 2¢* (dpem)
Cau 4.

A , J .. , ,n L ,
Nhdn xét: Néu di la udc cta n thi a—- ciing la woc cia n.

i

Khi d6 U(n) = {dl,d2,..‘.,dm} - {a‘ldiari}
1 72

o Véin=l,tacs d? =1< 1241 (ding).

° Véin=2,taco dj +dj =1+2 < 222 (ding).

e V6in=3;taco d? +d§ =1+3¢ 32w/§ (dlng).

° V6in>4,khong mat tinh tdng quat, gia st 1 = d, <d, <..<d_,taco

d, =1d,>2d,>3,..,d_>m.

2 2 1
Dodé d? +d2+...+d2 =2 +B—+...+—=n2£—1—+—1—+...++—J
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5 1 1 1
<n 14 —4—+.
1.2 2.3 (m—l)m

=n? 1+1—~——1-+—1———l+...+#—-—1—- =n? 2——}— <n?2<n?n
2 2 3 m-1 m m

(vin>4)

Vay bét déng thic cdn chimg minh ding v6iVn e Z* va dang thirc chi xay ra
khin=1.
Cau 5.

Chia hinh tron thanh 9 phan nhu hinh vé&
(gdm 1 hinh bat giac déu noi tiép trong duong
tron ban kinh bang 1 va 8 “hinh thang cong”
bang nhau va & ngoai. v

Theo nguyén li Dirichlet thi c6 it nhit mot
phan chira it nhat 2 diém (gia st 1a A va B)
trong 10 diém da cho. Xét hai trudng hop sau:

1) Hai diém A, B nam trong hinh bat gi4c
déu_ (ndi tiép trong dudng tron ban kinh 1) thi
hién nhién AB <2.

2) Hai diém A, B nim trong hogc trén canh cia mdt trong cac “hinh thang
cong” coOn lai: Gia sir “hinh thang cong” d6 1a MNPQ. Khi d6 xét hinh thang cén
MNPQ ta ¢6 céc canh va 2 duong chéo ¢ do dai cung nho hon 2. That vay:

Canh MQ=NP=15<2, MN:—g—. 2-2 <2;

PQ < MN < 2 va dudng chéo NQ = MP = Jg—?————i—oﬁ <2

Vi vay: ‘

« Néu doan AB thudc hinh thang cAn MNPQ (ké ca mién trong va cac duong bién)
thi AB <2 ta c6 dpcm.

» Néu doan AB khéng nim hoan toan trong hinh thang MNPQ thi ta liy trén
~ OM diém A’ sao cho OA’ = OA va l4y trén ON diém B’ sao cho OB’ = OB.

T N B
Khi d6 AOB < A'OB' (theo dinh 1i ham so cosin)tacé AB < A'B'< MN < 2.

Véy trong cic trudng hop thi AB <2 (dpem).
Cau 6.

Pat g(x) = f(x) + 2013%>. Khi d6 f : Q — R théa man

f(x + y) = f(x) +_f(y),Vx,y eQ
{f(l) =1 M
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Cho x =y =0 vao (1) ta duoc £(0) = 0.

Thay y boi —x vao (1) ta duoc f(-x) = —x (2).

Thay y béi x vao (1) ta duoc £(2x) = 2f(x).

Gia sir k 1a sb nguyén>duong sao cho f(kx) = kf(x),vx e Q

Khi d6 ((k + 1)x) = f(kx) + £(x) = (k + )f(x),vx e Q

Do d6 theo nguyén Ii quy nap, ta c6 f(nx) = nf(x),vx € Q,vn e N(3)
Két hop (2)-va (3) ta suy ra f(nx) = nf(x),vx e QVn e 7.

Taco f[nij . nf(l] = f(-l-j “Le)=Lvnez

n n n n n

VéimoiqeQ,q=2meZne N*, (m,n) = 1
R n .

= f(q) = f{ﬂ) = mf(lj = ir‘:-f(l) = %‘-

n n
Viy f(x) =x,Vxe(Q.
Do d6 g(x) = 2018x* + x

Thir lai tryc tip ta thdy g(x) = 2013%% + x, ¥x € Q thoa mén dé bai.
y g

TRUONG THPT KON TUM - KON TUM

Cau 1. ‘
Vi x = 0 khong thoa mén hé nén hé phuong trinh twong duong véi

y+—%+1+w/x+1-—4=0
\’ X .
: 0 ( 2] .
y+—+x= [X{y+—1|+38
X \‘ X

Vt+1l+x+1=4

batt =y + —2- , hé trén tr& thanh {
% .

t+x=\/€;+3
o t+x.+2+2\/tx+t+x+l=16
t+X=\/1;+3
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Jix 13+ 2+2tx+Vtx +3+1 =16 (1)

<

t+x=\[t;+3 , (2)
Pat u = Vix (£ > 0), (1) trd thanh u+ 5+ 2Vu® +u +4 = 16
Wl +ru+rd=11-usu=3.

Véi u = 3 ta duoc \[t_}z:3 <:>X:t:3.Vé’iX:3:>y=—7—.
t+x=6 : -3

Vay hé phuong trinh ¢6 nghiém (x; y) = (3;%) .

Ciu 2.
Goi G, H, O theo tht tu 1a trong tAm, trirc tim va tdm duodng tron ngoai tiép tam

gidc ABC.Tac60,G,Q, Hva oéz-éiiﬁ; 0Q =%6ﬁ.
Suyra OG < 0Q (1)

1 AQ

QMR- 0Q?
LR __AQAO AQ.AO
QM R?2-0Q> R2-0Q*"
R _ BQBO R _ CQCO
QN " R®-0Q*'QP  R?-0Q?
Suy ra ‘ + R 4 ,R > AQ-AO+BQ.BO+CQ,CO
QM QN QP R? - OQ2

Mit khac: AQ.QM = R? -0Q% =

Tuong tu ta co:

R? - 0Q?
R — -
8R? + 0Q(AO +BO+CO) gg?, 30G.GO
R? - 0Q* R? - 0Q?
_ 3R*-30Q0G _ 3R” -30Q”
R? - 0Q’ R? - 0Q
1 1 1 _38
+ f— .
QM QN QP R
Ping thirc x4y ra khi va chikhi Q = G © O = H < AABC déu.

= 3 (do (1)).

Do do6
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Ciu 3.
bat a = \/yz +22, b= \/z2'+ x?, ¢c= sz + y2 thi a, b, ¢ 1a cac sb duong

vaia+b+c=2013.
Vi cach dat nhu trén ta suy ra

X2_b2+c2—a2 » c+a’-b? , a’+b’-c M
A T
Ta lai c6 2(x +y> (x+y) nén «/_c Z2xX+Yy, ‘
tuong tu \/_Z-a >2y+z, x[Z—b Z2Z+X. )
' g, 2 .2 2 2_p2 a2+b%-c?
Tir(1)va Q) suyra H > — 2 ¥ -8 ¢ +a L2 F0
‘ 22 a | b c

=;3_£ (a2 +b? fcz)(i—+%+%]—2(a+b+c)l

9
Ta lai ¢6 3(az+b2+c2)>(a+b+c) va—1—+l+l 7
a b ¢ a+b+c

:>——1———(—1—(a+b+c)2. (a+b+c)) a+b+c_2013
o423 a+b+c . 242 W2
2013 Cy-z- 2013
Y 32
2013

Vay gia tri nho nhét caa H 1a
22

Cau 4.
Goi q la sb tu nhién 16n nhét khoéng vuot qué \/-r—n— ,ticla q = [\/E} .
2 , o '
Ta xét (q + 1) cacsodang ax +yvsix=0,1,2,.,qy=0,1,2,.,q.
Vi (q + 1)2 > m nén ton tai cip (X1§3’1) va (x2;y2) sao cho
ax, +y, =ax, +y, (mod m) hay a(x1 - xz) +y, —¥,chia hét cho m.
Néu x, = x,thi y, —y,m. Mt khic Iy1 - yzl < vm < m, méau thuin.
Viy x, #x,. 4 ‘
Néu y, = ¥, thi a(x1 - x2)im. Do (a,m) =1nén x, — X,'m, miu thuin.

Viayy, #y,.
Giasir x, >x,.Taldy x = x, - x,, y:|y1 _yzl,

Khi d6 x,y 14 s tu nhién va a’x® —y® = (ax - y)(ax + y)Em
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Cau 5.

~ Déu tién ta nhan xét ring toan bd nén nha cta phong trién lam’ bao glor ciing c6
thé phan chia thanh cac tam gidc, boi cac dudng chéo khong cit nhau, nim trong
n — giac (nén nha). Vi mbi cach phan chia ta dugc mét dd hinh cta phong trién
1am. (phép phén chia nay dugc goi 1 phép phén chia tam phan mét da giac).

Bay gio ta s& t6 mau cac dinh ciia mot dd hinh sao cho hai dinh dugc ndi voi
nhau (theo canh théng ctia dd hinh) s& ¢6 mau khéc nhau. Ta khéng dinh ring dé t6
mau nhu thé chi can ba mau 14 dd.

Ta s& ching minh khang dinh nay bang cach quy nap theo n.

Néu n = 3, phong trién 1am 14 mot tam gidc va chi viéc t6 ba dinh bang ba mau.
Gia sir khing dinh ding v6i phong trién 13m c6 n tudng (n > 3). Xét phong trién
lam G ¢6 n +1 tuwong. Sir dung phép tam phan ddi véi da giae G, ta goi G’ 1a da
gidc nhan duoc tir G sau khi cét bd di tam giac ABC (hinh ve).

Theo gia thiét quy nap, khing dinh ding véi n — gidc G’.

Vi A, B chi ¢6 thé dugc t6 mau béng 2 trong s 3 mau d3 cho nén ta chi viéc to
mau dinh C bing mau con lai. Vay khing dinh ding vé&i (n + 1) - gidc G va do d6
diéu khéng dinh dugc chimg minh.

Vay ta gia st rang cac dinh caa phong trién 1am ¢ n biic tuong dugc t6 bang ba
mau a, b, ¢. C6 tit ca n dinh, do dé c6 it nhat mot mau, ching han mau a ma sd

, A s n |1
dinh dugc t6 mau a khong vuot qua {g] .
Vi moi cip dinh ciia mot tam gidc bét ki trong d hinh G 1a khong thé c6 cing
mét mau. Do d6 trong moi tam gidc thi c6 ba dinh clia né dugc t6 bang ba mau khéc

nhau. R rang 12 tai mdi dinh duoc t6 mau a ta dit mot ngon dén thi toan by phong trién

lam dugc chiéu sang, ma s dinh ciia n6 thi khéng vuot qua { } (dpcm).

Cau 6. .
Cho x=y=z%t,taducyc f(2t)f(t2)=w/3 2013 €))
Chox=y=t,z=1,tadugc
£(t2)£(2t)£(t)(£(t + 1)) = 2013 @

Két hop (1) va (2) ta duge (£()f(t + 1)) = 20132
hay £(t)f(t +1) = Y2013 ) 3)

Thay t béi t +1 trong (3) roi lai két hop véi (3) ta suy ra
f(t+2)=f(t),vte R, )
Cho z =1, thay vao phuong trinh ban dAu két hop vai (3) ta thu duge

f(xy)f(x + y) 32013 (%)
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Lan lugtthay y =2 va y =4 vao (5) ta nhan duoc
£(2x)f(x + 2) = Y2013 ©)
f(4x)f(x + 4) = ¥2013 |
Két hop v6i (4) ta suy ra (2x) = £(4x) hay f(2t) = £(t),Vt € R, (7)
Tir (4), (6) va (7) cho ta:
()’ = ¥/2013 = £(x) = /2013 (do £(x) > O,vx € R,).
Thir lai ta thdy ham s& £(x) = 42013 théa man diéu kién d& bai.

Vay ham s cin tim 1a (x) - $2013 S

THPT CHUYEN BAC QUANG NAM - QUANG NAM

~

Ciul.
Phuong trinh twong duong;:

(X2~ 4x+1)V2x — 1 =4x’ — Tx + 3 & (2% — dx+1)V/2x ~ 1 = (4x — 3)x-1).

Pitu=x-1,v=+2x-1.
Phuong trinh tr& thanh: Qu® — 1).v = (2v* - 1).u
< @U-v)2uv+1)=0< u=vhoic2uv+1=0.

>1
eu=v <ox—1=42x-1 <:>{X ¢>x=2+w/§

1x*-4x+2=0
o 2uv+] =0 < 2(1 — x)V2x — 1 =1
Piéu kién: —é—< x<1

=0<2x—-1<1va0<2(x-1)<1

= 0<2(1 -x)¥2x —1 < 1 = Phuong trinh 2(1 — x)V2x — 1 =1 v6 nghiém.

Két lugn: Phuong trinh ban dAu c6 nghiém duy nhét x =2 +v2 .
Ciu 2.

* Chitng minh diéu kién cén:

Kéo dai BM cat dudng tron tai E.

M 14 trung diém AC = Sags= Scen

N A~
=> AB.AE.sin BAE= CB.CE.sin BCE

N S
= AB.AE = CB.CE (vi BAE+BCE=n)
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AB CE

B
“CB AE e—

Ta c6: AB.CD = AD.BC (gia thiét)

AB_AD | g
CB CD 3)
AD CE, AB
Suy ra: (= )
CD AE CB

S~
Mit khac: ADC = CEA (cling chén cung AC)

= A ADC «» A CEA

NN P
(ACDzEAC AD = EC
31/\ /\:f? A~

DAC = ACE (DAM=ECM

A~ T
— A ADM = A CEM (AD = EC,DAM = ECM, AM = CM)

AN AN NN

= M, MmaM M(dondmh):>M = M,,.

NN
= AM la dudng phén giac ctia goc BMD .
* Chitng minh didu ki¢n di:
Ké qua D dudng thing song song voi AC cit dudng tron tai E.

. AN AN
V6i M la trung diém AC, ta c6 AADM = AMEC =M, = M,.
P /\ i
Ta ¢6 M + DME + M =180°, M, , (AC la phan giac goc BMD,
theo gia thiét)
N T .
= M + DME + M =180° = B, M, E thing hang.
AB CE
Ta cd: Spes= Scrs = Eﬁ = E (1) (nhu chimg minh didu kién cin)
DE // AC = A ADC «x» ACEA = éA% QI—B-(IZ)
T (D) va2) = AB _AD _ g cD=ADBC.
CB CD
Cau 3.
Bt dang thiic can chirng minh viét lai:
I(b+c—a)+l(cta-b)+i(a+tb-c)>6S ' *)

Tacod:l,>h,,...vab+c—a>0,...(h,1a chiéu cao tng véi canh c6 do dai a)
Ta d& xuét chiig minh bat déng thirc chat hon bt dang thire(*) :
hy(b + ¢ —a) + hy(c +a—b) + hy(a + b—c) > 68 (*¥)
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Via, b, ¢ ¢6 vai tro nhu nhau nén gia sir: a > b > ¢ khi do:
hy,<hy<h,vab+c—a<c+a-b<ga+b-c.
Ap dung bét déng thirc Chebysev (Tré-bu-sép)- _
0Ch02dﬁysé h,<hy<h.vab+c-a<c+a-b<a+b-ctaco:
3[hab+c—a)+hy(c+a-b)+hfa+b-c)]>(h,+h,+h)(a+b+c)(l).
OCho2dﬁysél1a<hb<hcvéa>b>ctacé:
3[a.h, + b.hy +c he ] < (h, + hy + ho)(a+b+c) (2)
Tr(l)vaQ)tacé:
hyb +c—a)+hy(c+a—b)+h(a+b-c)>ah,+bh,+ch,=6S
Viy (*) duge chiing minh nén bat déng thirc (*) duoc chiing minh.
Ciu 4. -
“Binh phuong hai vé phuong trinh da cho ta dugc:

x+10w/_1_i:y+z+2\/;;<:>x—y—z+10\/1_1=2 yZ - )
Binh phuong hai vé phuong trinh (1) ta duoc: ’
(x—y -2 +2(x—y—2).10M11 =4yz— 1100 )

Vix,y,ze Z va w/l—l 1a s6 vo ti nén tir (2) suy ra:
X-y—-z=0=4yz-1100=0
Giai hé : {X"y_zzo LA
. 4yz =1100  |yz =275
Viyz=275=5.5.11 vay,z € Z" nén ta c6 nhitng trudong hgp sau:
ty=1,2=275=x=276.
+y=275,z=1=x=276.
+y=35,z=55=x=460.
+y=55z2=5=x=60.
+y=11,2=25=x=36.
+y=25z=11=x=136.
Véy phuong trinh d& cho c6 6 nghiém (x, y, z) la:
(276,1,275) , (276,275,1) , (60,5,55) , (60,55,5) , (36,11,25) , (36,25,11).
Céu 5.
Gia stt A,Ay, ...,Apo 12 19 diém trong do khéng c6 ba diém nao thén_g hang va
Ai(xi,yi) vOi xpy; € Z (ie {1,2,...,19}).

Mot s6 khi chia 3 thi du 0, 1 hoic 2.

Theo nguyén i Drichlet, c6 it nhét 7 trong 19 s x; 14 c6 cing sb du khi chiacho 3.
Khéng mait tinh téng quat, gia sir cac s d6 14 x,, Xa, ...,Xs.

Xét bay diém A, A, ..., As.
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Theo nguyén i Drichlet, c6 it nhit 3 trong 7 s6 y; (ie {1,2,...,7}) c6 cung sb du
khi chia cho 3. | |

Khéng mét tinh tdng quat, gia st cac s6 d6 layy, ya, ys.

Xét ba diém A, Ay, As.

Vi X1, Xp, X3 12 ¢6 ciing s6 du khi chia cho 3 va y;, v, y3 ¢6 ciing s6 du khi chia

! X1+X2+X3 y1+y2+y3

cho 3 nén e”l.

e?l;

Viy trong tAm ciia tam giac A, Ay, A; ¢6 céc toa do déu 12 cac sb nguyén.
Bai toan dugc chitng minh.
Cau 6.
+ Chitng minh f 1 don anh:
Thét vay V x1,x, € Q, gia st: f(x;) = f(x2)
= f(x) +y=1(x)) +y
= fIf(x)) +y] = flf(x2) +y]
= xi+f{y) =x+1(y)
= X;=X;. Viy f la don anh.
+ Tinh f(0): ,
T (*) = f[f(0) + y] =f(y). Vifdonanh = f(0)+y=y = £(0) = 0.
+ Chirng minh f 14 ham cdng tinh:
Khiy =0, tor (*) = f[f(x)]=x.
Trong (*)thay x boi f(x) ta dugc: fIf(f(x)) +y] = f(x) + {(y)
= flx +y] = f(x) + f{y) (**) V x,y (vi fif(x)] =x)
~ + Ching minh f 12 ham 1&
* Trong (**) thay y = — x ta dugc f(0)= f(x) + f( = x) = f(—x)=-f(x) V x.
+ Xac lap cong thuc f:
Xétx € Q" (doflaham I¢), dat f(1)=a
Taco: f2)=f(1+1)=1f(1)+f(1)=2f(1)=2a
Bing phuong phap quy nap ta chimg minh dugc f(n) = an
Tadéa=f1)=R~+L+ . +2)=nf(L)=>RAL)=2Vmne z*
n n n n n n

Ta co: f(E)zaEl— , A
n n
Vay f(x) =ax voix € Q
Thay véao phuong trinh ham ban du ta cé:
f(ax+y)=x+f(y):>a(ax+y)=x+any,y:>a2= l=>a=%1
Tht lai ta dugc f(x)= + x thda mén yéu cau bai toan.
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TRUONG THPT CHUYEN BEN TRE - BEN TRE
Cau 1.

{(23 — 37 -x = (20 - 3y)f6—y )

J2x+y+2-J~3x+2y+8_=—3x2+14x+8 )

x<7
* Didu kién : 7 <O
2x+y+220
-3x+2y+820
* Phuong trinh (1) < [3(7 -~ x) + 2W7 - x = [3(6 — y)+2]y6 - y (3)

* Xét ham s6 £(t) = (3t* +2).t = 3t% + 2t véi t > 0.
Dung dinh nghia ta ching minh ham s f(t) ddng bién trén [0;+00).
That vay: vt,,t, e [0;+ ) : t, <t, taco :
3] +2t, < 3t) +2t, = f(t,) < f(t,).
Véy ham sb f(t) dong bién trén [0;+w0).
* Phuong trinh
(3)©f(ﬁ—x f(J6 y) o AT - x_J6 yoy=x-1.
o Thay y = x —1 vao phuong trinh (2) ta dugc :

V3x+1-/6-x+3x* —14x -8 = 0 (4)
* Giai phuong trinh (4) véi didu kién: —% <x<6.(%

Phuong trinh (4) < (V8x +1 - 4) + (1 -6 - x) + 3x* ~14x -5 = 0
3x - 15 x-5 |

o +
V3x+1+4 1++6-x

@(x—5)( 8 .1 ’+3x+1]=0

V3x+1+4 1++6-x

3 1

+
V3x+1+4 1+\/6 X

Véy phuong trinh (4) & x =5.
* Tom lai hé da cho c6 nghiém: (x; y) = (5; 4).

+(x~-5)3Bx+1)=0

Do diéu kién (), nén ta cé: ( +3x + 1] >0.
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B D A’ C
Goi D, E, F lan luot 1a tiép diém cua (I,r)' trén cac canh BC, CA, AB.
Ké PD' 1.ID (D' € ID) = PA'=D'D. Tacé:

~ID?>-ID'-ID =% -IP-ID

Do do. PA’ =r-IP'ID.
T
Tuong ty, ta ciing c6 PB' =r — 1P IE, PC' =r- IP - 1F
. r r
Cong cac déng thirc trén lai vé theo vé, ta dugc
PA’ + PB' + PC’ = 3r — IP(ID+IE+IF).
r
Goi G la trong tim ADEF thi ID + IE + IF = 3IG . Ta cé:
- 2 .10 2
PA’+PB’+PC'+—1::—I—:3r— 8IP - IG +-13—I——~
2r r 2r
_ 3(PI* + GI* -PG?) PP’
=3r - +
2r 2r
3GI* 3PG? -2PI*
=3r - + .
2r 2r

Goi K la diém cb dinh théa 3KG — 2KI = 0 < KI = 3GI, KG = 2GL.
Ta thdy diém K xac dinh nhu trén chinh 12 tryc tdm caa ADEF.

P AT

Xét ADEF c6 EDF = IDE + IDF = IBF + ICE = — 5 <90°,

A~ A~ .
Tuong ty, DEF < 90°,EFD < 90°nén ADEF nhon nén K nim trong
ADEF hay K niam trong AABC.
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Ta co:

= (8PK? - 2PK?) + 2PK(3KG - 2KI) + (3KG? — 2KI?)

= PK? + (8KG® - 2KI?) » 3KG? - 2KI? = 3-4GI? - 2- 9GI? = -6GI2.
Tir cac diéu trén, suy ra:

2 2 a2 2
PA’ +PB’+PC’+E-I——>3 _ 3G - 6GI :3r—9GI .
2r 2r 2r 2r
2 2
Vay gi4 tri nho nhit cia PA’ + PB’ + PC' + %I— la 3r - 9;}1 dat duogc khi P
r r :
trung voi K.
Ciu 3.
T = cos2f-A‘—-cos—lécos—(2 (doA BC — (0 ))
2 2 2 22’2

( . gAj B C 1( 2A)( B+C B—C)
={ 1 - sin“— |cos—cos— = —| 1 — sin“— || cos + cos
2 2 2 2 2 2 2

1[ . QAJ( A BC]

=—1-sin“~— | sin— + cos——

2 2 2 2
-C

Ma cos

< 1 nén theo

2
T < 1[ - sm‘zé](siné + 1] = —1-(2 - ZSinéj(l + sinéj[l + siné—)
2 4 2 2 2

3
2~ 251n-—— +1+ smé +1+ smé
< 1 2 2
4 3
= i :;:] = —1§ (bat ddng thac AM—GM)
B-C
’ cos <1 1
A=2 =
Vay maxT = 43 xay ra khi 2 A A arcsin
2 -2sin— =1+ sin— B=C
2 2 :
Cau 4.

. p-1 _
Taco 111..1111 =29 -1
[l

(p-1) chir s§

Do p 27 nén(p, 10)=1.
Theo dinh Ii Fermat ta ¢6 10°™ =1 (mod p) hay 10°™! —1ip (1)

t
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Mat khac, 10°71 —1:(10-1) =9 (2) va(p, 9) =1 (3)

p-1 _ , .
T (1), (2), (3) suy ra 10° —1:9p = }—9—-———l§p = 6 111...1111L:p
(p-1) chirsg
Hon nita, vdi moi n nguyén duong ta c6
n(p-1) _ p-1 _
111...1111 = 10 1_10 1.A, vGi A nguyén duong

n(p-1) chit s¢

10n(p—1) -1
:> come——————————

9 ‘p = s0111...1111:p.

n(p-1) chit s§
Véytén‘tai v s6 sb hang cua day 1, 11, 111, 1111, ... chia hét cho p.
Cau 5.
Ta co:
\/i#j,lAilzlAjI.IAimAJ.I,IAJ. =1 A, I.lAJ.r\Ai I=1A IzlAjl
Nén theo tinh chit a) ta ¢6
IAlI+IAZI+IA3I+...+IA1»83l=183.IA1l$2013:> lA =11
Vay lA I=1A,I=1A ==l A =11
183
NA;
i=1

Xéttap A, tr | A, NA I=1véii=1,2,.., 183

* Ta ching minh =1.

suy ramdi thp A,,A,,...,A .. chira ding mot phén tir ctia A,.
Do | A, =11 nén theo nguyén li Dirichlet thi tdn tai va c6 thé gia sir
ALA, A

Ta chiing minh a 1a phan tir chung cta cac tap hop A ,A, A, A oo

18 cung chira phan tir a ciia A,

That vay, gia strcoi> 18 saocho a ¢ A,

VilA A 1=1=1(A \Mal) A 1=1 nén | (A, \al) " A I=(bj] (*)
voi j o= 1,2, .,18, ta théy cac by phan biét vi néu tdn tai
jtell2..18 b =b, = A NA, =bal =|A; NA|=2 (vo1i).

TW (*) suy ra A; chira nhiéu hon 11 phén t (tréi'gié thiét |Aj=11) nén ta c6

183
acA,vi=12..,183=|4A]=1
. i=1
183 183 183
vay (A, = |UJ(A; \Matutal) = (A, \al)+ 1 la) 1=188.10 + 1 =1831.
li=1 i=1 i=1
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Cau 6. .
Trong (2), cho x = 1 ta duge: f(1) = 1.
Tir (1) bing phuong phap quy nap, ta co:

f(x+n)= f(x)+n, VxeQ', neN" (3)

That vay: n = 1: f(x*+1) = f(x) + 1 nén (3) ding.

Gia st (3) ding véi n = k > 1. Khi dé:

fx+k+ D) =fx+1)+k=f(x)+k+1 vxe Q*;k e N"

Vay (3) ding Vx e Q*, ne N*

Trong (3), cho x=1 tadugc fin+ 1)=n+ 1. Suyra f(x) = x,vx e N*

Véimbisd r = P, p,geN’
q
+ Tinh theo (3), ta duoc:
, .
(£ + a*?) = (fe) + q*) =)+ 8f2(0)q? + 3f(r)g* + ¢°
+Tinh theo diéu kién (2), ta duogc: "

e e e ot

3 . 3
=f [[-B] +3q” +3pq® + QGJ =f {(2] J +3q” +3pq® + q°
q : q

- =f(®)+3q® + 3pg® + q° = £3(r) + 3q® + 3pq® +q°
Tir hai diéu kién trén ta duoc:
2 () + q*f(r) — (P2 +pg®) = 0 < £2(r) + ¢*f(r) -2 - p’r = 0
& (f) - r)(f(r) br4 p2) =0 fr)=r.

Két luan: f(x) = x,Vx € Q*.
Thir lai thdy dung.
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TRUONG THPT CHUYEN HUYNH MAN DAT
KIEN GIANG

Cau 1.
. >
Didu kien: 1% Y20
x+y>0

(x—y)2+ 4xy =1©(x+y)2—4xy+ 4xy =1
X+y X+y

<:>(x+y—1)[(x—y)2+x+yJ'=O<:>x+y:1

Thay x + y = 1 vao phuong trinh thL’r‘hai ta dugc V2x+1= (2x - 5)2 -4x+4
bat 5-2t =v2x +1, tsg
ox+1=(5-2t) (1)
Tacohé (*) {4x -2t +1=(5-2x)’ (2)

g2

L 2

L4y phuong trinh (1) trir phuorng trinh (2) theo vé, ta dugc
(2x - 2t)(2x + 26— 11) = 0.

x=13+J_2§

Giai hé '(*) tatim dugc x =t = % v

3 [ _13++29

4
—9-+/29
YZ“T

(thoa mén)

3 13++/29
X"—‘E X = .

Vay nghiém cta hé phuong trinh 1 v 4
4
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Do dé S,ppc = Sype + Syrc =S

Suy ra

SABC _ SABC SFBC — AC SF‘BC

1 1
= = = — (1
SMBC SFBC .SMCB FC'S (1 i y)[l " X'(1 + Y)j Ly ( )

MCB X
Goi r 12 ban kinh dudng tron ndi tiép A ABC.
_8
EF diqualnén S, +S,,. LARF S anc
AABC

:—b—°—b_'§r(a+2b)
@i+.b_2_—a+2b ..}:_)_:@.E.. _b_g—a
AE AF AE AF

SX+—=—=>

1_s 3>2J§ @)
y b b y ,

S
Tir (1) va (2) suy ra —28C > 1+2J£ 1440
Sysc X a
2 , . P e . 1 a
Dang thic xay ra khi va chi khi x = = = — .
‘ y 2b
Cau 3. . o
Trudc hét ta chirng minh bat déng thirc sau

3 3 3
a_,_b 4l (a +b%+¢c?) (1)
. b+2c c+2a a+2b 3
Ap dung bat dang thirc Cauchy - Schwarz
a’ b? c

+ +
b+2c.- c+2a a+2b

_at Y b* ) ct >(a2+b2+c2)2
- a(b+2c) blc+2a) c(a+2b) g 3(ab + be + ca)

Ta ¢6 bét déng thirc quen thudc: a% + b2 + ¢ > ab + be + ca Va,b,c
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a’ b® c?
= + +
b+2c c+ 2a a+2b
(a2 +b%+ cz)(ab +be+ca) 1

= —(az +b? + c2)
3(ab + bc + ca) 3

Bét déng thirc (i) duge cht’mgvbminh xong.

Ap dung bat déng thic (i) vao bai toan ta dugc
1 1 1

2 2 2
121,271,283 W e
b ¢ ¢ a a b .

1 lfa+b+c
cLp ) Jhatbre)
ab be ca 3\ abe
ca ab

=1
(c + 2b) b3(a + 2c) c3(b + 2a)
Cau 4.
pit a = 22...200...011...133...3

psd psd pso psb
Néu p = 3 thi d& thdy a = 2013 = 0 (mod 3) .
Néup=#3:tacod
a=2.(10"" +10%2 4+ . +10%) + 110%™ 4+ .. +10°) +3010°7  + ...+ 1)
10° -1

(2.10% +1.10° + 3)

Theo dinh Ii Fermat nhé: 10° = 10 (modp) = 10°® = 10° (modp)
= (2.10%° +1.10° + 3) = 2.10° +1.10 + 3 = 2013 (modp) 6}

! imodp) = @

p_
Laico 10° -1 =9 (modp) va (p,9) =1 nén 10

(lwu ¥ réng vé trai 12 s6 nguyén).
Tu (1) va(2) tasuyra didu phai ching mmh
Cau S.

Vi mdi s6 nguyén duong 1€ k, dat S, = {k;2k;4k;8k;...2"k;...} < S.
R4 rang ta ¢ cac tinh chét sau:
1) Hai phén tir trong S, 12 udc cta nhau.

2)S_ NS, = véimoisdlém,nva m#n.
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3) S=8, U8, US, u...u82013.
4) V&i mdi sé nguyén duong 1é k thi |sk A A| <1 (do tinh chat (1))
Suy ra [A] = (S, 1 A) U (8, N A) U U Sy 0 A)
=18, M Al +[S; N Al + ..+ 8y, M A| <1007
Taxét A, = {1007;1008;..;2013}, [A | = 1007

Do 1007 x 2 = 2014 > 2013 nén trong A, khong c6 chira hai phan tir ndo la

udc cua nhau.
Viy gid tri 1o nhét cia [A] 12 1007.

Cau 6.
a=b=1=f1)=(f0) > O =1.

£(4) = £(2 + 2) = 2£(2).
£(6) = £(2.3) = £(2).£(3). ,
Mat khac f(6) = £(3 + 3) = 2f(3), suy ra f(2) = 2
Suyra f(4) =4 .
£(12) = £(4.8) = £(4) £(3) = 4.£(3) va
£(12) = £(5+7) =£(5) + £(7)
=£(2) + £(3) + £(5) + £(2)
= £(2) + £(3) + £(2) + £(3) + £(2) = 6 + 2f(3)
Nhu vay 4£(3) = 6 + 2f(3) < £(3) = 3.
Tir trén, d& dang tim duoc £(5) = 5, f(7) = 7, £(9) = 9.
Tacé 2013 = 3.11.61 = £(2013) = £(3).£(11)£(61) = 3.£(11).£(61).
£(14) = f11+3) = f(11) + £(3) = 3+ £(11) va £(14) = £(2)£(7) = 14
Suyra f(11)=11; ' ’
£(63) = £(61 + 2) = £(61) + (2) = 2 + £(61)
va £(63) = £(9.7) = £(9)£(7) = 9.7 = 63.
Suy ra f(61) = 61.
Vay £(2013) = 2013.



Phanll

PE THI OLYIVH’IC TRUYEN THONG 30/4
LAN XIX — NAM 2013

B. LOP 11

Cau 1.
3y“ -2
Giai hé phuong trinh: x+8y° -2y =0 .
36(xvx +3y°) - 27(dy? —y) + 23 -9Vx -1=0"
Cau 2. .
; X, = 1
Cho day sb : -1 -51
dy so (Xn) < = 4x (‘v’n 5 )
n bx , +18 ,
a. Tinh x,,,
b. Tinh limx
Cau 3.

Cho tam gidc ABC c6 do dai cac canh la AB = 3; BC =5; CA = 7. Mot dudng.
théng di qua tim dudng trdn noi tiép tam gidc ABC, cét canh AB, AC theo thir ty

tai M va N. Tim gia tri 16n nhét cta biéu thirc P = M ;

AM.AN

Céu 4. :

Tim tét ca cac cap ham sé f,g :R — R théa man ddng thoi hai diéu kién sau:
L fx-1D+g@2x+1)=2x
i, f@2x+2)+2g4x+7)=x-1,VxeR

Ciu 5.

Cho x 12 mét sb thuc. Chirng minh rﬁmg néu {x} = {Xz} = {Xzom} thi x 12 mot sb

nguyén, trong d6 ki hiéu {t} & chi phan 1& ciia sb thuc ¢.

Ciu 6.

C6 hai dong da, mot dong c6 n hon va déng kia c6 k hon. Ctir mdi phut, mét
may tu dong lai chon mot dong c6 sb hon da 1a chén va chuyen mot nira s6 hon da
cla dong da duoc chon sang dong kia.. Neu ca hai dong déu <6 s& hon da 1a chén
thi may s& chon ngau nhién mot déng. Néu trong hai déng s6 hon d4 déu 1a 18 thi
mdy s& ngung lam viéc. Hoi tdn tai bao nhiéu cap sép thtr tur (n, k), v6in va k 1a
cac sb nguyén duong khong vuot qua 2013, dé may tu dong sau mot khoang thoi
gian hitu han s& dirng?
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TRUONG THPT CHUYEN LE HONG PHONG

- TP. HO CHI MINH
Cau 1.

Giai hé phuong trinh: { x+3y” -2y =0 )

o 36(xvx + 3y°) - 27(4y? - y) +(2f OVx -1=0
- Céu 2.
=m

. 1
Chom e R. Day s6 (u,) xac dinh bdi
Tu,,, = ,/3ou§ +4 VneN*

Ching minh (u,) c6 gidi han hitu han va tim gi(’)’i han dé.
Cau 3.
Cac duong phén giac AA’, BB’, CC’ clia tam giac ABC ddng quy tai I.
Biét rang cac dudng tron ndi tiép cac tam giac IBA’, ICA’, ICB’ bing nhau.
Chirng minh ring: Tam giac ABC déu.

