Phan hai. Tuyén tap cac bai toan

I. bé bai
1. CAic bai toan 6n tap tuyén sinh 16p 10
Bai 1.1. Tam gidc ABC vuong tai A c6 BC = 2AB. Lay D, E nim tréen AC, AB sao cho

ABD — “ABC va ACE — %A/CTB. F 1a giao diém ctia BD,CE. H, K la diém déi ximg ctia
F qua AC, BC.

(a) Chiing minh H, D, K thang hang.
(b) Chtng minh tam giac DEF can.

Bai 1.2. Duong tron (O) noi tiép tam gidc ABC(AB > AC) tiép xuc v6i AB, AC tai P, Q. Goi
R, S lan lugt la trung diém BC, AC. Giao diém ctia PQ, RS 1a K. Chiing minh ring B, O, K
thang hang.
Bai 1.3. Cho tam gidc ABC nhon nhan H lam tryc tam. Chiing minh ring, ta cé bat dang
thiec :

HA+HB+HC < g(AB+BC+CA)

Bai 1.4. Goi AB la mot day cung c6 dinh ciia dudng tron (O). P la diém di dong trén day
cung AB nhung khong trung véi hai dau mut. Vé duong tron (C) di qua A, P tiép xic trong
v6i (O) va dudng tron (D) di qua B, P tiép xtic trong véi (O). Lay N la giao diém thit 2 cia
(©), (D).

(a) Chitng minh rang AANB «~ ACPD. T d6 hay chi ra N di dong trén dudng nao.
(b) Chitng minh rang NP luon di qua mot diém c6 dinh.

Bai 1.5. Cho tam giac ABC c¢6 BAC = 120° vi cac dudng phan giac AA’, BB',CC". Tinh
BAC.

Bai 1.6. Cho hinh vuéng ABCD c6 hai duong chéo cit nhau tai £. Mot duong thing di qua
A cit canh BC' & M va cat duong thang CD & N. Goi K 1a giao diém ctia EM va BN. Chiing
minh rang CK 1L BN.

Bai 1.7. Cho AABC ¢6 BAC' = 90° (AB < AC). Dudng tron (O;r) dudng kinh AB va duong
tron (P; R) duong kinh AC' cat nhau ¢ D va A.

(a) Goi M la diém chinh gifta cung nhd DC, AM cét (O) tai N, cat BC tai E. Chiing minh
AABE can va cac diém O, N, P thang hang.

(b) Dung dudng kinh NQ ctia (O). Chiing minh @, D, M thang hang.
(c) Goi K la trung diém M N. Chting minh PK | OK.

Bai 1.8. Tam gidc ABC nhon c6 3 duong cao AA;, BB, CC; cat nhau tai tryc tam H. Goi
H,, Hy, H, lan luot 1 tryc tam ciia cic tam gidc AB,C,, BC1 A, C A, By, hay chiing minh ring
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ANABCy = ANH, H,H.,..

Bai 1.9. Cho day cung AB c6 dinh trén (O) va A/O\B = 120°. M la mot diem di dong tren
cung lén AB, duong tron noi tiép tam giac M AB tiép xtc v6i M A, M B tai E, F. Chitng minh
rang E'F luon tiép xtc véi mot duong tron ¢b dinh.

Bai 1.10. Cho dudng tron (O) va duong thing d ndm ngoai dudng tron. Goi S la hinh chiéu
vuong goc ciia O lén d. Vé cac cat tuyén SAB,SEF. AF, BE lan lugt cit d tai C, D. Chiing
minh S 1a trung diém ctia CD.

Bai 1.11. Cho tam giac ABC' vuodng tai A. Ké duong cao AH va dudng phan giac BE cua
tam giac ABC (H € BC,E € AC). Duong thing qua A vuong goc véi BE cit BC, BE lan
lugt tai M, N.

(a) Chitng minh tt giac AN H B noi tiép mot duong tron. Goi duong tron dé 1a (O).

(b) Duong thang CN cat (O) tai T (T # N). Chiing minh ring : CH - BC' = CN - CT.
’ N 1 1 1
(¢) Goi I la giao diem cia ON va AH. Ching minh rang : D~ AR + 1t
Bai 1.12. Cho tam giac ABC noi tiép duong tron (O; R) c6 duong cao AD. Goi E 1a hinh
chiéu ctia B trén AO, K 1a trung diém ctia BC, I 1a tam duong tron ngoai tiép tt giac ABDE.
Chitng minh rang K la duong trung truc cia DE.

Bai 1.13. Cho tam giac ABC nhon noi tiép duong tron (O). Cac duong cao AD, BE,C'F cat
nhau tai H.

(a) K& duong kinh AA’ ctia (O), I 1a trung diém ctia BC. Chiing minh rang ba diém H, I, A’
thang hang.

(b) Goi G 1a trong tam tam gidc ABC'. Chiing minh ring Sagg = 2S406-

Bai 1.14. Cho M 14 mot diém nadm bén trong hinh binh hanh ABCD. Khi d6, hay chitng minh
bat dang thic
MA-MC+ MB-MD < AC - BC

Bai 1.15. Cho duong tron (O; R), dudng kinh BC. A la diém di dong trén nita duong tron (A #
B, C). Trén nita dudng tron kia lay I 14 diém chinh gitta cung BC. Dung AH | BC tai H. Goi
(O1; R1); (095 Ry); (O35 R3) 1an lugt 1a cac dudng tron noi tiép cac tam giac ABH, ACH, ABC.

(a) Ching minh Al 1 0,0,.
(b) HO; cat AB tai E, HO, cit AC tai F. Ching minh AOO.H «~ AABC.
(¢) Tim vi tri diém A dé Ry + Ry + Rs 16n nhat.

Bai 1.16. Cho nita duong tron tam O duong kinh AB = 2R. C la mot diém trén ntta duong
tron (C'# A, B). Dung CH | AB tai H. E, F lan lugt 1a hinh chiéu ctia H tren C A, CB.

(a) Chitng minh EF song song vdi tiép tuyén tai C' cta (O).

(b) Chiing minh tt gidc ABFFE noi tiép.
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(c) Tim vi tri diém C dé chu vi va dién tich tam giac ABC 16n nhét.