Cau 4.
Cho ham sb f: N* — N * thoa man f(x*+ f(y)) = (Rx))*+ y v6i moi x, y thudc N *.
Tinh f(2013).
Cau 5.
=21, u,=9
Day s6 (u,) dinh b01 .
U ., = 30u® u-  +12u u -u VneN*

Ching minh ring khong c6 sb hang nao cla day (uy) 14 téng cac lily thira bac 7
ctia ba sO nguyén.
Cau 6.

- C6 thé tim duoc hay khong 2013 56 nguyén duong khac nhau nhé hon hodc
bing 100000, sao cho ba so bt ki trong cac sb d6 khong thé 1ap thanh ba sb hang
lién tiép ctia mot cép sb cong?

TRUONG THPT MAC PINH CHI

TP. HO CHi MINH
Cau 1.

8

‘/’_{2 " ox+5y
2

Giai hé phuong trinh véi nghiém thuc:

2x + by
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Cau 2.

Cho day sb (u,,) biét:

Hay tinh hm( w/r?)

n—>+o

Cau 3.

Cho tam giac khong cn ABC. Dudng tron tam (1) ndi tiép trong tam giac va tiép
XUc v6i cac canh BC, CA, AB theo thir tu tai A’, B’, C’. Goi M I giao diém cua
B’C’ v6i BC; N 1a giao diém cta C’A’ véi CA; P 12 giao diém cta A’B’ voi AB.

Chimg minh: M, N, P thing hang,
Cau 4.

Tim t4t ca cac ham tang nghiém ngat £ : R — R thoa man
f(f(x)+y> = f(x+y)+1, vx,ye R
Cau S. ' ’
Tim nghiém nguyén duong ciia phuong trinh: (4" +5.2% + 5)2 -11880 =5,

Ciu 6. ‘ ,
Mot nhém hoc sinh ¢6 8 nii va 4 nam. C6 bao nhiéu cach sip xép nhém thanh
mdt hang doc sao cho khong c¢é 2 ban nam nao ding canh nhau?

TRUONG THPT NGUYEN THUQNG HIEN

TP. HO CHI MINH
Cau 1.

x, = 2013
Cho day s6 thuc (x,) xac dinh bai: - .
|x ,, =36x —6sinx neN"

Chirng minh day sb (x,) c6 giéi han hitu han va tim gioi han do.
Ciu 2. |
~ Giai phuong trinh sau trén R : :
[.2
K -x-2+3x = V5x? —4x -6 —Vx? -x -2 - 3Vx.
V5x% —4x -6
Cau3.

Trén mot vf)ng (02 cénba diém S, A, B theo thir ty d6. Dinh trén cung AB khéng
chira S mot diém Q dé biéu thirc sau cuc dai: .

_ QA.QB
Qs?

log
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Ciu 4.
Tim tét ca cac ham s6f : R — R thoa mén:
f(x - f(y)) = 2f(x) + x + f(y); Vx;y eR.
Céu 5. .
Tim tit ca da thac P(x) théa man [P(x)]? -1 = 4P(x®> —~4x +1), vxe R.

TRUONG THPT HOANG HOA THAM

TP. HO CHI MINH
Cau 1. ‘
3 .
Giai phuong trinh: (8x3 + 1) 2162x+27 =0
Céiu 2.
Cho day sb (u,) thoa man cic diéu kién:
O<u <1
A-u) 1 véimoin=1,2,..
u)>—
n+1 4
Tinh limu_.

Cau 3.

Cho tam gidc ABC va M la diém bat ki thudc
mién trong cia tam giac d6. Cic duong thing
AM, BM, CM theo thi tr cit BC, CA, AB tai A,
B, C,. Hay xac dinh vi tri ’cua diém M dé dién
tich tam giac A,B,C, 16n nhat. .

Cau 4.

Choham sb f: R — R thoa: f(x + 1) + flx-1)= w/_f(x) VxelR

Chig minh ring: f(x +2013) = —f(x + 1),vx e R
Cau 5.

Tim tit ca cac sb nguyén duong n sao ¢ho n* +n’ + 1 14 s6 chinh phuong.

Cau 6.

Mot bang hinh chit nhat ké 6 vudng c6 2012 hang va 2013 c6t. Ki hiéu 6 vudng
nam & giao cia hang thtt m (ké tir trén xudng dudi) va cot thir n (ké tir trai sang
phéi) 12 (m;n). Té mau cic 6 vudng ciia bang theo cach sau: l4n thir nhit t6 3 6
(r;s),(r +1;s+1),(r+1;8+2), véir, s 1a hai sb tu nhién cho truéc thdéa man
1<r<2010 va 1<s<2012; t lan thir hai m&i l3n t6 ding 3 6 chua c6 mau

nam canh nhau hodc trong cung mot hang hodc trong cling mot cot. Hoi bang cach
d6 c6 thé t6 mau duogc tht ca cac 6 vudng ctia bang da cho hay khong?
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TRUONG THPT HUNG VUONG

TP. HO CHI MINH
Caul.
Giai hé phuong trinh:
(x+y)4 +3:4(x+y)

9(x* - y* - ,

x4—y4+ (X y)+7(x y)+3ln(x~3)=0
64 32 8

Cau 2.

Cho day sb ( ) théa man u, = 3; un+1 3u_,, = ,/2 +u, (Vn € N*).
Tim gidi han limu_.

Cau 3.

Cho tam giac ABC ndi tiép dudng tron tim K. M va N lan luot Ia trung dlem clia
AC va AB. Duong thang NK cét duong thiang AC tai E, duong thdng MK cét dudng
thing AB tai F, biét ring tam giac ABC c6 dién tich bang dién tich tam giac AEF.

a. Tinh do dai doan thiang AE theo d6 dai ba canh cua tam giac ABC.
S ’
b. Tinh goc CAB.
Cau 4.

Tim tat ca cac da thuc P(x) v6i hé s6 thue thoa man:

P(x) + P(1) = [ P(x + 1) + P(x 1) vx e &.
Cau 5.
Tima, b, c,d e N sao cho (2" + 1)b = (2° - 1)d.

Cau 6.

Tdn tai hay khong mét tép hop gdm 2012 sb nguyén duong v6i tinh chét: loai
bat cu s6 nio ra khoi tap hop do thi tdp hop 2011 s6 con lai co thé chia thanh hai
tap con véi tong cac sb (thude mdi tap con d6) |4 bang nhau?
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TRUONG THPT CHUYEN NGUYEN TAT THANH
KON TUM
Cau 1.

Giai phuong trinh: w/5x2 +14x+9 — \/x2 ~-x—-20 =5Vx + 1.
Céu 2.
Cho hai day sb (a, ) va (b,) x4c dinh bdi a, =2, b, =8,a, =8,b, =5

b =a _,+b_,;VneN,n>2.

vaa =a_ ,+b

n-2? n-1?

Dit u_ Z( 1k, ,neN.
‘ aby
Ching minh day (u_) c6 gi6i han va tinh giéi han do.

Cau 3.

Cho tam giac ABC. Goi E, F lan luot 1a tlép diém cua duong tron noi. tlép D
véi céc canh AC, AB va M i trung diém cta BC. Goi N la giao diém cua AM va
EF, X la giao diém cua BI va EF, Y 1a giao dlem cua CI va EF. Chirng minh ring
NX.AB = NY.AC.

Ciu 4.

Chiing minh ring, néu da thirc v&i nhitng hé sé nguyén
P(x)=a x"+a_x"'+.+ax+a,
nhén gié tri 1 luy thira ctia mét sd nguyén v6i vo han g1a tri nguyén ctia bién x, th1
P(x) = (x + ¢)*, v&i ¢ |4 hing s6 nguyén.
Caus.

Cho da thic P(x) =a x"+a__ i +a,x+a, voi hé sb 84,8;,8,,08
la cac s nguyén va o = — 2 jasé hitu ti, (u, v 1a cac s6 nguyén va u, v nguyén td
v

clng nhau). Chimg minh rang, néu o 1a mot nghiém ciia P(x) thi v&i moi s6 nguyén
m, P(m) chia hét cho u —mv. ‘
Cau 6. :

C6 hai déng da c6 n hon va déng kia c6 k hon. Cir mdi phut mo{t may ty
dong lai chon mot déng c6 sb hon da 1a chin va chuyen mdt nira s6 hon da cia
déng da duoc chon sang déng kia. Néu ca hai déng déu e s6 hon d4 1a chin thi
may s& chon ngiu nhién mot dong Néu trong hai dong s6 hon da déu 1a 1¢é thi
may s€ ngung lam viéc. Hoi tdn tai bao nhiéu cap sap thi tu (n, k), véinvakla
céc sb tu nhién khong vuot qua 2013, dé may tu dong sau mot khoang thoi gian
hitu han s& dung"
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"TRUONG THPT CHUYEN LE QUY PON - BINH DINH

Cau 1. ‘ . 4
- Cho tam thﬁ'c‘béc hai f(x) thoa If (x)l <1 véimoi xe [»-1;1}.

a) Chimg minh ring phuong trinh f (x) = 3x? — x — 1 Iudn c6 hai nghiém phan biét.
' . s 4
b) Chirng minh rang f 3 < 3.

Cau 2.

Cho a 12 mot sb thuc duong va day (x,) duoc xac dinh:

1 = %o vneN".

X = Ea—’xrwl 5 2
l+ax +qa’x; +4ax

n
Dat S = Zxk . Tim limS_.
k=1

Cau 3.

Trén nira dudng tron (O) lay cac diém M, N, P Q phén biét. Goi m, n, p, q IAn
luot 1 cac tiép tuyén véi dudng tron (O) tai M, N, P, Q. Gid st A, B,C, D lan luot
la giao diém cua céc cip duong thing (q, m), (m, n), (n, p), (p, q). Chimg minh

ring AC, BD, MP, NQ ddng quy (tai diém I).

Cau 4.
Tim tht ca cac ham f : R — R thoa min

f(f(x)+y) = f(x* —y)+ 8yf(x)((f(x))2 + y2),Vx,y e R.
Ciu 5.
Cho da thirc: P(x) = x2°Y7 + ax® + bx + ¢, v6i cac hé s6 nguyén a, b, ¢ va c6
ba nghiém nguyén la x;, x,, X
Chimg minh rang: - :
(a+b+c+1)(x, —x,)(x, — X,)(x, —x;) chia hét cho 2017.

Ciu 6.

_Cho hai dong d4a, mot ddng c6 a hon da, ddng kia c6 b hon da. Hai ngudi choi,
mdi ngudi dén luot minh dugc ldy mot hon da tir mot trong hai dong, hoac iy
phén nguyén cua mot nira s& hon dé tir ddng thir nhat hodc 1y phan nguyén mot
nira sO hon da tir dbng thir hai, hoic lay tir hai dbng sb hon da nhu nhau. Nguoi lay
dugc hon da cudi cung 1a nguoi chién thing,

Hay tim tit ca cac cidp (a,b) trong d6 a < 8,b <13 sao cho ngudi di sau c6

chién thuét thing.

172



TRUONG THPT CHUYEN LE QUY PON

NINH THUAN
Cau 1.

Giai phuong trinh sau trong khoang (0; 1) : 32x<x2 - 1)(2x2 - 1)2 =1- ;1{—

Cau 2.

< . %, =2
Cho day so {Xn} , Xac dinh boi 5
X ,,=X -x +1LvVn>1

<-—1—+-}—+...+——1-<1~——1—,Vh>1
2 Xn 22‘11

Chirng minh rang: 1 —

Cau 3. ;

Hai dudng tron (O), (O’) cét nhau tai hai didm A, B. Trén tia d8i Ax cia tia AB
lay diém M. Tir M ké t6i dudmg tron (O') hai tiép tuyén MC va MD (C, D 1a céc
tiép diém va D ndm trong (O)) Buc‘mg théng AC cit (O) lan tha hai tai Q. Chimg

minh rang duong th:fmg PQ di qua mét diém cb dinh khi M thay dbi trén tia Ax.
Ciu 4. : : '

Tim tét ca cac ham sb f : R* — R* sao cho f(x + f(y)) = f(x + y) + f(y) VGi
moi x,y € R*. |
Cau 5.

Tim tét ca cac s6 nguyén duong n sao cho phuong trinh

X+y+z+t= n\/xy7 c6 nghiém nguyén duong (x, y, z, t).
Cau 6.

Cho tép hop 4, ki hiéu IAI va S(A) lan lLr(_S“t 1a s6 cac ph?m tlr va téng tat ca cac
phén tir cda 4 (néu A = & thi |A] = 5(A) = 0). Cho S I tap hop con cila N* thoa
man hai diéu kién sau:

* i) Ton tai hai sb x,y € S sao cho udc chung 16n nhit bang 1.

ii) N\uuveSthiu+veS.

‘ s 2
Goi 7l phan b ciia S trong N'. Chimg minh rang 7 hitu han va s(T) < [T} .
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TRUONG THPT CHUYEN LONG AN

| LONG AN
Cau 1.
. x(x 2\/ ) = (1 x) -1
Giai hé phuong trinh: 3 )
X (x + 34y - ) = ( - 1)
Céu 2.

u, >0

Cho dy sb (u,) xac dinh bdi { -
u u ~3=,/3u2 +8u, +9, Vn21

Chirng minh rang (u,) c6 gxm han hitu han va tim gi&i han do.
Cau 3.
Trén duong tron tam O, ban kinh R léy sau diém D, E, F, G, H, K theo thtr ty d6
sao cho DE = FG = HK = R. Goi M, N, P lan luot 4 trung diém cta EF, GH va KD.
Chirng minh rang tam giac MNP la tam glac déu.
Cau 4.

Tim tht ca cac ham sd lién tuc f : R — R thoa mén

. 2 2
f[x ;y J:f(xy)+(x—y)2,\7’x,ye]R

Cau 5.

Tdn tai hay khong s6 nguyen ndé n.22"" —78 - nlasd chinh phuong?
Cau 6. :
Mot hoang tir di ciru cong chiia va gip mot con rdn c6 100 cai du. Hoang tir c6
hai thanh kiém:
Thanh kiém 1 cho phép chit ding 21 cai dau;

Thanh kiém 2 cho phép chat ding 4-cai diu nhung khi d6 con ran lai moc thém
2013 cai dau khéac.

Biét ring hoang tir ciru duoc cong chita néu nhur con rén bi chat hét dau.

a) Hoi hoang tir ¢6 clru duge cong chiia khong?

b) Néu tir 100 ci dAu thi con rén sau m&i lan bj chit c6 thé c6 bao nhiéu cai dau?

TRUONG THPT CHUYEN LUONG VAN CHANH

PHU YEN
Ciu 1.
2y° + (4 -x)y® +4y -x*> -2x =0
3(\/x—1 +fA -y + D)= x+17 -8y - 1.

Giai hé phuong trinh:
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Cau 2.

Cho day sb (x,) dugc xéc dinh boi: v

Chirng minh (x_) hoi ty va tim 1imxn.

Cau 3.

Cho hai dudng tron (0)) va (O,) tiép xiic ngoai tai diém T, dudng thang dla
tiép tuyen chung tai T cua hai dudng tron, A 1a mot diém trén d. Dudng thing A
qua A cit (O)) tai M va N, MT va NT lan luot cit (O,) tai P va Q. Goi K 1a glao
dlem clia cac tiép tuyén cua (O,) tai P va Q. Chirng minh K thudc mét duong thang
cb dinh khi A quay quanh A.

Cau 4.

Tim tit ca cac ham lién tuc £ : R — R thoa man f(x) = f(x? - 6), VxeR.
Ciu 5. , | :

Chung minh s6 m = pP™ + (p +1)® khong phai la sé chinh phuong véi moi sb
nguyén tb pP.
Ciu 6.

Cho X = {1, 2, ..., n}. Tim sb tit ca cac cip co thir tu (A, B) véi A, B la cac tap

con cua X sao cho A khong phai 1a tip con cta B va B ciing khdng phai 12 tip con
clia A.

TRUONG THPT CHUYEN LY TU TRONG

CAN THO
Cau 1.

%/J—(+$/;+2(x+y):4+2 Xy
- Giai hé phuo inh :
"1a1 ¢p uongtrm sau &(m)+ﬁm:

Cau 2.
Cho day sb thuc (a,) bi chan va théa man

g S pfqaml + pzqan,n > 1 voip, q>0.

Chirng minh ring day (a,) c6 gidi han hiru han.
Cau 3.

Cho tam giac ABC c6 ba goc nhon, ndi tiép trong dudng tron tam O. Goi D, E,
F lan luot 13 giao diém cia céac duong thing AO va BC, BO va AC, CO va
AB . Goi r la ban kinh duong tron noi tiép ciia tam gisc ABC .

Chimg minh riang: AD + BE + CF > 9r.

a
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Cau4.

Tim tit ca ham s lién tuc f : R = R thda man cac diéu kién

f(1) = -1 va fx+y) =fx) +f(y) + 2xy, Vx,y € R.

Ciu 5.

Cho n 1a mét s6 nguyén duong va p 1a mot s& nguyén to.

Ching minh rémg néu a, b, ¢ 1a cac sb nguyén (khong nhét thiét duong) thoa
man phuong trinh a" + pb=b"+pc=c"+cathia=b=c.
Ciu 6.

C6 bao nhiéu day c6 d dai 2013 c6 thé 1ap duoc bang cach sir dung cac chir cai
A, B C v01 chif cai A xudt hién s 16 14n, chit cai B xuét hién sb 1¢ 14n va chit c4i C
xuét hién s6 1¢ 14n?

TRUONG THPT CHUYEN PHAN NGOC HIEN

CA MAU
Cau 1.
Giai phuong trinh: 1+ l = éé—
-1 12x
Céu 2.
(2n)!

Cho hai dﬁy Sé (an) . an = (T)z—z-;n-
ni).

vaday (x): x, =(2013a,)™,n=1,2,3,...

Ching minh réng hai day (an) va (xn) c6 gi6i han hitu han khi #n — +o0 va
tim cac gidi han do.

Cau 3. ‘

Cho tam giac ABC ndi tiép trong dudng tron tdm O. Phan giic trong goc A cét
BC tai A, va ct dudng tron (O) tai A, . Dinh nghia tuong tw ddi v6i cc diém
B,, B, va C,,C, tuong mg. Chiing minh rang:

A4, L BB, CC 3
BA,+ A,C CB,+B,A AC,+C,B 4

Cau 4.
Tim tht ca cac ham s6 f : R—>R lién tuc tai x = 0 va théa mén diéu kién sau
2012 20122 )
voimoi xeR: f(x)-2f(—— =x".
7 ) U TTERARASTTE |
Cau 5.

Tim nghiém nguyén khéng d4m cua phuwong trinh X’ +9y” +9z+23=2013,
Voix2y2z.
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Cau 6.
Cho n diém trong mit phéng, v6i n >4 vi khong c¢6 3 diém nao thing hang.

. . 3 £y ;, m=3)n-4) . . 3 £
Chung minh rang cé it nhat (——22(——————2- tr gidc 16i ¢6 dinh nam trong s6 n

diém di cho.

TRUONG THPT CHUYEN TRAN HUNG DAO

BINH THUAN
Cau 1.
2z(x+y)+1=x" -
Giai hé phuong trinh: { 3 +z” =1+ 2xy + 2xz — 2yz
' yBx® —1) = 2x(x* +1)

Cau 2.

Cho ddy s6 (x,) (n=1, 2, 3...) duoc xac dinh boi:

X, =x%x,=1

X, = —52;1(12“1 + —zgn-sinxn ,neN*

Tim gi6i han cia day s (x,) (n = 1, 2, 3..0).

Cau 3.

Goi G, I lan luot 1a trong tdm va tdm duorng tron noi tiép tam giac ABC. Dudng
thing qua G va song song v6i BC cit AB, AC theo tht tu tai B,, Cj. Céc diém C,,
Ag, Ap, B, dugc x4c dinh tuong tu. Céac diém I, Iy, I. theo thu tu 1a tdm duong tron
ndi tlep cac tam giac GB,C,, GCyAj, GA.B,. Chling minh rang Al,, Bl,, CI, dong
quy tai mot diém trén GI.

Ciu 4.

Tim tit ca cac ham f:R — R c¢6 dao ham trén R théa min

f'(x;y]; f(y;g:){(x) Vx,yeR;y=0 (1)

Cau 5.

Cho k=27 +1, véin nguyén duong. Chitng minh ring & 1a sb nguyén t8 khi
k-1
va chi khi £ 13 uéc ciia 32 +1.
Cau 6.

C6 2n nguoi xép thanh 2 hang doc. Hoi c6 bao nhiéu cach chon ra mot s
nguoi (it nhat 1) tir 2n ngudi nay, sao cho khong c6 hai ngudi nao ding ké nhau
dugc chon? Hai ngudi ding k& nhau 1a hai ngudi c6 sb thirtu lién tiép trong mot
hang doc hodc c6 ciing s6 thit ty & hai hang.
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TRUONG THPT CHUYEN NGUYEN BiNH KHIEM
VINH LONG

Cau 1.

1+x—x -\3/3x+1

x? +1

Giai phuong trinh: sinx =

Cau 2.

Cho day sé (x") duge xac dinh béi x, =x, =x,=1va

XX, =X +X, X, ,+X_,,véimoi n>4.

Chirng minh ring x,la s6 nguyén v&i moi 7 nguyén duong.
Cau 3.

Cho da thiae f (x) —5x" +13x° +9ax. Tim sé nguyén duong a nhé nhét sao
cho f (x) chia hét cho 65 véi moi gia tri nguyén cua x.
Cau 4. k

Cho a,b,c >0 va thoa man didu kién abc = 1. Ching minh ring

a + b " o S 3
b’ (c+1) c*(a+1) a*(b+1) 2
Céiu 5.
Cho sb thuc duong & . Tim tht ca cac ham 6 f:R—R thoa mian didu kién

S ()41 (02)+ £ (2x) k(1 ()£ (52)+ 1 () 1 (22)+ 7 (2) £ (39)

2%; ,Vx,y,z€R
Cau 6.
Cho tir dién ABCD . Ki higu h, va m, lan lugt chi do dai dudng cao va dd dai
dudng trong tuyén xuit phat tir dinh 4 dén mat (BCD) déi dién.

Goi V 1a thé tich cuia tir dién. Ching minh ring

(hy+hy+he +h,))(m/,+m,,+m( +m,)) 128V

~ 3
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TRUONG THPT CHUYEN THOAI NGOC HAU

AN GIANG
Ciu 1.
(1+x)(1+ x? )(l+x )—1+y

Giai h¢ phuong trinh
A+ »)A+yH)A+y") =1+x"
Céiu 2.

u =0

0
Cho day sb (uy) xéc dinh boi: u +4

n+l

, VneN’

=

—U
n

a. Chirng minh réng day s6 ¢6 gioi han hitu han.

b. bat T = Z . Tinh lim —2—.
o 4, —4 n+2013
Cau 3. s ,
Mot dudng thing di qua tim dudng tron ndi tiép tam gisc ABC, cit cac canh

BMCN _ BC*?
AM AN 4 AB.AC

" AB, AC theo thi ty tai M va N. Chirg minh ring:

Cau 4.
- Tim f,g:R — R théa man

f(x)—f(y) = cos(x+y)g(x—y), Vx,yeR.
Ciu 5.
Chok,nla céc s6 nguyén duong v&in > 2.
Ching minh rang phuong trinh: x"—y" = 2 khong c6 nghiém nguyén duong.
Cau 6.

C6 12 bai tap, trong do6 co 6 bai de 4 bai trung binh, 2 bai khé. Mubn chon ra 6 bai.
Hoi c6 bao nhiéu cach:

~ a) Chon ra mdi loai 2 bai.
b) Chon ra mdi loai it nht 1 bai.
c) Chon sé bai d& bang s6 bai trung binh.
d) Chon s6 bai trung binh nhiéu hon sé bai da.

TRUONG THPT HAU NGHTA - LONG AN
Cau 1.
x'+x2y? +xy? -xy+x y+y

«/x +y+l+y=7

Giai hé phuong trinh: {
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Cau 2.

) u =1
Cho day so0 (u,): : .
Cho diy s6 (uy) {\[gun+1= ’uf‘l+1,n€N*

Chirng minh day s6 (u,) 1a ddy sb giam va tinh gi6i han cua day s6 (uy).
Ciu 3.

Cho tam giac ABC vudng tai A ndi tiép trong dudng tron (C) ¢6 tim O va diém
H sao cho 34H =2A40; Goi D 1a diém thay ddi trén dudng tron (C); Goi M 1a
trung didm doan AD va I Ia trung diém doan OM. Tim tap hop diém I khi D thay
dbi trén dudng tron (C).

Cau 4. V
Tim tAt ca cac ham sb lién tuc f : R — R théa méan cac didu kién sau:
4025
fa) = ——=
2 -
fx+y)+xy =f(x)+f(y), vx,y e R
Cau 5.

Cho sé nguyén duong n. Ching minh ring: 9" +14" +16" chia hét cho 13 khi
v chi khi n khéng chia hét cho 3.
Ciu 6.

Cho hai dudng tron (C;) va (C,) ddng tim O, c¢6 ban kinh lan luot Ia
R, =2013 vd R, =2015. Héi ¢6 thé dat duoc nhiéu nhit bao nhiéu duong tron
(C), biét rang cac duong tron (C) tiép xiic ngodi v6i dudng tron (Cy), tiép xtic trong
v6i dudng tron (C,) va cac duong tron (C) nay khong phi nhau? '

TRUONG THPT CHUYEN NGUYEN DU - PAK LAK

Cau 1.

Giai phuong trinh: 16x° —20x> +5x +2013 =0.
Cau 2.
" . u, =1
Cho day s6 nguyén duong (un) théa mén:

2 R *
u , >uu sVneN

Tinh: limll—£~—l~+£+i+---+£).

. n
Cau 3.
Cho tam giac ABC. Chirng minh rang;

a(bJrc—a)2 +b(c+a——b)2 +c(a+b—c)2 < 6\/§.R2‘(2R—r).
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Cau 4.
Tim tat ca cac ham lién tuc f R — R théa mén:
f(x.f(y)) = y.f(x); Vx,y e R

Cau 5.

Tim 7 s6 nguyén tb (c6 the tring nhau) sao cho tong binh phuong clia chiing
cling la binh phuong clia mét s6 nguyén .

Cau 6.
V6i cac chii s6 1 va 2, lap duge bao nhiéu s&.tu nhién ¢6 2013 chif s6 chia hét

cho 21000

TRUONG THPT CHUYEN LE QUY PON

KHANH HOA
Caul. ‘
Giai hé phuong trinh tim nghiém dwong cua hé:
( 2014
X, +x, =x;
2014
X, + X, =X,
9.
: 2014
X013 T X5014 = X
2014
X01s T X =X
Cau 2.

. 1
Cho day so {xn} dugc xac dinh béi: x, = > X, =X —X.

Hay tinh: lim nx,.

Cau 3.

Cho tam giac ABC va diém J 13 tAm dudng tron bang tiép trong gbc 4 clia tam giac.
Duong tron nay tiép xtc voi AB, AC, BC lan luot tai K, L, M. Puong thing LM cit
BJtai F, KM cit CJ tai G. Goi S, T'lan luot 12 giao diém cta 4F, AG véi BC.

Chitng minh ring M 14 trung diém doan ST.
Cau 4.
Tim tit ca cdc ham f:R — R théa man déng thic:
f(f(x)+2f(y))= F(x)+f(»)+y, Vx,yeR.
Cau 5.
'~ Cho a, b 1 hai sé nguyén duong phan biét sao cho ab(a+ b) chia hét cho

a’ +ab+b* . Chimg minh ring |a —b|>ab.
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Ciu 6.
Cho s6 nguyén n>1. Tim s cac hoan vi (al,az,...,an) cua (1,2,...,n) 520

cho tdn tai duy nhét chisb i e {1,2,...,11 - 1} théa mén a, > a,,,.

TRUONG THPT CHUYEN TIEN GIANG

TIEN GIANG
Céu 1.
Giai phuong trinh: \/;—k— 32x° +48x° +18x +1.
Céu 2.

. . |\m=a
xdc dinh bai:
X

n+1 = xn

Cho dﬁy Sé (‘xn )nzl

—-2x +2,Vn>1"

~Tim tat ca cdc gia tri ciia a dé day sb c6 giGi han hitu han. Tim gi6i han cia day
s0 trong moi truong hop do.
Cau 3.

Cho A ABC va diém M khong thudc dudng théng BC, CA, AB. Cac duong
thang AM, BM, CM theo thir tu cit céc dudng thang BC, CA, AB tai Ay, By, C;.
GOl Az =BCNB Cl, B2 ACNA C], Cz BANB A| GOl A3, B3, C3 theo thu’
tu 13 trung diém céc doan A,A,, BB, C,C.. Chung mmh rang A;, B3, C; cung nam
trén mot duong thing vudng goc véi dudng thing ndi tim duong tron ngoai tiép
AABC va truc tAm AAB;C,.

Cau 4.

Tim tit ca cac da thuc f(x) v6i hé sb nguyén sao cho v6i moi sb nguyén duong
n, f(n) 1a u6c cha 3 -1.

Cau 5.

Cho x 1a mot sb thuc. Chimg minh ring néu {x} = {x2} = {xzm} thi x 1a mot
s6 nguyén, trong d6 ki hiéu {t} & chi phan 1& ciia sb thuc .

Cau 6. '

Tim tit ca cac tap con khac réng 4, B ciia tép cac sb nguyén duong Z" sao cho
cac diéu kién sau dugc thdéa mén:

i) ANB=0. , :

ii) V&imoi phdntr ae A,be B tacd: a+be A va 2a+beB.
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TRUONG THPT CHUYEN HUNG VUONG - GIA LAI

Cau 1.
Giai hé phuong trinh:

Cau 2.

Cho day s6 (X, ) nhusauw: x, =2 x_ = 1’4 + 1/8)(n +1,vn=12,...

Chirng minh rﬁng day s6 da cho c6 gi6i han hitu han. Tinh gi6i han d6.
Céu 3.

Cho dudng tron (O;R) ¢b dmh va A, B, C la ba dlem thay dbi trén (O) sao cho
ABC la tam giac nhon. AO cét du'orng tron ngoal tiép tam giac OBC tai diém thir
hai M, BO cét duong tron ngoai tiép tam gidc OAC tai diém thér hai N, CO cit
duong tron ngoai tiép tam gidc OAB tai diém thir hai P. Tim gi tri nho nhét cia
biéu thitc OM.ON.OP .

Cau 4.
Tim tt ca c4c da thirc P(x) hé sb thuc va thoéa mén: Vorn ab,cla ba sb thyc bét ki thi
P(3(a - b)) + P(3(b - ©)) + P(3(c - 2))

. =P(2a-b-c)+P(-a+2b-c)+P(-a-b+2c).

Ciu 5.

Cho day sb (u,) nhu sau:
u, =9u, =16Lu, =18u

2_

-u_,,Vn=23,...

n-1

n-2?

14 s6 chinh phuong v&i moi s6 tu nhién n.

Chung minh rang

Cau 6.

Trong mot g1a1 bong da c6 9 doi tham gia, mdi doi phai du mot trdn voi cac
d6i khac (theo thé thirc thi ddu vong tron mot lugt). Chimg minh rang vio bat ctr
thoi diém nao ciing c6 4 doi trong do timg cdp di ddu véi nhau hodic c6 3 doi
chua d4u véi nhau tran nao.
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TRUONG THPT PAK SONG - PAK NONG

Caul. - '
Giai bt phuong trinh sau: V2x® — 6x + 8 — Jx<x-2.
Céu 2.

Cho day (x_ ) xdcdinh béi: x, =1;x_, =x + xi,‘v’n eN".

.. X X X S <
Tinh lim(— + 2+ 3 4+ -2,
X, X3 X X1

Cau 3.
Cho tir giac ABCD thoa méan ddng thoi cac diu kiéen AB.CD = AD.BC va
P e N '

B{XC +ACD = BC{X +CAD. Goi M 14 trung diém cta duong ghéo AC , E la
diém trén duong thang BMsao cho DE / AC. Chimg minh rang néu tir giac
ACED la mét hinh thang can thi tt giic ABCD ndi tiép.
Cau 4. .
Tim tAt ca c4c cap ham s§ f,g : R - R théa man ddng thoi cac didu kién sau: 4
i f(x-1)+g@2x+1) = 2x; "‘
i f(2x +2) + 2g(4x +T) =x -1 Vx,y e R. |
Caus.
Tim hai s6 nguyén duong a, b théa man hai diéu kién:
i. ab(a + b) khong chia hét cho 7;
ii.(a + b)" —a” — b chia hét cho 7’
Cau 6.
Ta xét nhiing ddy gom 8 s6 dang a,a,a.a,aa.a,a, (*), trong dé a,(1<i<8)
1a 56 chir s& 0 hodc chif sb 1.
Tim sb cac day d6 chi chira dang hai lan day con 10 (tirc a, =la,, =0).

| SO GIAO DUC VA PAO TAO TINH BAC LIEU
Cau 1.
xy? +y3 +y? +5x=y5 + xy? +y(x+5)

Gidi hé: | )
J2y? —6x+8+2<x +2013x —2012y

Cau 2.

. u, >0 1
Cho day (u,) théa mén: . . Tim limu,,
5u_ .u —4uf1:30, Vn > 2

n+l"n
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Cau 3.
Cho tam giac ABC ¢6 d6 dai cac canh la AB = 3; BC 5; CA = 7. Mot duong
thing di qua tdm duong tron ndi tiép tam gisc ABC, cét canh AB, AC theo thir tu

BM.CN
AMAN’

tai M va N. Tim gi4 tri I6n nhit cta biéu thirc P =

Cau 4.

Tim tt ca céc harh don diéu £ : R — R théa man:

f(x + f(y)) =f(x)+y, Vx,ye R.

Cau'5. |

Tim nghi¢m nguyén cua phuong trinh: 30x* — 3x% - 7y? - 14x%y? -9 = 0.
Ciu6.

Cho 2013 diém trong mat phang. Biét ring trong m&i nhém bat ki 3 didm ciia

céc diém néi trén bao glo cling ¢6 2 diém c6 khoang céch bé hon 1. Chiing minh

ring trong céc diém noi trén c6 it nhat 1006 diém nim trong mot dudng tron ¢ ban
* kinh bang 1.

TRUONG THPT CHUYEN HUNG VUONG

BINH DUONG

Cau 1. '

Giai phuong trinh: x% — 8x+1= ——33—’ x*+x2+1 trén tap hop sb thye.
Cau 2.

Cho a, b 14 hai sb cho trudc.

- X =b
Day sb (x ) xé4c dinh: < .
Y ( “) ) {xn =x2+(1—2a)xm+a2

Tim diéu kién cia cac hang sb a, b dé day (xn) c6 gi6i han hitu han, tim giGi
han do.
Cau 3.

Cho A,B,C,Dla bdn diém phan bi¢t ciing nim trén mot dudng thang va dugc
sap xep theo thir ty d6. Cac duong tron duong kinh AC va BD cit nhau tai hai
diém X, Y. Duodng thang XY cat BC tai Z. Cho P la mét diém trén dudng thang
XY khac Z. Duong thing CP cit dudng tron (AC) tai M, va duong théng BP cit
duong tron (BD) tai N. Chung minh ring AM, DN, XY dong quy

Ciu 4. ‘
Tim tat ca cac ham £ : R — R lién tuc va thoa ma“m didu kién

f(x + y) + f'(xy) = f(x) + f(y) + f(x)f(y),Vx,y eR (1)
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- Cau 5.

Ching mmh rang néua+b+ ¢ + 6 chia hét cho 30 thi
(@a+ 1y +(b+ 2 +(c+ 3)’ chia hét cho 30.

CAu 6.

Trén mat phang voi hé truc toa do Oxy, ¢6 mdt ho hiru han gom n hinh chir nhat
c6 cac canh tuong tng song song vdi hai truc toa dd. Ching minh ring néu hai
hinh bat ki trong chung c6 giao khac rong thi ca ho n hinh chir nhat trén co giao
khac réng(n=1,2,3, ...).

TRUONG THPT CHUYEN BEN TRE
BEN TRE
Cau 1.

16x% +y* =8xy’ +1
Giai hé phuong trinh: y Y
1+4xy =8x" +y’
Cau 2.
x, = 2013

Cho day sb (x_): 0 .
x 2 -2x x  +4=0mn2>2)

n-1

Ching minh ring day sb (x,)co gi6i han hitu han va tim limx .
Cau 3.

Cho duodng tron (O) va hai didm A,B cb dinh nam trén n6, mot duong thang
d cb dinh khdng c6 diém chung véi dudng tron (0). Goi C la diém di dong trén
(0) va khong tring véi A, B. Céc tia AC, BC cit d theo thir tu tai D, E. Ching
minh ring dudng tron dudng kmh DE ludn tiép xtc véi hai dudng tron ¢b dinh.
Céu 4.

Tim tt ca cac ham s8 £ : R — R thoa mian diéu kién sau:

f(x - f(y)) = f(f(y)) - 2xf(y) + f(x) -2 Vx,y e R. (1)

Cau 5.

Chirng minh ring v6i moi s& nguyén m, ton tai mot s6 nguyén n sao cho

n® —5n? + 676n + m chia hét cho 2003.

Cau 6.

Cho S 1 tap hop hitu han cac diém trong khong gian Oxyz. Goi S,,S, S, lin

luot 1 tap hop nhiing diém hinh chleu cta nhitng diém trong S trén cac mat phéng
Oyz, Oxz, Oxy. ,

Chimg minh rang: |S|2 <IS

SyHSZI (trong d6, |A| ki hiéu 2 s6 phan tir ciia tap
hop hitu han A). ' '
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TRUONG THPT CHUYEN HUYNH MAN DAT

'KIEN GIANG
Cau 1.
x = 323 + 227

Giai hé phuong trinh sau:{y = 3x® + 2x2

z = 3y° + 2y®
Cau 2.
Cho day sé (x,) (n=1,2,...) dugc xac dinh boi
X, =21 4
2 .
L X “2+w/Xn +8x, —4

n+l ‘ 2
5. 2 n 1
V&i moi s6 nguyén duong n, dit y_ = Z >

i=1 Xi+1

e Tinh I}er}oyn.
Cau 3.

Cho tam giac ABC ngoai tlep dudng tron tim (I), cac canh BC, CA tiép xuc voi
() tai D va E. Goi K déi xing voi D qua trung diém M ciia BC. Puong thang A
qua K, vudng goc véi BC cit dudong thing DE tai L. Goi N 1a trung diém KL
Chirng minh BN vuéng gbc véi AK.

Cau 4.
o s y 2x + 4033
Cho day ham {f, (x)} véi f,(x) = ot @ =), neN¥,
Tinh f,, ,(2012).
Cau 5.

Tim tAt ca cdc s6 tu nhién x, y, z théa man 2010* + 20117 = 2012°.
Cau 6. :
Co 7 da gidc cung c6 dién tich bang 1 ndm trong mo6t hinh vudng c6 dién tich
bing 4. Chirng minh ring c6 it nhat hai da gidc c6 dién tich phan chung khong nhd

hon -1—
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DAP AN PE THI OLYMPIC TRUYEN THONG
30/4 LAN XIX — NAM 2013

B. LGP 11
Cau 1 I

x+3y2 -2y =0 BGH)
36(xvx + 3y°) — 27(4y% —y) + 23 - 9x ~1=0
Pidukién x> 0. Tacé (1) = (V3x)2 + By -1)? = 1.

\/gc— = 8int

Do d6 ta dat <3y —1 = cost.
t e [0;r]

M

sin®t + cos?t =1
4\/§sin3t +4(1 + cost)® —12(1 + cost)?

(1) <
+9(1 + cost) + (2 — 3v3)sint -1 =0

t e [0;m]

o 4cost — 3cost + 4w/§sin3t - 3\/§Sint +2sint =0
t e [O;m] '

o {cos3t - «/gsi-nSt + 2sint = 0

t e [0;x] ‘ ‘
|sin(3t — &) = sint 12 (kmez) n Tn 197
6 t--7—7£+£1-7£ te —1—2";-2-?4:,% .
t e [0;n] 24 2
it €[0;m]
Do d6 hé (I) c6 ba nghiém la:
: 1_ T 1 T A
b 1. ,m _1-79%g 243 TeOSTS 4442446
X= —=sin“— = — = vay = = .
3 12 3 2 12 3 12
L 1., 1179 4B
x==sin“— = =
2 3 2 24



1+cos 4+\/2(4+I J‘)

vay =

3 12
1 Tn B
L1 ,19n 1175 4.5 s
X = —sin = =
3 24 3 2 24
1 19xn
o AreosorT 4 o4 —-2++6)
vay= = .
2 12
Céu 2 '
batx =u -3
-14{u_, - 3)-51 :
=u -3= (n_l ) ou = Yoo :>1:5+ 3
5(un_1 —3) +18 Su _, + u u
SN . L 5|1, Slgm
u, 2 u, u, u, 2
1 11.3*'-10 4
S — S un = —
u 4 11.3*1-10
S
11.83*1 -10
a) X, 1, = 4 —
2013 91,8012 _qg
b) limx_ =-3.
Cau 3.

G(,)i. I a tdm, r la ban kinh dudng tron ndi tiép tam giac ABC.

: S
Taco: MNdiqual = S, +S,, = 2 S,pe
Sasc

AMAN L 15 Be ca)
ABAC 2

=AB+BC+CA

<> erM + erN =
2 2
ABAC ABAC
EN +
AN AM
AB.CN . AC.BM ABCN ACBM

=BC & ———+— =1.
AN AM BC.AN BCAM .

Theo bét ding thirx AM — GM

_ABCN  ACBM _, [ABCN ACBM
"BCAN BCAM ~ VBCAN BCAM
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BMCN _ BC? 25
hay P < —.
AM. AN 4AB.AC 84
ABCN ACBM 1

SuyraP=

Piéng thirc xay ra khi va chi khi

BCAN BCAM 2
AM AC 14 AN _AB 6
hay — = va =2=—=—
BM BC 5 CN "BC 5

Vy gié tri 16n nhét ciia P la %:51- khi —AM = }é 3 é_N__

A

va =§’
BM 5 ' CN 5

Céau 4.
Pit 2x +2=u-1=4x+7 =2u+1 thay vao (ii) ta dugc

5 .
(*)

flu-1)+2g(2u +1) = = =5 hay f(x -1)+2g(@2x +1) =

Tu (*) va (i) ta duoc

5 3 7 3 7
2 1 __._____2 =-2(2 1) —— =g -
g2x +1) 2 (2x+1) = g(x) X

Thay g(2x+1) = ——-2—§- — 2x vao (i), ta dugc

f(x—l)=2x-xu5+2x:zx+§-=:{—(x 1)+6:>f(x)——x+6.
2 2 2 2

3 7
Vay = —X + 6 = e
ay f(x) = x gx) = 4x 1

- Caus.

Ki hiéu [x] dé chi phan nguyén cia s thuc x.

Ta cé: {x} = x—[xj, {x } =X —[xz], {Xzow} = x%013 ~[x2°13]

Theo d& bai ta co: {x} :‘{xz} = {x2°13}.

190



Suyra: x> =x+a (Dvax®® =x+b (2), trong d6

a= [xz] - [x],b = [xzoﬂ— [x] .
Tu(l)taco: A=1+4a>0=>a>0(doaeZ),dodéaeN

+Néua=0thi x* =x = x =0v x =1 déu la sé nguyén.
+Néu a> 0 thi khi d6 ton tai 2 s6 nguyén ¢_ > 1va d_ >0 saocho:

x" =c x+d_ ,vn>3.(%.

Thét vy, voi n = 3 thi tir (1) ta co:
x*=x+a = x° =x2+ax=x+a+ax=(1+'a)x+ba.
Tachon: ¢, =1+a>1d, =a>0.
Giastr (*) dingvéin =k > 3
Tic lata co: x* = c,x+d, ,véic. ,d eZ, ék >1,d,_>0.03)
Suyra: x*! = xx* =¢,x* +d,x = ¢, (x+a)+dx = (¢, +dy)x+c,a.

Tachon: ¢, ., =¢, +d,,d a.

kil k

Do (3) vﬁ a e N nén ¢.d,,,€Zvac, 6 >1d,, >0.

k+l
Vay theo nguyén Ii quy nap ta ¢6 (*) 1a ménh d& dung.

k+1

Noi riéng, v6i n = 2013, ton tai hai s6 nguyén c,,, > 1va d,,, > 0 saocho:

2013 _
b'e = CyppX +d

Do d6, tir (2) suy ra:

2013 *

ConaX +d =x+b:>x=-k—}———(—i—2—()—1§—e(@(dobeZ).

2013
Co013 ~

2013

Nhu vy x 1a mét nghiém hitu ti cia phuong trinh: X2 - X —a = 0 nén né la
mot s6 nguyén. Vay ta c6 dpem.

Ciu 6.

Gia st n =2%uva k = 2°v, v6i u, v 1a céc s6 1&. Ta s& ching mmh rang may
tu dong sau mdt khodng thoi gian hitu han s& dimng ddi véi céc cip s6 va chi cac
cap so (n, k) véia=b.

Néua=b=0,nvakl¢ may ding.
Néua=b> 0 thi tir cdp (n, k) may tu dong co thé nhan duoc cip

, (2a'lu,2"“1(u + ZV)) hodc (23’1(2u +v),287 v}.

Vicac sd (u+2v) va (2u+v) lai la s6 1é, nén may tu dong lam giam s6 mil
ctia 2 xuong don vi. Qua a budc thi s6 nay trd nén bang 0 va may ty dong s& dung.
Bay gio, xét a # b, khong mét téng quat, gia sira <b.
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o Néu a<b-2, thi tr ciip (n, k) may tu dong c6 thé nhan duoc cip

(2"“ (u+ 212y, 2b'1V) v6i cac s& mii trong lu§ thira cia 2 khéc nhau.

e Néu a =b -1, thi tir cap (n, k) may tu dong c6 thé nhén duogc cip

1a s 18, lai ¢6 cac s6 mil trong luy thira ciia 2 khac nhau. D& dang thiy ring
trong trudng hop ndy may tu dong lam viéc mai mai khong dung.

Chi con viée dém cac cap sb (n, k) =(2%u, 2°v) v6i 2°.u < 2013,2°.v < 2013

+C6 1007 sb 1& khong vuogt qua 2013, béi véy s6 cap voia =0 bing 10072;

+503 sb khong vuot qua 2013 chia hét cho 2 va khéong chia hét cho 4, bdi vay
s6 lugng cp voi a =1 bang 508%; ...

+Cu tiép tuc nhu vay, ta nhan dugc dap sb ctia bai toan la:

10072 + 503% + 2527 +126% + 637 + 312 +16% + 8% +4° + 2° + 1% = 1351709

IDE THI DE NGH] CUA CAC TRUGNG TAI TP. HO GHE MINH
TRUONG THPT CHUYEN LE HONG PHONG

TP. HO CHI MINH
Cau 1.
[x+3y?-2y=0 1)
{36(::«/; +3y%)— 274y —y) + (23 - 9Wx -1 =0 ®

Pidu kién x> 0. Taco (1) (W3x)? + By —1)% =1,
«/_3; = sint

Do d6 ta dat <3y — 1 = cost.
t e [0;w]

sin?t + cos?t =1

. .. 3 3 2
0o 4J§ sin®t + 4(1 + cost)® —12(1 + cost)

+ 9(1 + cost) + (2 — 3v3)sint —1 =0
t e [0;m]
- 4cos’t — 3cost + 4«/5sin3t - 3\/§sint +2sint =0
t e [0;%]
o {cosSt - \/?_;sinBt +2sint =0

t e [0;n]
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t=—+kn
sin(3t — %) = sint 12
<> 6 <>

(k,meZ) n Tn 19n
g In, mn RO ITETEYE R
t € [0;n] . { 24 2
|t € [0;m]
Do d6 ta dugc (I) ¢6 ba nghiém la:
T T
*_1.21t__11—cos°6. 2~_w/§‘ 1+cos§ 4+J§_JE
X = =gin®— = =, = Vaiy= =—
3 12 3 2 12 3 12
. 1 n '
eo 1., 1177 4 2.6
X = =sin“— = = =
3 24 3 2 24
1 n
iy = +COS§4—=4+\/2(4+J§+\[6) :
Y 3 12 .
1 n
eo_ 1,190 117 4.2 6
X = —sin ==, =
3 24 3 2 24
1 197 '
o Lreosor 4o -2 -46)
vay= = .
2 - 12
Céu 2.
Dz_itf(x)=—1—\/30x2+ :@ 2
7 7 15
. |u;=m
Ta co: .
u,,=flu ) VneN*

eVtse R tacd |f(t) f(s )|_‘/—6

Jtz 125' Js2‘+—1-2-5—
_Vs0 [t \J—‘gt d.
| , 7 \/t2+%+\/s2+123 ’
(doJt2+—lgg+\/sz_+%>\/?+\/§=|tl+|sl>lt+sl).
e f(x)= x<:>%7-w/30x +4 = x@{x>0 ‘ @

=34
30x* +4 = 49x 19
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DﬁtL=g—1Jg—,d=i§——gtac()f(L)=va‘10<q<1.

Vne N¥,n>1 ’cacé|un ~L‘ =‘|f(un_1)—f(L)! <q

u ~L|
2
= |un —L’ < q|unwl —L| <q |un~2 —1.4 <..

| <q*? u, — L| =g

m—L{ khin>1.

Do 0 <q<1nén 1imq“‘1m—L|=0 = limu_ =L=2‘ﬁ§’

n—>+o n—>+on 19

Céau 3. : :

Goi 1}, I, I; theo thi tu 13 tAm dudng tron ndi tiép cia cac tam giac IBA’, ICA’,
ICB’ var la ban kinh ctia chung. ‘ '

» Chirng minh AABC cin tai C:

Goi K =1I;nBC, L = lI,mBC, M = II;nCA.

Goi T, Q lan luot 12 hinh chiéu cta I, va I; trén CI.

TacoLT=LQ=r

= CT = rcotg—;CQ = rcot—q
4 4

— CT=CQ = T tring Q

= 1213 1 CI
= I, va I; di xiing nhau qua IC
= £LIC = ZLIC B K a L ¢

= LA'IC = /B'IC
N ZA + £C _ ZB+ «£C
2 2

= /A= /B=>AABCcintaiC(*). 4

» Chirng minh A I;L1; cin tai I,:

Ta c6: 11, la phan giac goc A'IB va IC 1a
phén giac goéc A'IB'nén 1I; LICma IC L AB

=11, // AB.

Miit khac:

I,, I, cach déu BC nén 1,1, // BC.

I;, I cach déu BB' = I,1; // BB'.

" Do d6: B k A L ¢

ZI =4 ABI=Z1IBC=Z L],

= 1,15 1a phan giac cua £ I} 1.

Ta c6: :

LI // AB nén LI // 11,
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> ZLLILL=ZLlLI=« LLL = A 1115 cén tai [,.
&Wmﬂ&=bh=h:ﬂ&LANmﬁm@dﬁnwﬂﬁ
= AA' LKL = AA' L BC = AA'la duong cao ciia A ABC
= A ABC cén tai A (**).
Tir (*) va (**) => A ABC déu.
Caud.
bata=2013, b= f(2013). .
Theo gia thiét ta c6 f(x*+ f(y)) = (f(x))*+y, Vx,y € N* (1),
OTkmgUN&medmx=aﬁumox=y=mmcé
f(a’+ f(y)) = b2+ y,Vy e N* (2)vafa®+b)=b’+a (3) .
Trong (2) choy =a’+ b va ap dung (3) ta c6 f(a’+ b>+ a) = a +b*+b (4),
(3) = f(@>+ b+ b—bY)=a’+ b +a— a2
Ta chitng minh bing quy nap theo-n cc cong thirc sau:
f(n(a® +b*) + b-b?) =n(@® + b)) +a —a’ (5),VneN*
va f(n(a® +b?) + a) = n(a? + b%) + b (6), Vne N *
R& rang (5) va (6) diing khi n = 1 do (3) va (4). Gia st ¢6
fk(a® + b%)+ b - b?) = k(a? + b%) + a — a? (a)
va f(k(a? +b%) + &) = k(a? + b?) + b (b), ta chitng minh:
f((k +1)(@® + b*) + b~ b?) = (k + 1)(a® + b%) + a — a2 (c)
va f((k + 1)@ +b?) +a) = (k + 1)(a® + b?) + b (d) -
That vay, trong (2) cho y =k(a’+ b?) +a va ap dung (b) ta cé:
f(a® +k(a® +b%) +b) =b% +k(a® +b%) +a
= f((k + 1)@+ b%) + b~ b%) = (k + 1)(a>+ b%) + a — 2’ = (c) diing.
Béy gio trong (2) lai cho y = (k + 1)(a’+ b%) + b — b’ va 4p dung (c) ta c6
fa® + (k + D@ +b*) +a-a?) = b® + (k + 1)(a® + b?) + b b?
- =f((k + 1)(@® + b%) + a)=(k + 1)(a® + b%) + b= (d) ding, |
Vay bing quy nap ta di chimg minh dugc (5) va (6) ding, Vne N *
e Trong (1) cho x =a’+ b*+ a, y =ava ap dung (4) ta cé:

f((@®+b?*+a)? +b)=@%+b2+b)2+a - @)
Trong (5) ldy n=a’+ (b + 1)°.
Ta co

f(la® + (b + 1)?1(@® + b?) + b—b?) = [a2 + (b + 1)?](a% + b?) + a — a2,
= f((a®+ b+ 2b + 1)(@’+b?) + b~ b?) = (a2 + b2+ 2b + 1)(a*+ b?) + 2 — &
= f((@*+ b*+ b’ + a’+ b — b?) = (a2 + b’ + b)*+a 8)

T (7), (8) = f((a® + b + a)® + b) =f((a®+ b+ b’ +a>+ b — b) (9)
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Bay gio ta chung minh f don 4nh (10) Thét vy, néu f(y;) = f(y,) thi
£(12+ fyr)) = f(12+ f(y2)) = ()Y + 1= F1Y +y2 = V1= vz
Tir (9) va (10) ta co:
(a2 + b +a)+b=(a’+ b’ +by+a’+b—b’
= (a—b)(2a’+ 2b°+a+b)=(a—b)a+b)
= (a— b)(2a>+ 2b%) = 0 = a = b= f(2013) =2013.
Caus.
u, =21, u, = 9
{ = 30un+1 +12u_ ,u_ -u VneN N

n+l n

Theo dinh li Fermat nho, Vx € Z ta cé x*° —x =0 (mod 29)
Max? -x=x(x*-1)= x(x’ — D'+ 1)(x‘4+ 1)

= x(x” -~ D&+ DIE" -12)(x" +12) +5.29]

=>Vxe Z tacox =q(mod29)voiqe {0;+ 1; £ 12}.
=>VX,y,Z€ Ztacéx7+y7+z7zr(mod29) _
voire{0,£1,+2,£3,£4,£5+10,£11,+12,% 13,+ 14} (1)
Ta co:

u ., = n+1 + 12un+1u —u_ (mod29) Vne N *

u; = -8 (mod 29);
u, =9 (mod 29); ‘
u, =u? +12u,u, —u, =9 +12.9.- 8)+8 - 8 (mod 29);

u, = u3 +12u,u, —u, = 82+12.8.9-9= —9 (mod 29);
u, =u? +12u,u, —uy = (-9)* +12.(-9).8 - 8=-8 (mod 29);
u, = u§ +12uu, —u, = (-8)% +12.(-8).(-9) + 9 =9 (mod 29);

Day s dur khi chia u, cho 29 tudn hoan vé&i chu ki 4, Vne N *.

Tacé: u, =a (mod 29) vdia € {+8,+9}(2)

Tir (1), (2) = Khong c6 s6 hang nao cta day (u,) 14 tdng cac lity thira bac 7 cia
ba s6 nguyén. :
Ciu 6.

Xét tap hop E cac sb nguyen du.'orng ma trong cach bidu dién theo hé dém co sb
3 ¢6 nhidu nhét 1a 11 chir s6 va mdi chit s6 chi 12 0 hogc 1

IE‘ 91! _ 1 =2047 (do mbi vi tri trong 11 vi tri clia ddy a;a;..a11 ¢6 hai

cach chon chit s6 1 chit s6 0 hodc chir s6 1 vaE khong chira s6 0).
S 16n nhét cta E 12
(11111111111);= 3'+3%43%43743%43°+3"+3 +3243143%= 88573 < 100000.
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Ta thay Vz e E, ta co 2z trong cach bidu dién theo hé dém co sb 3 chi gom cac
chit s6 0 va 2. Do d6 néu cé x, y, z thuoc E sao cho x + y = 2z thi cac so x vay
trong cach bidu di&n theo hé dém co sé 3 & méi vi tri déu c6 cling chu’ s6 0 hoic c6
cingchirsé 1 = x=y. '

Viy ba 56 bat ki trong céc sb thudc E khong thé 1ap thanh ba sé hang lién tiép
ctia mot cap sb cong.

Lay F 1a mdt tdp con tuy y cia E cé 2013 phén tir thi tap hop F ¢c6 chira ding
2013 s6 nguyén dwong khac nhau nhé hon 100000 sao cho ba s6 bat ki trong céc sb
thudc F khong thé 14p thanh ba s6 hang lién tiép ctia mot cdp sb cong.

Viy ludn tim dugc 2013 sé nguyén duwong khéc nhau thoa man yéu ciu bai toan.

TRUONG THPT MAC PINH CHI
TP. HO CHI MINH

Cau 1.

Jé;(erzsty):G
JE§(2~ 7 J=J§

2x + by

H¢ da cho tuong duong va&i

Tuhétacod x >0, y>0.De}tu:«/§)—c—, v=Jg; (u,v > 0), ta duogc:

7
ul 2 + =6
E u2+v2)

V[Z— 7 Jz«/g
u? + v2

e . 1 u-vi-
Datz=u+v1,vo112=—1.Taco—: 5 5
‘ Z u'+v

Tﬁ'hétac():u[2+ 7 j+v(2— 7 ]i=6+\/§i
u? + v? u? + v

<:>2(u+vi)+7(l; ‘”j 6+ /3i

U+V

@2Z+Z=G+J§iozzz-(6+«/§i)z+'7=o o

(6+f1)2 56~-——23+12\/—1—(2+3\/—1)2
6+«/_1+2+3«/—1—2 J‘l

Do d6 phuong trinh (1) c6 hai nghiém z =
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_6+43i-2-3V8i . 4si
4 2
Viu,v>0néntaduqc,u=2,V=«/?:.

Suyranghiémhéla x =2,y =:F_)3—. :

‘hoidc z

Cau 2.
Tacou, >0=>u_ >0, VneN
o 3
u . —=Uu ®
~u_ = “2~un= “2'<0,VneN
1+u, 1+u

n+l
= (u,) 1a ddy sb giam va bj chin dusi bi 0

= limu_=a (aeR,a?O)

n—>+oo

u
Tru 6 = 2 2,chon—>+oo ta duogc:
1+u
n
a= < a=0.Viy limu_ =0
1+a3 T no+eo B
. -1 1 #
bitv_= —~— neN
n 2
un+1 un

un un

2
1+u?
Tac()vri=( un} ——%2—=2+ui—)2khin->oo.

Ap dung dinh 1i trung binh Cesaro ta cé:

1 1
V, +V, 4+ .tV 2 u?
lim —t—2 2 -9 & lim—a L -9
n->+o n n->+om n
( 11 } 1 1
2 2 2 2
PN hm un+1 un Lln ul — 2
n—>+m n ’
1 1 1
e 2
Ma lim—=22 8 — Jim-2=0; lim—*=lim—=0
n-—>+o n n—>+w 1) n—-+o 1 n—+0 )
1
. ui . 1 . \[— 1
> lim—2=2>= lim—=2= limvynu =—.
n—»+o N n—>+0 1) 1y n->+0 n D)
n
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Cau 3. B N\

Puong tron dudng kinh Bl qua hai
diem A’ va C’.

Dudng tron dudng kinh B’I tiép xic
trong voi duong tron (1) tai B,

Goi N’ 1a giao diém thir hai ciia hai
duong tron duong kinh Bl va B’L.

Ta ¢6: A’C’ la tryc ding phuong ciia
duodng tron (I) va duong tron duong kinh BI;

AC la truc dang phuong ciia dudng
tron (I) va dudng tron duong kinh B’I;

N 14 giao diém ciia AC va A’C’.

Suy ra N thudc truc ding phuong
cta hai duong tron duong kinh BI va
B’I, tic 1a N thudc IN’,

Do I la tdm duong tron ndi tiép
AABC nén ta co:

AC BA'CB

BC' CA' AB'
Suy ra AA’, BB’ va CC’ ddng quy tai mot diém 1a K cé dinh (dinh 1i Céva).
~Tathdy BN’ 1IN’ va B’N’ L IN’. Do d6 BB’ di qua diém N’.

Diém N’ nhin doan IK c¢b dinh duéi 1 goc vudéng nén N’ thudc dudng tron
duodng kinh IK. :

Goi R 14 ban kinh duong tron (I). Ta cé: IN.IN” = [B*? = R? (¥)

Xét phép nghich dao f(I,R%).

Tir (*) tac6 N’ 1a anh ciia N qua phép nghich dao f(I,R?)

‘ Bing cach ching minh tuong tu ta ciing ¢6 M’, P’ 1an luot 14 anh ciia M va P
qua phép nghich dao f(I,R?).

MaN’, M’ va P’ ndm trén dudng tron dudng kinh IK nén anh cia ching 1aN,
M va P nim trén mét dudng thing 1a anh ciia dudng tron dudng kinh IK qua phép
nghich dao f(L,R).

Vay M, N, P théng hang.

Cau 4.

Cho y =0 ta duoc: f(f(x)) = f(x) +1
c: f

Thay x boi f (x) ta duo (f (f (x)) + y) =f (f (x) + y) +1

<:>f(f(x)+1+y):f(x+y)+1+1
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Thayy‘béif(y)taduqc:f(f() ()) (x+fy))+1 f(x+y)+1+1

(f(x +f(y)) ( ( )+1+y),
Vi f 1 ham ting nghiém ngit nén
<:>f(x)+f(y)=f(x)+1+y<:>f(y):y+1 = f(x)=x+1, VxeR
Thix lai thiy ham sb f(x) =x+1, Vx € R,thdéa man yéu ciu. B
Cau 5. ‘
(4* +5.2 +5) 11880 =5"" W

2
o (4" +5.9% +5) —5Y1 =11880

)
o452+ 5)2 —1-5%1 =11879
(

o (4% +5.2% + 4)(4’* + 5.2 + 6) _ 51 =11879
o (2% +1)(2* +2)(2* +8)(2* +4)-5"" =11879 2
(2x )2 + 2)(2* + 3)(2* +4) @
Tacéd: 25,2 +1;2% + 2, 2% + 3; 2% +4 125 sb tw nhién lién tiép nén
ox (zx + 1)(2x + 2)(2x + 3)(2x + 4)55.
Ma (2";5) -1 nén (2x + 1)(2x + z)(z" + 3)(2x + 4)55.
Néu y > 2 thi vé trai (2) chia hét cho 5 (vé If)
Viy y=1. ’

(1)@4x+5.2"+5=109@{2x:8 ox=8.
2* = -13 (loai)

Vay phuong trinh ¢6 nghiém nguyén duong la: x = 3;y =1.
Cau 6. '

Goi 4 bannamla A, B,C,Dvata sflp xép 4 ban nam nay tir trudc ra sau theo
thi tw A, B, C, D. Goi x, la s6 hoc sinh nit dimg trude A, x, la sb hoc sinh nit
ding gitta A va B, x, 1a sb hoc sinh nir dung gitta B va C, x, 1a s& hoc sinh nit
ding gita Cva D, x, 1a s6 hoc sinh nir dig sau D.

X, +X, +X; +X, +X, =8

Taco <x,,x, 20

X,,%g,%X, > 1
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"Dreit y, =%, —1 v6ii=2,3, 4. Ta dugc:

X Y, +y; +y, +X, =5 (1)
X,¥9:Y3:¥ %5 2 0

5
S nghiém nguyén khong am ctia phuong trinh (1) 1a C5+5 , =Gy

- Hoan dbi vi tri 4 hoc sinh nam c6 4! céach.

- Hoan dbi vi tri 8 hoc sinh nit c6 8! cach.

Viy c6 C5 41.8! =121927680 cach sap xép.

Cau 1.

TRUONG THPT NGUYEN THUONG HIEN
TP. HO CHI MINH

3

St dung bat dang thic x — ry <sinx <x,Vx>0.

Xét ham s f(x) = ¥6x — 6sinx,x > 0.

Tacéd f/(x) =

6(1 - cosx)

3w3/(6x — 6sinx)?

>0,vx >0

Do d6: f(x) > 0,vx > 0. Max, =f(x;)>0
(do x; > 0) nén x| = f(x,) > 0,Vn e N *

- r . . — 3 . . _
Mt khéc: x , —-x = ,/6xn 6sinx —x

6x_ —~6$1nx —x3

\/(GX —GSmx) +X ,3/6x — Bsinx_ +xn
3

(dox——%—<sinx x,Vx > 0 6x — x° — 6sinx < 0,Vx > 0)

Vay (x,) 1a ddy giam va bi chin dudi nén tdn tai gidi han hitu han.
Gia sir limx, = a (a > 0), ta c6 phuong trinh:

a = 6a — 6sina <> a® - 6a + 6sina =0

Xét ham sé g'(a) = a® — 6a + 6sina,
(a) 3a’ — 6 + 6cosa, g'(a)= 6a—6sina > 0,va >0

<0

Suy ra: g’(a) > g(0) = 0, do d6 phuong trinh c6 nghiém duy n_hét a=0.
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Cau 2.
log(w/xz—x—2+3x/;)+\/x2—x—~2+3\/;c ,

= log\/5x'2 _4x -6 +v5x% —4x -6
Xét ham sb £(t) = logt + t,t > 0 dbng bién trén (0; + o)

Suyra: Vx® —x -2 + 3\/_ = v5x% —4x - 6(1)

1) < GJ(x + 1(x* - 2x) = -4(x + 1) + 4(x* - 2x)

x% - 2x

Chia hai vé& phuong trinh chox+1>0,datt= (t = 0), ta dugc:

x+1
20 -3t-2=0 <t =2

Ta tim dugc: x =3 + x/ﬁ
Cau 3. ) ’

Goi S’ 1a diém xuyén tdm doi cta S trén (O).

Phép nghich dao (S, k) (k = SS?) bién (O) thanh tiép tuyén tai S .

QA' |

SA'SQ"
_QA'QB k? _QA'QB _QA'QB
T SA'SB' SQ’SQ? SA'SB' hingsd
ViQ 6 trén cung AB nén Q’ ¢ trén doan A’B’, ta c6:

"Q'A'+ QB' = A'B'khéng dbi.
Viéy y cuc dai khi Q'A'=QB'.

Tacd: QA =k

Suyra: y

Cau 4. :
f(x-f(y)) =2f(x) +x+f(y); Vx,ye R )
Goi a =f(0). Tu (1) ta cé:
f(f(y) - £(y)) = 2£(F(y)) + £(y) + £(y) = £(E(y)) = £(y) +°g- (2)
f(f(x) - f(y)) = 2f(f(x)) + f(x) + f(y)
= £(£(x) — £(y) = [ £ - £3)] + & (do (2)) ()

£(£(0) — £(y) — £(y)) = 26 — £y) + £0) — £(3) + £(3) |
= £(f(x) - 2£(y)) = 2 f(x) - £(3)] + 22 + £(x) = [ £(x) - 2£(y) ] + 2a (do (3))

Q) : f(x-f(y)-2fx) =x+f(y),y =0= f(x—a)-2f(x) =x +a.
Ta thy vé phai c6 tap gia tri 1 R nén vé trai clingco tdp giatrila R.
Taco voi Vi, t = f(u) - 2f(v)

= f(t) = f(f(u) - 2f(v)) = (f(u) - 2f(v)) + 2a = -t + 2a .
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Hay f(x) = -x + 2a, Vx. _
Do do, tir (1) ta c6: f(x — f(y)) = —x + f(y) + 2a)
2f(x) + x + fy) = 2(-x + 2a) + x + ()
= 2a=4a <> a=0. Thi lai thiy thoa man diéu kién. k
Vay ham thoa man diéu kién 13 f(x) = —x.
Ciu 5.
Gia st P(x) khong 1a da thic hing va ¢6 bac n.
Tir gia thiét, so sanh hé sb hai vé suy ra hé sb cia da thirc déu 13 sb hiru ti.
5+ «/5_1-

2
Suy ra P(a) = 2 + /5 hoic P(a) = 25 .

Miit khéc, xét: x = —a thi [P@)] -1 = 4P(a).

Do P(x) c6 hé s6 hitu ti nén P(a) phai cé dang p + qv/21 véi p, q 12 hai sb
hitu ti nao d6. Piéu nay mau thuin.

Viay P(x) lada flu'rc hing = P(x) = 2 + JE hoic P(x) =2 — \/—5_

TRUONG THPT HOANG HOA THAM
TP. HO CHIf MINH

Cau 1.
bit u = 2x

Phuong trinh tr¢ thanh: (u3 + 1)3 = 27(3u - 1) out+1=3Y3u-1

Pit v=43u-1< v +1=3u
Ta c6 h¢ phuong trinh:

wW+1=8v |ud+1=38v u?+1=38v
& o
v¥+1=238u u3—v3:3(v—-u) (u—v)(u2+uv+v2'+3):0
3 _
@{u *1=3v (do u2+uv+vz+3>O;Vu,v)
u=v ,

suwd+1=3u.
Hay 8x® —6x+1=0 (%
Tacod: 8x° —6x +1=2x +6x(x>-1)+1>0,Vx > 1.

Mit khéc: 8x° - 6x+1=2(x+1)(2x-1)>-1<0,Vx < -1.
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Xét phuong trinh (*) trén khoang (~1;1)
Do x e (-1;1) nén ta cé thé dit x = cost(0 < t < m), khi d6 (*) tr& thanh:
2(4cos3t - 3cost) =-1 < cosdt = ; ot= +27£ k2n (k Z)

2n
X = COS—

. 8n
= Phuong trinh da cho cé nghiém: | x = cos—

= cOS—
L 9
Cau 2.

Ap dung bt dang thic Cauchy cho hai sdduong u_, va (1—-u):

u , +0-u)> Z,fuml.(l —u)>1=u , >u,Vn= 1,2,...

= (u_) laday tang.

Mit khéc. theo gia thiét thi (u,) bi chédn trén bsi 1, do d6 ton tai gidi han cia
day sb (u,).

bit u, = limu, .
n

1 1
Do u,,,.(1- u)>Z:>11m( pd-u)) 2 ><
<:>u.(1—u)21<:>(2u —1) <0ou _1
0 0 4 ‘ 0 0 9
1
Viy limu_ = —.
Vay limu, =
Céu 3.

Pat S =85,5:,5, = Sunc Sz = Smac:Ss = Syap
.S, MA, S, MA,
Taco: — = = = .
S AA S-S, MA

s, MB, S = MC

Tuong ty: = , —2 = y
vonel TS, T MB°S-s, MC B Al C
Mt khéc: Susp, _ MA, MB, 5 5 g
' TS,  MA MB 7 PMam T5T§ S-S, "
s, S s, 8
Tuong tw: Sy, o = —1 3 z 3

—2 8 Sypc = —3_8
S-S,S-§, 2MBC T §-8,'8-8,

3
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Suy ra:

‘ 1 1 . 1
Samiey = 5525, {(S TS)5-8,)  (5-85,)5-8,)  (S-8,)5- sl)]
S _ S,.8,.8, 95
ABCL (S +8,)(S, +S,)(S, +S))
S,.5,.5,
(S, +S,)(S, +5,)(8, +8,)
" Ap dung bét ding thitc Cauchy, ta c6:
S,.5,.5, < S,S,S, ' _ 1
(8, +8,)8, +8,)8; +8) 288,.2/8,8, .2/8,8, 8
Ding thirc xay ra khi |

- Nhuvay: 8, ;. 16n nhét khi 16n nhét.

S,=8,=5,; = —2, khi M tn‘mg VvGi trong tAm tam gidc ABC.
Cau 4.
Taco: f(x + 1)+ f(x—1) = V2f(x),Vx € R

& f(x) = v%[f(x +1)+ £x-1)]

& f(x) = %[%(f(x +2)+£(x)) +
o fx+2)=-fx-2)(1)
Thay x bdi x +2 vao (1) ta dugc f(x +4) = —f(x) (2)
Twr (2) taco
£(x +2018) = £((x + 1) + 53.4) = ()P £(x + 1) = £(x + 1) (dpem)

Ciu 5.