(d) Chitng minh khi C di dong, tam I ctia dudng tron noi tiép AOCH di chuyén trén duong
c6 dinh.

Bai 1.17. Cho hinh vuéng ABCD cb dinh, canh a. E la diém di chuyén trén canh C'D. Dudng
thang AE va BC cat nhau tai F. Dudng thang vuong goc véi AE tai A cit duong thang C'D
tal K.

(a) Ching minh AF(CK —CF)=BD - FK.

(b) Chting minh rang trung diém I ctia KF di dong trén mot duong thang c¢6 dinh khi E di
dong trén C'D.

(c) Chira vi tri cia E dé do dai FK ngin nhat.

Bai 1.18. Cho tam giac ABC déu. Goi D la diém di dong trén canh BC. Goi (I1; Ry); (Iy; Ry); (I3; R3)
lan lugt 1a cac dudng tron noi tiép cla cac tam gidc ABD, ACD, ABC va (I3; R) 1a duong tron
ngoai tiép tam giac ABC. Tia AD cét (I3; R) tai E.

1 1

hii inh = .
(a) Ching min 70—~ EB T 70

;1 1
(b) Tim vi tri ctia E dé +

ED " EB + e nho nhat. Ching minh khi 8y Saggc 16n nhat.

(¢) Tim vi tri diém D dé Ry + Ry 16n nhat.
Bai 1.19. Cho (O; R) va mot diém M nam ngoai dudng tron. Tit M duyng hai tiép tuyén
MA, M B dbi v6i (O; R). Goi E la trung diém ctia BM; H 1a giao diém ctia OM v6i AB. Doan
thang AE cat (O; R) tai C.

(a) Chting minh tt gidc HC'EB noi tiép.

(b) Ching minh AEMC «~ AEAM.

(c) MC cat (O) tai D. Tinh DB theo R biét OM = 3R.

(d) OB cat (O) tai T va cit AD tai S. MT giao SA tai N. Chiimg minh N la trung diém
AS.

Bai 1.20. Cho hinh vuong ABCD canh a. E la diém di dong trén canh AD (E # A). Tia
phan giac cia EBA, EBC cat DA, DC tai M, N.

(a) Chtung minh BE 1 MN.

(b) Tim vi tri diém E dé Spyn 16n nhat.
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Bai 1.21. Cho AABC. Mot duong tron (O) qua A va B cdt AC va BC' 6 D va E. M la giao
diém thi hai cia cac duong tron ngoai tiép cac tam gidc ABC va DEC. Ching minh ring
OMC = 90°.

Bai 1.22. Cho hinh thoi ABCD c6 ABC = 60°. Mot duong thang qua D khong cit hinh thoi
nhung cit cic dudng thing AB, BC lan lugt tai £, F. Goi M la giao diém ctia AF va CE.
Chitng minh rang AD tiép xtc véi duong tron ngoai tiép tam giac M DF.

Bai 1.23. Cho dudng tron (O) va day AD. Goi I 1a diém déi xiing véi A qua D. Ké tiép tuyén
IB v6i dusng tron (O). Tiép tuyén véi dusng tron (O) tai A cit IB ¢ K. Goi C la giao diém
thit hai cia KD v6i duong tron (O). Chiing minh riang BC song song véi Al.

Bai 1.24. Cho AABC noi tiép duong tron tam O va ngoai tiép duong tron tam I . AI, BI,CI
cat (0) lan lugt tai D, E, F. DE cat CF tai M, DF cat BE tai N.

(a) Chting minh rang M N || BC.

(b) Goi Q la tam dudng tron ngoai tiép ADMN, P la giao diém ctia AD va EF . Chiing
minh cac diém M, N, P,Q cing ndm trén mot dudng tron.

Bai 1.25. Cho AABC ¢b dinh, M la diém di dong trén canh BC. Dung duong kinh BE cta
duong tron ngoai tiép AABM va duong kinh CF ctia duong tron ngoai tiecp AACM. Goi N
14 trung diéem EF. Chting minh ring khi M di dong trén BC thi N di dong trén mot duong
thing c6 dinh.
Bai 1.26. Cho tam gidgc ABC c6 BAC = 135°, AB = a, AC' = b. Diém M nim trén canh BC
sao cho BAM = 45°. Tinh do dai AM theo a,b.

Bai 1.27. Cho hinh vuéng ABCD, lay diém M ndm trong hinh vuéng sao cho MAB =
MBA = 15°. Héi tam giac MCD la tam giac gi? Tai sao?

Bai 1.28. Cho tt giac ABC'D noi tiép (O; R) sao cho tia BA va tia C'D cat nhau tai I, cic
tia DA va C'B cat nhau 6 K (I, K ndm ngoai (0)). Phan giac ctia goc BIC cat AD, BC lan
luot tai Q, N. Phan giac ctia goc AKB cat AB, AC lan luct tai M, P.

(a) Ching minh t gidc M N PQ la hinh thoi.
(b) Chttng minh IK2=ID-IC + KB - KC.

(b) Goi F la trung diém ctia AB, J 1a hinh chiéu ctia F trén OB, L 1 trung diém cta FJ.
Ching minh AJ 1L OL.

Bai 1.29. Cho tit gidc ABC'D noi tiép (O) c6 hai duong chéo AC, BD cat nhau tai M. Duong
vuong goc véi OM tai M cat AB,BC,CD, DA lan lugt tai M, My, M3, M,. Chting minh
M1M4 = M2M3.

Bai 1.30. Cho tit giac 16i ABCD vé6i E, F la trung diém ctia BD va AC. Chitng minh ring
AB? 4+ CD? + BC? + DA® = AEF* + AC* + BD?

Bai 1.31. Trén (O; R) lay hai diém B, C ¢6 dinh sao cho BC' = v/3R. A la mot diém trén cung
l6n BC (A # B;C).
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(a) Ching minh khi A di dong, phan giac BAC luon di qua mot diém cb dinh 1.

(b) Goi E, F lan lugt 1a hinh chiéu ctia I trén cac dudng thing AB, AC. Chiing minh BE =
CF.