1

V2

(fx) + £(x - 2))

Ta tim n thoa mén {n <N : | )
n*+n®+1=m? (meN¥)

Tacom’=n*+n’+1>n*=>m>n’ ,

>m=n"+kkeN*) =>n'+n’+1=0’+k’=>n’(n-2k)=K*-120

Néuk’-1>0thin-2k e N*= K -1>n*=K>n’

= n <k méu thuin véin—2k € N*

Vay phai co k>~ 1=0=k=1van’(n—-2)=0=>n=2 (khi d6 m = 5)

Viy c6 duy nhit mot s6 nguyén duong n thoa man.n* + n’ + 1 14 sé chinh
phuong, d6lan=2. '
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Cau 6.

Ta ghi vao mdi 6 vudng clia bang mot s6 tu nhién theo quy tdc sau: & mdi cot,
1an luot tir trén xudng dudi, ghi cac sb tw nhién tir 1 dén 2012.

Nhu vy ba sb duoc ghi vao ba 6 canh nhau trong cing mét hang la ba sb tu
nhién bing nhau, trong ciing mdt cot 14 ba s6 tu nhién lién tiép.

Suy ra, ké& tir 14n thir hai, m&i 14n t6 mau ta s& x6a di ba s6 ¢6 tdng chia hét cho 3.
Con ba sé duoc ghi vao ba & (r38),(r + Lis + 1), (r+1s+2) larr+1lr+1 ma
tdng cta chang la mot s6 chia chio 3 du 2. Vay néu t6 mau duogc hét cac 6 vudng
clia bang da cho thi téng S ciia tt ca cac sb da duoc ghi vao bang phai la mot s6
chia cho 3 du 2.

Nhung S =2013.(1 + 2 + 3 +...+ 2012) 1a m6t sb chia hét cho 3 (2013 chia hét
cho 3). Méu thuin. Do d6 khong thé t6 mau duoc tit ca 6 vudng clia bang da cho

theo cach trén.

TRUONG THPT HUNG VUONG
| TP. HO CHI MINH
Cau 1.
(X+y)4 +3 =4(x+y)

Theo bt ding thirc Cauchy ta cb

(x+y)4 +1+1+1> 4,4/(x+y)4.1.1.1 = 4|x+y1 >4(x+y)

Diubangxayra &> x+y=1 (¥).

Tir d6 két hop véi didu kién X“g >0=-2<x%,y<3.
y_

Phuong trinh thir hai ctia hé tuong duong véi:

4 2 4 2
3_{_4_.9i_+'_7_§+31n(3_x)=-}—’—-+9y +z—-+31n(3 Y)
64 32 8 64 32 8

4
Xét ham s6 f(u) = u—+9L+7—u+3ln(3 u)(v01u<3)

o 64 32 8
2 9u 7 3 (u3 +9u +~14)(u - 3) +48
(u) = —t—+—+ =
16 16 8 u-3 16(u - 3)

~u?-3u®+9u® -18u+6 (u“l)z(uz —u+6)
- 16(u — 3) - 16(u — 3)

<0 (viu<3).
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Suy ra ham s6 nghich bién trén (—2;3).
Viy f(x) =f(y) © x =y (**%).

Tu (%), **)taco x =y = %

Cau 2.

u, = 3;ur3l+1 -3u_ ., = 1[2 +u, (Vn € N*).

Ta thiy u =3>2.

Gid sir u, > 2,khido up,, —8u, =2 +u, >+2+2>2
nén ui+1 - Iyiuk+1 -2>0 (uk+1 + 1)2(1.1k+1 - 2) >0y, >2,
| tircléun>2(\7neN*). |
Xétham s6 £(t) = t> - 3t, ¢ £'(t) = 8t - 8t = 3(t + Dt ~1) > O,vt > 2.
Suy ra f(t) ddng bién trén (2;+oo).

Kiém tra thy: uf —-3u, =18 > ug -3u, = «/g

= f(ul) >fu,) = u, > u,.

Gia str: u, >u = JZ +u, > J2 +u
3 3 A
= uk+1 - 3uk+1 > l‘lk+2 - 3uk+2

= f(uk+l) > f(uk+2)
= uk+1 > uk+2‘

Dod6 u > u, ., (Vn € N*)
Day (u,)la day sb giam va bj chan dui béi 2 nén tn tai gici han hiru han
limu =u>2.

L4y gi6i han hai vé dang thirc d& bai, ta duge:

uw-38u=+2+u

< uf - 6ut + 9u? =u+2,(u>2)
<:::>(u-2)[u2(u'3 —4)+2u3(u—1)+u+1]=0
Su=2 v

Viy limun =2.
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Cau 3.
a) Dat BC=a, CA=c, AB=c¢, AB,=x,AC; =y.
Phan giac BK cit canh AC tai D.

C a _ a+c

Ta co: = - =
KD AD CD 2

Suy ra: AD = be va D ndm giira A va B.
at+c.

Ap dung dinh 1i Menelaus vao AABD va dudng théng B,KC; ta c6:
B,D C,A KB _
B,A'C.BKD
be
atcatc 4

X b

be

= (1
=X a+c—b W

1

X —
=

b) Tuong tu tacod: y = _be )]
a+b-c

Tur gia thiét: S5, = SABZCZ =xy=bc (3

T (1), (2), (3) ta duge a* = b® +c® —be (4)

Theo dinh 1i Cosin ta c6: a® = b? + ¢? + 2bccosA (5)
1 =~
"Tu (4) va (5) suy ra: cosA = 3 = CAB = 60°

Cau 4.
Pit P (1) =a. Xét Q(x) = P(x) — ax’.

Khi d6 Q(l) ='P(1) —a=0va P(x) =ax? + Q(x) )
Thay vao (1) ta co:

Qe) +ax® +a =] Qx+ 1)+ afx+ 1) + Q1) +afx -1)"| vxeR

=Q(x)-Q(x+1)=Q(x-1)-Q(x) vxeR
=>Q(x)-Q(x-1)=b vxe R (v6i b 12 hing s6) (2)

Pit Q(x) = R(x) + bx.

Tir (2) suy ra: bx + R(x) - b(x - 1) - R(x - 1)=b vxeR

Q%) = ax+ 1)+ Qx-1)] vxe R
)_
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< R(x) =R(x - 1) vxe R <:>R(x) = ¢ (v&i ¢ 12 hing sb)

= Q(x) =bx +c.

Vi Q(l =0 nén ¢ = -b.

Do d6 P(x = ax® + bx — b. Thir lai thiy dang. Vay P(x) = ax® + bx - b.
Ciu 5 i

Chi chn xét khi (b, d)= 1.

Goi q la uéc nguyén b bat ki ciia 2° +1 = q|2° -1 = q|2° - 1.

e et

o by, (2a + 1) = dyq(2° - 1)

Ma (b, d) = 1
_ 3fq(zfl+1)2dC> 74(2" +1) =kd :{23” Ad(kAeN o
v (2 -1y (1) =1b f-1=A"

Truong Hop 1: Néuc=1 = A=1=2"+1=1 (v li.
Truong hop 2: Néu ¢ > 2 = 2° -1 = 3 (mod 4)

Ma AP =2° -1 vaAlésuyrableé. Tacd
2°=Ab+1=(A+1)(A‘°“1~Ab72+...-—A+1)‘
SA+1I22 0 A+1=2°(seN) Q)

2 =AY 1= (A—DAY 4 AT 4+ A+1])

>A-1122A-1=2" (2)
Ter()va(2)cd: 2° -2" =2 2U(2s~u 1) =
o u=t A3
s-u=1 A+1 4
, s ad
Vay: 2°+1=3
0_1:3b

Mit khac 2° —1 = 3° c6 dang 8k + 1 hoic 8k + 3.
Suyrac=2vinduc>3thi 2°-1= 7(mod8)

2 1= 3
N _
3=3"=b=1c=2
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Tr 2* +1=38'3=a le.

Néua=1=d=1.

Xéta>8,2°=3" -1

Do 2% = 0(mod4) = 3% —1 = 0 (mod 4)' = d chan.
Vinéudléthi 80 -1=2 (mod4)

Vayd=24,

(od d ho1=2
=2 = (3" »-1)(31 +1)© L
' , 31+1=4-

©d =1=d=2=>a=3
Vay nghiém cua phuong trinh d3 cho la
(a,b,c,d)=(1,k 2, k); 3,k 2,2k) véi k e N".
Céu 6. '

Gia str tdn tai mot tap F véi tinh chét da cho.

% . A A = e oA a
Néu moi s0 a € F déu chan, ta xét tip {—2- lae F} .

Hién nhién tap F' cling c6 tinh chét néu trong bai toan. Do do ta c6 thé coi rang
tdn tai mot tap F thoa man bai toan va F chia it nhit mot s6 1é 1a a.

Goi a,, a,,..... la cac phan tir cua F.

89012
bat S=a, +a, +...+ 8y,

Theo gia thiét, Vi (1 <ig 2012) tap F'\ {ai} dugc chia thanh hai tdp con voi
tbng cac sb 12 bang nhau nén téng S —a, coatap F\ {ai} 1a mot s6 chan.

2012
Tirdésuyra Y (S-a;)=2011S lamotsd chin = S 1a mdt s chan.
i1
Khido S—alamét 6 1¢ mau thuén véi S — a, lamét s6 chén V i (1 1<20 12)

Viy khong tdn tai tap hop véi tinh chét da néu.
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TRUONG THPT CHUYEN NGUYEN TAT THANH
KON TUM
Cau 1.
Diéu kién: x> 5. |
Véi diéu kién trén, phuong trinh da cho tuong duong véi
V5x? +14x + 9 = 5vx + 1 + Vx? —x - 20

< 2x2 —5x+2=5\/(x2 —x—20)(x+1) ‘
& 2(x” ~ 4x —5) + 3(x + 4) = B5y(x? — 4x — B)(x + 4)

, . x* -4x-5
x2 4% -5 x2 -4x -5 k 4 =1
o 2. Y +3=0 o X+
x+4

x+4 ’

’x2—4x—5 ;E
x+4 2
2.—. —
i) 1/§i—5—=1<:>x2—4x—5=x+4
x+4

o x2-5x-9=0

X =
: 2
2
. —4x ~
ii) ,f—’i—xj =—3—<:>4( 2 4x-5)=9(x +4)
x+4 - 2
x=8
< 4x® -25x - 56 = 0 & 7.
X =-——
4
Két hop véi diéu kién ta c6 nghiém ciia phuong trinh 1a: x = S+ \/EI, x=8.
Cau 2. ’
Tu giathiéttaco a , =a_+a b =a_,,VneN.

+ Ta chirng minh dﬁng thirc sau bﬁng quy nap
A8~ ai-}-l = (_1)n, VneN (*).

Véin=0;n=1thi(*) ding. Gia sit (*) ding téin (n € N*), facéd
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' 2
an+1a'n+3 - azzl+2 = (an—-_l + a‘n)(anﬂ + an+2) - (an + an+1) '
= aVn—lkamkl - al‘zl + anan+2 - a121+1 + anan+1k’+ an—lan+2 - zanan+1
= (—1)n_1 + (_1)11 + an—lan+2 _ban n+l = an—l (an + an+1) - an (an + an——l)
ai — (__1)n—-1 = (__1)n+1.

Suy ra (*) ding véi n + 1. Vay (*) duge chitng minh.

=a_ .a

n-1%n+1

2
; , 1 aa,.,—a a a
+ Ap dl,lng (*) ta cod (_1)]{ — k"k+2 k+1 — k+2 _ k+1 ;Vk c N .
a, b, Ay, A Y
a a a, a a a a_. 3
. Suyraun=(~2———l}+(—1——2—]+...+( Bt n“’l): ni2 =
a'1 aO a2 al an+1 an an+1 2
. a R a a . +a 1 1 3
Pit v =2 thiv | =-22 = o+l 8 -] 4 =l4+—; v, =—.
a w1 g " a a ° 2
n n+l n+l n+l n
a

n
Tac6 (v, ) 1a ddy s duong va v, <2VneN.
Xét hai day xn' =V, ¥y = Voni-

, 3 1 5 1
Taco x0=—2—, xn+1=1_+—~———-—;y0=§,yn+1=1+ T
1+— 1+—

X, © Ya

Viham sb f(x) =1+ L 1 ham sé giam trén (0;+00) .
X

5 _8_ _13 . . ,
1 =V =TV, ——8— tucla vy < v,,v, > Vg.

5

Suy ra ddy sb (x,) ting va bj chn trén bdi 2 nén tdn tai limx, =L véiL <2va

va v, = -2-,V

ddy sb (ys) gidm va bi chin dudi bdi 0 nén ton tai limy, =K véiL,K>0vaL,K
déu 1a nghiém ctia phuong trinh:
x=1+ 1 nén’L=K=1+J5.

1+~ 2
X

1+J§

2

=1+J5_§_=J5—2

" 2 2 2

Suyra limv = , do do day sb (u, ) tdn tai gi6i han va

limu
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Cau 3.

T B D M ‘ - c

* Goi D 1a tiép diém cua duong tron (I) v6i BC, ta chimg minh D, I, N thing
hang. That vay:

Goi d 1a duong thing qua A va song song véi BC, Z 1a giao diém ciia d va EF.

Vi M la trung diém ctia BC nén hang diém (Z, N, E, F) 12 hang diém diéu hoa.

Xét cuc va dbi cue dbi véi dudng tron (I):

Ta c6 Z thudc dbi cuc cia N.

Ma N thudc EF la dbi cuc ciia A nén A thudc dbi cuc ciia N.

Tir d6 AZ 1a dbi cyc caa N, suy ra IN' L AZ hay IN L BC.

Mit khac DI L BC nén D, I, N théng hang.

* Goi T 14 giao diém ciia EF va BC vi AD, BE, CF ddng quy (theo dinh 1i Céva)
nén ta c6 (T, D, B, C) 1a hang diém didu hoa.

N

Ma ABFX = ABDX (c-g-c) nén TXB = DXB do d6 BX L CX.

Tuong tu ta chirng minh dugc BY L CY.

Tur d6 suy ra X, Y cung thudc duong tron (® ) dudng kinh BC.

+ Xét cyc d6i cuc d6i véi dudng tron (o ):

Do (T, D, B, C) la hang diém diéu hoa nén D thudc ddi cyc cia T.

DN L BC nén DN la déi cuc cita T, suy ra (T, N, Y, X) 1a hang diém didu hoa.

Do d6 I(T, N, Y, X) la chum diéu hoa, ma DT L DN nén DN 13 phén gisc
goc XDY .

T~
_ DX sinDYX
= = "
NY DY gnpxy
+ Mt khac, ta c6 BDIY va CDIX la cac tr giac noi tlep nén

17N N
EABC DBI = DYI—EDYX

Suy ra

. A~
(hai tam gidc CDY va CEY bang nhau), do 46 ABC = DYX ..

o~ B
DX sinDXY _sinABC AC

= = — P
NY DY ./ DXY sinACB

Suy ra = NX.AB = NY.AC.
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Cau 4.

Khéng mit tinh tong quét, ta c6 thé gia thlet P(x) 1a luy thira bic n cia sb
nguyén y cho v6 han s0 nguyén ducmg X.

Cho x> 0 va du 16n, ta c6 P(x) =y" > 0, v&i y >0.

Xét hiéu y"-x",tacéd |y -x" |-— |y x"yn Ty P Ax™ 1| > |y xlx

ttr d6 [y — xj<” x;_f‘
PG
Pit b= |y - ¥|, ta duoc [b| < (z:,)l_lx = Bt a;"z et ;21}

< Ian_1|+lanazl+...+|ao‘ .
Suy ra, cic s6 nguyén b =y — x bj chin, do d6 ton tai s6 nguyén c sao cho déing
r’ - n 4 r. " N ~ M4 - L]
thirc P(x)=(x+c) dang vai vo han nhitng gia tri coa x.

Vay P(x)=(x+c)”, v6i c-1a hing s§ nguyén.
Cau 5. '

. u . ‘a . A
Vi o = — la nghiém cua P(x) nén
\4

n n-1
P(—E‘-}an (3) +a, 4 (EJ +ot8y (E}a(): 0,
v v v A\

n n~1
u u u
hay P[—)zan——+a —+..ta,—+a,=0.
n n-1_n-1 1 0
A" v v v
Khi d6, véi moi m € Z, ta c6

P(m)= P(m)—P(-‘iJ ‘
v

—am'+a m le.tamia—|a ta S —t.ta,—+a
~ “n n-1 i | 0 n n 'n—lvn_l Bidias | 0

n u™ 1 un—l u
=a |m —— +a ;| m ) +...+a1 m-—i,
V" v v

Suy ra

v'P(m)=a

n(m“vn )»{»an 1v(mn lyn-i_ n*1)+...+5111v““,1 (mv-— u).

Tir m*v*— u*= (mv- u)(mk Wyl o+ uk‘l), suy ra

k

a, v* k(m v k)Emv— u, hay v"P(m) chia hét cho u — mv.

Mait khac (u, v) =1, suy ra (v, u—mv)=1, suyra P(m) chia hét cho u — mv.
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~ Cau6.

Giasir n = 2%uva k =2 Py, véiu, v1acée s 1&. Chung ta s& chig minh rang
may tw dong sau mot khoang thoi gian hitu han s& dimg d6i vé6i cac cap sb va chi
céc cip sO (n, k) véia=bh. :

- Néu a = b thi tr cap (n, k) may tu dong co thé nhan dugc cip
(2”_111,23“1 (u+ 2v)) hodc (2"'1 (2u + v),Za"lv) . Vicac sd (u+2v) va (2u+v)
lqi 1a s6 18, nén rpéy tu dong lam giam sb mii ciia 2 xuéng 1 don vi. Qua a budc thi
s0 ndy tro nén bang 0 va may tu dong s€ ding.

- Bay gid gia st a < b (twong ty a > b xét tuong tu). Néu a < b -2, thi tir
cdp (n, k) may tu dong c6 thé nhan dugc cip (2"" (u+ 2> av),2‘f lv) Vvéi céc sb
mii trong luy thira cta 2 khac nhau. Néu a = b — 1, thi tir ciip (n, k) may ty dong

2a+1 u+v

¢6 thé nhan duoc cép (2a (u+wv),2% v) = ( ,2° v) lai cac s& mii trong luy

thira cta 2 khac nhau Dé dang thdy rang trong truong hop nay may tu dong lam
viéc mai mai khong ding.

- Chi con vide dém céc cap s6 (n, k) = (2%u, 2v), v6i 2°.u < 2013, 2%.v < 2013.
+C6 1007 s6 1& khong vuot-qua 2013, béi vy sb cp (n, k) véia=b =0 bing 1007 2,
+ 503 sb khong vuot qua 2013 chia hét cho 2 va khéng chia hét cho 4, bai vay
56 lugng ciip véia=b =1 bang 503%; ...
+ Cir tiép tuc nhu vay, ta nhan dugc dap sb ciia bai toan
10072 + 5082 + 2522 + 1262 + 63% + 312 + 167 + 8% + 4% + 2% +1* = 1851709.

TRUONG THPT CHUYEN LE QUY PON
BINH DINH

Cau 1.
a) Gia str f(x) =ax” + bx + ¢ trong d6 a, b, c e R(a 5 O).

£(0)=c °=£(0)
Khidé: {f(1)=a+b+c ={b= ) -£(1) —;("1)
f(1)=a-bre | 1) +6(-1)-26(0)
- 2
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Suy ra |2a| < If(l)i +|f(—1)| + 2|f(0)| <4 = |a| <2va a=0.
Ham s6 g(x) =3x*-x-1-f (x) lién tuc trén R va

g(0)=-1-£(0) < 0;g(1) =1-£(1) > 0; g(-1)=38-f(-1)>0.

Suy ra g(-l)g(O) <0 va g(l)g(O) < 0 nén phuong trinh g(x =0 ludn c6 hai

nghiém phan biét thude (~L1).

b) Vi |a] <2 nén g(x) =3x> —x 1~ £(x) 12 ham sb bac hai c6 hé s6 bac

hai duong.
Hon nira, theo ciu a) g(x) = 0 c6 hai nghiém phén biét thudc (—1;1).
Do d6 ham sb g(x) =8x*-x-1-f (x) ddng bién trén [1;+oo). |

Suy ra: g(x) >0,Vx € [1;+oo) o f (x) <3 —x-1vx>1.

. 2 '
Vafty:fé <3é ~é—1=3.
3 3 3
Cau 2.

ek \ 1
Tur gia thiettaco: x_ > 0,Vn e N*.pat — = V-

Xn

Tir cong thirc x4c dinh day (x), ta co:

N &
y,=2avay_ .=y, Jraﬂla2 +4ay_VneN
Nhan hai vé caa (1) v&i 4a va cong hai vé voi a?, ta duoc:

a’+4ay_, =a’+4ay_+4a’+ 4aw/a2 +4ay_ VneN

Piat u_ =.a®+4ay ,u_>0.
n n n

Tir (2) suy ra: u | = (u, + 2a)’vn e N*.

n+l1

Do u, >0VneN'vaa>0, taco(3) <:>un+1=un+2a‘v’neN* 1

cap sO cong c6 cong sai d =2a va u; = 3a.

Viyu =2an+a=y_ =a@®’+n)VneN

1 1(1 1
DX = ———— ] ——
" an(n+1) a(n n+1]

=8, =Yx, =l[1— 1 ]:>1imSn -1
‘ k=1 n+1

a a
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Cau 3:

Dung dudng thing qua C song song v6i AB cét PM tai L. AB cit CD tai J.
-, N e P NN
Dé thay ACPL can tai C (LPC = JMP = AML = PLC).

Gia st PM cit AC tai 1. Ta c6: AM _AM _IA O]
. - CP CL 1IC
. . : AQ TA
Tuong ty, ta cii A str: NQ cat AC tai I'. Ta cil ) = — 2
wong tu, ta cling gia sir: NQ ca ai a cling co CN - TC 2)
Tur (1) va (2) suy ra: % = % = [ =T' (chia trong doan AC cling ti sb)

= AC, MP, NQ ddng quy.
Tuong ty ta ciing c6: BD, MP, NQ ddng quy.
Vay AC, BD, MP, NQ déng quy tai L.

Cau 4.

Tir gia thiét: f(f(x) + y)= f(x* _ y)+ 8yf(x)((f(x))2 + yz),‘v’f(,y € R (D
Thay y = x* Véo (1): f(f(x) + x4) =f(0) + 8x4f(x)(f2(x) + xs),Vx eR (2
Thay y = —f(x) vao (1): £(0) = f(x4 + f(x)) — 8f2 (x)(f2(x) + f2(X)),VX eR (3)
Tir (2) va (3), ta c6: 16£*(x) = 8x*(x)(£2(0) + x* ), vx € R
2 .
= (f(x) - x4)f(x)(f2(x) + %xg + [f(x) + -;—X‘*) J =0,VxeR 4

Thay x =0 vao.(4) suy ra f(0) = 0.
Gia sir tdn tai a # 0 sao cho f(a) = 0. Ta chirng minh f(x) =0,vx e R
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Thay x =0 vay tiy y vao (1), ta dugc f(y) = f(-y).
‘Thay x=a vay tiy y vao (1), ta duge f(y) = fa* -y).
Suy ra: f(y) =f(-y) = f(a4 —y) =f(y-a*)VyeR

= £(f() = £(-£0) = f(a* + ), vx e R | (5)
va f(y*) = f(y* —a*),vy e R - (©6)
Thay y =0 va x tliy y vao (1), ta duge f(f (X)) = f(x*). @)

Thay y = a* vao (1), ta dugc .

F(E0) + at) = Fxt —a®) + 8a4f(x)((f(x))2 + as),VX eR (8)
Tur (5), (6) va (8) suy ra

FE®) = Fx*) + 8a4f(x)((f(x))2 T a*’),\/x eR )

Tix (7) va (9): 8a4f(x)((f(x))2 + asj =0=f(x)=0,vxe R

vatir (4), néu 3x, e R: f(x) # 0 = f(x) = x*,vxeR
Thir lai, ta thiy f(x) = 0va f(x) = x* 12 nghiém cta phuong trinh.
Ciu 5.

Pa thirc da cho duoc viét lai: P(x) = (x2°17 - x) + [ax2 +(b+Dx+ c]

Pat f(x) = ax® + (b+ Dx +c.
Theo dinh li Fermat nho: x.l2°17 -x,12017,vi=1,2,3
nén f(x,):2017,vi =1,2,3
Néu (x, — x,)(x, — x,)(x; — x,):2017 thi bai toan dugc chimg minh.
Néu (%, — X, (X, — X4)(x5 — x,) khong chia hét cho 2017 thi theo trén ta duoc:
f(x,) - £(x,)2017 |G, —x,)[a(x, +%,) + b+ 1]:2017
f(x,) ~ £(x,)2017 ~ |(x, - x,)[alx, +x,) + b +1]:2017
a(x, +x,) + b+1:2017 . ,
. = a(x, —x,):2017 = a:2017
a(x, +x,) + b +1:2017
Tir d6 suy ra, b +1:2017 ma f(x;) = alxi2 + (b +1)x, + ¢:2017 nén ¢:2017.
Tirdd, a+b+c+1:2017. ,
Viy (a+b+c+1)(x; —x,)(x, —X3)(x5 - x,):2017
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Cau 6. ;

O trang thi mdt déng c6 a hon dé, déng kia c6 b hon da ta dit twong tng véi
mot diém trén mit phing toa do (a,b) )

Theo gia thiét bai toan, dén lugt mot nguoi choi ndo d6 thi chuyén mot didm
(a,b) thanh mot diém (a - 1,b -~ i) trong d6 1<i<g min{a,b} , hoic diém

(2 ~1,b), hogc diém (a,b - 1), hosc diém ([—Z—}b) hoc diém [a[giD :

Néu ngudi choi nao chuyén vé diém (0,0) trude thi ngudi d6 chién thing.

Mbét diém (a,b) dugc goi diém “thua” néu ngudi nz‘u; phai chuyén diém nay,
luén Iudn tao ra diém ma ngudi choi tiép theo ¢6 chién thuat chuyén vé diém
(0,0). Piém nhu vay ki hféu laL.

Mot diém (a b) duge goi diém “thfmg” néu dén Iuot ngudi ndo phai chuyén

diém nay, luén tdn tai it nhét mét kha ndng dé chuyen diém d6 vé diém “thua”.
Piém nhu vay duoc ki hiéu 1a W.

Nhu viy, néu (a,b) 1a diém “thua” thi ﬁgudi di sau ludn c6 chién thuat théng. ;
Bai toan tr& thanh tim tt ca cdc diém “thua”. Bay git biéu dién tit ca cic diém
(a,b) trong d6 a <13,b < 8 thanh c4c diém W hay L trén mit phing toa do va
tim tat ca diém tuong tng véi L.

010

8aW
7 &l

[ lw Hﬂﬂ.ﬂ, by dwle bwlw s

012345678910111213
Dua vao hinh vé ta thiy cac diém théa man bai toan 1a:

(2.0)(5.0); (7,0):(11,0){4,1)5(9,1);(13,1);(0,2);
(3,2):(8.2):(11,2);(2,3)(7.3)(1, 4)(0,5)(0,7);(3,7);(2,8).
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TRUONG THPT CHUYEN LE QUY PON
| NINH THUAN :
Cau 1.
pit x = cosa, 0 < o < —.

Phuong trinh da cho trd thanh
1

32coéa(coszot - 1)(20052“ N 1)2 =1- cosa

2
< 32cos? a.sin? oc(2cos2 a - 1) =1 - cosa

5 8sin?2a.cos22a = 1 — cosa <> 1 —2sin®4a = cosa

2n
o=k—

&> cos8a = cosa & 8a = +o + k21 & 29 (k € Z)
aszu

Vay nghiém ctia phuong trinh 12 x = cos (k—zg-} hodc x = cos (kZ—;-) , (k € Z) .

Cau 2.
Tacox ,—1=x, (xn - 1) va X, =2 nén {xn} la day tang.

Ma x_ —1#0 nén 1 = 1 ——L.‘
o -1 x, -1 x,

Hay—-—l—-z 1 1 :}—1—-+—1—+...+—}-—:1— 1 T

1 X X, Xni1

Do d6 ta chi cin chitng minh:
SETIE USRS NP U PN PR RS O
2Zn—l x _ 1 2211 n+

n+1
Ta ching minh (¥) bing quy nap.

. r. 4 b4 k3 k’l k
Véin=1: (+) ding. Giasi 22 <x_,-1<2>.
. __ o2kl okl ok
Tacod x, ., — 1= xk+1(>(k+1 - 1) >2¢ 2 =2%.
Hon nira x <22k::>x ——1<22k—1
k+1 k+1 =

e Xk+2 —_ 1 = Xk+1 (Xk+1 — 1) < 221(,(22](” _ 1) < 22‘(4’1.

Suy ra 97" < X, ., 1< 92! = dpem.

220



Céau 3.
I~

T PBQ = PAQ
N N
va CBD = PAQ.

P
Suy ra: PBQ = CBD.

Hon nita

BCD = BAQ = BPQ
Nén ABPQ <> ABCD
BP R
BC R
Goi E = CD N BP,F = MD ~ BQ

Ta thdy tir giAc BDEF ndi tiép nén
N ~N AN T T

BDF = BEF va BEF = BCD = BPQ
- Suyra EF//PQ
Do BDEF nbi tiép nén phép quay Q( ) bién dudng thing CD thanh dudng
P N

voitisé k =

BCB

thing C'D' // EF.

Phép vitw V. \ (véi k = BP_ -R—) bién dudng thing C'D’ thanh dudng
A S B BC R |
thang PQ .
Cac tiép tuyén tai C va D cla (O') cit nhau trén AB, cac tiép tuyén tai A, B clia
(O’) cit nhau tai diém c8 dinh I va I ndm trén CD. '

Do d6 V(B’k) . Q(B,c/fp) (I) =dJ cb dinh nim trén PQ.
Cau 4.

Chi y réng f(x) > x, Vx.

That vay, néu f (y) <y voigiatriynaods, dait x =y —f (y) > 0.
Phuong trinh ham da cho tr& thanh f(zy - f(y)) =0 (v li).

Néu c6 y = f(y) , phuong trinh ham da cho tr& thanh £(y) = 0 (v6 li).
Ta s& chirng minh f(x) —x la don anh.

That vay gia sir f(x) -X = f(y) -y voix#y

=3 < f(y) =y+ f(x) = f(x+y) + f(y) =‘f(x+ y) + f(x)

= f(y) = £(x) = x=y (o1 |
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Tu phuong trinh da cho thay x =f (x) , ta duge

£(£(x) + £(v)) = £(£(x) + v) + £(3).

Hoan di x, y ta dugc ,

£y + £(x)) = £(x +y) + £(x) = £(£(x) + £(3)) ~ (£(x) + £(5)) = £(x + ).

Liy x +y =x'+y'

= f (f (x) +f (y)) ~ (f (x) +f (y)) =f (f (x') + f(y’)) - (f (x') +f (y')).

- Ma f(x) —x don anh nén f(x) + f(y) = f(x’) + f(y’ .

Chon X' =y' = x ; Y ,taco f(x)}f(y) = Zf(x;y].

Bay gid ta ching minh f don énh.

Néu f(x) = f(x+ h) voih>0=> f(x)+ f(x+ 2h) = 2f(x+h) = 2f(x)
= f(x) = f(x + 2h).

Bing quy nap ta co f(x + nh) = f(x),Vn eN

=0< f(x+nh)—(x+nh) = f(x)-x-nh,vneN (v4 i)

=>f (x) don anh.
Ta lai co f(f(x) + f(y)) = f(f(x) + y) + f(y) = Zf(f—(zx—)- + y].
W\ do tinh d6i xtmg nén f (f (X) + f (y)) = 2f [ﬂzz)- + x}

:>f(2x)+y:f(2y)+x :@—xzc (héngsé)af(x)=2x+2c.

Thay vao phuong trinh dé cho ta dugc ¢ = 0.
Viy f (x) =2x.
- Caus.

X+y+z+t=nyxyzt <::>(x+y+‘z+t)2 = n’xyzt
c>x2+2x(y+z+t)+(y+z+t)2 = n®xyzt

o x? +[2(y+z+t)—n2yzt}x+(y+‘z+t)2 =0 (*)
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e Diéu kién cin
Gia st (*) ¢6 nghiém. Goi (xo,yo,zo ,to) 14 nghiém c6 téng nhé nhét.
Khoéng mét tinh tdng quat, gia sir X0 2Y, 2%y 2t,.
: 2
Taco xg + [2(y0 +2,+ to) - nzyozotoJx0 + (y0 +2, + to) =0.
. 2
Do dé f(x) =x% + [Z(y0 +2z, + to) - nzyozoto]x + (yo + 2z, + to) =0
cé nghiém x = X, , Suy ra ¢6 nghiém x = x,,do do6
Jxo +X, = —2(y0 +2y + to) + nzyozot0
‘ 2
lxox1 = (yo + 2z, + to)
Do x,,y,,2,,t, 1a céc s6 nguyén duong nén X, nguyén duong.
Suy ra (xl,yo,zo,to) 1a nghiém nguyén duong ciia (*)
=X 22X, DX 22X, 2y, 272,21

= f(yo) 20

0% Y
2.
o yg + 2(y0 +2z, + to)yo - n2y§zot0 + (yo +24 + to) >0
' 2
= n’ylz t, <y + 2y, +2, + to)¥o + (¥o + 2o + t,) <16y}
= n’zt, <16 = n® < n®zt, <16.
Vay n € {1; 2;3; 4}.
° Diéukkién dua:
Vé6i n =1 phuong trinh x +y +z +t = 4/xyzt c6 nghiém (4;4;4;4).
Véi n =2 phuong trinh x +y +z +t = 2y/xyzt c¢6 nghiém (2;2;2;2}.
Véi n = 3 phuong trinh x + y + z + t = 3y/xyzt c6 nghiém (2;2;1;1).
V6i n =4 phuong trinh x + y + z + t = 44/xyzt c6 nghiém (1;1;1;1).
Cau 6. '
e V&imdin > xy.
Vi (x,y) =1 nén 3b, 0 < b < x sao cho by =n (modx).

X

’ n
bit a =:

eN=n=ax+by véi a,beN.

223



Theo diéu kién cua S, n € S,vn > xy
= T < {0,1,....xy} = T hitu han.
o Giast T= {tl,tz,...,tm} VO by <ty <o <l

Vit, ¢S nén haisdmva t, —m c6 it nhat mot s6 khong thude S véi

1<m< E‘—
2

Machic6 i —1 sb nguyén duong nho hon t, khong thuge S (d6 la ty,tgti )

nén B—i—}si—lnti <2i~-1:>§1;i <§(2i_1):m2 ?S(T)Sl'qz'

i=1
TRUONG THPT CHUYEN LONG AN
- LONG AN

Ciau 1.
Pt t =y -1 (t>0).
2 2 42 o4 _ 1
Khi d6 hé phuong trinh (1) trd thanh: xt” —t" -2xt =0 (1)
B +3x%t-6x2+t2-16=0 (2)

Nhan hai vé phuong trinh (1) véi 3 rdi céng v&i phuong trinh (2), ta duoc
phwong trinh:

(x+t)3 —3(x+t)2 -16=0 ox+t=4t=4-x.
Thay vao phuong trinh (1), ta dugc:

x° —6x?+16x-16=0 < x=2.Suyrat=2(nhin) >y =5.
Vay hé phuong trinh ¢6 nhiém duy nhét (x,y) = (2,5) .

Cau 2.
3+,/3ui+8un+9 )
- la ddy so duong va

un

u . :—3—+ ’3+—§—+—92—'>«/§,Vn>1.
Un un un .
Miit khac: un+1=—3-+ 3+-§—+i<—3—+ 3+i+—9—=A,Vn>l.
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Nhu vay (u,) 1a day sb duong va bj chin.