(c) Chiing minh khi A di dong thi EF luon di qua mot diém c6 dinh.
(d) Tim vi tri diém A dé Sy 16n nhat. Tinh gia tri 16n nhat dé theo R.

Bai 1.32. Cho (O; R) va diém A ¢6 dinh v6i OA > R. Dung cét tuyén AMN ctia (O) khong
qua tam (AM < AN). Chiing minh réng

(a) Duong tron ngoai tiép AOM N luon di qua mot diém c6 dinh H (H khong trimg O) khi
cat tuyén di dong.

(b) Tiép tuyén tai M va N cla (O) cit nhau tai 7. Chiing minh 7' di dong trén mot dudng
thang c¢6 dinh khi cat tuyén AMN di dong.

Bai 1.33. Cho AABC ¢6 BAC = 60°, AC' = b, AB = ¢ (b > ¢). Dudng kinh EF ciia dudng
tron ngoai tiép tam giac ABC vuong goc véi BC tai M. I va J 1a chan dudng vuong goc ha
tit E xuéng AB; AC; H va K 1 chan dudng vuong goéc ha tit F' xudng AB; AC.

(a) Ching minh IJ 1 HK.
(b) Tinh ban kinh dudng tron ngoai tiép tam giac ABC' theo b va c.
(¢c) Tinh AH + AK theo b va c.

Bai 1.34. Cho tam giac ABC. Mot diém D di dong trén canh BC'. Goi P, () tuong tng la tam
duong tron noi tiép clia cac tam gidc ABD, ACD. Chiing minh rang khi D di dong thi duong
tron duong kinh PQ luon di qua mot diém cd dinh.

Bai 1.35. Cho tam gidac ABC' c6 phan gidc AD va trung tuyén AM. Duong tron ngoai tiép
tam giac ADM cit AB tai E va AC tai F. Goi L la trung diém E'F. Xac dinh vi trf tuong déi
ctia hai duong théng ML va AD.
Bai 1.36. Cho BC la day cung ctia (O; R). Dat BC' = aR. Diém A trén cung BC 16n, ké céc
AB + AC 2+ V4 —a?
a

ong kinh CI, BK. Da = —
duong kinh C1, at S AT+ AK

Chiing minh réng S = . Tu dé tim gia

tri nhoé nhat cia S.
Bai 1.37. Cho tam gidc ABC noi tiép (O, R) ¢6 BAC > 90°. Cac duong tron (4; Ry), (B; Rs),
(C; R3) doi mot tiép xic ngoai véi nhau.
Chitng minh rang
BC-R?+ AC-R3+ AB-R2+ 2R, - Ry - R
4R
Bai 1.38. Cho hinh thoi ABC'D c¢6 canh 1a 1. Trén canh BC lay M, CD lay N sao cho chu vi
ACMN bang 2 va 2NAM = DAB. Tinh céac goc ciia hinh thoi.
Bai 1.39. Vé phia ngoai ctia tam giac ABC dung cac hinh vuong BCMN, ACPQ c6 tam O

va O'.

Sapc =
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(a) Chitng minh ring khi ¢ dinh hai diém A, B v& cho C thay doi thi dudng thang NQ luon

di qua mot diém cd dinh.
(b) Goi I 1a trung diém ctia AB. Chitng minh ATOO’ 1a tam gidc vuong can.

Bai 1.40. Cho hai duong tron (O; R) va (O’; R') & ngoai nhau biét OO’ = d > R+ R'. Mot
tiép tuyén chung trong ctia hai dudng tron tiép xic véi (O) tai F va tiép xic véi (O') tai F.
Duong thing OO’ cit (O) tai A, B va cit (O') tai C, D (B,C nam gitta A, D). AE cat CF tai
M, BE cat DF tai N. Goi giao diem ctia M N v6i AD la I. Tinh do dai OI.

Bai 1.41. Cho tam giac ABC c6 dién tich Sy. Trén cac canh BC, C A, AB lay cac diém M, N, P

MB NC PA
sao cho M_C = k’l, m = k’g, ﬁ = ks (l{?l,l{?g,k’g < 1)

Hay tinh dién tich tam giac tao bdi cac doan thang AM, BN,CP.
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II1. L&i giai chi tiét

1. Cac bai toan 6n tap tuyén sinh 16p 10

Tam giac ABC vuong tai A c6 BC = 2AB. Lay D, E nam tréen AC, AB sao cho
— 1 — — 1 —— . ) £

ABD = gABC va ACE = gAC’B. F 1a giao diem cua BD,CE. H, K la diém doi xting cua
F qua AC, BC.

(a) Chiing minh H, D, K thang hang.

(b) Chtng minh tam giac DEF can.

Loi gidi

K
B
Y/
E
A T/D ¢

(a) Goi T = FHN AC,V = FK N BC. Tt giai thiét c6 thé suy ra tam giac ABC' 1a nita tam
gidc déu nén viec tinh cac goc 1a tam thuong. Ta co, FHD = HFD = ABD = 20°.

Mic khac, FHE = FTV (do TV || HK) = ACE (do CTFV noi tiép) = 20° = FHD

Suy ra H, F, K thing hang.

(b) HK cat BC tai I. Ta lan lugt tinh cac goc :

DFI =180° — DIF — IDF = 180° — 20° — 40° = 120°

BEC = 90° + 10° = 100° vi BIF = 80° nén BEFI noi tiép.

EFI =180° — ABC = 120° = DF1I
Suyra —
FIE =20° = DIF

Do d6, ADFI = AEFI = FD = FFE. Do d6, tam giac DEF can tai F. 0

Dutng tron (O) noi tiép tam gise ABC(AB > AC) tiép xic véi AB, AC tai P, Q.
Goi R, S lan lugt 1 trung diém BC, AC. Giao diém ctia PQ, RS 1a K. Chiing minh ring
B, 0, K thang hang.

Loi gidi
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Truéc tién, ta sé ching minh rang RB = RK. Goi a = BC,b = CA,c = AB, chu § rang
SK = SQ do tam gidc SQK c6 2 goc day bang nhau. Khi d6 :

RK = RS - SK

c

=5 -8Q=35-(CS-0Q)

2
:E_(lb_Lb‘C)

2 2 2
_c_ L, atb=c

2 2 2

1
:§CL:BR

Vi vay, tam giac BRK can tai R, suy ra RBK = RKB = KBA (RK || AB).
Do d6 K thuoc dudsng phan giac goc ABC hay B, O, K thang hang. 0

Cho tam gidc ABC nhon nhan H lam tryc tam. Chiing minh ring, ta c6 bat dang
thic :

2
HA+HB+HC<§(AB+BC+CA)

Loi gidi
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Qua H vé cac dudng thing song song véi BC,CA, AB cit cac canh tam gidac ABC tai
E K,)Y,I,F L sao cho FK || AC,IE | AB,LY || BC va E,K € BC;1,Y € AC;F,L € AB.
Khi dé, hién nhién cac dudng thang LY, FK, IE lan lugt vuong géc véi HA, HB, HC.

Tam giac AHL vuong tai H néen HA < AL. Tuong tu, ta ciing ¢c6 HC < CE. Ap dung bat
déng thic tam giac, ta thu dugc :

HB< HL+LB=LB+ BFE
Dau ding thitc ¢ tréen do HLBE la hinh binh hanh. T dé, ta thu dugc :
HA+HB+ HC <AL+ LB+ BE+ EC = AB+ BC

Xay dung hai bat dang thic tuong tu roi cong theo vé, ta cé ngay diéu can ching minh. O

Goi AB 1a mot day cung c¢b dinh ctia dudng tron (O). P la diém di dong trén day
cung AB nhung khong trung véi hai dau mut. Vé duong tron (C) di qua A, P tiép xtc trong
v6i (O) va duong tron (D) di qua B, P tiép xic trong véi (O). Lay N la giao diém thit 2 ctia
(€), (D).

(a) Chitng minh rang AANB «~ ACPD. Tt d6 hdy chi ra N di dong trén dudng nao.

(b) Chitng minh rang NP luon di qua mot diém cd dinh.

Loi gidi

PAN — LPCN — POD

—_— |

PBN = ;PDN = PDC

Tu day suy ra AANB «~ ACPD

Do d6 ANB = CPD. Mic khac, do OCPD la hinh binh hanh nén CPD = AOB = « nén
ANB = a khong doi.

Vay N di chuyén trén cung chita goc o dung trén doan thing AB.

(a) Nhan xét riang
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(b) Goi K la giao diém ctia tiép tuyén tai A, B ctia (O). Khi d6 K thudc truc ding phuong
ctia (C), (D) nén NP luon qua K ¢ dinh. Ta c¢6 thé chitng minh két qua nay dé phit hgp véi
kién thitc 16p 9 nhu sau :

Goi P, 1a giao diem ctia KN véi (C) va P, 1a giao diém ctia KN v6i (D). Khi do6 :

KP,-KN=KA*>=KB?>=KP,- KN

Tu day suy ra P, = P, = P. 0

Cho tam gidc ABC c6 BAC = 120° va cac duong phan gidc AA’, BB, CC'. Tinh
BAC,

Loi gidi

A B’ C

B

Goi Ax 1a tia dbi ctia tia AB. Khi do, CAz = 60° nen AC la phan giac ngoai dinh A ctia tam
gidac AA’B. Mic khac, BB’ 1a phan giac trong clia tam gidc nay nén B’ chinh 1 tam bang tiép
trong goc B cua tam giac AA'B.

Suy ra A’B’ 1a phan giac AAC.
Ching minh tuong tu, ta c6 A'C’ 1a phan giac AA’B. Vi vay B’A’C" = 90°. 0

Cho hinh vuong ABCD c6 hai dudng chéo cat nhau tai E. Mot dudng thing di
qua A cit canh BC' & M va cat duong thing CD & N. Goi K la giao diém cia EM va BN.
Chitng minh rang CK 1 BN.

Loi gidi
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B6 qua trudng hop don gian EM || C'D. Kéo dai EM c&t CD tai S. Ap dung dinh 1y Menelaus
cho tam giac AC'N v6i cat tuyén (EMS) va tam gidc BC'N véi cat tuyén (MKS) :

MA SN EC_1
MN SC EA
MC KB SN_1
MB KN SC

T day suy ra :

MA MC KB
MN ~ MB KN

Ap dung dinh 1y Thales, ta thiy ring :

MA MB AB BC
MN MC CN CN

Do do,

BC? KB
NC? ~ KN

Goi K’ 1a can duong cao ké tit C ctia tam gidc BC'N thi ta c6 két qua quen thuoc :

BC? K'B
NC?2 K'N

K va K’ chia trong doan BN theo cling mot ty s6 nén triing nhau.
Diéu nay ching t6 CK 1 BN. 0

Cho AABC c6 BAC = 90° (AB < AC). Dudng tron (O;7) duong kinh AB va
duong tron (P; R) duong kinh AC' cit nhau 6 D va A.

(a) Goi M la diém chinh gitta cung nhd DC, AM cat (O) tai N, cit BC tai E. Chitng minh
AABE can va cac diém O, N, P thang hang.

(b) Dung dudng kinh NQ ctia (O). Chitng minh Q, D, M thing hang.

(c) Goi K la trung diem M N. Chiing minh PK 1 OK.

Loi gidi
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(a) Vi cha y rang AB la tiép tuyén tai A cta (P), ta co

BAE = BAD + DEA = ACD + CAE

= BFA

Suy ra tam giac ABE can tai B.

Do d6 N vita la chan dudng cao vita la trung diem AE.
Tit day suy ra P, N, O thing hang.

(b) Tit gia thiét suy ra NDQ = 90°

Mat khéc :

DNM + DMN = DBA + DCA = 90°
Suy ra MDN = 90°. Vi vay Q, D, M thing hang.
(c) Ta c6 K la trung diem MN nén KN = KD. Lai c6 ON = OD nén KO la dudng trung
truc cia ND hay KO || MD. Do dé6

OKA=DMA=DCA=0PA

Vi vay tit gide OK PA noi tiép. Suy ra OKDP = 90° hay OK 1 PK. )

Tam gidac ABC nhon c6 3 duong cao AA;, BBy, CC; cat nhau tai tryc tam H. Goi
H,, Hy, H, 1an lugt 13 tryc tam cla cic tam giac AB,C,, BC A, CA,B;, hay chitng minh
I‘%ﬂlg AAlBlCl = AHaHbHC.