Xét ham sé: f(x) :§+ J3+—8—4€ﬁ-,x >0;
_ X x x2
£(x) :’—3~(—§-+§).—————1———<0.
x? x? %8 8 9
23+—+—
X x2
. Suy ra ham f(x) nghich bién trén (O;+oo) hay ham f(f(x))-1a ham ddng bién trén
(0;+oo) . ‘
Tacé: u ,, = f(uml) = f(f(un)),Vn >1.
Tir d6 suy ra hai day (u2k),(u2k+1) ¢6 gidi han hitu han. Goi hai giéi han d6 lan

lugt la a va b thi J§ <a,b<A.Tacé:

u —3+f3+8+9'u 3.+\/3+8+9
2k+1 — T g o Uggye T
' Ugy - Yok ng ? sk i1 Moy ng,q
a=3. f3+-g-+—“’-2— - £(b)
Qua gidi han, ta dugc hé phuong trinh sau: b
b =§+ ‘,3.+-8—+—%— = f(a)
. a a a

Do f(x) & ham nghich bién trén (0;+°°) néna=>o.

Nhu viy:

a:§—+"3+§+—%-:>az—3=\/3a2+8a+9'
a a g

< a@+1)@*-a-8)=0
1‘+w/£va:1-w/3—§
R

2

<a=0va=-lva=

1+w/§§

Do V3 <a,b < A nén (u,) ¢6 gii han va giéi han 6 I3 a =

Céu 3. : .
bat: ZEOF = 2a, ZGOH = 28, ZKOD = 2y thi:
OM = R.cosa,ON = R.cosp,OP = R.cosy .

Do #DOE = ZFOG = #HOK = 60°,
nén diém O thudc mién trong cla luc giac DEFGHK.




Tirdosuyra: o+ pB+y =90°,
Ap dung dinh li Césin, ta dugc:
PM? = R%cos®a + R%cos®y — 2R? cosoc.cosy.cos((x +v+ 600)
= R2cos’o + RZcos?y — 2R®cosa.sin(a + B).cos(150° - B);
- NP? = R%cos’B + R%cos®y - 2R2vcosB.cosy.cos(B +y+ 60°>

= R?cos?B + R%cos’y — 2R? cosB.sin(oc + B).cos(150° - oc).
Suy ra:
PM? - NP?
= R? [cos2 o - cos®P — 2sin(o + B).(cosa.cos(lSOO —B) - cosP.cos(150° - oc))]

= R? [cosza — cos?B + sin(o + P).sin(o — B)] =0.

Do d6 PM = NP va ching minh tuong tu ta duge NP = MN.
Vi vay tam gidc MNP 14 tam giac déu. '
Cau 4.

x2 +1

Choy=1 thi: f( ] = f(x) + (x—1)

: 2 2 ‘
<:>f(x)—-2x=f(x ”}2(" *1}
2 2

x2+1

biat: g(x) = f(x) — 2x thi g(x) = g( ) (1) thi g lién tuc.

Do g 12 ham sb chin nén ta xét trén [O;+oo) )
Végia 2 0, ta xét hai truong hop:
i)0<axl1

2
xn+1

Xét day s6 (x,) nhu sau: X, =a; X, = (n=012,..)

Vi 0 < x, <1, bang quy nap taduge 0<x, <1, VneN.

o <xi+1
Talaicé: x <x ., & X <

o (x, -17>0.

Tir d6 suy ra (x,) ting va bi chin trén nén c6 gi6i han hiru han

2
Goi limx, =1 thil= 1 e =1

Viy limx_=1.
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Tu do thé x boi X0, X1, --.,Xy Va0 phuong trinh (1) ta duoc

2 2 1
ga) = g(x,) = g[ﬁéﬂ] =g(X1)=g[X12+ ]:g(xz):..:g(xn)

= gla)=limg(x_) = g(1)
X
i)a>1
Xét day 56 (%n) xéc dinh nhu sau: X, = a,xmi = ,/2xn -1.

St dung phuong phap cia day truy hdi ta dwoc limx_ =1.

2
X, +1 .
Do x = “*12 » nén the x bdi xo, X1, ...,X, vdo phuong trinh (1) ta dugc:

x? +1 x2 +1
g(a) = g(xo) = g[ 12 =g(x1)=g 22 =g(x2)=...=g(xn)
= g(a):}{i_{gg(xn) =g().
Tirdé suyra g(x) =C,Vx e [O;+oo) va do g ham sb chén nén
gx)=C,vxeR
Suyra f(x) =2x+C.
Thir lai ta thdy ham sb f(x) = 2x + C thoa man bai toan.
Cau 5.
Vi e NA = 22 _1 = (22“"‘ - 1)(22"‘1 " 1) - (22“‘1 " 1)(22“"2 N 1)...(220 + 1)

k k-1 /
A=9? -1:31_111(22 +1)

ok-1

A:(2 +1)—2

Goid = (22’ +1,22" +'1) —2d=d=1d=2

Ma 2% +1,2”" 11 l¢nénd =1
~ Do d6 céc sb 2% + 1(1 =1—,k—:1) nguyén td cling nhau nén theo dinh 1i s§ du
Trung Hoa, tén tai s6 nguyén ¢ sao cho:
c- & ‘(muf",zl +‘1),Vl = rl_{_j

—ctil= (22' + 1)(mod22’ + 1) =2 +122 4 1vi=Lk-1
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Do do:
3(c? + 1A = 81c? + 8LA = Ine Z:(9c) +81 = (e —1)
—(9¢) +3=n2% —n-"18.

2, . A A s 4R 2013 XY
Viy khong thé ton tai sO nguyén n nao dé n.2?2" ~ — 178 —nla so chinh phuong.
y g Y p

Cau6‘

a) Gid sir con rén 6 n cai diu. Néu dung thanh kiém 1 hodc thanh kiém 2 thi s&
dAu con rén s& thay déi la n-—21 hodic n — 4 + 2013 = n + 2009 tirc la ting hodc
giam mot dai luong 1a boi sb cia 7.

Ma 100 thi chia 7 du 2 nén hoang tir khong thé ctru duoc cong chua.

b) Gié sir ban du c6 x céi dAu va sau khi chat con lai y cai diu rén thi ta co
phuong trinh:

x—21u+2009v =y
:>x_—y=21u—2009v.
Khi d6 x — y la sb chia hét cho 7.

TRUONG THPT CHUYEN LUONG VAN CHANH

PHU YEN

Cau 1.
pidukién x> 1.
Phuong trinh thir nhét duoc viét lai theo x
X2+ (y>+2x-2y° —4y* -4y =0 (1)

Taco: A = (y2 +2)* + 8y® +16y” + 16y = (y2 +4y + 2)%.

Do d6
‘ . \
X:—y 2+y +4y+2:2y
W o - 2 g |
x= 3 = ‘; —AY T2 g2 2y -2< -1 (loai).

Thé y = —)25 vao phuong trinh thir hai, ta dugc

3(&—1+§[2x+4)=x2;2g+9 Q).

Ta chirng minh
x2-92x+9>2x+5 (3)
S, Vx2>1.
s(Wx-1+¥x+4)<2x+5 @

That vay, (3) & x® — 4x +4 > 0, déu biing xay ra khi va chi khi x = 2.
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(4)@3(«/x—1+§/2x+4)—2x—5<0.

Bit £x) = 8(Vx—1+ Y2x+ 4)-2x-5.

r ' 1 2 X A ' ‘ \ *a A

Taco f'(x) =3 + — 2. Dé thay f'(x) 1a ham giam trén
2Wx -1 33(©@x+4)

khoang (1;+00) va f'(2) = 0 nén f'(x) = 0 c6 nghiém duy nhit x = 2.

Do f'(x) lién tuc nén ta c6 bang bién thién
2

400

X 1

f'(x) - 0 — '
" /0 \

Dua vio bang bién thién, ta c6 f(x) <0, Vx > 1 tirc (4) thoa man va diu bing

xdy ra khivachikhi x =2.
Vay (2) c6 nghiém duy nhit x = 2 va do d6 hé c6 nghiém duy nhét (x;y) = (2;1).

Cau 2.
X

Xét ham s6 f(x) = — + =,
2* 2

o 1.1 1 < X
Taco f(x)=§1n§+—,f(x)=0<:>2 =2In2 & x =x;, =1+log,In2.

Ta c6 bang bién thién
X —00 0 X0 1 —+00
f'(x) - 0 +

f(x) |
x‘\l .1/'

\YO/

Dua vao bang bién thién, ta c6 x, =f(a) >1 via<0,khi x>1 thi f(x)>1

nén x >1,Vn>1.
Talaicod f'(x) = —}—-ln1+lé (O;l) nén tf’(x)! <}-, Vx >1.
2x 2 2 2 2

Theo dinh li Lagrange, tdn tai ¢ > 1 sao cho
J£G0 1| = [0 — £ = £0x 1| < %lx ~1), vx > 1.
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57,1‘.?|X1‘1|’ vn>1.

Theo dinh li kep ta 6 (x,) hoituva limx, =1,
Cau 3.

Do dé’ |xn - 1| < —;—lxn_1 - ll <..<

A

Goi H 14 giao diém ciia cac tiép tuyén clia (0,) taiMvaN. Tacé H la cyc cua
duong thing A dbi voi (0,). Do A ludn di qua A ¢b dinh nén H luén chay trén

dudong thing m c6 dinh 1a d6i cuc ca A ddi véi (O,) .

Miit khac, goi f 1a phép vi tutdm T ti s6 k = —ﬁ-g- .

1

Tac6 £(O,) = (0,) vadods f(M) =P, f(N) = Q, suyra f(H) =K.

Do H ludn chay trén dudng thing m 6 dinh nén K ludn chay trén dudng thing
cd dinh n = f(m).
Cau 4.

Ta cé f(—x) = f(x), Vx € R, nén f chan, vi vay ta chi can x4c dinh f(x) véi
x20.

Truong hop 0 < x < 3:

Xétday (x,) voi xg =x vax , = ,/xn +6.

Bing quy nap (hodc ding ham f(x) = Vx + 6), ta chimg minh dugc (x_) ting
va bi chan trén (bdi 3) nén ton tai o = limx .

Tir cong thirc truy hdi, suy ra o = 3.
Khi d6

f(x,) = f(x,_, +6) = f(x, ) = ... = f(x;) = £x). (1)

Do f lién tuc, nén tir (1), cho n — o, ta dugc f(x) = £(3).
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Truong hop x > 3:

Xétday (x ) v6i X, =x va X, = ,/xn +6.

Chiing minh tuong tu, ta c6 limx_ =3 va f(x) = £(3).

Suy ra f(x) = f(3),vx > 0.

Vay f(x) = C, Vx € R, v6i C 1 hiang s6 tiy y.
Cau 5. ,

Véi p = 2, thoa mén bai toan. Gia si tdn tai s6 nguyén t6 p > 8 sao cho m 1a
s chinh phuong, tirc ton tai a € Z* sao cho p*** +(p +1)P = a?.

Bl ol

Khidé: (a+p 2 )a—-p2)=(p+1)P =Quv) =2Pufv?, e

trong d6 p +1 = 2uv voi (u,v) =1.

Ta ¢6 nhin xét sau:

prl B+l
*a+p? via—p 2 cingchiahétcho2 nhung khdng cing chia hét cho 4

bt 2t )
(vi néu (a+p?)=(a—-p?)=0(mod4) thi 2p ? = 0 (mod4), suy ra
P2); (2
2 prl ‘
*a+p?2,a-p 2 chicéudechung thatsyla?2

p+l
(vi tuong ty nhu trén, néu d > 2 1a udc nguyén td chung ctia a+p 2 va
1 prl ’
a-p 2 thi2p 2 :d suyra pid). (3)
prl e
Tu (1), Q) va(3),taco a+p 2 =2"'uP,a—p 2 =2v® (hodc ddi lai),
p+1

suyrap 2 = |21"‘2up —v"l tac 12 2°72uP = vP(modp).
Ma theo dinh 1i Fermat nho thi v
u® =u (modp), v* = v (modp), 2°" = 1(modp) nén u = 2v (modp).
Laido p+1=2uv nén u,2v<p,viviy u =2v,suyrau=2v=1
(vi (u,v) =1), p = 3. Diéu nay din dén a® = 145 . Mau thuan.
Vay m khéng 1a sé chinh phuong.
Cau 6. ;
C6 tht ca 1a 2" tap con cia E. Suy ra s cac cip (A, B) céc tap con ciia E 14 27.2" = 4",
Ta dém sb cac cap (A,BymaAcBhoicBc A.Tacod
[{(A,B))AcBhoicBC A}
=|{(A, B)] AcB}|+|(A,B) B A} - [{(A, B AcBvaBCc A}|. -
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RG rang: {(A, B)]Ac BvaBc A} =|{(A, B)]A=B}|=2"
Pé tinh [{(A, B)| A < B}/, ta li luan nhu sau: Néu B|=k (k=0, 1, ..., n) thi cb

Ci cach chon B. Sau khi B dugc chon, sé& c6 2% cach chon A. Suy ra
I {(AB)| A c Bl = ) Ci2* = 3%
‘ k=0 )

Tir d6 déap s chia bai toan 1a 4" — 2.3" + 2",

TRUONG THPT CHUYEN L TU TRONG - CAN THO

Cau 1.
Dét:a=\/;;b:\/;.
J;+J—k;+2(a2+b2)=4+2ab

a(J3a2 N 6ab) + by3b® + 6ab = 6

Hé phuong trinh tré thanh:

Tir phuong trinh thi nhét, 4p dung bat déng thiic AM — GM ta cé:

a(«/3a2 N Gab) +bV3b? + 6ab > 2yaby3a” + 6ab/3b? + 6ab

>9 ab\/9a2b2 +18ab(a® + b2) + 36a’h’

> 2,[ab,[9a%b? + 36ab(ab) + 36a’h? = 6ab.

Suyra ab<1 (1)
Pé y ring:

av9a+/3a + 6b . by9b+/3a + 6b
3 3 )

Ta lai ¢6 theo bit déng thitc AM — GM thi:

a«/—9;w/33 + 6b . b\/égwk‘}a-k 6b < 12a? + 6ab N 12b? + 6ab
3 3 -

6 6

a(\/ 3a® + Gab) + bV/3b? + 6ab =

= 2({:12 +b? + ab)

Vay tasuy ra: a + b? + ab > 3.

Ma ab < 1 nén a? +b2v> 2.

Tr phuong trinh thir nhét ta c6: 4 + 2ab > v/a + Vb + 4 > 24/ab + 4.
Vay suy ra: @2%@@21,hay ab>1 (2)
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Tu (1), (2) = ab =1, tir cac diu bang ctia bat déngthtctacé: a=b=1.
Vay nghiém cta hé phuong trinh 1a: (x;y) = (1;1).
Cau 2.

q I S

an+1 < an+1 n

p+q bp+q
q

+

Gia thiét duoc viét lai: a,.,

bit ] = .Tacd0</<1vadiat bn=an+1+ a =a_ , +la
P+q p+q
Ta c6 (by) bi chan va don diéu nén tdn tai limb, = b.
bat b=a + q,a=a+la
p+q

Do lim (b,) =bnén V £> 0 tdn taing € N sao cho vGi moi n > ng ta ¢é:
'b B bl 8(1 l) .
Vay 8(12— D >| wtla —a —la|= (a,,, —a)+/(a, - a)l

>l ~a| —llan ~a,

Spy ra |an+1 - al

Tur d6 dan dén

—al<1_la+1 1_la+l
2 2

ano +k

ano +k-2 al]

<T(1+l+ 5 1)+lk' no—al

Vio<7<1nén lkla —al <& \sikdalén
no 2

Vay |a, - 8| <& voin di [6n hay lima, = a.
Vay (a,) 1a day c6 gidi han hitu han.
‘Cau 3.
Kihiéu S la dién tich.
Ta co: OA _Syoc _ Suos _ Saoc +Saon
Sppe S S

ABD .. ABC




OB _ Soap +Sose . oC _ Sonc *+Sosc

Tuong tu: ;
BE S.nc CF SIS
SuyraOA+OB+OC£2hayR—1— ——1-—+——1—— =
AD BE CF AD BE CF

(V6i R 14 ban kinh dudng tron ngoai tiép tam giac ABC)
Tur d6 ap dung bét ding thirc Cauchy - Schwarz ta dugc:
1 1 1

2(AD+BE+CF)=R(——-—+———+——~)(AD+BE+CF)>9R.
AD BE CF

Ma trong tam giac ABC, v6i tam dudng tron ndi tiép I ban kinh r;
tam dudng tron ngoai tiép O ban kinh R, ta ludn’c6 cong thirc Euler
OIZ =R? - 2Rr,tddosuyra R > 2r. ‘
Viay AD+BE+CF>9§->91”.
Déu déng thirc xy ra khi va chi khi AABC déu.
Cau 4.
Chox=y=0=f(0)=0.
pit gx) = f(x) - x*.
‘Taco g(x) lién tyc, g(l) = -2 va g(x+y) = gx) + g(y) vVx,y e R.
Suyra g(x) =kx VxeR.
Ma g(1) = -2 nén .k = -2.

Do d6 f(x) = x* —2x VxeR.
Thir lai thAy thoa man bai toan.
Cau 5.
e Néu 2 trong 3 sba,b,c b%mg nhau thisuy ra 3 sba,b,c béang nhau.
‘e Do viy tacothd giathiétazb=c=a |
Lan luot trir vé theo vé cac dang thirc ta co
a'—b"=-p(b-c);
b"—c"=-p(c—a);
c"—a"=-p(a—b).
n n n n n n
a”-b .b —c'c’-a -t ()
a-b b-c c-a
% Néu n 18 thi 2" — b va a — b clng déu, suy ra VT(1) > 0 trong khi VP(1) <0,
vo li.
* Vay n chin
Goi d 1a uéc sb chung 16n nhét coa cac hiéu:a—b,b—c,c—a.

Vay suy ra
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a-b=du
Vay <b-c=dv v6i(u,v,w)=1vau+v+w=0.
c—a=dw
Do a"—b"=—-p(b-c)suyraa-b|p(b-c)
Tuong tw b— | p(c —a) vac-a| p(a—b)
ulpv
Suyra <v | pw
w | pu

* Gié str rang p khong chia hét ca u, v, w.

Suy ra u|v; v|w va w|u thé nhung do (u, v, w) = 1 suy rajul = v = |w| =1,
diéu nay lai mau thun véi u +v+w=0.

Viy c6 diing 1 trong 3 s6 u, v, w chia hét cho p, ching han plu suy ra u = p.u;.

u v
Tuong tu nhutréntacd {vlw
wlu,

Vanhu vay ta co |u)| = |v| = |w| = 1.
Ding thic pu;+ v +w =0, suy ra p chin nghia la p = 2.
Nhu thé v+ w=—2u; =+ 2 din dén v=w=(tl)vau=-2v.
Suyraa—b=-2(b-c¢)
Hon nita do n chin, n = 2k (k e N¥) :
Tira"—b"=~p(b - c) suy ra (a“+ b*)@" —b")=—2(b-c)=a—b.
Do a* —b*ia —b nén a* + b* phai bing +1.
Do d6 diing 1 trong 2 s8 a, b phai 16 ma a— b =—2(b —¢) 14 chin nén méu thun.
Vay khong thé xayraa#b#c=a
Dodéa=b=c (dleu phai ching minh).
Cau 6. - ;
Goi x, 14 s6 day c6 do dai bing n =2m + 1. Véi mdi day ¢6 d6 dain=2m + 1
- (me N) taco:
1. Neu day do thoéa man diéu kién thi ta ¢6 3 céch thém 2 chir cai gibng nhau

vao cubi mdi day dé thu duoc cac day c6 d6 dai n + 2. Vay c6 3x, day co do6 dai
n + 2 thoa man diéu kién dé bai.

2. Neu day do khong phai la day thoa méan diéu klen dé (c6 3" — x, day), tuy
nhién s6 lan xudt hién cua A, B, C khong the déu 1a sb chan nén s€ co6 2 chir cai
xuét hién s6 chin 14n va 1 chir cAi xuit hién s le lan trong mdi day nay. Thanh thir
ta ¢6 2 cach thém 2 chir céi (cac chir cai ¢6 sb 1an xuét hién 1a sé chan) vao cudi
céc day ndy dé duoc day cé do dai n + 2 théa man didu kién dé ba1

Vi véy: Xnp=3x, +2(3" - x,) = x, + 2.3".

Dé thiy x; = 6
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m

g3 (1 . (32)m~1)

3 2 3 om 27
va x‘2m+l - X, = é(xzm - x2i_1) - 222:32 1_9 — _ _4_.32 ot
suy A Xome1 = %(32“1 - 1) .

A 3
Vay Xq515 = 2(32012 - 1).

TRUONG THPT CHUYEN PHAN NGOC HIEN

CA MAU
Caul.
Piéu kién ‘xl>1.Tacé
1+ ! ———35<:>x+ X ~—3—§
x? -1 12x Vx? -1 12
) v
u=—
Pit X
x* -1
vV =
X
w?+v?i =1
Ta cé hé phuong trinh: <1 1 35
..._+__.::——-——
u v 12

Pit S=u+v; P =uv (diéukién S%2 4P > 0)

§2-2P =1 s:'].

(*)e<ig 85 © 512 (thda min)
22 p_12
P 12 5
= u,v la nghiém phuong trinh X% - —7—X + 12 0
5 25
N T S
< g = g = g
X = — u=-— X = -
5 5 3
A . T 5 | 5
Vay phuong trinh c6 hai nghiém x = 1 va X = 3
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Cau 2.

Tacha - 20! _ 123.(2n) _185.@n-1)
" @h2.2®  (24.6..(2n)° 24.6..2n)
a2 - 12‘.32‘...(2];1—1)2 . 12.3%..(2n - 1)? N
92242 (2n) (22-1D@E-1)..(@n)% -1
12.3%..(2n - 1) 1

T13385.@n-D@2n+1) 2n+1

—~0<a < = lima_=0. N

1
" fmal mowe

+ Ta s& chirng minh lim x* =1, that vay:
x—0*

1 1
V(’riO<x<1,tada§t[}—}:m:>0<m<l<m+1:> <X —
X D m+1 m
1 1
= <x® <x* (vi0<x<1) 2)
Ym+1

Ap dung bt ding thirc Cauchy:
1+l+t+levm+1l+Vvm+1>m¥m+1

m-2 s0
1 m
= > 3
¥Ym+1 m-2+2Vvm+1
m . X
+ T (2), (3) suy ra = - <x*<1= limx* =1 4
m-2+2Vm+1 x>0t

+Tur (1), (4) suy ra lim X = lim (201331, .anan) =1.

n—»+o

CAiu 3.
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Ap dung dinh 1i Ptolyme cho tir giac noi tiép CA,BA , ta dugc:
CA,.AB +BA,.AC = BC.AA, o

CA, BC
AA, AB+AC

Vi BA, = CA, nén CA,(AB + AC) = BC.AA, va

A1A2 — AIAZ
BA, + A,C 2CA,

Ngoai ra ta co:

: A A CA
Mit khac, ACA A, <> AACA,, nén suy ra: 2(13AZ = 5 AA22 .
A
Tir d6: Ay _ BC (1
BA, +A,C 2(AB+AC)
} B.B
Tuong tu: By ___AC (@)
CB, +B,A 2(AB+BC)
C,C :
12 AB (3)

AC,+C,B_ 2(AC+BC)
Tir (1), (2), (3), cong vé theo vé, ta c6:
A1A2 + B1B2 + C102
BA, +A,C CB,+B,A AC,+C,B _
___BC . AC | AB
2(AB+AC) 2(AB+BC) 2(AC+BC)

Ap dung bét déng thirc Nesbit cho 3 s6 duong AB, BC, AC ta ¢6 bit déng thirc
can chirng minh.
DAu ding thirc xay ra khi va chi khi AB=BC=CA.

Caud.
bat a = 2012 (O<a<l).
- 2013
Ping thirc trén duoc viét lai: f(x) - 2f(ax) +f (a?x) = x? m

+ Tir (1), 14n luot thay x bdi ax, a’x, ...,a"x ta duoc
f(x) - 2f(ax) + f(a®x) = x*
f(ax) — 2f(a®x) + f(a’x) = a’x®

f(a?x) — 2f(a®x) + f(a*x) = a*x®

f(a™x) — 2f(a™'x) + f(a*%x) = a®x>
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Cong vé theo vé cac ding thirc trén ta duge
' 1-— a2n+2
f(x) - f(ax) + f(a™'x) - f(a™?x) = _.I_.TX%
—a

V6imdi x € R, cho n — +o0, v&i gia thiét £ lién tuc tai x = 0, ta duoc:

f(x) - f(ax) + f(0) - £(0) = 1 - x2
—a
X2
hay f(x) — f(ax) = i——-——z-,Vx eR _ 2)

+Tur (2), 1an luot thay x boi ax, a’x, ..., a"x ta duoc

f(x)—f(ax) = 5
' 1-a

a?x?

a4X2

f(a?x) - f(a®x) = .

f(ax) - f(a%x) =

2

a2nX2

f(a"x) - F(a™'x) =

1-a?

2n+2
Cong cac ding thuc trén theo vé, ta c6 f(x) - f (a™'x) = %1_&12_)?}(2 .
(1-a

Véimdi x € R, cho n — +w, v&i gia thiét £lién tuc tai x = 0, ta dugc:

£(x) — £(0) = —
« a

x? = f(x) = ———1————x2 +f(0),vx e R.
—a (1___ 2)2

2)2 a

x? .. 2012
+b, voia =
2y2 2013

Viy f(x) =
1-a

Cau 5.
x® +9y? + 92+ 23 = 2013 © x° + 9y® + 9z = 1990.
1990 =1 (mod 9)
=x% =1 (mod9) = x =1 (mod 3).
Vi 18% = 2197 > 2013 nén x = 1;4;,7;10.
Néu x<7,tacod ,
x3 +9y% + 92 < 7% +9.7% + 9.7 = 847 < 1990.

' Dodé x=10=9y%+92=990 < y* +2z=110 & z=110-y>.

, b = £(0) € R. Thir lai ta théy thoa mén.
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Miz<y=110-y?<y=>y>+y-110>0

:y 10
y<-11

=>y=10(viy=0)
=z =10.
' Vay nghiém phuong trinh da cho 14 (x;y;2) = (10;10;10).
Ciu 6.

Ta chirng minh b dé: Trong 5 diém A, B, C,D,E bt ki trén mit phing va khong
¢6 3 diém nao trong chiing thing hang, thi ludn tdn tai 4 diém lap thanh mot tir gide 16i.

That vay
Ta xét hai truong hgp

+ Néu bao 16i G cua 5 diém trén 12 tir gidc, gia sir la tir giac ABCD thi 4 diém
ABCD l4p tharih mot tir giac 16i.

//\\V

A

C

+ Néu bao 16i G ctia 5 diém trén 14 tam gidc, gia s tam gidc ABC. Khi d6 2
didm D, E nam trong tam glac DPudng thing DE khong di qua bét cir dinh ndo cia
tam giac ABC vi khong c6 3 diém nao trong 5 diém trén thang hang. Do do6, dudong
thing DE cét hai canh cta tam giac ABC, khong lam mét tinh téng quat ta gia sur
dudng thing DE cit hai canh AB, AC ctia tam gidc ABC khi d6 4 diém D, E, B, C
lap thanh tir gidc 16i. A

Giai bai toan

Trude tién ta xét 5 diém bit ki, khong c6 3 dlem nao thang hang, theo bd dé trén

(5 3)5-4) _
2

ta c6 4 didm trong 5 diém trén 13p thanh tir gidc 16i, tic 1a co =1 ti

giac 16i duoc tao thanh, vy bai toan dugc chiing minh véi truomg hop n=5.
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Xét n diém, v6i n > 5, vi khéng c6 3 diém nao thing hang nén so cach chon ra

5 diém bét ki trong n diém trén 1a;
nn-1)n-2)n-3)(n-4)
120 ‘

C’ =

Ta thay tuong Gng timg cach chon ta dugc it nhit mét tir gidc 18i. Tuy nhién, bét
ki ttr gidc 15i nao trong sb do ciing ¢6 thé dugc lap tir (n - 4) tap hop khac nhau

gom 5 diém noi trén, do vy cé it nhat:

1 o n0=D0-D0-8) 0 ise 13i duoe tao thanh tir » didm da cho.

n-4 * 120
Ta cén chirng minh: n(n - D(n - 2)(n - 3) > (n - 3)n - 4);‘Vin >

120 2
onn-1)n-2)260n-4) onn-1)n-2)-60n-4)>0VYn>6.

Ta co:

n(n -1)(n -2) - 60(n -4) =n® - 3n% - 58n + 240 = (n — 5)(n — 6)(n + 8)

Lap bang xét dau:

n —0 -8 5 6 +00

n® — 3n? — 58n + 240 - 0+ 0 -0 +

Dua vao bang xét dau ta thiy:
n(n Nn-2)-60(n-4)>0;vn>6.

Vay sb tir giac 16i c¢6 dinh ndm trong s6 n diém da cho it nhit la:
.(n-3)(n-4)

9 ,voin >4,

TRU’ONG THPT CHUYEN TRAN HUNG PAO
| BINH THUAN
Cau 1.

3x2-1) 3x% -1

T phuong trinh thir ba ctia hé, taco y =

bit x = tano,p (—%;—;—) = cos@ # 0. Suyra y =tan3¢ — tang.

Tur phuong trinh thir nhit ciia hé, ta c6 z =

Tir phuong trinh thir hai cta hé, ta ¢
X +y* 42" -2xy -2xz+2yz=1+x> & (y+z-x)? =1+x°.

-2x(x% +1) x3 - 8x -
—_— o X+y '
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Thay x, y,z vao va bién ddi ta dugc cos5p = icbs(—;— - 60)

Giai hai phuong trinh, déi chiéu diéu kién ¢ € (—%;12‘-), ta duoc 10 gia tri ¢

théaméinla ¢ = + _Zt_+§1t_+5_1t+7_n gﬁ

2277227227 227 22
Véy hé phuong trinh da cho c6 cac nghiém la

(x,y,z) = (tanop,tan3¢ — tano,tanoe - _T_l__) ,
sin6¢

+37: +51t T +97t

Trude hét ta chimg minh x_ € (0,—;—) Thatvdy x, =x, =1¢€ (O;E).
R PN
Giasirddco x, e (O;E}Vk <n

2 .
Khids x <= %] +22 % ax >0,
. »1 “5pl2) 5 2 ™

Theo nguyén li quy nap tasuyra x_ € (O;—;-J, VneN*.

Xét ham: f(x) = 3x2 +?—7£sinx ~X,X € 0;E .
51 5 2

‘Taco: fF(x) = —%—x+—2—7£cosx -1, f'(x) = -i - —2—1£sinx.
b 5 b 5

" . 2 .2
Suy ra f (x) =0 < sinx = — = X = X, = arcsin—
T T

Dodé f'(x)>0 véi x e [O;X(J vaf (x)<0voixe (xo;—g-)

wfO) =2 106223
5 2 5

. n , \ A . s 2
Tir d6, do tinh lién tuc cta f'(x) suy ra ton tai X, € (xo;—z—j de f (x;) =0,

va f'(x) >0néu x e (O;Xl); f(x)<0néuxe (xl;g)_
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Do £(0) = f@ =0. Suyra f(x) >0,V x e (o;g)

Bing quy nap chimg minh rang (x,) 1a ddy khong giam, bj chin béi 1 < X <

B‘ N R

Dit a = lim x thil<acx -5 LAy gi6i han hai ve tir céng thic truy

n-—>-+o0

dugc a = —2-32 + gTESina héy f(a)=0.
- 5n 5

Tir nhén xét f(x) >0, Vxe( —) vaf(O) f( j Otadu’c_xéazzzz—.

Cau 3.

B I - _ o
Goi X la giao diém cta Al v6i GI, M 1a trung diém BC.
Ta c6 phép vi tu tim M, ti sb 3, bién AGB,C, thanh AABC.
Suyra === -2
LM
Ap dung dinh li Menelaus cho tam glac IGM véi cat tuyen AXI,, ta co:
11 I I
XG a :A__l\il_l XI AM :§(_‘2) _3
XI IaM AG XG AGIM 2
YI 71
Tuongtu, goi Y, Z 14 giao dlem cta Bly, CI, véi IG thi ta c6 E = e = =3,
YG ZG

Vay X=Y=2Z hay Al,, Bl,, CI, dong quy tai mot diém trén GIL.
Ciu 4.
Trong (1) thay x boi x —y vay boi x +y ta co

f'(x) = f(Xer)—f(x_y)Vx,y e Ryy ¢O 2)
2y . ,
fx+y)-f'x-y)
2y

= f"(x) =

Vx,y € Ry #0
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Do (2)nén f'(x+y) = f(x +2y) - f(x)

2y
Vé fv(x_y) — f(X)_f(X—zy)
2y
= f"(x) = flx +2y) - 2:()2{) + £~ 2y) vx,ye Ry =0 (3)
y
L ) £'(x + 2y) - 2f'(x) + f'(x — 2y)
4y2
_1 [ £(x + 3y) - f(x +y) fx+y) —flx—y) f(x~y)—f(x—3y)]
4y?| 2y 2y 2y

_ ‘g‘l“:?(f(x +3y) - 3f(x +y) + 3f(x — y) - f(x - 3y)) Vxy eR;y #0 (3)
y

Mit khac theo (1) ta lai c6 f(y) - f(x) =(y - X)f""_(xg %)

—f(x + 3y) — f(x — 8y) = 6yf'(x) va fx+y)-f(x-y) = 2yf'(x)
Thay vio (3) = f"(x) =0, Vxe R = f'(X)=a, VxeR

= f(x)=axtb, Vxe R = f(x)=-;—ax2 +bx+c, VxeR.

Thi lai ta thiy théa man. Vay f(x) = %axz +bx+c, VxeR.

Cau 5.
. k-1 k-1
Néu k13 uéccia 32 +1 thitacd 3 2
< 3"'=1(mod k) (2)
Goi d 1a bac cta 3 theo mod £.

=1 (mod k) N

k-1

2

Tir (1) va (2) ta ¢6 d 12 woc cha k — 1 nhung d lai khong chia hét

= d =k — 1=k 1a s6 nguyén tb.
Nguoc lai, néu k 1a s nguyén td.
Ta c6 k 12 sb nguyén t6 dang 47+ 1 nén theo luat tuong hd Gauss ta c6

25
k 3
Ma k=2 (mod 3) nén (—g) =(§) =—1 (do 2 khong 1 s6 chinh phuong mod 3).

k-1 k-1

T dosuyra 3 ? =—I(modk) <32 +1=0(modk), dpem.
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Ciu 6.

G01 S, 14 s6 cach chon ra mot sb nguodi tir 2n ngu‘on xép thanh 2 hang doc va 7,
14 6 cach chon ra mot sb ngudi tr 2n — 1 ngudi xép thanh 2 hang doc, trong do6
khuyet mot chd & ddu chia mot hang. Tac6 $1=2,T,=1.

1 3
2 4
Hinh 1. S, v6in=>5

1 2
3

Hinh 2.7, vé6in=>5

) Xét2n qu'bi xép thanh 2 hang doc (nhu hinh 1). Ta xét cac cach chon théa man
dicu kién dau bai. Xay ra cac kha ning sau: ‘

1) Ngudi & vi tri s 1 duoe chon: Khi dé ngudi G vi tri s62vasb3 khong dugc chon
= CO6 T, + 1 cach chon (+1 1a do bd sung cach chon ngudi vi tri sb 1 va khong
chon gi nita ca)

2) Ngudi & vi tri s6 2 duge chon: Tuong tw, ¢6 T, + 1 cach chon.

3) Ca hai nguoi & vi tri s6 1 va sb 2 déu khong dugc chon: Cé S,,.; cach chon.

Vaytacod S, =S, +27,,+2(1).

Xét2n—1 ngum xép thanh 2 hang doc (nhu hinh 2). Ta xét cac cach chon thoa
min diéu kién diu bai. Xay ra cac kha ning sau:

1) Ngudi & vi tri s6 1 duge chon: Khi d6 ngudi & i tri s6 2 khong dugc chon
= C6 7, + 1 cach chon

2) Ngudi o vitri s 1 khong dugc chon: C6 S, cach chon.

Vaytaco T, =S,..+ T, + 1 (2)

Tu (1) tasuy ra 27, =S, - S, — 2, 2T, = Sy1 — S, — 2. Thay vao (2), ta duge
St =8, —=2=28,.1+8, - S —2+2
Spr1 =28, + S, + 2.

Tir déy gidi phuong trinh sai phan ndy tim dugc

g =(1+\/§)"+l+(1—‘\/§)"+1—2
2

n
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TRUONG THPT CHUYEN NGUYEN BINH KHIEM

VINH LONG
Cau 1.
X 2 ,
Trudce hét, ta s& chirng minh sinx > x———é—,cosx >1-—2— ,véimoi x =>0.