Loi gidi
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Truée hét xin phéat biéu va khong chitng minh mot bo dé quen thudc : Véi tam giac XY Z c6
truc tam @ thi QX =Y Z cot X.
Ap dung bé dé tren, suy ra :

BlHa == ACl - cot 14/31\01 == ACl . COtx@
(do AB,Cy = ABC, B,C,BC noi tiép)
Ale = BCl . BT41\01 = BOl . COt@

(do BA,C, = BAC', ACA,C} noi tiép)

AC,  AC, CC, cot BAC
3 = . = —— nén B H, = A{H,. Hon nita, B1H, || AiHy (ct 0
a BC, ~ 0C, BO, ~ e dBC nén B 1H, n nita, B1H, || A1H, (cing vuong
goéc v6i AB). Suy ra A; By H,H, 1a hinh binh hanh.
Twu d6 c6 duge H,Hy, = A B,. Lam tuong tu véi hai canh con lai, ta c6 hai tam giac H,HyH,

va A;B,C; bang nhau theo truong hop canh-canh-canh. 0

M

Cho day cung AB ¢b dinh trén (O) va AOB = 120°. M 14 mot diém di dong trén
cung 16n AB, dudng tron noi tiép tam gidc M AB tiép xtc v6i MA, MB tai E,F. Ching

minh rang EF luon tiép xtc v6i mot duong tron c¢d dinh.

L&i gidi
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Goi N la trung diéem BC va H, K, T lan lugt 1a hinh chiéu cta A, B, N len EF. Theo dinh Iy
ve duong trung binh hinh thang thi :

_ AH + BK
e

NT

Tit gid thuyét dé bai suy ra AMB = 60° nén tam giac MEF déu. Tit day ta c6 AFH, BFK
X X 1 1
deu la ntta tam giac deu. Do d6, AH = §AE, BK = éBF. Suy ra,

NT = AE + BF
4
. . AB
Nhung r6 rang AE + BF = AB nén NT = e khong doi va NT | EF.

. ABY\ |
Vay EF ludn tiep xtc v6i dudng tron (N ; T) co dinh. 0

Bai 1.10| Cho dudng tron (O) va dudng thang d ndm ngoai dudng tron. Goi S 1 hinh chiéu
vuong goéc ctia O lén d. V@ cac cat tuyén SAB, SEF. AF, BE lan luct cit d tai C, D. Ching

minh S la trung diém ctia CD.

Loi gidi

Tt O ha cac duong vuong goc xuéng AF, BE v6i H, K 1a chan cac duong vuong goc d6. Khi
dé, H, K lan lugt 1a trung diem AF, BE. Vi hai tam gidc SAF, SEB dong dang va SH, SK 1a
trung tuyén clia cac tam giac d6 nén ASAH «~ ASEK.

Suy ra SHA = SKE.

Ma OHSC,OKSD noi tiép nén SHA = S/O\C,ﬁ(\E — SOD. Do 46, SOC = SOD. Tam giac
COD c6 OS vita la duong cao vita 1a phan gidc nén can tai O. Vi thé, OS ciing chinh 1a trung
tuyén tiic S 1a trung diém CD. )
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Bai 1.11 | Cho tam giac ABC vuong tai A. Ké duong cao AH va duong phan gidc BE cua
tam giac ABC (H € BC,E € AC). Dudng thing qua A vuong goc véi BE cat BC, BE lan
lugt tai M, N.

(a) Chitng minh t giac AN H B noi tiép mot duong tron. Goi duong tron dé 1a (O).

(b) Duong thang CN cat (O) tai T (T # N). Chiing minh ring : CH - BC = CN - CT.

. N 1 1 1
(¢) Goi I la giao diem cia ON va AH. Ching minh rang : D~ AR + 10t

Li gidi

(a) Ta c6 ANB = AHB = 90° nén ti gisc ANHB noi tiép duong tron (0; ATB).
(b) CH-BC =CN -CT =Py 0.
(c) Xét tam giac ABM c¢6 BN vita la dudng cao, vita 1a dudng phan giac trong. Do d6 tam
giac ABM can tai B. Suy ra N la trung diém AM.
Lai ¢c6 AB la mot duong kinh ctia (O) nén O la trung diem AB. Vi vay I la trung diem AH
hay AH = 2HI. Tu d6 ta co

1 1

4HI? ~ AH?
Vay ta can chiing minh
1 1 1
A~ AR AC?

Ma dang thiic nay hién nhién ding theo hé thitc lugng trong tam giac vuong ABC. Ta c6 diéu
can chitng minh. 0

Bai 1.12| Cho tam gidac ABC noi tiép dudng tron (O; R) ¢6 dudng cao AD. Goi E la hinh
chiéu ctia B trén AO, K 1a trung diém ctia BC, I 13 tam dudng tron ngoai tiép tit gisc ABDE.
Chitng minh rang IK la duong trung tryc cia DE.

Loi gidi
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Tt gidc BDEA ndi tiép duong tron duong kinh AB nén tam I clia duong tron ngoai tiép ti
giac nay la trung diém AB.

Ta c6 I va K la trung diém AB, AC nén OI 1. AB va OK L BC. Suy ra ngii giac BIOEK
noi tiép duong tron duong kinh OB.

Vi vay ma EIK = EBK = EBD = %ﬁﬁ) hay I K la phan giac cua DIE.

Lai ¢6 ID = IE nén tam gidc IDFE can tai I. Do d6 I K la trung tryc cia DE. O

Bai 1.13 | Cho tam gidc ABC nhon noi tiép duong tron (O). Cac dudng cao AD, BE,CF

cat nhau tai H.

(a) Ké duong kinh AA’ ctia (O), I 1a trung diém ctia BC. Chting minh ring ba diém H, I, A’
thang hang.

(b) Goi G la trong tam tam giac ABC. Chiing minh rang Sagg = 2Sa06-

Loi gidi

(a) Ta c6 BA’ | CH (cung vudng géc v6i AB) va CA" || BH(cung vudng goc véi AC) nén ti
giac BHCA' 1a hinh binh hanh, do d6 HA’ va BC cit nhau tai trung diém moi duong hay I
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dong thoi 1a trung diém A’H. Vay H,I, A’ thang hang.
(b) Ta c¢6 H,G, O thang hang vae HG = 2G0O (duong thing Euler trong tam giac ABC) nén
Sane = 254c0. O

Bai 1.14| Cho M la mot diém ndm bén trong hinh binh hanh ABCD. Khi dé, hay ching
minh bat dang thiic
MA-MC+ MB-MD < AC - BC

Loi gidi.

p
Sy

Dung hinh binh hanh ABMT'. Khi d6 MT song song va biang AB, suy ra MT ciing song song
va bang v6i C'D nén M C DT ciing 1a hinh binh hanh.
Ap dung bat ding thic Ptolemy cho ti gide AMDT -

MT-AD < MA-DT+ MD - AT

Chi can thay MT = AB,AD = BC,DT = MC, AT = MD, ta c6 ngay diéu can chting minh. O

Cho dusng tron (O; R), duong kinh BC. A 1 diém di dong trén nita duong tron
(A # B,C). Trén nita duong tron kia lay I 1a diém chinh gitta cung BC. Dung AH L
BC tai H. Goi (O1; Ry); (O2; Rs); (O3; R3) 1an lugt 1a cac dudng tron noi tiép cac tam giac
ABH, ACH, ABC.

(a) Ching minh AI 1 010,.
(b) HO; cat AB tai E, HO, cit AC tai F. Ching minh AO1OxH «~ AABC.

(c) Tim vi tri diém A dé Ry + Ry + R3 16n nhat.

Loi gidi
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A
F
E P, 03 S
02
0, )
B I 0 C
I

(a) Goi S, P lan lugt 1 giao diém ctia 0,05 véi AOy va 0205 véi AO;.
Ta c6 B, Oy, O3 thing hang nén ABS + BAS = BAH + 2ABS = 90°. Suy ra O15 L AQOs.
Tuong tu, ta c6 O, P L AO;.
Do do6 Os la tryc tam tam giac AO105 hay AI L O10,.
(b) Ta c6 ABO1H «~ AAO>H nén
OH BH AB
O.,H AH AC

Suy ra AO1HOy «~ ABAC.

(c) Theo mot két qua quen thudc ta co :

AB+ AC — BC
Rg -
R AH—l—(/ZH—AC
2 pr—
AH—I—BZH—AB
Rl ==
2
ViVﬁyR1+R2+R3:AH<R
Do d6 Ry + Ry + R 16n nhat < A la diém chinh giita cung BC. 0

Bai 1.16| Cho nita dudng tron tam O dudng kinh AB = 2R. C' 1a mot diém trén nita dudng
tron (C' # A, B). Dung CH | AB tai H. E, F lan luct 1a hinh chiéu ctia H tren CA, CB.

(a) Chting minh F'F song song vdi tiép tuyén tai C cta (O).
(b) Chiing minh tit gidc ABF'E noi tiép.
(c) Tim vi tri diem C dé chu vi va dién tich tam giac ABC 16n nhat.

(d) Chiing minh khi C' di dong, tam I clia dudng tron ndi ticp AOCH di chuyén trén dudng

c6 dinh.

Loi gidi
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(a) Goi tiép tuyén cia (O) tai C la Cxz.
Ta ¢6 2CA = CBA = 90° — HCB = CHF.
Mit khéc ti gise CEHF 13 hinh chit nhat nén ta c6 CHF = CEF = 7CA = CEF.
Suy ra Cx | EF.
(b) Theo ching minh cau (a) ta cé CEF = CBA nen ttt giac AEF B noi tiép.
(c) Tac6 (CA+ CB)? < 2(CA? + CB?) =2AB? = 8R? Suy ra CA+ CB < 2v2R.
Vi vay
CA+CB+AB < (2V2+2) R

Lai ¢6

1 1
Sape = 5CA-CB < G(CA+CBP < ¢ -8R = R’

O | =

w_»

Trong ca hai truong hop, dau xdy ra < C la diém chinh giita cung AB.
Vay khi C' ndm chinh giita cung AB thi chu vi va dién tich tam gidc ABC' 16n nhat.
(d) Khong mat tinh tong quat, gia st CA < CB.
Ta sé chiing minh AIO = 135°.
That vay. Ké duong kinh CC’ cta (O). Ta ¢6 ACH = C'CB nén COI dong thoi 1a phan giac
ACB.
Suy ra ACT = THO = 45° nén tu gidc AHIC noi tiép.
Vi vay
AIO = AIH + HIO
— ACH +90° + HCI
= 90° + ACT = 135°

Do d6 I luén nim trén cung chita géc 135° dung trén doan OA va thudc nita mat phang bo
AB chta C.

Tuong ty véi CA > CB ta c6 I luon thudc cung chita goc 135° dung trén doan OB v nam
trén nita mat phing bo AB chia C.

Toém lai khi C' di dong trén cung AB thi I luon di dong trén cung chita géc 135° dung trén
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doan OA hoiic OB ndm trén nita mat phang bd AB chita C (trit hai diém A va B). O

Chai 9. Cau (c) ctia bai toan nay c¢6 mot cach gidi khac c6 thé ap dung cho truong hgp tam
giac ABC' khong vuong :

Bai 1.toan. Cho duong tron (O; R) ¢6 day BC' ¢6 dinh, tim gié tri 16n nhéat ctia AB + AC véi
A la diém di dong trén mot cung BC ciia (O).

Loi giai

Trén tia d6i clia tia AB léy/d\iém M sao cho AC' = AM. Suy ra AAMC can tai A

Do d6 AMC = ACM = 22

. AC

nén M di chuyén trén cung chita goc dung trén AB va
nim trén cting mot nita mat phing bs BC véi A.

Suy ra AB + AC 16n nhat < AM 16n nhat < BC LCM.

Khi d6 A 1a diém chinh gitta cung BC ciia (O).

Bai 1.17| Cho hinh vuéng ABCD cb dinh, canh a. E la diém di chuyén trén canh CD.
Duong thing AE va BC cit nhau tai F. Dudng thing vuong géc véi AE tai A cit duong
thing CD tai K.