Xét ham sb
| , ,
g(x)zcosx——l—}——{z—,x >0=g'(x)=—sinx+x=g"(x)=1—cosx >0.

Do d6 ham g’(x) ddng biénva g'(x) > g'(0)=0 nén g(x) ciing dong bién,
suy ra :

2
g(x)>g(0)=0, tirc la cosx 21—%—,Vx >0.

Hon nita, néu xét ham so
3

. 2
h(x):sinx~x+3“6—,\/x >0=> h'(x)=cosx—1+

x
~— 20 nén day ciing la
. ! . x3 ‘
ham dong bién; suy ra h(x) 2 h(0) =0, tic 1a sinx > x ——g—,Vx >0.
Hai bét déng thirc trén dugc chimg minh.
Trd lai bai toan, phuong trinh 43 cho tuong duong véi

(x* +D)sinx =14x—x° —33x+1.
Xéthamsé f(x)=(x" +Dsinx—1—x+x’ +¥3x+1,xeR.

. 1
Tacd f(x)=2x.sinx+ (x> +1)cosx —1+5x* + ——=,
: Y Bx+1)
ta s& chimg minh ring:
(%) > 2x.sinx+ (x> +1)cosx—1+5x* >0.
Bidu thirc nay khong di khi thay x bdi —x nén ta chi cn xét x>0, khi d6
theo nhén xét trén thi

2x.sinx + (x” +1)co‘sx——1 +5x*

3 2 2 4
X 5 X . Sx°  25x
>2x(x——)+ (" + D)1 ——)—14+5x" =—+
> 2x.( 6) ( X 2) > 6 7
Suyra f'(x)>0 nén f(x) la ham dong bién, ma £(0) =0 nén phuong trinh
da cho c6 nghiém duy nhitla x =10. :

20

246



Cau 2.

Tacod x, =4. Tiép theo, véi moi n >4, tacod
XX =% 4x x o 4+x vax. X ,=x4+xx _ +x
n*n-3 = “n-1 n-1""n-2 n—-2 n+1%n-2 = n n"vn—-1 n—1
Twr d6 suy ra
X X, _,— = x>+ - —x_, ha
n+1"n-2 X, X xn xnxn—l xn~1xn—2 xn-—Z y

nn-3 7

xn-—Z (xn-H + xn~l + xn~2 ) = xn (‘xn + xn-l + xn—3)
= xn-—2 (xn+1 + xn + xn~1 + xn~2 ) :’ xn (xn + xn—l + xn~2 + 'x':n—3)

= xn-H +xn +xn-—l +xn—2 — xn +xn—1 +xn—2 +xn—3

xnxn~1 xn—lxn—Z
_ Fan +x,+x,_, +x,_, : . X, +x4+x+x _ 3+1+1+41 6.
XX X3%; 1.1 '

Do dé x,,, =6x,x, | —X,—X, | —X, ;.

Vi x, =x, =x, =1 nén tir sy xac dinh nhu trén, ta suy ra x, nhén gia tri
nguyén v&i moi s6 n nguyén dwong.
Céu 3.

Taco f(x)=x(5x” +13x* +9a) va 65=5x13.

Gia sir x 1a mot s6 nguyén.
© Néu x =0 (mod 13) thi f(x) = 0 (mod 13).

Néux = 0 (mod 13) thi 5x+ 13x* +9a =5+ 9a (mod 13).

Do d6 f(x) = 0 (mod 13) khi va chi khi a =-2 (mod 13).

Néu x = 0 (mod 5) thi f(x) = 0 (mod 5). .

Néux = 0(mod 5) thi 5%+ 13x* + 9a=3 + 9a (mod 5).

Do d6 f(x) = 0 (mod 5) khi va chi khi a =-2 (mod 5).

Suy ra, sb nguyén duong a nhé nhét sao cho f(x) chia hét cho 65 véi moi gia tri
nguyén cta x dugc xac dinh bai a + 2 = lem(5,13) = 65 hay a = 63..
Cau 4. ' , .

Truée hét ta chi’rng minh bd @& sau. Néu a, b, ¢ > 0 va abc = 1 thi ta c6 céc bt
dang thirc nhu sau

il-+-]9+—c->a+b+c(l)vét3+£+-—°—->ab+bc+ca(2)
b ¢ a b ¢ a

Chitng minh b dé 1. St dung bt ding thic AM — GM, ta c6
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23+2=3+ +2 >33,/33—— ,} =3a’ =3a.
b ¢ c

Tu’omgtutacungcoZ + >3bva2 +b>c
c a

Cong cac bt dang thirc trén ta c6 (1).
Chirng minh bd d& 2. Sir dung bt déng thirc AM — GM, ta ¢6

g+2é:£+2+é>33ﬁ._lz._b_:3‘3.cg:33/a3b3:3ab,
c b ¢ c bcc Vc

b

b
Tuong ty ta ciing co —+2£~ >3bc va E%«2%23&1.
a a

Cong cac bét déng thuc trén ta co (2).

Trd lai bai toan ban dau. Két hop bét déng thirc Cauchy — Schwarz va cac bét
dang thirc (1), (2), ta nhan dugc

a b e _ a’ N b’ N ¢’
b (c+1) c(a+1) @ (b+1) ba(c+1) cbla+l) da’c(b+1)
(a b 02 [a b c)z
—t =t — —t—t—
b ¢ a b ¢ a
(c+1)+b(a+1) c(b+1) (a+b+c) (b+bc+ca)
a b C2 a b c abc
—_— — — e~ — e —
S (b c a _ +c+a/33b'ca_§
[a b c] (a b c) 2 2 2
—_—t | — =
b ¢ a b ¢ a
Cau 5.
Cho x=y=2z=0,taco (2/9’(0)—1)2<0,suyra f(O)—_—Elk—
Cho x:y:z:l,ta’cc') (2kf(1)-—~1)2<0,suyra f(l):—z}—kn

Cho y=2=0,x€R, suyra /()<
Cho x=y,z =1, suy ra 2kf x2)+8kf (x)>3+8k2 12 (x).
Vi f(x2)<2—lk— nén 3+ 8k2 2 (x) <1+ 84f (x). Tir 6 suy ra

(2K (x)—1)° <0 hay f(x)zilé v6i moi x.
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Cau 6.
Goi G latrong tAm t& dién va G ', 1atrong tdm cia tam giac BCD . Tacéd

2

2 — B ey
3 9 | AB+AC + 4D
GA? =|ZAG, | ==
4 16 3

3(4B% + 4C? +ADZ)—(ZE§-E)2 —(E—A_é)z —(A‘J?—Z(‘:’)2
B 16

B 3(AB2 +4C? +AD2)—<,CD2 + DB + BCZ)

_ ” .

Chirng minh tuong ty ta ciing thu duoc A

3(B4” + BC? +BD?)—(CD? + DA’ +4C?) .

G5’ = 16 ’
. 3(CA +CB +CD*)—(BD* + DA + 4B?)

o= 16 ;
. 3(D4* + DB+ DC?)—(BC? +C4* + 4B?)

GD* = v .

Tirdé suy ra m, = 2GA, m, =GB, m, = 2GC, m, = <GD.
3 3 3 3

Do d6

my+mh+md4m’ = lgﬁ (64 +GB* +GC” +GD?)

_ % (4B* +4C + AD* +CD? + DB* + BC?)

3 hy 3 he 3 B 3

Seeo Vo Seou VS pas V'
Do d6 bat ding thic cin ching minh tvong duong

Ch ¥ ring ﬁﬁ‘— =

S ABC

[ U - (4B + AC? + 4D + CD* + DB* + BC?) 23243 -

N ABC S BCD S( ‘DA SDAB

Trong moi tam giac c6 dién tich S, d6 dai canh lan luot 12 a@,b, ¢, ta déu c6 bét
déng thirc ‘ '

W3S <(a® +b” +¢?).
Do do .
(4B> + AC* + AD* +CD* + DB + BC?) 223 (S 150 + Sy +Scoy +Spus ) -
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Cuéi ciing sir dung bit déng thic

(x+y+z+t)[;16—+—1-+—l—+—} >16,¥x, 7,2, >0, ta duoc
y z

Lyl ](AB2+AC2+AD2+CD2+DB2+BC2)

SAB(.' SB(TI) S(.'DA DAB

1 1 1 1
> 2\/3 + + + S ](SABC + SB(.'D + SCDA + SDAB ) > 32\/5 *
Ding thitc xay ra khi va chi khi tr dign ABCD déu.

ABC S BCD S CDA DAB

TRUONG THPT CHUYEN THOAI NGOC HAU

AN GIANG
Cau 1. ‘
% Tacox=y=0hodc x=y=-—1 13 nghiém cia hé.
% Ta chimg minh hé khong c6 nghiém khic cac nghiém trén:
s Xétx>0,taco
1+y" =1+ x)(1+x)(1+x")
=ltx+xt+ 0 +x 4 +x0+x > 1+x.
Suyray>x.
Khi dé
l+y+y*+y° +y'+)y° +y_6 +3" >l4x+x" +x° +x* +x° x5 x>+
(vix>0)
Suy ra x >y (méu thuén)
Tuong ty 'y > 0 hé cling v0 nghiém.
Vay néu x>0 hodcy >0 hé v0 nghiém.
B Xeétx <-1

Suyra l+x' <0=1+y<0=> y<-1

" Taco
T+ )" =1+ (x+ )+ (7 +x) + (8 +x°)+x" > 1+
=Dy>x '

Tuong tw tir y <—1 suy ra x >y (mau thun).
Viy néu x <—1 hodic y <—1: hé vd nghiém.
B Xét-1<x<0=>1+x'>0=>1+y>0=>y>-1.

Ta co:
1+’ =1+x(x+1)+x3(x+1)+xs(x+l)+x7 <1+x’
= y<x

250



1+x =1+ y(y+ D)+ Y+ D+ Y (y+D)+y" <1+
= y > x (mau thuén).
Vay hé phuong trinh ¢6 tip nghiém S = {(O; 0), (—1;—1)} ,
Cau 2.
x+4

a. Xét ham sb f(x)=

— dong bién} trén (—00;6).

Tacé u,=0<1. |
Giastr u, <1 khidé u, = f(u,)<f(1)=1.

Theo nguyén li quy naptacé u <1,Vne N, suy ra (un) bi chén trén (1).

Ta lai ¢6 u, =-§>u0.
Giast u, >u_ = f(un ) > f(un_l ) >u,,>u.

Theo nguyén li quy nap ta c6 u., >u,vn € N suyra (un) ting (2).
Tir (1) v (2) suy ra (1, ) c6 gidi han hitu han, |

u_, +4 4= S(uk—l _4)

—6+u,_ B ~u,_, +6
1 -u,_,+6 -1 2

a4 5 -4) 5 5(u_-4)

2"‘2": 1 :_—_@_%" 1

b. Taqé: u, -4 =

k=1 uk -4 5 k=1 ukwl 4
- 1 =‘1 ) 1 =—1+3‘—21 n
k=0 uk.—4 u0_4 k=1 uk—4 4 5 k=1 ukl 4 5
I S P S
4 51" u—-41 5
3 1 2 1 n -5 6 n
oS-I == - e e o
5" 4.5u-45 " 12 u-4 3
- 0 5 B 6 B n
n+2013  12(n+2013) (u,-4)(n+2013) 3(n+2013)
. T 1 |
= lim—t—— ==
n+2013 3
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Goi I 12 tAm, r 12 ban kinh dudng tron ndi tiép AABC .
Ta thiy: MN di qua I (hinh v&) tir d6 suy ra:

S
_ Damn
St +Sun = S 45c
4BC

o lr.AM+lr.AN = AM'AN.—l—r
2 2 AB.AC 2

(4B+AC+BC)

ABCN AC.BM
= +
AN AM
ABCN AC.BM
= + =1
BC.AN BC.AM

= BC

*)

AB.AC.BM.CN
BC* AM.AN

2

~ Theo bét déng thitc Cauchy: 1> 2\/

BMCN _ BC*?
AM.AN ~ 4.AB.AC

suy ra (dpcm).

Déng thirc x4y ra khi va chi khi ABCN _ AC.BM l,
BC.AN . BCAM 2
AM 24C AN 24B

va = .
BM  BC CN BC

by

tic la

f(x)—f(y)=cos(x+y)g(xf—y), Vx,yeR *)
Chon x‘=—725~y;y€=R» (*)3f(%~y)ff(y)=0®f(%“y)=f(y) (a)-

Ch_on x=32’_+y;y€Ra (*)3f(%+y)-f(y)=—siﬂy.g[%) (5)
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Tﬁr(a),(b).tacé: f(y+%)—-f{%—yj=—sin2y.g(—;£j (c).

theo ) /(342 )1 (23] =2 () ().

Tir (c) va (d) suy ra:

g(2y)=sin2y.g(—;£),‘v’ye]l§:>g(2x)=asin2x:>g(x)=asinx,VxeR
(véi a = g(%} cho trute).

Choy=0;xe R= f(x)- f(0)=cosx.g(x)

| = f(x)=sin2x +b(b =7(0)).vxeR.

f(x)::—qsin2x+b : . .
2 (véi a, b 1a hdang so cho trudc), .

Thr lai hai ham sé:
g(x)=asinx
ta thiy thoa man (*).
Cau 5.
Gia str phuong trinh ¢6 nghiém nguyén duong (x ; y).
Néu UCLN(x; y) =d >1=>d | 2" nén d 12 liiy thira cua 2.
Chia 2 vé cho d™, ta gia sir ged(x ; y) =1 vasuy ra x, y lé.
Néu nchan,n=2mtaco x"—y"=x" - y"" +y™)
Neén x™ — y™ = 2%.x"™ + y™ = 272 v4i a 1a s nguyén duong.
Khidé x™ =2*"(1+2">) maalénéna=1. ‘
Vim>2nén: x" —y" =(x~y)x"" +x"y+...+y"") > 2 (mau thudn)
Do dé n lasd 1é.
Tacd: X" —y" =(x—y)(X"" +X" 2y +...+y"")
Nhung do x,y ¢ nén x"" +x"?y+...+y"" =n=1(mod 2)

n-2 n-1

= X"+ X"y +...+y"" =1, khong thé xay ra vi x, y nguyén duong vin>2.
Véay phuong trinh d4 cho khong cé nghiém nguyén duong. ‘

Cau 6. ,
a) 86 cach chon ra mdi loai 2 bai: C2.C;.C2 =90 cach.
b)

* Trudmg hop 1: Chon 1 bai d&, 4 bai trung binh, 1 bai kho: C}.C;.C} (céch).
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* Trudong hop 2: chgn' 1 bai dé, 3 bai trung binh, 2 bai khé: CL.C3.C2 (céch).
*Trm‘yﬁg hop 3: Chon 2 bai d&, 3 bai trung binh, 1 bai khé: C..C;.C) (c4ch).
* Trudng hop 4: Chon 2 bai d&, 2 bai trung binh, 2 bai khé: C2.C2.C2 (c4ch).
* Trudng hop 5: Chon 3 bai d&, 2 bai trung binh, 1 bai khé: Cg.Ci.Clz (cach).
* Trudmg hop 6: Chon 3 bai d&, 1 bai trung binh, 2 bai khé: C;.C}.C2 (cach).
* Trudng hop 7: Chon 4 bai dé, 1 bai trung binh, 1 bai khé: C;.C,.C} (céch).
Vay ¢6 686 cach chon ra moi loai it nhat 1 bai.

c) .
* Trudng hop 1: Chon 2 bai d&, 2 bai trung binh, 2-bai khé: C..C2.C3 =90 (cich).

Trudng hop 2: Chon 3 bai dé, 3 bai trung binh: Cz.Ci = 80 (cach).

‘Vay ¢6 90 + 80 = 170 cach chon ra sb bai d& bing s6 bai trung binh.

d

T)ru'ﬁmg hop 1: Chon 4 bai trung binh, 2 bai dé: C;.C; =15 (cach).

Trudng hop 2: Chon 4 bai trung binh, 1 bai d&, 1 khé: C;.C}.C} = 12 (cach).
Trudng hop 3: Chon 4 bai trung binh, 2 bai khé: C.C =1 (céch). |

Trudmg hop 4: Chon 3 bai trung binh, 2 bai d&, 1 bai kho: C;.C;.C}, = 120 (c4ch).
Trudng hop 5: Chon 3 bai trung binh, 1 bai d&, 2 bai khé: C;.CL.C2 =24 (cach).
Vay ¢6 172 céch chon ra sé bai trung binh nhidu hon bai dé.

TRUONG THPT HAU NGHIA - LONG AN
Cau 1.
2 _
D)o (2 -y +y —1) =0 [’i e
x'+y —-xy=0
x* +y* —xy =0 (v6 nghiém)

<7
Q)= 2y+ =7—yc>{y

2y+1=49-14y+3* (3)

Ge|”
y =12 (loai)
) x=2
Véi y=4=>x =4
x=-2

Vay hé phuong trinh cé nghiém (2; 4), (-2; 4).
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Ciu 2.
Chiang minh day sé (u,,) giam (phuong phap quy nap)

/2
Taco: u, =1lu, = 3 = u, <uy,

2
u, +1 V2
Gia su: uk+]<uk<:>ﬂ/ "3 <u, < 2u; >;1~::>u,‘>—~2 (do uy > 0)

Can ching minh: u,, <u,,.

Ta co:

. ’u,f+1+1 _
- 3
1

Doul>=—=u’>+4<3u’>+3
k 2 k k

3u; +3
9 T Pkl
Viy day sb (u,,) giam.

, ul +1 V2 e
Taco:u,  <u = <u, —=>u >—, Vne N
) ‘ n+l1 n 3 n n 2

NG

= Dy sb (un) héity. Dat limu, =a > 5

::>\/§un+l = \/u3+1:>\/-3_a= Va2+1¢:>2a2 =1::}a:—\/—23_

= U, <
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Ta c6 H 1a trong tdm tam gidc ABC
— HA+HB+HC=0;(1)
O, M va I lan luot 13 trung diém BC, AD vaOM = JA+IB+IC+ID=0; ()

1 —
Tx‘r(l)va(Z):>HI=ZHD.
o ra e cox, 1
Xét phép vi tu tam H ti s0 k = T

L
Taco: V, *(D)=1.

. 1
Ma D e(C) = I&(C”), v6i (C) 1a anh cua (C) qua phép vi ty tdm H ti 6 k= Z .

) 2 2
fx+»)+xy=,f(0)+ ()

(x+9)" _ x »
2 [+ 0+ M)

< f(x+y)+

2

Pat g(x) = f(x)+-’52— — g:R—> R 1aham s lién tuc.

D)= glx+y)=glx)+8(»)

= glx)=ax

Még(1)=f(1)+—12—=2013:>a:2013"

x° x?
= f(x)=g(x)-—=2013x——
, 2 2
Cau 5.

Tacéd: (9" +14" +16") = (9" +1+3")(mod13)
n=3k+e(ke N)vane {0;1;2}
143" 49" =1+ 37 +9%7 =14+273" +729".9
= (1+3"+9")=(1+3"+9") (modl13).
Ta co: ‘
r=0=1+3"+9°=3;
r=1=1+3"+9'=13:13;
r=2=1+3*+9"=91:13.
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@ﬂnM+mﬂn$@@+y+¢ym
& (143 +97)i13,(r e {0; 1;2}) 1 #0

<> n khéng chia hét cho 3.
Cau 6.

Do (C) tlep xuc ngoai vai (C;) va tlep xtc trong véi (C,)
= (C)cobankinh R = 1.
Goi dudng tron (C) tAm I va (C*) ¢6 tdm K thoa mén yéu ciu dé bai va (C) tiép
xtic ngoai vai (C).
Ta ¢6 tam giac OIK cén tai O nén
OI'=0K=2014valK=2
< 012 +OK® -KI* 2028097
cosIOK = =
201L.OK 2028098
= Sb dudng tron (C) nhiéu nhit thoa man yéu cdu dé bai la

360°
., 2028097
COS —
2028098

=6327.

TRUONG THPT CHUYEN NGUYEN DU - PAK LAK

Al

Caul.
Xét lx] <1, dit x = cos &, phuong trinh tré thanh:
cosSa+2013 =0 (v6 nghiém).

Xét |x| >1,dit x= é—(u +l) , phuong trinh trd thanh:
5 3
l(u+l) _3 u+l +§(u+l)+2013=0
2 u 2 u) .2 u ' :
({5 1
& —|w+— [+2013=0
, 2 u
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& u®+220134° +1=0

&’ =—2013£+2013 -1 | -
Tir d6 tinh duoc: x =%(€/-2013+\/2_0_13T—_i +€f—2013—\/ﬁ§2_—1)
Viy phuong trinh c6 nghiém duy nhét la:

x:%(€ﬁ2013+\/20132 -1 +€/~2013—\/2013?—1).

Céau 2.
Gia st ton tai s k sao cho u, > uy,; thi tir (2) ta c6:

Up 2 Uy g = Upyy > Upyy = Upyp > U3 =7
Do d6: 1y,; > ty,n > Ugyy >+ (VO livi (u,) nguyén duong)
Viy (un) tiang thuc su.

Ma (u") nguyén duong nén biang quy nap ta co: u, >n.

Dodé:i+—2—+—%—+---+—’:’f<;+.%+_3_+...+f’_:n‘
U Uy Uz u, 1 2 3 n
:>O<_1_2~(_.1_+.2_+..3_++_’_1_\]<_1_
n\Y Uy U u, n
1(1 2 3 - . »
::>11m~—2— —_——— e e — =0
n—o pn u] u2 u3 un

Ciu 3. |
Tacé: a(b+c—a)’ +b(c+a-b)’ +c(a+b-c)’
= 4abc—(b+c—a)(c+a—-b)(a+b-c)
SZ
=16SR—8—i),-—=SS(2R-r)‘
~16R* (2R —r).sin A.sinB.sinC
<16R2(2R—r).3;—@=6x/§.R2(2R—r) ,
Ciu 4. |
Tacé: f(x)=0 12 mot ham théa mén dé ra.

Néu ton tai x; sao cho f(xy)# 0 thi:
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T =7 (3)= fGof D)) = f G0 f (1))
= NS (%) = 3.1 (%) = ¥ =
Vay f(x) donénh, ma f(x)lién tuc nén f(x) don diéu.
Thay x=0;y=0:>f(0)=0.
Co: xf (1) = O (0)) = AL OF WD) = 5f (). £ (1)
= (W[fD)-1]=0;Vx,yeR
= f(1)=1> £(0)=0
Vay f(x) tang.
Ma f(.f(y)=y.f();Vx,yeR=y=f(f(y))VyeR
New y> f(0)= f0)> fF(f)=y> £ (£(»)) (6 1)
N y<f)= F )</ (f0)= y<f(F3)) (o)
Viy y=f(y)VyeR |
Véy c6 hai ham théa man dérala: f(x)=0; f(x)=x.
Cau 5.
Goi 7 s0 nguyén t6 d6 la: p;, p,, -+, Py
Tir & ra ta c6 déng thi: pf+ pi + ot p?, = pg , VOi pg nguyén tb 16 ’
Vi p?+ p§+ -+ p3 = pz 1&nén trong Pp> Py» -+ p; ¢62m s6 chén van sé‘lé.‘
Ma p;" chia 8 chi nhan cac sb dur 12 4; 1 tiy theo p; chén hay 1é.
Do d6: 2m.4+n =1(mod8) = n =1(mod8) = n =1.
Véy trong p;, py, -+, p7 €66 sb béng 2va 1 sé 1é. Gia str p; 1é.
Taco: p? —p? =24=>24>p] ~(py~2)’ =4py—4 = pg <7.
Thir tryc tip chi c6 pg = 7;p; =5 théa man.

Vay 7 sb nguyén t6 can tim gdm 6562 valsds.
Cau 6.

+ A 1n1000 k :nk
Vi A.2 :>10 .a20113"’ak+2ak+1+ak"'a2a].2

= a, -aa,:2%; Yk <1000

@ ¢6 1 cach chon bang 2 (vi a,:2),

@y, ¢6 1 céch chon bing 12 (vi ac—;] 22,
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Véi k <1000, nu @ --aya, 6 1 céch chon dé @ -+-aya 2°
thi @, ---aa, chia 2! du 2% hoic 0.
Ma 10% chia 2% du 2% nén trong hai s6

B=la;---aya =10% +q, ayay;C =20y - ayay =2.10* +a, Ay

c6 diing mot s6 chia hét cho 2k,

Do d6 ¢6 1 cach chon gy a; *+ @@, sao cho gy -+~ a 4, gkl

»Theo quy nap thi alooo . ‘azal co 1 CéCh Ch()l‘l dé 1000 " 'azal 521000 .

21 000 21 000 )

Ma alooo .. ‘azal — A:

Do d6 ayy133da0125 > G001 duoe chon tity ¥ trong cac sd 1, 2.
Vay s6 cac sb thoa man déra I3 21013

TRUONG THPT CHUYEN LE QUY PON
KHANH HOA
Cau 1. |
Gia sit hé c6 nghiém (x,,%,,...,X,0,4) VA 201 X, Y lan luot 14 gid tri 16n nhét,

nho nhét trong céc gié tri X; (i = l,n).
* Khi d6, tir hé phuong trinh ban dhu ta duoc:
C 22X 2™ (i=1,2,..,2014) 22X > X = X <2
Mt khéc, ciing tir hé phuong trinh ban dAu ta ciing c6:
) EL AN GRS G V)
Tirdo, X =¥ =293 = 5 = x, == Xy =52,
Thir lai, ta thdy cac sb trén thoa man hé phuong trinh ban déu.
Vay nghigm 1a: (%, %, X504 ) = (20‘\3/5, 209/5,...,,201«3/—2—).

Cau 2.
Chirng minh: lim x, = 0. Bing quy nap ta chimg minh dugc: O<x,<1lva
n—>+o
. X, —x,=-x2<0(Vn>1)=(x,) laday giam.

Day (xn) giam va bi chin dudi nén n6 cb gisi han hiru han. Gia st limx, =a

thia>0 vaaza—a2<:>a=0.
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Ta lai c6: lim| —— ——- | = lim 22 =% _ Jim
X X ‘xn+lxn 1_-xn

n+l n

=1,

Do d6, theo dinh li trung binh Cesaro ta dugc: lim —1— =]= lim nx}, =1.
, nx,

Cau 3.

Do AB, BC, CA tiép xiic v6i (J) nén BM = BK va CM = CL.
Do d6, ta chi can chitng minh ring
SB = AB va TC = AC )vi khi d6 SM = AK = AL = MT).

. A~ N
Vi tir giac AKJL noi tiép nén KAL + KJL = 180° (1).
: . N ~
Do FJ, CJ lan luot la cac dudng phén giac ciia cac géc KJL va MJL
N 1S
nén FJC = EKJL 2).
' R
Do AJ la phan giac trong goc A nén ta duge JAL = EKAL 3).

LN
Tur (1), (2), (3) suy ra FJC + JAL = 90° (4)
B B B P S
Do tinh chét tiép tuyén nén CJ L FL = JFL + FJC = 90° (5)
’ NN P
Tur (4), (5) ta suy ra dugec JFL = JAL

= AFJL ndi tiép = JB L SA = ASABcén tai B = SB = AB.
Chirng minh tuong tu duge TC = AC.
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Cau 4.

- Véi x,,x, € R taco:

f(x)=r1(x)= f(f(xl)+2f(xl))= f(f(x2)+2f(x2))

= f(x)+x = f(x,)+x, = x =x, = f ladon anh.
- Thay y =~ f(x) vao phuong trinh dAu ta duge:
F(7G)+2£ (=7 ()= £ (=7 ()= /(-1 (3)) =1 (x). VxR,
- Cén chimg minh v&i mdi y e R, tdntai xeR: y= f(x).
Thay x=—f ( y) vao phuong trinh d4u ta dugc:

F(FErON+2r )= (1) +y+ ()= F(F () =».
- Do f'song 4nh nén f(x) =X, Vx.e R.

Caus.
Gia st (a,b) =d. Pat a=dx, b=dy, véi (x,y)=1.
Khi do, _x:;)_(_zcj-_y)_cj 14 s6 nguyén.

X’ +xy+y
Taco: (x* +xy+57, x)=(y".x)=1, (& +xy+y',y)=1va
(x* +xy+y’, x+y)=1 nén ta phai c6:
(¥ +xy+y*) [ d=>d>x" +xp+ ).
Turds, la—bf =[x~y >d® >d> (& +ap+y?) > d’xp=ab.
Caus.

~ Goi S, 12 56 cac hoan vi (al,az,...,a") thoa yéu cau.
Sé céc hoan vi (a,,a,,...,a,) théa a, =n 14 S,,.

e X . A g0 A s r . - A A A i-1
V6imdi 1<i<n—1 cb dinh, sb cac hoan vi théa yéu cau la C, .

Khido, S, =S _ ZC” =8, ,+2"'-1=>8 =2"-n-1
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TRUONG THPT CHUYEN TIEN GIANG
TIEN GIANG
Cau 1.
Ta co: ‘ ‘
Jx +1 =32x3 + 48x> +18x+1 & oJx +1 = 64x% + 96x2 + 36x + 2
o Jax+4 = (4x+2)" ~3(4x +2). (1), |
it t = 4x + 2 . Phuong trinh (1) thanh: vt + 2 = t> - 3t. (2).

Didu kién: t > -2.
Néu t > 2 thi ta co:

t3—3t=(t3—4t)+t=t(t2—4)+\[1:2—
>J{5;\/(t2-t—2)+t+2=\[(t+1)(t-2)+t+2>JE+2.

Do d6, nghiém clia phuong trinh (2) (néu c6) phai nam trong doan [-2; 2].
Vi vily ta c6 thé didt t = 2coso, voio e [0; 7 ].

Khi d6, = e | 0% | nén cos> > 0.
2 2 2
Do do, phuo‘ng trinh (2) thanh:

8cos® o — Beosa = 2(1 + cosa) & 2¢0s30 = 2 coszg & cos3a = cos%

<:>3oc,ir%=k2n keZ).

| [ dn4
Vida+2e |:~—7—2t-,%}} nén k=0hoack=1.Dodo, a € {O;—n-;——n-}.

2 57
cos(%} -1 cos(—l-lr]ﬁ) -1
Vay phuong trinh (1) ¢6 tap nghiém la: |0; 5 ; 5 .

Cau 2.
Taco: x ,, —x = xi ~-3x +2= (xn - 1)(xn - 2) (1)
bat f(x)=x2 -2x+2,xeR.
Ta c6 f ddng bién trén (1; +0) va nghich bién trén (—oo; 1). (2)
+Néu a>2va<0 @f(a) >2 < x, > 2 thi do f ddng bién trén (1; +oo)

nén x, :.f(xz) > f(2) = 2. Bang quy nap tacé: x,> 2,V n>1.
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Do d6, tir (1) suy ra: x_,; >x, >2,Vn>1.(3)
Gia str tdn tai gi6i han hitu han limx =ceR.Do(3)nénc>2.
Tir (1)suy ra: ¢ = 1v ¢ = 2. Piéu ndy mau thuin.
+ Néu 0 <a < 1 thi do (2) nén:
f(l) < f(a) < f(O) =1<x,<2= f(l) < f(xz) < f(2)
=>1<x,<2=>.=21<x <2,Vn>1
Tir (1) suy ra: (x,) 1a day s giam va bj chin duéi nén tdn tai gidi han hitu han
limx,=c<2. ‘
Chuyén qua gi6i han trong déng thire (1) ta duge: ¢ =1v ¢ = 2 (loai).
+Néu 1 <a <2 thido (2) nén:
f(1)<f(a)<f(2):>1<x2 <2=>.=>1<x <2Vn>0.

Tuong tu ta cé: lim x, = 1.
+Néua=0hoaca=2thix, =2,V n>1nénlimx,=2.
+Néua=1thix,=1,Vn>0nénlimx,= 1.

Céu 3. '

Goi (O; R) la dudng tron ngoai tiép A ABC va H 14 truc tdm A 4,8,C, 1a gia

cta ba duong cao A A',B,B',C,C’,. ‘
Ki hiéu (43), (B3), (C;;) 1an luot 14 cac duong tron dudng kinh 4,4,, B1B,, C1Cs.
Taco: HA HA', = HB,.HB'| = HC, .HC,

= Fag = Fmy = Fucy (-

Ta c6: (B, C, A1, 42) =—1 nén theo h¢ thirc Newton ta cé: A;B.A,C = A A,

Do dé: A,0° ~R? = 5 ) = A,BA,C=AA?

2 2 2
= Riag) = OA;" - AzA;" =R".

. - _ —R2 M
Tuong ar: I,a,) = Toisy) = Ficy) = R*.(2).

Tir (1) va (2) suy ra: O va H'nim trén truc déng phuong ciia (43) va (Bs), (B3) va (Cs)
. Suy ra: OH 1 A3B;, OH 1 B;Cs. Do d6 ta ¢6 dpem.
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Cau 4.

VivneZ", 3 -1 chia hét cho 1, -1, 2, ~2 nén cic da thirc hing 1, -1,2,-2
théa man bai toan. Gia sir ton tai da thuc f(x) khac bén da thirc trén théa yéu céu

bai toan. Khi d6 t6n tai mot sé nguyén duong 1é n sao chof ( ) {1, 1;2;— 2} .
That vy, néu nguoc lai thi véi moi s nguyén duong & n,f (n) € {1'—1‘2'—2}.

~ Do c6 vé han sé nguyén duong Ié nén Ja e {1 -1;2; 2} sao cho ¢6 vO han cac

s6 nguyén duong k (trong sb cac sb nguyén duong 1é) théa f(k) = a.
Nén da thirc f(x) —a cd vo sb nghiém, vi vay né la da thic 0.

Hay f(x) = a (méu thufn). |

LAy p 1a mot wée nguyén t6 bt ki cia f(n). Vi £(n)| (3n - 1) =pl (3n - 1) .
Hay 8" =1(modp).

Hon nifa, ta c6: [ (n + p) - f(n)[(n +p-n)=p.Dods, f(n +p)p.

Ma f(n +p)1(3"* —1) = p (3% ~1). Do d6, 3" =1 (modp).

Theo dinh Ii Fermat nhé ta c6: 8% = 3 (modp)

= 1=3"P=-3"3° =3 (modp) = 2ip = p =2

Nhu vay f(n) chi c6 mot u6c nguyén té duy nhit 12 2.
Man=2t+1teNnéntacs: 8" -1=3.9"-1=2(mod4).

Nén 3" -1/4.
Hon nita 3" - 1:f (n) nén f(n) = 2 hodc f(n) = —2. (mAu thufn).

Véy chi ¢6 bbn da thirc hing 1, -1, 2, ~2 théa mén bai todn.
Ciu 5. )
Ki hiéu [x] dé chi phén nguyén clia s6 thuc x.

Ta cb: {x} —x— [X:I’ {Xz} - x2 _[Xz} {*2013} _ Xéom _ [Xzow].
Theo dé bai ta cé: {x} = {x2} = {x2°13} . |

Suyra: x> =x+a (1)va x®% =x + b (2), trong do

a=[x*]-[x}o =[] [x].
Tu()taco: A=1+4a20=>a>0 (do ac?Z).

+Néua=0thi x> =x =>x=0vx=1déula s6 nguyén.
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+Néu a> 0 thi khi d6 tdn tai 2 s nguyén ¢, >1vad, >0 saocho:
x*=c x+d ,Vn2>3.(%).
That vy, véin =3 thiti (1) tacé: x* =x+a
= x° =x° +ax=x+a+ax=‘(1+a)x+a.
Ta chon: ¢, =1+a>1d, =a>0.
Gia sir (*) ding v6i n = k > 3.
Tirc la ta cé: x* = c, x+d,,vdicy, d, €Zc, >1, d, >0.03)
Suy ra: x°*! = xx* = ckx?‘ +d, x =c, (x + a) +d, x= (ck + dk)x +c,a.
Tachon: ¢, ,, =¢, + d.d,,, =ca.
Do(3)vaaeZ'néne,, ,d,,, €Z vac,, > 1d,,,>0.
Viy theo nguyén i quy nap ta c6 (*) 1a ménh dé dung.
N6i riéng, voi n = 2013 thi ton hai s6 nguyén c,p;, > 1va dyy5 > 0 sao cho:

2013 _
X Cop1aX + doppg -

= Co013

b-d
Do do, tir (2) suy ra: €y gX +dyg s =X +b=>x = — 208 cQ (do beZ).
Co013 ~ '

Nhu vay x 14 mot nghiém hiru ti cia phuong trinh: X2 -X-a=0nénndla
mot so nguyén. Vay ta c6 dpem.
Ciu 6.