(a) Ching minh AF(CK —CF)=BD - FK.

(b) Ching minh rang trung diém I ctia KF di dong trén mot duong thang c6 dinh khi £
di dong trén C'D.

(c) Chira vi trf cia E dé do dai FK ngan nhat.

Loi gidi

(a) Ta co

KAD = 90° — DAF = 90° — AFB = FAB

Suy ra AABF = ANADK. Do d6 AK = AF hay AFAK vudng can tai A.
Trén tia C'D lay diém T sao cho AT = AC thi AATK = ANACF.
Dodé KT =CF = CK -CF=CT.
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Vi vay
AF(CK — CF) = AF - CT
1
—KF-V2AC
V2

=BD -KF

(b) Tam giac AKF vuong can tai A c6 I 1a trung diém KF nén AILKF.

Suy ra tt gidc ADIK noi tiép. Do d6 TAD = IKD, AID = AKD.

Vi vay TAD + AID = AKF = 45° = ADB nén I luon nim trén dudng théng BD.

(c) Ap dung he thic lugng trong tam gidc vuong ta o

AE?  AC?*  2a?
< =

— =2a

DE-EK = AE? = EK = <
DFE CD a

Dau “=" x4y ra khi va chi khi F trung véi C. )

Bai 1.18| Cho tam gidc ABC deu. Goi D la didm  di dong trén canh BC.

Goi (I1; Ry); (I; Ry); (I3; R3) lan luot la cac duong tron noi tiép clia cdc tam giéc
ABD,ACD, ABC va (I3; R) 1a duong tron ngoai tiép tam gidc ABC. Tia AD cat (I3; R)
tal F.

1 1
ED _EB T EC
1 1

. 1 A P . .
(b) Tim vi tri cia E de 7D + folE] + 70 nh6 nhat. Ching minh khi ay S prc 16n nhat.

(c) Tim vi tri diém D dé Ry + R, 16n nhat.

(a) Ching minh

Loi gidi

(a) Ta chiing minh FA=EB+ EC
That vay. Trén tia déi ctia tia EB lay diéem F sao cho EF = EC. Khi d6 AECF déu nén suy
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ra ABCF = NACE.

Vivay ma FA=FB=FEB+ EF =EB+ EC.
1 EA

1
EB ;AEC’ " EB-EC
hay ED - EA = EB - EC, diéu nay dang do AEDC

Tt két qud trén ta suy ra

Ta can chitng minh
AFEBA.
(b) T chiing minh cau (a) ta c6

ED  EB.EC

1 N 1 N 1 2EA
EB EC ED EB-AC
N 8EA 8
“ (EB+ EC)?  FEA
4
2_
R

Dau “=" xay ra < EB = EC hay E la diém chinh giita cung nhé BC'.
Khi E la trung diém cung nhé BC ctia (ABC) thi khodng cach giita E va BC 16n nhat, hay
tam gidac BEC c6 dién tich 16n nhat. Khi d6 dién tich ti giac ABEC dat gia tri 16n nhat.
(c) Goi do dai canh tam gidac ABC' la a.
Ké ILH, I,K vuong géc vé6i BC (H, K € BC), goi M la trung diem BC.
Ta co
HK — DH + DI — AD+BQD—AB N AD+C’2D—AC

_2AD—a
N 2

Theo dinh 1i Thales thi

R, BH 2BH R, CK 20K
_— = T = A — = — =
Rs BM o "Ry CM a

Tt dé ta c6 cac dang thiic sau

R1+R2 _Z(CL—HK) _3&—2AD

Rs a a
—2AD
Ry Ry = 13 )Bs

a

T déng thic cudi cing suy ra Ry + Ry 16n nhéat khi AD bé nhat. Diéu dé xay ra khi va chi
khi D 13 trung diéem BC. 0
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Bai 1.19| Cho (O; R) va mot diém M nam ngoai dudng tron. Tt M duyng hai tiép tuyén
MA, MB déi véi (O; R). Goi E la trung diém ctia BM; H la giao diém ctia OM véi AB.
Doan thing AFE cit (O; R) tai C.

(a) Chitng minh tt giac HCEB noi tiép.
(b) Chitng minh AEMC «~ AEAM.
(¢) MC cat (O) tai D. Tinh DB theo R biét OM = 3R.

(d) OB cét (O) tai T va cat AD tai S. MT giao SA tai N. Chting minh N la trung diém
AS.

Loi gidi

(a) Ta c6 EH || AM nén HEA = EAM = CBA. Suy ra tit giic HCEB noi tiép.
(b) Ta ¢6
EM? = EB*>=EC-EA
Suy ra
EM FA
EC ~ EM
Mat khéc, hai tam giac EMC va EAM c6 goc E chung. Suy ra AEMC -~ AEAM.
(c) Tu cau (b), ta ¢
ADM = MAC = EMD
Do d6 AD || MB. Suy ra OBLAD hay BA= BD.
Ta c6 OB? = OH - OM, suy ra

OB> R® R

“OM 3R 3

OH

Do do6
BD =AB=2HB =2v0OB? —OH?

_2 RZ_E——ZL\/?R
—“V 9 3
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(d) Goi I 1a giao diém ctia BM vé6i AT.
Ta c6 ABAI vuong tai A ma AM = MB. Suy ra M la trung diém ctia IB. Ma M B || AD,

suy ra

SN TN AN
MB TM MI
Vivay AN = NS. 0

Bai 1.20 | Cho hinh vuong ABCD canh a. E la diém di dong trén canh AD (E # A). Tia
phan giac cia EBA, EBC cat DA, DC tai M, N.

(a) Ching minh BE L MN.

(b) Tim vi tri diem E dé Spyn 16n nhat.

Lot giai
A B
M1
I
E q
D N C

(a) Goi I 1a diém ddi xing véi A qua BM. Khi d6 I € BE va BI = a.
Tuong ti, néu goi I’l/agém @i\xfmg v6i C qua BN thi I’ € BE va BI' =a. Suyra I =TI
Vivay ma I =1’ va BIM = BIN =90°. Do d6 [ € MN va M N vuodng géc véi BE tai I.
(b) T cau (a), ta suy ra AM + CN = MN. Tt d6 suy ra
2VDM - DN < DM + DN

=2a — (AM + CN)

=2a— MN

=2a —VDM? + DN?