Do A# < nén SaoeA va B # & nén 3b, =min{xlxeB}.. :

+ Néu b, =1 € B thitheoii)taco a, +leAva2a,+1eB.
Do d6, cling theo ii) ta co:

(a0+1)+1=a0+2eA:>a0+3=(a0 +2)+1eA.
Tiép tuc ap dung budc trén a, 1an ta co:

2a0+1=(a0+1)+1+1+...+1€A.
g____.._\’._—.._——-—J

ag s()"lk
Do d6: 2a, +1€ AnB.Mau thuén véi ().
+Néu by > 38 thi {1;2} ¢ A.

Do d6, Vn e Z* &p dung ii) n lin ta c6: 1+ nb, =1+Dby + b, +...+ b, € A

n sd by

va tuong tu 2+ nb, € A.

Vi vay, tit ca cac sb nguyén duong khéng chia hét cho b, déu thude A.
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Do d6, theo i) nén rhoi ph?m tr x € B phai 12 bdi ciia b . (*)

Mit khac, theo ii) tacé: 2.1+ b, =2+b, e B va 22+b, =4 +b, € B.

Do (*) nén 2+b,va 4 +b, la bdi ciia by, suy ra 2=(4+b,)—(2+b,) la
boi cua b,.

Diéu nay vé li vi b, >3.Vay b, =2eB. Dodo, 1€ A.

Khi d6, theo ii) ta c6: VneZ+
1+2n 1+2+2+..+2eAva2+2n=21+2+2+..+2eB.
[ L

nsé 2 nsé2

Nhu vdy, 4 chira tAt ca céc sb nguyén duong 1 va B chira tit ca cac sb nguyén
duong chén. '
Do i) nén 4 khéng chira sb nguyen chén nio va B khong chira sb nguyen 1é nao.

Vay tép 4 la tép tit ca cac sd nguyén dwong le va tip B la tap tht ca céc sb
nguyen duong chin. .

TRUONG THPT CHUYEN HUNG VUONG - GIA LAI

Cau 1.

Xét hé phuong trinh (1

1 X
.

Taco (1) & 4
|y = log, x.

4

x
Ham sb g(x) = log, x la ham nguogc cta ham f(x) = (%) , do d6 db thi cua
2 , . ;
‘hai ham nay d6i xing nhau qua dudng phén gidc cla goc phén tu thi nhét y = x.
Bai vy (x,y) la nghiém cia (1) khi va chi khi x =y, nghfa 1a
y=x
1) & 1V ©ox=y= 1
) X = Z 2
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Cau 2.
Dé théy rang x, >2,vn=12,..

Tacé x;, =2,%x, =,/4+\/8x1 +1 S\/4.+5 =3.

Giasax <3.

3
Khi dé x_,, =,/4+J8xn+1 <J4+5=3.

Theo nguyén li quy napsuy ra x_ < 3,Vn e N".

T6m lai, ta dd chiing minh duge: 2<x, <3,vn=1,2,.. (1)

Tacod x,< X,.Gidsor x _, <X, khi dé

N [ ) (R 1)

1 n
X . —-X =-—2% =
n+1 n
Xn+1 + Xn Xn+1 + Xn
JBx, +1—8x  +1
= > 0.
’ Xn+1 + Xn

Vay x_ < x_ ;. Theo nguyén li quy nap suy ra day s6 da cho 1a day s ting.
Day (x_) tang va bi chan trén, do d6 hoi tu.
bat limx = x.

' n—»+0

Tu(l)suyra 2< x< 3. /
Trx = 4+,/8xn +1,vVn :1,2,...,cho n — +o0, ta dugc
X = 4+\/8X+1- 3}

Vi didu kién 2 < x < 3,tacod

2 o x?-4+8x+1 e Bxil=x2-4
o8x+1=x'-8x2+16x?-8x* -8x+15=0

o (x- )(x-s)(gz+4x+5)=o®x=3.

Viy limx_ =3.

n—>+o

Cau 3.

Goi D, E, F la giao didm caa AO va BC, BO va CA, CO va AB (tuong ng).

Xét phép nghich dao I cuc O, phuong tich k = R* > 0 thi (O;R) 13 dudng tron
nghich d4o nén I bién A thanh A, B thanh B, C thanh C.

Do d6 cac dudng tron ngoai tiép tam giac OBC, OCA, OAB di qua cuc O 1in
luot bién thanh céc duong thang BC, CA, AB.
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Ngodi ra O, M, D théng hang nén I bién M thanh D.
Tuong tw, I bién N thanh E, P thanh F.
Do d6 ta c6: OM.OD = ON.OE = OP.OF = R?.
R® ' OAOB OCR3
‘ OD.OEOF OD OE OF
Goi hy, hy, hs 1an luot 1a khoang céach tir O dén BC, CA, AB, ta c6:
OA S,,50 ABh, OB BCh, 0C CAh,

Suy ra: OM.ON.OP =

OD S,,, BDh, " "®“OE CEh, OF AFh,
Do d6
OMON.OP _ AB BC CA
R®  BDCE AF

_(AF % FB)(BD + DC)(CE + EA) " ,FB.DC.EA _g
N BD.CEAF ~ "\FADBEC

(theo bét d:fmg thitc AM - GM)
FB.DCEA
FADBEC
Tir d6 suy ra OM.ON.OP > 8R®. D4u “=" xdy ra khi va chi khi tam gidc ABC déu.
Vay, gi tri nho nhét ciia biéu thic OM.ON.OP 14 8R’.

Trong d6 =1 do AD, BE, CF dong quy tai O (theo dinh li Céva).

Cau 4.

D& thdy da thirc hing thoa méan yéu ciu dé bai. Tiép theo gié.sfr degP=h>1.
bitx=a-c,y=b-a,z=c-b. Khidé x+y+z=0.
Tir gia thiét suy ra’ -

P(3x) + P(3y) + P(32) = P(x — y) + P(y —2) + P(z - ),

véix,y,zlaba sb thuc sao cho x + y+z=0.
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Nhu vay thay bd (x; y; z) boi bd (x; x; —2x) ta duge
P(/3x) + P(V3%) + P(-24/3x) = P(0) + P(3x) + P(-3x),vx € R. (1)

h .
Gia st P(x) = Zaix‘ (a, # 0, quy use x° =1). Thay vao (1) ta duoc
-0

h ) h . k h . h .
23 a,(V3x)' + Y a,(-2V3%) =a, + Y a,3%)' + Y a,(-3%". @)
i=0 i=0 i=0 i=0

So sanh hé s6 ciia x® & hai vé cua (2) ta dugc
9(W3)® + (—243)" = 8* + (-3)". (3)
D& thiy h = 1, h =2 thoa (3). Tiép theo xét h > 3.
Tur (3) ta thdy ring h phai la s6 chén: h =2k, voi k > 2.

Khi do (3) tré thanh: 2.3% +12% =2.9% < 2+ 4% =23 & Bz = ;

Tém lai tir (3) suy rah chico thé lah=1,h=2,h=4.
e Trudng hop h= 1. Khi d6 P(x) = mx +n(m # 0),vx e R.
Thay vao phuong trinh ham da cho & dAu bai ta thiy thoa man.
o Trudng hop h =2. Khi d6 P(x) = mx® + nx + p(m # 0),Vx € R.
Thay vao phuong trinh ham da cho & déu bai ta dugc
3m{(a~b)? + (b -0 + -]
= m[(za _b-c)?+@b-c-a)’+2c-a- b)2] (ding).
e Truong hop h=4.
Khi 6 P(x) = mx* + nx® + px® + qx + e(m #0),VxeR.
Trong phuong trinh ham dé cho & d4u bai, thay bo (a; b; ¢) boi (x; 0; 0) ta duge
P(y/3x) + P(0) + P(—/3x) = P(2x) + 2P(-x),Vx € R. (4) |
Thay P(x) = mx* + nx® + px® + qx + ,Vx € R vio (4) ta dugc - |
9mx* + 343nx® + 3px® + V3qx + Imx* — 34/3nx? + 3px? — V/3qx + 3e
— 16mx* + 8nx® + 4px® + 2qx + 2mx* — 2nx® + 2px® - 2gx + 3e,Vx € R.
Hay 18mx* = 18mx* + 6nx°,Vx € R. Do d6n=0.

. Viy: P(x) = mx* + px® + gx +e(m # 0),Vx e R.
Thay vao phuong trinh ham da cho & dAu bai ta dugc
9m[(a b +(b-c)*+(c- a)‘*} + 3p[(a b2 +(b-c)?+(c— a)2]

270



=m[(2a~—b-—c)4 +(2b-c—a)t +(2c-a—b)4]

+p[(2a-b-¢)* +(@b-c-a)* +(2c-a- b)ﬂ (5
Tiép theo ta ching minh déng thirc
ofa-b)*+ (-0t +(c-a)]
=(a-b-c¢)' +(@b-c-a)* +(2c—a-b)". (6)
bitx=a-cy=b-a,z=c-b.Khidédx+y+z=0.Tacéd
of@-Db) +(b-0) +(c-a)]=9x" +y' +2). (7)
| Mit khac
(2a-b-c)' +@2b-c-a)* +(2c—a-b)*
=x-P'+(y -2 +(@z-x)*
=2(x* + y* +2*) - 4x%y + 6x%y? — 4xy®
—4y°%z + 6y°2® — 4yz® — 42°x + 62°%® — 42x°
=2(x* +y* +2") - 4x3(y +2) -4y’ (x + 2) - 42° (x + y)
+ 6(x%y? + y22% + z2x?). (8)
ADox+y+z=0nén x* +y? + 2% = —2(xy + yz + zx). Suyra
x! +y* + 2t + 2x%y? + y22? + 22x?%) 4
= 4[x%y® + y?2® + 2%%% + 2xyx(x + y + 2)] = 4(x®y® + y?2® + 2%x®).
Nhu vay x* +y* + 2* = 2(x%y? + y?2? + 2°x%). Thay’vz‘lo (8) ta duge
2a=b-c)* +(@2b-c-a)’ +(2c-a-b)* = 9x* + y* +2*). (10)
Tir (7) va (10) suy ra (6) dugc ching minh. Do d6 (5) ding, nghia 13 da thirc
P(x) = mx* + px” + gx + ,Vx € R thoa min céc yéu cau dé bai.
Két luan: Cac da thirc théa méan yéu cau dé bai la
P(x)=mx+n,vxe R;
Px)=mx*+nx+p(m=0),vxeR;’
P(x) = mx* + px® + gx + e(m # 0),Vx € R.

Chii ¥: Tir (4) ta so sanh hé s6 cia x & hai vé ciing suy ra dugc h chi c6 thé 1a
h=1,h=2,h=4.
Cau 5.

Phuong trinh dic trung cia day s 12 A2 — 184 +1 =0 < A = 9 % /80.
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Vay: u, = A9+ J§5)n +B(9- J§5)n vn=0,1,2,.

Do u, =9,u; =161 néntacod hé

{A+B=9 9B 94w

(9+\/%)A+(9~\/2—36)B:161C>A g iB=T

DO, q‘é ur; = -;-[(9 + «/56)“1 + (9 - \[S—O)IM],Vn e N. Bdi vay '_

Al o

ui -1

5 5 |

{(9 . @)m»l . (9 B JéB)MIT 4 (9 . _\/%)n+1 (9 B \/_86)n+1
B 20

1

’(9 .\ @)nﬂ ~ (9 ~ @)nu}z’

1 (n+1 nale k D+l 1o k 2
- Sz oo - Slor lk(_m)}

= i~01+1 9480 + Ci+19n‘2.(\/2_3—6)3 +C5 9“’4.(«[8—0-)5 + T

20 n+l1
2
= -(—Ji_——bo—)—{C;ﬂ“ +C? +19““2.(J8—0)2 + Ci+19“"4.(\/§6)4 + T

=[2(ch,,9" +CP,,97.80+ CF, 074807 + )T

Vi v6i moi s6 tw nhién n thi 2(0;19n +C3,,9"%.80+C? 9"*.80% + ) la
s& nguyén nén suy ra diéu phai chimg minh.

Cau 6.

Gié sir 9 doi bong d6 12: A 5A,;...;A. . Xét tai mot thoi diém ndo d6 trong giai dau.
Goi 1 ;n,;...;n, tuong tng la s6 tran ma doi A ;A,;..; Ay dd dhu tinh dén thoi
diém d6. Khi d6 n =n, +n, +...+n, 1a mot s6 chin vi mdi tran d4u dién ra s&
dugc tinh hai 13n trong tdng d6. Nhu vay ton tai mot sb chin trong cac sb
n;;N,;...;Ny. Gidsrddla n,.
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Xét doi A, . Chia 8 di con lai ra thanh hai nhém:

Nhom 1: Gom céc doi da déu vai doi A, .

Nhom 2: Gém cac doi chua ddu v6i doi A, .

Vi n, la mot s6 chén nén ta chi c6 hai kha ning sau:

THI: Trong nhém 1 ¢6 tir 6 di trd 1én.

TH2: Trong nhém 2 ¢6 tir 4 ddi tr& 1én.

Ta xét tirng kha néang.

TH1: Trong nhém 1 ¢é tir 6 ddi tré 1én: ,

Gia sir trong nhom 1 ¢6 6 d6i 1a AyAGAAGAGA, .

Xétdoi A, . Tachia 5 doi con lai ra [am hai nhém.

Nhém 1.1: Gom nhitng doi da thi déu véi doi A, .

Nhom 1.2: Gém nhiing ddi chua thi ddu véi doi A, .

Theo nguyén 1i Dirichlet ta c6 hai kha ning sau:

Kha nang 1: Nhom 1.1 ¢6 3 doi trd 1én. Néu tit ca cac doi trong nhém 1 d6i mot
chua ¢ doi nao da thi déu v6i nhau thi khing dinh cia dé bai da ding. Nguoc lai,
néu ¢4 hai ddi nao d6 da thi ddu véi nhau thi hai doi nay cing véi A, A, hop
thanh 4 d6i doi mot da thi ddu véi nhau. ;

Kha nang 2: Nhom 1.2 ¢6 tir ba doi tré 1én. Néu tit ca cac doi nay da thi dau voi
nhau thi chon ba d6i trong nhém nay ciing véi doi A, hop thanh 4 d6i d6i mét da
thi d4u véi nhau. Nguoc lai, néu c6 hai doi nao dé chua thi ddu véi nhau thi hai déi
do cung vai doi A, tao nén ba doi d6i mot chua thi d4u véi nhau.

TH2: Trong nhém 2 ¢é tir 4 d¢i tré 1én:

Khi dé:

- Néu tat ca cac doi trong nhém 2 d6i mot déu da déu véi nhau thi bai toan da
chirng minh. '

- Trudng hop nguoc lai, tic c6 hai d6i nao d6 chua thi diu véi nhau. Khi d6, hai
ddi do6 cung vai doi A, s&1a 3 doi chua dé véi nhau tran nao.

Tom lai, trong moi trudng hop ta ludn chon dugc cac di bong théa yéu cAu bai toan.
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TRUONG THPT PAK SONG - DPAK NONG

Céu 1. v
Piéukién x> 0. »
Bién dbi bit phuong trinh v& dang: 2(x — 2)? + 2x <x-2++x (*)
bat: - & >0
v=x-2
Khi d6 bat phuong trinh (*) c6 dang

u+v=0 u+vz
\}2u2+2V2<u+v<:>{ <:>{

0
2u? + 2v% < (u + v)? (u-v)?<0
< ox=4

Jx=x-2 x> -b5x+4=0

V4ay bat phuong trinh c6 nghiém x = 4.
Cau 2.

{x—2>0 {x>2
SSU=VEE

o Dung quy ﬁap chimg minh x_ >0,Vn N
e Xétx ,—X = xi >0,vne N’
Véy ddy (x )ting > 1=x, <x, <...
* Gia str (x_)bj chan trén=> limx  =a >1.Dodéa =a+ a?=>a=0<1.
V4 Ii, suy ra (x_ ) khong bi chan trén. Vay limx =+

1 1 X

. = 2 ' _ Y2 - . n
Tacd x , =% +X & X , Xn”‘Xn@X < =3
! n n+1 n+1
. X, X, X X 1 1 1 1 1 1
Nén: —L+22 4284 428 —
Xy X3 Xy X X X X X X X
1 1
X1 Xn+l
Do limx = +0o = lim =0.
Xn+1
.. X X, X X .1 1
Vay im(—2 + 2 + 2+ L+ —2) = lim(— - y=1
X, X3 Xy Xn X Xpn
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- Cau 3. D E
Vi ACED 14 hinh thang cdn nén
AD = CE,AE = CD
T AB.CD = AD.BC
suy raAB.AE = BC.CE
ViM Ia trung diém ctia AC nén dién tich cia

hai tam gidc ABE, CBE bang nhau, hay A
A~ ~
AB.AE.sinBAE = BC.CE.sinBCE '
A~ ~

Suy ra sinBAE = sinBCE ‘

N N N~ N
Do BAC + ACD # BCA + CAD nén BAE = BCE

A~

Do d6 BAE =n— BCE hay ABCE la tr gidce noi tiép
Tuong tw suy ra ACED la tir gidc ndi tiép.

Vi ACED, ABCE 14 nhitng tir gi4c noi tiép nén BAD + BCD ==
Suy ra ABCD la tir giac ndi tiép.
Cau 4.

Thay 2x +1 =u—-1tadugc 4x +7 = 2u + 1 va ii) trc'r‘thénh

flu-1)+2g(2u+1) =

*)

u;Shay fx—1)+2g@2x +1) = x5

Tt phuong trinh (*) va phuong trinh i) ta duoc

X-5 3 7
2x+ 1) =" _9x =-292x+1) -~
g2x +1) 5 X 4(x )4

= gx) = —gx —Z.

Thay vao phuong trinh i) ta dugc
-5

f(x—l)=2x—X +2x=:—;—(x—1)+6:>f(x)=%x+6

3 7
Vay f(x) = —X+6 X) = —X ——
y f( g( 1577
Cau 5.
Ta co:

(a+b) —a’ —b” =7a’b + 21a°b? + 35a%b? + 35a°b? + 21a%b° + Tab®
=Tab(a® + 8a*b + 52°b? + 5a%b® + 3ab? + b®)
= T7ab(a + b)@? + ab + b?)2.

Két hop vai i), ii) ta duge a® + ab + b2i73,
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Ta c6 : (a+b)®> >a% +ab+b? >7° =343

:>a+b>[\/£_3—é;§]=18.

Thir lai véi a = 1,b = 18 ta thiy thoa man
Vay (a; b) = (1; 18).

Cau 6. .
M3i diy con 10 duoc bidu thi bing 1 dAu * thi con lai 4 vi tri dé dat cac s6 0 va 1

, , : , ~
& trude hai ddu * d6, hodc giira hai ddu * hodc sau hai dau *, chang han 01100101

Chii ring trong mdi ‘nhom cac s60 va 1 con lai nay neu da c6 sb 1 thi bén phai
ctia né khong thé dat sé 0 ma phai dit s6 1. Nhu vay mdi day con phai c6 dang:

o=[1» *0P|1°1 #orfs (1)

Véim+n+p+q+r+s=4,m,n,p,q, r, s 12 cac sb tw nhién.

Déu gach ding | ngan cach 0 va 1 trong mdi nhém (c6 tét ca 3 diu |). Do dai
ciia day (1) (gdm cac chit s6 0,1 va céc du | va *) 14 9. Cac diy khac nhau tuy
vio vi tri sép xép cta 5 ki ty déu: I *| *| trong day d6 dai 9 do. )
Viy sb cac day khac nhau la: C3 = 126.

SO GIAO DUC VA PAO TAO BAC LIEU

Cau 1.
 [xyt 4y +y? +5x =38 +xy? +y(x +5) (1)
Xét hé:
J2y? — 6x + 8 + 2 < Vx + 2013x — 2012y (@)

Didukién x > 0; 2y2 —-6x+ 8> 0
(1)<:>(x—y)(y -y —y+5)=0

Q(X—y){(yz—l)er(y—-;—)z {ﬂ 0<:>x y.

Thay x =y vao (2), ta dugc: V2x% - 6x + 8 < \[;+x—2

Ju=x-2 _
bat { , bAt phuong trinh trg thanh: + 2u® +2v2 <u+v

(u-v)2 <0

Vay nghiém céia hé 1a (4; 4)

u+v>0
<:>{ Gu=v20 Vx=x-2>0x=4
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- Cau 2.
" Tacéd 5u_u* 4u =30

n+l"n
1 30
Su :g(4un +u—4], Vn>2.
Tir cich x4c dinh ca ddy, ta c6 (u,) 14 day s6 dwong
Miit khac
u,., :l 4u +§(2 :-1— u, +u, +u +u +:—349 >%/30 véimoin > 2.
5 u;t 5 . un

- Dod6u, w/gavolmmn >2.(1)

Xét ham ,f (x) = -;—(4}( + -:ﬂ)-) trén [%;wo), ta co:

x* ,
(o 4(. 30)_4f. 30 o,
\ f( ) 5(1 -X—5) 5[1 ~§6j 0 trén [%,-}-00).

Suy ra ham ‘f(.x)_ nghich bién trén [*i/éﬁ;m) . 4 |

' nén’maxf(x)=f('§f35) = Y30 Ma u,,, =f(u 2)nén u, < %30 2
Két hop (1) va (2), ta c6 i/éﬁ <u <%¥30.
Vay limy, = ¥30. |

. Cau 3.
- Goillatam, r lé ban kinh dudng tron ndi tiép tam giac ABC.
‘ 8
Taco: MNdlquaIQSIAM+S SAMS
S | SABC o
—rAM+—AN-AMANlr(AB+BC+CA) A
2 4 ABAC 2 ‘
o ABAC ABC i p,ch
ABCN ACBM
< =BC
AN AM
ABCN AC. BM 1

QBCAN BCAM
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Theo bét déng thic AM — GM
ABCN ACBM _, [ABCN ACBM

1=
BCAN BCAM “VBCANBCAM'
2
SuyraP = BM.CN < BC hay P < §
AMAN — 4ABAC 84

Déng thirc xay ra khi va chi khi ABCN _ACBM _1 .
. BCAN BCAM 2

hay AM _AC 14 AN _AB 6

BM BC 5 CN “BC 5
Viy gié tri 16n nhit coa P 1a 25 khi — AM 14 va AN = ¢ .
84 BM 5 CN 5

Cau 4.
Gidsircoy; vay, ma £(y,) = £(y,) . Khi d6 v6i moi x, ta c6

f(x+£(y,)) = £(x +£(3,)) & f@ +y, =f@+y, =, =7;.

Do d6 f1a don anh. - -

Thay y = 0, ta duge f(x +f(0)) = f(x) v6i moi x € R.

Lai thay x = 0, ta dugc f(f(y)) = f(0) + Y hay f(f(x)) x + f(0) véi moi x € R.
Thay x bai f(x), ta dugc:

f(f(x) + f(y)) = f(F0) +y = x +y +f(0) = f(f(x +y)).
Vi fdon anh nén fix +y) =f(x) + f(y) Vx, ye R

Vi f don diéu va cong tinh trén R nén f(x) =kx véi moi x € vaktuyy

Thay biéu thirc ctia f(x) vao hé thic f (x +f (y)) = f(x) +y, ta dugc
f(x+£(y)) = f(x +ky) = kx + &%y

Laicoé f(x)+y =kx+y

Vi thé f(x+ f(y)) fx)+y © kx+k%y =kx+yvéimoiy e R

hay k = +1.
Suy ra f(x) = x hoac f(x) = —x. Thir lai ta thdy thoa mén.
Viay f(x) = x hodc f(x) =—x.

Ciu S.

Tacé 30x* — x> —Ty? —14x%y2 -9 =0
N (15x2 Ty - 9)(2x2 + 1) =0
< 15x%* -7y* -9=0 (1)

Gia str (1) ¢6 nghiém nguyén (Xo, Yo). Ta co:
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15x —7y0—9 0 :>15x0—~7y0 —9::>7x03:>y03:>y03
hay y0—3m,meZ
Khi d6, ta duoc 5x> — 21m? = 8 = 5x%i3 = x’i83 = x,13

_ hay x, = 3n, n € Z.
Suyra 15n% — 7m? =1 hay 15n® = 7m® +1 = (7m2 + 1)55

Mit khéc véi moi m € Z thi m” tan cing b6i 0, 1, 4, 5, 6, 9
= 7m’ tan cing bdi 0, 7, 8, 5, 2, 3
= 7m’+ 1 tan cing béi 1, 8,9, 6, 3, 4
Do d6 7m” + 1 khong thé chia hét cho 5. Cho nén (1) khong c6 nghiém nguyén.
Vay phuong trinh khong cé nghiém nguyén.
Cau 6.
_Goi A la mot diém trong 2013 diém da cho. V& duong tron tm A, ban kinh
bang 1, ki hiéu 1a (A, 1).
Trudng hop 1: Néu té*g ca 2012 didm con lai déu ndm trong dudng tron (A, 1)
thi bai toan dugc giai quyét.
Trudng hop 2: Gia sir B 1a diém nim ngoai dudng tron (A, 1). Khi 46 AB > 1.
V& dudng tron tim B, ban kinh bang 1, ki hiéu (B, 1).

Goi C 1a diém thi ba trong 2001 diém con lai. Taco A, B, C laba, diém bét ki nén
theo gia thiét BC < 1 hodic AC < 1. Do d6 C nam trong (A, 1) hoic C nam trong (B, 1).

Suy ra hai dudng tron (A, 1); (B, 1) chira tt ca 2013 diém da cho.

M 2013 = 2.1006 + 1 nén theo nguyén li Dirichlet thi mt trong hai duong tron
nay s€ chira 1006 diém da cho.

TRUONG THPT CHUYEN HUNG VUONG

BINH DUONG
Cau 1.
Taco x? +x2+1=x2+1)? - = x® +x+ )% —=x +1) > 0, v6i moi x.
Mat khac x2-8x+1=2x%-x+1) -2 +x+1).
2 -x+1

bity =
» %2 +x+1

(c6 thé viét didu kién y 0 hod#c chinh xac hon la £ Sy < \/_ 3),

Ta c6 phuong trinh tré thanh: 2y* —1 = —-—é—g—y =0& ,6y2 + «/éy ~3=0 ,
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Ta duoc y = i— (loai y = —3/3)
Tir d6 phuong trmh c6 nghiém ]a x=1.
Cau 2.
Taco: x,,, = %2 +(1-2a)x, +a® =(x, —a)2 +x_ >x_,Vn>1.

Viy day ( ) 1a day don diéu ting. Gia sir ton tal limx =1, chuyén sang giéi

han ta thu dugc phuong trinh: o
I=(1-a) +1=1=a
Néutdntaik dé x, >a thi x, >a,Vn>k.
Diéu d6 kéo theo day dﬁ cho khong cd gidi han.
Giast x, <a,vn e N. Khi do: (xn —-a)2 +x <a hay a-1<x_ <a thi:

. 9 ‘ ,
xml—(x ——a) + X <(a—x)+x =a,

Viy @ ton tai limx th1 diéu kién can vadila:a-1<b<x<a
va khi do: limx_=a.

n-—»0

Cau 3.
Ta c6 P thudc truc déng phu'cmg clia hai duong tron (AC) va (BD).
Suy ra: P, P/(AC) PP/(BD) k
Khi d6: PCPM = PBPN =k
Xét phép nghich dao cuc P, phuong tich k: Nlli
" Qua Nif. thi:
M«->C
. N«>B
A—A’ A
DD’
Suy ra:

AMEES (PA c) va DN<&2s (PD B) (nhu hinh v&)

Do d6 dé chimng minh AM, DN XY ddng quy, ta s& chimg minh XY la truc
dang phuong cua hai dudng tron (PA” C) va (PD’ B).
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' AN N
Ta c6: PZC = PZB = 90° nén Z la gxao diém cia hai dudng tron (PA’ C) va

(PD’ B). Do d6, PZ = XY.

Suy ra XY 14 tryc déng phuong cta hai dudng tron (PA’ C) va (PD’ B). Do do,
AM, DN, XY dbng quy

Ciau 4. ' , »
Tim nghiém riéng: f(x) =c ¢ ¢ = 0. Thoa man dé bai. Gia sir f(x) #0
Cho x =y =0 ta duoc f2(0) =0 f(O) =0
Cho x =1; y =~1 ta duoc f(l)[l + f(~1)] =0
Xét f(1) = 0, ta thay y=.], X tuy y ta duoc f(x + 1) =0= f(x) =0,vxeR.
Xét £(1) = a = 0 khido f(-1) = -1.
Choy =1 vaxtyy vao (1) ta duqc(f(x + 1) = af(x) +a.(2)
Thay y b&iy +1 vao (1) va két hdp (2) ta dugce f(x'y + x) = f(x) + af(xy) 3)
Cho y =—1 vao (3) ta duoc:
1 1.4 1
f(- ) = —-——-f( ) VxeR=a= f(l): —gf(-l) ==
= a==+1.
V6ia=~1: Choy =1 vio (3) ta duoc f(2x) = 0,vx € R, Vo I.
Véia=1:Khids £(x +xy) = £(x) + £(xy) ()
hay f(x + y) = f(x) + f(y).
Ma f(x) la h‘ém s lién tuc trén R va f(1) = 1 nén ta tim dugc f(x) =x
Tht’r lai ta thay hai ham sb f (x) =0;f (x) = x,Vx € R théa man yéu ciu bai toan.

Cau 5.
bitA=a+1;B=b+2;C= c+3.
Bai toan trd thanh: Chung minh rang néu A + B + C chia hét cho 30 thi
A’ + B’ + C’ chia hét cho 30.
Tac6: 30 =2.3.5va 2,3, 5 d6i mdt nguyén td cing nhau
Theo dmh h Fermat: A’ = A (mod 2)

:> A'=A’= A (mod 2) :> A’=A%= A (mod 2);
=A (mod 3)=>A=A=A (mod 3);
= A (mod 5).

Theo tinh chit ctia phép dong du, ta c6:
A’+B’+C’=A+B+C(mod2)
A’+B*+C’= A +B+C (mod 3)
A’+B’+C’=A+B+C (mod 5)
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Do d6 A’ + B’ + C’ = A + B + C (mod 2.3.5). Ttc 1a néu A + B + C chia hét
cho 30 thi A’ + B + C° chia hét cho 30.

Ta c6 diéu can chiing minh. y
Ciu 6. : '
Ta chiéu cac hinh chit nhat nay lén hai truc dif----p %
toa d6 Ox va Oy ta c6 su tuong ung 1 — 1 sau: P - ) ,
[ai ,bi] c Ox ' E A
F <« ' I
[ci,di] < Oy ' '
v ! {(
Nhu vy ta c6 ho céc doan thing [ai,bi] cO0x, Ol g ' b

ho cac doan thing [ci,di] <Oy, Vi= I_—I;
Do F,AF, +@ véi moi i#]j, ije{l2..nfnen [a,b]n[a,b]*@
véi i,j e {1,2,....n}.

: n ' n
Tir d6, theo dinh 1i Kelli thi [ \[a,,b, ] # @ . Suy ra, ton tai a" & [ a;,b, .
i i
. x * B
Tuong ty, ta cling chirng minh dugc sy ton tai cia b e ﬂ[ci,di] .
i

n
Diéu nay chimg to ring F~ = a’b")eNF, .
. 1 1
i=

Vay, néu hai hinh bt ki trong chiing c6 giao khac rdng thi ca ho n hinh chit
nhat trén c6 giao khac rong.

TRUONG THPT CHUYEN BEN TRE - BEN TRE

Cau 1.

2 4 3 _ -
H& phuong trinh viét lai: (16X 7Y ~8%y" -1=0 @
2+8xy -16x2 —2y> =0 (2

'Lay (1) cong (2) ta co:
— 8xy® —2y% + 8xy + 1= 0 (y2-172 -8xy(y®* - 1) =
+1
&G -1y -1-8xy) =0 |
' 8xy=y® -1

o Néuy=-1thay vao (I)taco 16x> +8x=0x=0 v x= —é—
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e Néuy=1thayvao(l)tacd 16x> -8x=0<x=0 v x=

o Néu 8xy=y® —1 thidoy=0khong théa man hé nén x = 3
y

. 2 2
Thay vao (1) ta cé: 162 -1 +y4~8—x—-—-—}—y3—-1=0
8y 8y

1
2

y> -1

2
o By Dy~ Dy +1) _

Khai trién va rat gon ta cé: 5y° — 6y + l= 0
. : ’ y y

Giai phvong trinh nay taco: y =11,y = _t%
5

Thay vao (1) tim dugc x, thir lai ta c6 nghiém cia hé la:

1

| (x;‘y)=(——;—;—1],(%;1],(0;—1) ?(0;1),[ 2‘1/5_‘%[2\1/5 N

Cau 2.

0

*Taco 2x x | = Xn-12 +4.Do x, =2013 > 0 nén bing phudng phap quy

naptacé x >0,vVn e N°.

*Vay x| = ‘;‘(an + -}—;—1——) . Ap dung bt déng thirc Cauchy, ta cé:

n-1

% = '-;—(xn_1 +—2 ) > 2. Vay day sé (x_) bi chin dusi bdi 6 2.

n-1

*Taco: 2 =11 +—2), do x, >2,n nén

X X

n-1 n-1 n-1

Viy o2

n-1

Suyra x_ <x_,Vn néndiysé (x) laday giam.

* Tom lai ddy s6 (x_) giam va bj chidn dudi nén c6 gidi han hitu han.

a>2
*Goi a = limx_, tacéd 1 4 . Giai hé nay ta dugc a =2.
a=§(a+——) ' :
a

‘Vay limx_ = 2.
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o

Goi M I hinh chidu cia O 1én d va A', B' 14n luot 1a diém déi xtmg voi A, B
qua dudng thing OM. Gia sit AB', A'B cét d theo thir ty tai F, G thi F, G c¢b dinh.
Goi X,Y 14 c4c diém cd dinh trén dudng thing OM sao cho .

MX? = MY? =FA -GB.
Theo tinh chit di xting thi M chinh 12 trung diém cia FG va
GA’' =FA,GB = FB' va AA’,BB’ songsong vdi d.
pit MF = MG = a.
Tacé: GBE = ABC = A’/AC =FDA.
NN N
"Twong tu: GEB = FAD. Suy ra AGBExAFDA  (g.g)
Do d6: GE-FD = GB-FA = MX® = MY®. -
Theo tinh chét phuong tich thi dudng tron dudng kinh D'E’ di qua X,Y .
Do DD’ = EE' = a nén c4c dudng tron dudng kinh DE,D'E’ ddng tam. Suy
ra dudng tron duong kinh DE tiép xtic v6i hai dudng tron cd dinh c6 tim 1a X,Y
va ban kinh bing a. P
Ta c6 didu phai chimg minh. -
Ciau 4. S
Trong (1), thay x béi f(y) ta dugc:

£(0) = £(£(y)) - 2£°(y) + £ (y) - 2
< £(0) = 2f(f(y)) - 2f%(y) - 2

e F(E) = £2(3) + “02; 2

@)
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Trong (1), thay x bai f(x) va két hop véi (2) ta duoc:
£(f0) - £()) = £(£(y)) — 20 QF(y) + FE) -2

£f0)+2
2

_2f(x)f(y) + F2(x) + 2

= f(f(x) - f(y) = () + f(O; +2_

= £(£) - £() = (£x) - £3)” + £(0) 3)

Do f(x) = 0 khong la nghiém (1), nén dy, e R:f(yy) =0
Tir (1), ta co: '
fx-f(yy)) - f(x) = 2xf(y,) +f(f(y,)) -2 VxeR.
Vi vé phai 1a ham béc nhét theo nén ¢6 tip gia trila R .
Do d6 f la mdt toan anh.
- Khi d6 (2) va (3) duoc vieét lai:

f(x) = x® + f(0;+ 2;

f(x) = x> + £(0).
Tir hai déng thirc trén cho ta f(0) = 2. .Suy ra: f(x) = x* + 2.
Thir lai: Thay f(x) = x® + 2 vao (1), ta dugc:
(x—£3))° +2 = £2(y) - 2xF(y) + x° + 2
= f(y) - 2xf(y) + X2+ 2

(dang)

Két luan: f(x) = x* + 2 théa man yéu cdu bai toan.
Cau 5.

Dit f(n) = n® - 5n® + 676n + m. Ta chiing minh ton tai a, b nguyén aé
f(n) =(n+2a)’ +b(mod2003).

f(n)=(n+2a)’ + b(mod2003)

< n® -5n% +676n + m = n® + 6an? + 12a®n + 8a® + b (mod 2003)
Chon a nguyén sao cho 6a = —5(mod2003) <> 6a = 1998 (mod 2003)
< a = 333(mod 2003) )

Khi d6 12a® = 12.3332 (mod 2003) < 12a® = 676 (mod 2003).

Do d6 chi cin chon b = m - 8a® (mod 20083).

Suy ra f(n) = (n + 2a)’ + b (mod 2003) v&i

a = 333 (mod 2003),b = m — 8a® (mod 2003).

Ta ching minh vdi moi i, j nguyén ta cd
£(i) = £(j) (mod 2003) <> i = j(mod 2003).
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Véi moi i, j nguyén ta c6 ‘
£(i) = £(j) (mod 2003) < (i + 2a)® = (j + 2a)® (mod 2003).

Trudng hop (j +22,2003) = 1 va (I +22,2003) = 1

Ta cb (i + 2a)*%%.(j + 2a)® = (j + 22)™% (mod2003)

Do (j+2a,2003) = 1 va 2003 ngﬁyén t5 nén theo dinh 1i F ermat nho, ta co
(j + 22)%°° = 1 (mod 2003). '

= (i + 22)%%%7 (j + 2a)® = (j + 2a) (mod 2008) (1)

= (j+ 2a)? = (i + 22)>%.(j + 2a)® (mod 2003)

= (i + 2a)*"* (mod 2003) = (i + 2a)? (mod 2003)

= (i + 2a)>%7 (j + 2a)*

= (i + 2a)>%% (i + 2a)% (mod 2003) = (i + 2a) (mod 2003)  (2)
Tu (1), (2) suy ra i = j (mod 2003)
Truong hop (j + 2a):2003

= (j + 2a)*12008 = (i + 22)°:2003 = (i + 2a):2003

= i = j(mod2003) '
Truong hop (i + 2a):2003 tuong ty

© Tirdé suy ra f(i) = £(j)(mod2003) < i = j(mod2003)

= Tép {f(1),f(2),...,f(2003)} 1a hé thing du dy da theo (mod 2003)
= t4n tai 1 & {1,2,...,2003} sao cho £(n):2003. |

Viy ta c6 diéu phai ching minh.
Cau 6.
Vei (1,j,0) € S, dat Tij =1{G,},2) 13, j,2) €S}

Khidétaco S= [J

(1,j,0)eS,
2 2 '
wld =l U T =| Tl X1 Y amPelgl X I
= | = §lS : i i
(1,3,0)eS, (1,j,0)eS, (1,j,0)e8, (1,j,0)eS, (i,j,0)e8,
Xéttip V = U (T1J lej)
(1,3,0)eS,

voi T, x T, = (G, j,t,),, jit,)) L G3t,) e Sk =1 2)

U(TXT

(1,3,0)eS,

TacéV"= T. x T, T.
v ¥ )= >

(O)S
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- Ta dinh nghia anh xa nhu sau: |
f: V-8 xS,
(G.3.4),G:3,t)) B> ((0,3,£),3,0,8,))
Ta chirng minh dugc f'1a don anh:
N . ' o' ' . (O;jst ) = (07.].'71:" )
Gia sir ((0,,t,),(1,0,t,)) = ((0,3,£,),G,0,t,)) = e
( bt 2 ) | ( Joty 2 ) {(i,O,tz) = (1 ,O,tz)

i=it, =t

=it =t e Y e s e
S{J Ik ,1:>((1,_],t1),(1,3,t2))=((1,J,t1),(1,3,t2)) nén f1a don anh.
2 = Uy

Suy ra [V] <[8, x8,| =I'S, |.l‘sy'|‘

S,

z

~ Vay ta c6 diéu phai chiing minh iSl2 <

SX

s,

TRUONG THPT CHUYEN HUYNH MAN PAT
KIEN GIANG

Cau 1.
x+z=232 +22° +z
Hé da cho tuong dwong véi <y +x = 3x° + 2% + x
z+y =3y +2y° +y
Xét ham s6 £(t) = 3t° + 2t® + t,t € R, ta théy
£/(t) = 9t® + 4t + 1 > 0 Vt, suy ra f(t) ddng bién trén R.
x+z=1(z)
Hé phuong trinh & trén c¢6 dang: <y + x = f(x)
z+y=1£(y)
Do hé phuong trinh hoan vi vong quanh nén c6 thé gia st x = max{x;y;z}
Khido: x>z o f(x)2f(z),thclay+x2x+z2y22
Suyraf(y)2fz) oz+y2x+zoy2x
ma x = max{x;y;z} nén x =y.

Suyra f(y) =fx) o y+tz=y+xox=2. .
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Viy x =y = z, thay vao hé ta co Sx®+2x> ~x=0<x=-1 hoiic x=0

hodc x=—1-.
3

Vay hé phuong trinh da cho c6 3 nghiém (x;y;2) 1a

111
-1;-1;-1), (0;0;0
( ), ( ) {3 g 3]

Cau 2. :
—xn-2+,/x§+8xn—4 2x_ —2)
H)Xétx ,, —X, = = = M
2 xn+2+1/xi+8xn.—4

Do x, =21 >2 nén x, > X, bang phuong phép quy nap ta duoc (x_ ) 1a ddy ting.

Giasir limx =a (a>2), thé vao ta duoc:

n—»+00

_a-2++a’+8a-4

oa=2wl)

2
Vay khi n — +oo thi x  — +. 3
X +2+\fx2 +8x -4
+)Talaicod: x_, +2=— 2“ - )
Tu (1) va (2) suy ra
. x —2 xn+1——2~—xn+2 -1
X 7% < — "oy .2
X .+ 2 x,-2&x,,,-2 x, -4
1 1 1
o — = -
Xn+1 —-4 Xn - 2 Xn+1 - 2
:>yn=Z 1 _ 1 1 _10- 1 @
Ci=l X'2+1 -4 X - 2 Xp1 ™ 2 X~ 2
T (3)va(4)tacd hm 1y, = lim = lim (10 - ) =10.
n——»-m;X R > S 2

Céu 3.
+ Goi H d6i ximg v6i D qua I; PQ la tiép tuyén véi (I) tai H; (P € AB, Q € AC)
Ta ching minh A, H, K thing hang.
That vay:

Goi {K/} - AHNBC, ta c6 tam gidc PHI ddng dang véi tam giéc IDB
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PH IH
= — =
ID DB
= PHDB =IHID = r?
Tuong tu:
QH.DC = r?
= PHDB = QH.DC
PH QH PQ AP PH
DC PB BC AB BK’
= BK' =CD
Ma BK = CD= K’ = K Hay A, K, H thing hang.
+ Goi S dbi ximg v6i N qua M, do S .

. S )
AMDS = AMKN (¢ - g - ¢c)ma NKM = 90° nén I, D, S thang hang.

, o~ ‘
+ Mit khac: ABKN = ACDS(c-g —c¢)=> NBK =DCS = BN // SC.
+ D& thdy DL || SN ma DL L IC (tinh cht hai tiép tuyén cit nhau), suy ra
SN 1 IC hay SM L IC. Nhu vy M la tryc tdm cia tam giac ICS.
Suyra IM L SC.Viy AK L BN.

Cau 4.
Taco fix) = —2&F 2008 47 4 x 42013 khi do
x+2013+ 3 ,
ft-2013)= 24T - g 1
‘ t+3 t+3
f(t—2013) = f,(f,(t — 2013 )
- 1 _ 1 _ 4. 1
C T fG-201348 T 1 2
. t+3 '
fi(t—2013) = fy(fy(t — 2013)) |
L 1 P S
f,(t-2013)+ 3 1
t+2

Bing quy nap ta chirng minh duoc
£, (t-2013) =t Vn e N* va t ¢ {-2;-3}

(2012) = 4025 .

Hay f,_(x) =x +2013. Do d¢ £,
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Cau 5.
Taco 2010* > 11,2011 >1 vx,ye N.
suy ra 2010* + 20117 > 2 nén 20127 > 2.
Técla z>1 va 20127 1a sé chin.
Hon nita 20117 la sé 1é nén 2010* 1a s6 1¢ kéo theo x = 0 va 2010™ =1.
"Ta dua vé xét cac sb fu nhién y, zthéa man 1+ 2011% = 2012%. (2)
o Néuz=1thi1+2011Y =2012 suyra y =1 thoa man.
o Néu z > 2 ta s& chitng minh (2) v0 nghiém
o Tacod 2012° = 425037 chia hét cho 8 va 2011 = 8k + 3 véi k = 251.
+ Khi y =2n thi 2011Y = (8k + 3) =(8h+1)" =8t + i, v6in, h, t 12 cac
s6 nguyén duong, suy ra 1+ 20117 = 8t + 2khong chia hét cho 8.
+Khi y =2n +1 thi
20117 = (8k + 3)*™! = (8k + 3)*.(8k + 3) = (8t + 1)(8k + 3) = 8s + 3, vdis
14 s6 nguyén duong suy ra 1+ 2011”7 = 8s + 4 khong chia hét cho 8.
Viy c6 1 bo nghiém tu nhién duy nhat (x5y;2) = (O;1;1) .

Cau 6.

Goi Pi(i=1..7)1a7 da giac cung c6 dién tich bing 1 va V 14 hinh vudng o
dién tich bang 4 chua 7 da giac do.
Gia str khong c6 hai da giac nao ma dién tich phin chung cta ching khong nho

1 1 ...
hon r , tirc la SP P, 77- Vi, J.
Taco S, , =S, +8p Sy p >1+1-2 =22
177 i j it
. 13 2 18
Ta lai co6 SP1UP2UP3 = SPIUPZ + SP3 - S(Plupz)ml,3 > - +1- & = -

e 1 2 3 4 5 6 Y
Khi d6 SPluqu...P7 }7—(7+7+7+—5+7+:]-)=4 (vo i)

Viy c6 it nhat hai da gidc c6 dién tich phén chung khéng nho hcm'-}?— .p- ‘
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Phan III
| PHU LUC BPE THI OLYMPIC TRUYEN THONG
30/4, LAN XIX ~ NAM 2013
| KHONG PAP AN

A LOP 10

TRUONG THPT CHUYEN NGUYEN QUANG DIEU
PONG THAP

Cau 1. ,
Giai hé phurong trinh sau trén tap sb thuc:

(x+ 7y)\/; +(y+ 7x)\/_)_; =8 2xy(x+y)
20— yWx? +2x-1=y* =2x -1

- Cau 2. : : ’

Qho tam giac ABC nhon ¢6 cac dudng cao AD, BE, CF cit nhau tai H. Goi M,

N lan luot 13 giao diém cua céc cgp dudng thang DE, CF va DF, BE; O la tim

duong tron ngoai tiép tam giac BHC. Ching minh réang hai duong thang OA va

MN vudng gbc voi nhau.

Cau 3.
Choa, b, claba s6 duong va‘l'2(abb'+ bc + ac) = 3abc. Ching minh
2 2 2
a + b + ¢ > 3.
val+1+1 vb®+1+1 Vef+1+1
Cau 4.

Gia st phuong trinh x> + ax’ + ¢ = 0 véi cac hé sb nguyén a, b, C ¢6 3 nghiém

nguyén x;, Xa, X3 sa0 cho (X; — X»)(X; — X3)(X3 — X;) khong chia hét cho 3.
~ Chitng minh rang a + b + ¢ + 1 chia hét cho 3.
Cau 5.

C6 bao nhidu cach sip k ngudi vao n toa tau (k > n;n € N¥) sao cho mdi toa
déu ¢ ngudi? ' e
Cau 6. _

Tim tét ca cac ham sd f : (@j —> Q: sao cho vGi moi s6 hiru ti x > 0 ta co:

fx+1)=fx)+1
&) = )
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TRUONG THPT TRAN QUOC TUAN - KON TUM

Cau 1.

Giai phuong trinh: 3(x2 +4x+ 5) = 10\/x3 +5x” +9x+6 .

Cau 2.

Cho tam gnac ABC ¢c6 BC = a, AC = b, AB = c. Goi BE va CF la cac dudong
trung tuyén ciia tam giac ABC. Chiing minh ring:

BE L CF cotA:Z(cotB+cotC).

Cau 3.

Cho ba sb thuc x,y,z thoa man x* + y* + 2> =1. Tim gia tri nho nhét va gia
tri 16n nhét cta biéu thire: P =12(x +y +z)—10(xy + yz + zx) + 2013.
Cau 4.

Tim da thirc f(x) xac dinh Vx e R va théa mén didu kién:

2(x)+ f(1 —x) =x°

Caus.

Tim sb nguyén a sao cho da thic f(x)=x">+x+90 chia hét cho da thirc
g(x)zx2 -X+a.
Cau 6.

Ba dbng soi c6 51, 49 va 5 vién. Ta thuc hién mot trong hai nuéc di nhu sau:
Mét nude di 1a don 2 dong tiy y thanh 1 dbng; nude di khac 1a chon dong 6 sb
chin vién soi dé chia thanh 2 ddng bang nhau. Hoi c6 the thuc hién mot day cac

nuée di nhu thé dé chia 3 dong s6i thanh 105 déng ma mdi déng chi c6 1 vién soi
hay khong?

TRUONG THPT CHUYEN LE KHIET - QUANG NGAI

Cau 1. .
Cho x,y, z € [0,5; 1]. Tim gia tri 16n nhét coa biéu thic: ?
3(yz+zx + xy)—x—y—z—TXyz.
Cau 2. '
Cho 20 sb nguyén duong X, Xy, ..., Xz VOi X; <Xz <... < X.
Ki hiéu: X = {x,; X; ...; Xz }. Chltng minh r.%mg t6n tai hai tip con clia X c6 dang
A={a;; a....;a}, B={b;; b, ...; b} voi 0 <k <8 va thoa mén ba diéu kién sau
DANB=0.
i) {x,; x‘ﬂ} @ A, {xX; X} ¢ Bvoimoii=1;2;3;...; 19.

LS|
i Z ZF < 34231

1Ia i=l Y
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Cau 3.
Choplasd nguyén t 1é va ham £ Z — 7 xac dinh boi

()= PP=D va (1 - mftny = =0y 1908 i moin # 1.
2 -n

Véi moi s nguyén a, chirg minh rang tdn tai vo sb sé nguyén m thdoa man
[f(m) — a®"*] chia hét cho p.
Ciu 4. : ,
Day (a,) duoc goi 1a tudn hoan tir chi s no néu tdn tai sb nguyén duong T théa
man a,.r = a, v6i V n > no. T duge goi la chu ki ciia ddy, s6 T, nho nhit trong céac
s6 T duogc goi la chu ki co s& ctia day

k
Cho ham f: N\ {0} —> N\ {0}: fin) = () a")* néu n = a,a, ..a, trongdé
A i=]
m, s 12 hai s6 nguyén duong cho trude. Xét day (x,) xac dinh bai: Xo=ae N*,
Xk = f(Xk_l) voiVk> 1.
1) Chirng minh rang day (x,) tudn hoan.
2)Véim=1,5=2,a=2%" tim chu ki co s& ciia day.

Cau 5.
’ . 200032011 _
Chirng minh ring: Z =1006 (mod 2011).
o 2011
Cau 6.

Chimg minh ring véi moi tam giac ABC va véi moi diém M nim trong tam -
gidc do6 (khong thude cac canh cia tam gidc) ta co bat diang thirc: '

MA .MB + MA.MC + MB.MC < MA.MB.MC
MAI.MB, + IVIAl'.MCl + MB,.MC1 ZMAI.MBI.MC,
Trong d6 A, By, C, 1a hinh chiéu vudng goc ciia M 1én BC, CA, AB.

TRUONG THPT CHUYEN HOANG LE KHA
TAY NINH

Cau 1.
(x+yY =z ()
Giai hé phuong trinh: §(y + 2)3 =x (2)

(z+x) =y @)
Céu 2. , : , .
. Cho I la tdm duong tron nodi tiép tam gidc nhon ABC. (C) la dudng tron tim I va

nim trong tam giac ABC. D, E, F theo thir ty 13 c4c giao diém cua dudng tron ©)

vOi cac du’(‘)‘ng vudng gbc ha tir I xudng cac canh BC, CA, AB. Chiing minh rang
cac duong thang AD, BE, CF dong quy.
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Cau 3.
Cho cac sb thuc duong a, b, c.
Ching minh rdng: a’ + b® + ¢? + 2abc + 1 > 2(ab + be + ca).
Céau 4.
Giai phuong trinh: Y= X’ +x, véix, ylacac s6 nguyén.
Cau S.
- Trén mat phang cho 10 dudng thing phan biét sao cho khdng c6 hai dudng
thing nao song song, khéng c6 ba duong thang nao dong quy, vaGi ba giao dieém
bat ki trong so ching déu tim dugc hai giao diém c6 khoang cach nho hon 1.
Ching minh rang ton tai mot hinh tron c6 ban kinh bang 1 chira khong it hon
23 giao diém. '
Cau 6.
Tim tit ca cac ham sb f:N'— N sao cho:
f(f(n)) + (fn))> =n’+3n+3, Vne N (¥)

IRUONG THPT CHUYEN THOAI NGOC HAU

AN GIANG
Cau 1.
Giai phuong trinh: \/Ex2 +16x+18 + \/x2 -1=2x+4.
Céu 2.

Cho tam gidc ABC va dudng tron (1) ndi tiép tam gidc ‘giép xiic vdi cac canh
BC, CA, AB lan luot tf’;\i D, E, F. Goi D’, E", F’ 14n luot 12 diém doi xing cia D, E,
F qua I. Ching minh rang AD’, BE’,-CF’ dong quy. :
Cau 3.

Véia, b, clacac s6 thuc duong thoa man didukiéna+b+c=1.

Chirng minh rang;

1 1 1 1
- + > + - > .

ab+2c2+2¢ bc+2a’+2a ca+2b’+2b ab+bc+ca
Cau 4.

Tim tit ca céc sb nguyén t6 P sao cho P> — P+ 1 1 1ap phuong cia mot s6 tu nhién.
Cau 5.

Cho tap hop A ={1; 2; 3; 4; 5, 6; 7}. Tur cac chit sb coa tip hop A cb thé lap
dugc bao nhiéu s6 tu nhién :

r

a) C6 5 chir s6 khac nhau va s6 d6 khong chia hét cho 2 nhung chia hét cho 3.
b) Co 7 chit sb khac nhau, ching to rdng trong cac s6 d6 khong co cap s6 nao
chia hét cho nhau
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Cau 6.
“Tim tét ca cac ham sé f: N* — N sao cho:
f2)=2;
f(mn) = f(m).f(n) véi mom,n eN’;
f(m) < f(n),Ym <n.

TRUONG THPT HAU NGHIA - LONG AN

Cau 1. .
Giai phuong trinh: x* +x—2=2xvx> —x+3.
Ciu 2. ‘

Cho tam giadc ABC vuong tai A ndi tiép trong duong tron (C) 6 tdm O va diém
H sao cho }Z’ﬁ =240 . Goi D la diém tiy ¥ trén dudng tron (C) va D khic A; M
la trunquiém doan AD val la trung diém doan OM. Chirng minh rang ba diém H, I
va D thang hang.
Cau 3.

Cho tam gidc ABC c6 do dai ba canh BC =a, AC =b va AB=c thoa man
diéu kién a+b+c =12. Tim gié trj 16n nhit cta dién tich tam gidc ABC.
Cau 4. ’

Chung minh ring: 27" 457" _3 chia hét cho 7.
Chu 5. | »
Cho hai duong tron (C1) va (Cy) dé}ng tam O, ¢6 ban kinh lan luot 1a R, = 2013
va R, =2015. Héil co thé ddt dugc nhiéu nhat bao nhiéq duong tron (C) sao cho cac
duong tron (C) tiép xic ngoai véi duong tron (C;), tiép xhc trong véi dudng tron
(Cy) va cac duodng tron (C) nay khong pht nhau.
Cau 6.

Tim ham sb f:N — N théa mén céc diéu kién sau:

f(l)=a(a>0) va f(n+ m) = f(n) + f(m) + mn; Vm,n e N.

295



TRUONG THPT PHAN CHAU TRINH - DA NANG
Cau 1.

Giai phuong trinh va hé phuong trinh:

a) Vx> +91 :\/\/x4 +2x°Vx=24+x-93 -2 +x" +2x°Vx-2+x-93.

(4x> +Dx +(y - )5-2y =0
4x* +3=2y '
Cau 2.

X +3
x+3

a) Tim tat ca sO nguyén x sao cho: 14 s6 nguyén.
3
x +3

2 +3

b) Tim tat ca sO nguyén x sao cho: 14 sO nguyén.

Cau 3.
Cho tam gidc ABC néi tiép duong tron tim O, ban kinh R. Goi M la diém bat ki
—(S,.MA? +S, MB? +S,.MC?)
S
Trong do: S,S,.S,.S. lan luot 1a dién tich cac tam gidc ABC, MBC, MAC,

trong tam giac ABC. Ching minh P, ,, =

MAB; P, 0, 12 phuong tich cua diém M dbi voi dudng tron (O; R).
Ciu 4. .
a) Cho ba sb thuc duong a, b, ¢ va ac + bc + ca = abc. Chirng minh réng:
b’ +2a’° *+20°  Na'+2c
W20t N N2

ab bc ac

b) Cho tam gxac ABC c6 chu vi bang 3; g01 a, b, clado dai cdc canh ctia tam giac.
Tim gi4 tri nh6 nhét caa: T = 3a” + 3b” + 3¢ + 4abc.

Cau 5.

Choham sby = f(x) thoa man 3f(1 — x) + f(x — 1) = 2x + 3. Tinh f(2012).
Cau 6.

Trong mat phang Oxy cho ba diém A(1; 2); B(9; —4) va C(5; 5).

a) Tim toa d6 diém M trén canh AB va diém N trén canh AC sao cho MN//BC
va AM =CN.

b) Viét phuong trinh duong théng di qua A(1; 2) cit cac tia Ox, Oy lan luot tai
E, F sao cho dd dai doan MN nhé nhit.

296



TRUONG THPT CHUYEN LE QUY PON - VONG TAU

Céu 1.

\/ 2 - 2
Giai h¢ phuong trinh: {x+ X" =3 =y+qy +3 .

X -y’ =3x-3y+4

Cau 2.

Tir diém A ném‘ngoéi dl,r(‘mg tron (0), ké hai tiép tuyén AB, A}C va cat tuyén
AMN. BM va BN 1an lugt cat dudng tron dudng kinh OA tai cic diém E, F khac B.
Chirng minh rang:

a) AM di qua trung diém doan thq'gmg EF. ) i

b) Buong thang EF di qua mdt dém c6 dinh khi cat tuyén AMN thay doi.

Cau 3. |

Cho X,y,z la cac sb duong biét ring xyz=x+y+z+2.

Chirng minh rﬁng:

1 + 1 + ! >1
Jx +1 N A
Cau 4.

Tim tit ca cac sb nguyén té p, q sao cho (2p + 1)* + (2qa + 1)* - 1 1a mot sb
chinh phuong. : :
Cau 5.

C6 9 hoc sinh ngéi, vao mat cdi ban tron, c6 gido phat 10 cai keo cho cac ho(i Sil"lh
mot cach tiy y (c6 thé c6 em khong c6 keo). Sau do thuc hién céc thao tac, mai lan
c6~chc,>n mot hoc sinh ¢d khong it hon 2 keo va chuy’én sang cho hai ban bén canh
moi ban mét vién keo. Qua trinh duge thuc hién lién tiép.

Chirng minh ring c6 mot thoi diém ma tir do tré di ludn [udn ¢6 khéng it hon 5
em hoc sinh ¢ keo.
Cau 6.

Tim tét c4 cac ham sb f:Q — R ‘théa man d@)ng thoi hai didu kién sau:

D) f(x+1)=1+f(x)vVxeQ;

i f&)?’g vxeQ\{0}.
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B. LOP 11

TRUONG THPT CHUYEN QUANG TRUNG
BINH PHUOC

Ciu 1.
Giai hé phuong trinh:

(x+\/x2 —2x+2014—1)(y+Jy2 —2y+2014—1)’=2013

2
l1og2(x+2)+x+3_1og2 2x+1 (1+1) +(x+ yWx 2.
X- X

Cau 2.
€(0;1)
Cho day s& (u”) théa man: w+4u +1
el = J‘T‘"——"__‘s n>l.
u, +u, +1

Chirng minh ring day sé (u,,) ¢6 gi6Gi han hitu han. Tim gi6i han do.
Céu 3.

Cho tam giac nhon ABC ndi tiép dudng tron (0), cac dudng cao 4D, BE, CF cét
nhau tai H. Tlep tuyén tai B, C cla dudng tron (O) cét nhau tai G. GD cit EF tal S.
Chung minh rang HS di qua trung diém M ctia canh BC.

Cau 4.
Tim ham sé f:R — R théa man diéu kién:

f((x - 3;)2).2013(""")2 - x* - 2y.£(x).2013" + [f(y)]2 2018% Vx,ye R. (1)

Cau 5.
Tim céc bd sb tu nhién (m, p.q,x, y) voi p,q lacac s6 nguyén t6 thoa man:
24m+2 +1= pqu
Cau 6.

Vi sb nguyén duong n>1, xét S = {1;2;3;...;}1}. Té céc sb ciia S bang hai

mau, @ sd mau d6 va b sd mau xanh. Hiy tim so céc bd (x, y, z) thude S* sao cho
thoa mén c4 hai diéu kién sau:

a)X, Y,z dugc td cing mau.

b) x + y + z chia hét chon.
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TRUONG THPT PLEIKU - GIA LAI

Cau 1.
Giai phuong trinh: sin”" x+cos™’ x =1 (1)
Cau 2. '
Cho n 14 s§ nguyén duong chin.
. 3" +1
Chting minh rang; 2"C) +2"?C} +2"*C! + .. +2°C* +C) = 5

~ Cau3.
Cho tam gidc nhon ABC. Goi I 1a tﬁljl dudng tron noi tiép tam giac ABC. Mot
duong thang d thay doi, ludn di qua I, cat hai canh AB va AC lan luot tai M va N.

. : 1 1 .
Chirng minh rang tong—— +—— ¢6 gia tri khong doi.
g gtong M AN g g

. Cau 4.
Cho a, b, claba sb duong théa mén a+b+c > 3abc.
Chimg minh rang: a’ + b* + ¢* > 3abc.
Cau 5.

Cho day sb (xo)thdamén x, =4; x_, = xi -2;Vn 2 1.

n
. e
Tim lim ——1 |
o XXX,

Cau 6.
Tim tit ca cac ham f: R — R thoa man
xf(y) + yf(x) = (x + y)f ()f(y), Vx € R.

TRUONG THPT CHUYEN TRA VINH - TRA VINH

Cau 1.
Giai hé phuong trinh:

92yl 3x+2y=2 | gx=2y —2\/x2 +12y% —2x~12y +4 =3
304/x —2y — 442y —1 = 2013(x - 2y)

Ciu 2.
. u, =5
Cho day sb (u,) duoc xé4c dinh Su, , ne N*.

ull+ :———-——;——__‘
' 10+4/ul +75

a) Tim cong thirc s6 hang tong quat u,.
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. u. —u .
" b) Ching minh rang —-—-;ﬂ chia hét cho 3.
u211
Cau 3.
Goi AA,, CC, la cac duong cao ctia tam glac nhon ABC. Duorng phén giac cua
goc nhon giira hai dudng thang AA,, CC, cét cac canh AB va BC lan luot tai P, Q
tuong ung. Goi H la truc tam tam glac ABC va M 1a trung diém cta canh AC,

duong phan giac cua ABC cit doan HM tai R. Chirng minh ring tr giac PBQR ndi
tiép dugc mét dudng tron.
Cau 4.

Cho a, b, ¢ la ba s6 thuc, a <3 vaa # 0. Biét da thirc P(x) = x* + ax’ +bx +c¢
luén ¢6 3 nghiém am. Ching minh ring b + ¢ = 4.
Céu S.

Cho s6 nguyén duong n. Kl hi¢u r(n) la tdng céc s& du ctia n khi chia cho 1, 2,
3,..., n. Chirmg minh rang c6 vo han s6 nguyen duong n thoa r(n) = r(n — 1).
Cau 6.

Trén bang co hax s6 1 va 2. Thuc hién trd choi sau: Néu trén bang c6 ha1 sbava

b th: duogc phép viét thém sb ¢ = a + b + ab. Hoéi bang cach do co thé viét dugc cac
s6 2013 va 193042013 hay khong?

TRUONG THPT KRONG NO - DAK NONG

Caul.
Cho a,b,c > 0. Ching minh ring:
1 1 1
2006 * 12006 + 2006
1 1 1
> 42008 + " .
(2a +b+ c)zoos (a +2b + 0)2006 (a +b+ 2c)2096

Cau 2. |
Giai phuong trinh, hé phuong trinh sau:

a) cosx+\/§(sin 2x+sinx)—4cost.cosx—200s2 x+2=0

’x+ +4x+y-3=3
b) 4

2x+y+——:
Y
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Cau 3.
u,=2
Cho ddy s (u, ) x4c dinh boi: u =35
u,=5u,  —6u, ,;n=2
Tim s6 hang téng quat u, ?
Cau 4: ] _ . _
Cho diém A c6 dinh trén duong tron va diém C di dong trén dudng tron do.
Dung hinh thoi ABCD (huéng quay cta tia AB dén AC va AD theo chiéu
duong lugng giac) sao cho goc A/B\C = arccot~/2
a) Xac dinh phép ddng dang bién diém C thanh diém B.
b) Tim quy tich cta cac diém B va D. Xac dinh cac quy tich do.

TRUONG THPT CHUYEN VI THANH - HAU GIANG

Cau 1.
Giai hé phuong trinh:
6x° —y’ +x’y+2xy* =0 (1)
Jx +y—8(x2 +y—3)+(x2 ——)/——5)\/—-x2 +y=4-x> (2)
Cau 2.

Tim gidi han cla day sb {xn} xac dinh bdi
x%>0,3(n+2)x,, =2(n+1)x; +(n+4),n>1.

n+l
Cau 3.
. T
Cho tam giac ABC vdi cac goc A, B, C dugce do bang don vi radian va bé hon 5

Tur diém A dung hinh chiéu vudng goc dén cac dudng phan giac trong cia céc goc
B, C trong AABC tuong ung la Ay, A,. Tp‘cmg tu, tr dinh B ta dung dugc hai diém
1a By, B, va tir dinh C ta dung duoc hai diém la C,, C,.
Chl’]’ﬂg minh rang;
zr
84.B.C
(v6i r 1a ban kinh dudng tron noi tiép AABC).
Céu 4.
Tim ham f:R — R thoa man céc diéu kién:
) f(0)=1;
i) fixy + 1) =f(x)f(y) - f(y) —-x +2;, Vx,yeR.

AA, +BB,+CC, >

301



Cau 5.
4225 .

Ching minh rang Z {\//;} <2112,

=1
Cau 6.

Mdi mot dong xu déu c6 hai mat: Mat hinh va mét chif. Ban déu cac mat cua
2013 ddng xu déu la hmh M®bi mdt nudc di, ta 1am cho 100 ddng xu ‘trong chung
1at nguoc lai. Sau mot sé nudce di, ¢6 thé 1am cho tAt ca cac dong xu déu xuét hién
mat chii hay khong‘7 Tai sao? Ciing cau hoi do cho truong hop ¢6 2014 ddng xu.

TRUONG THPT CHUYEN NGUYEN QUANG DIEU

PONG THAP
Cau 1.
Giai hé phuong trinh:
4xy+4(x2 +y2)+——§——7: 7
(x+y)
2x + ! =3
xX+y

Cau 2.

, nm
Cho day s6 (u,) v6i u, = (n2 +Decos——==,neN.
24n? +1

a. Ching minh ring u, >%, vGoimoi neN.

b. Tinh lim u,.
Cau 3.

Cho hai dudng tron (O]) va (02) cét nhau tai DvaE. Trén tia DE ldy diém A.
Cét tuyén qua A cit (O )tai P va B. Cat tuyén qua A cit (0 ) tai Q va C. Goi O

la tdm duong tron ngoai tiép tam giac EBC M la giao diém cta PD va BE N Ia
giao diém ctia EC va DQ. Chirng minh rang AO vudng goc véi MN, biét ring B,
D, C thing hang. -

Cau 4.
Tim tit ca cac ham sb f: R — R lién tuc, thoa man diéu kién:
2(2x) = f(x) + x, Vx,y € R.
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Cau S,

Cho sb nguyén tb p c6 dang p = 4k + 1. Chimg minh ring véi moi s6 t nhién n
c6 dang n = 4k.(2k)! th| n” + 2" chia hét cho 2p.
Céau 6.

Tai mét ki thi Olympic, c6 n doan tham du. Mdi doan c6 k thi smh mdi thi sinh
thi mt mon khac nhau. Tai budi giao luu cac doan véi nhau, ban tb chire b4 tri cac
- doan vao mét ban tron sao cho céc thi sinh trong cung mét doan ngdi ké nhau va
khéng c6 hai thi sinh thi cing mén nao ngdi ké nhau. Héi cé tat ca bao nhiéu cach
sap xép?

TRUONG THPT CHUYEN LE KHIET - QUANG NGAI

Ciu 1.

(x +l)6—x6——lf—2

. 6
Giai phuong trinh: X X = X+ (=% .

1
3 w———— pe—
12(§c +x3) + 18(x +x)

Céu 2.

, . u, =1 v
Cho day sb () v6i { = :
Uy = \/un(un_ +1)(u, +2)(u, +3)+1,neN*

, . .. n 1
Tinh lim v, v6i y = Z ,n=1,2,3, ..
=1 U, +2 )

Cau 3. :
Cho 2013 dudng tron gdm mot dudng tron 16n va 2012 dudng tron nhd, mdi
dudng tron nho tiép xuc trong voi dudng tron 16n va tiép xac ngoai voi hai duong

tron nhé bén canh. Goi A; (i= 1, 2012) la tiép diém ciia mdi dudng tron nhé thi i
véi dudng tron 16n. Chirng minh ring
ArAy. AsAg... AxniAzn = AsAz. AyAs... ApnAl.
Ciu 4. ,
Tim tit ca c4c ham s6 don diéu £: R — R thoa man tinh cht
flx+fy)=fx)+y, Vx,y € R.
Ciu 5.

C6 thé hay khong thé phan tich da thirc f( x ) = x* — X + 2013 thanh tich ciia hai
da thirc ma mdi da thiic déu c6 hé sb nguyén va co bac 16n hon hodc bang 1?

Cau 6.

Cho day sb 1, 2, 3, ..., 2014, Mot phép bién ddi la ta xda di hai so bt ki trong
day va thém vao mét sb mGi bang binh phuong cua tong cha hai sb vira x6a. Sau
2013 1an bién dbi nhu vay, sb con lai 1a s6 chin hay sb 182
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TRUONG THPT CHUYEN THANG LONG - PA LAT

Ciu 1.
Giai hé phuong trinh:
{x“y—xzy -2 =4x2y+3x2 —2x* +y (1)

Vx—1+3(y+1)=6-y )

Cau 2. ,
Cho day sb {u,} xac dinh bai:
u =0
u,; =u +~—1—————,VneN*
Ot 2 v 2y,
3
Tim lim !
Ny n
Cau 3.

Cho tam giac ABC v6i M 1a trung diém cia BC. Duorng phén glac ngoai cla
goc A cit duong thang BC tai diém D. Pudng tron ngoai tiép tam gidc ADM cét
cac dudng thing AB va AC lan luot tai E va F. G01 N la trung diém ctia EF. Chiing
minh rang MN song song vdi AD.

Cau 4. :
Tim tt ca cdc ham sb f: R — R thoa mén diéu kién:
xfx +y) +yfly -x) = £(x) + fz(y), vx,y € R.
Cau 5.
Cho a, = 19, a, = 98. Vi mbi sb nguyen n > 2, xac dinh a, , ; bing s du cta
a, + 2, khi chia cho 100. Tim s6 du clia a; +aj +...+a5,; khi chia cho 8.
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