<2a—\/m

Do do

2v/25pun < 2a — \/4SpuN

Vi vay

Dau“="xdy ra <& DM = DN < E = D.
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2
Vay dien tich tam gidgc DMN c6 gid tri 16n nhét bing (L) khi E = D. 0
3+2v2

Bai 1.21| Cho AABC. Mot duong tron (O) qua A va B cat AC va BC 6 D va E. M la
giao diém tht hai ciia cac dudng tron ngoai tiép cac tam giac ABC va DEC. Chting minh
rang OMC = 90°.

Loi gidi
(i) Cach 1.

Goi I, K lan luot 1a tam duong tron ngoai tiép cac tam giac CDE va ABC.
Ké duong kinh C'P ctia (I) cat AB tai L. Suy ra PM L CM. (1)

Ta cb

ACL + CAB = DEP + DEC = 90°

Do d6 CL L AB hay PC || OK.

Ta ¢c6 OI L DE (tinh chat dudng néi tam cta 2 dudng tron cit nhau) va CK 1L DE (ké dudng
kinh CQ cia (K), ching minh tuong tw CL L AB)

Suy ra CTOK la hinh binh hanh. Ma I 1a trung diém C'P nén PIKO ciing 13 hinh binh hanh.
Do d6 PO || IK.

Ma IK 1 CM (tinh chat dudong ndi tam cta 2 dudng tron cit nhau) nen OP L CM (2)
Tit (1) va (2) suy ra O, M, P théng hang, do d6 COM = 90°. 0

(i) Céch 2.
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Goi I, K 1a tam duong tron ngoai tiép tam giac CDE, ABC. Duyng tiép tuyén Cx, C'y clia cac
dudng tron (ABC) va (CDE).
Ta co :

2CA=CBA=CDE

Suy ra Cz || DE. Do d6 DE1LCK hay CK || OI.
Tuong tu, ta ¢6 CI || OK nén CIOK la hinh binh hanh.
Goi F 1a trung diém OC thi F ciing 1 trung diem /K. Ma I K la duong trung tryc cia CM

nén FM = FC = 02—0
Suy ra tam giac COM vuong tai M. 0

Bai 1.22| Cho hinh thoi ABCD c¢6 ABC' = 60°. Mot duong théng qua D khong cit hinh
thoi nhung cit cac duong thing AB, BC lan luct tai B, F. Goi M la giao diém ctia AF va
CE. Chitng minh rang AD tiép xtc véi dudng tron ngoai tiép tam gidac MDF.

Loi gidi



o8

Tt gid thiét ta c6 AC = AD = CD. Hai tam giac FCD va DAE dong dang, suy ra

CF CD
AD AFE
Do doé
CF-AE = AD-CD = AC?

Tuong duong véi
AC  AE

CF ~ AC
Lai c6 ACF = EAC, suy ra AACF « AEAC.
Tit d6 ta c6 ACM = CFM.
Vi vay AACM ~ ANAFC. Suy ra

AD? = AC? = AM - AF

Vay AD tiép xic véi dudng tron ngoai tiép tam giac DM F.

0

Bai 1.23| Cho dudng tron (O) va day AD. Goi I la diém doi xing véi A qua D. Ké tiép
tuyén I B vé6i duong tron (O). Tiép tuyén véi duong tron (O) tai A cat IB & K. Goi C 1a giao
diém thit hai ctia KD véi duong tron (O). Chiing minh ring BC song song v6i Al

Li gidi

Ta thay rang ADBC 1a t1 giac diéu hoa.

Tt d6, theo mot bo dé quen thuoc, ta c6 AD - BC = AC - BD.

Lai ¢c6 AD = DI, suy ra
B _CB
DI CA
Chu y rang BDI = EC’\A, ta suy ra ABDI «~ ABCA.
any@:@:@hayBCHAI.
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Bai 1.24 | Cho AABC noi tiép duong tron tam O va ngoai tiép duong tron tam I . AI, BI,CT
cat (0) lan lugt tai D, E, F. DE cat CF tai M, DF cat BE tai N.

(a) Chting minh rang M N || BC.

(b) Goi @ la tam dudng tron ngoai tiép ADMN, P la giao diém ctia AD va EF . Chiing

minh cac diém M, N, P,Q cung ndm trén mot dudng tron.

Loi gidi
D
(a) Ta co
m+ngoo+37“+@+@
BAC + ABC + ACB
= 90° 4+ + 5 + = 180°

Suy ra tit gidc TN DM noi tiép.
Do d6
INM = IDM = ABE = CBE
Vivay MN || BC.
(b) Tuong tu cau (a), ta c6 PN || AB, PM || AC. Suy ra NPM = BAC.

Lai ¢6
NQM =2NDM = ABC + ACB

Do do
NPM + NQM = BAC + ABC + ACB = 180°
Vay tit giac MPNQ noi tiép. dJ

Cho AABC ¢b dinh, M la diém di dong trén canh BC. Dung duong kinh BE clia
duong tron ngoai tiep AABM va dudng kinh CF clia duong tron ngoai tiep AACM. Goi N
la trung diém EF. Ching minh rang khi M di dong tréen BC thi N di dong trén mot dudng
théng c6 dinh.
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Li gidi

Gia st AB < AC, goi H la trung diém BC, M nam gitta H va C
Tacézﬁ?\B:fl/]\J\B:@VaB/\AE:@nénsuyra

AME = ABE = AMF
Do d6 M, E, F thing hang. Tt d6 ta c6
ABC = AEF,ACB = AFE

Suy ra AABC «~ AAEF. Ma H, N lan lugt 1 trung diém BC, EF nén AAHC «~ AANF.

Do dé s
HAN = HAC + CAN + NAF

— CAF = 90°
Vay N luon nim trén dudng thang di qua A vuong géc véi AH. 0

Bai 1.26 | Cho tam giac ABC' ¢6 BAC = 135°, AB = a, AC = b. Diém M nidm trén canh
BC sao cho BAM = 45°. Tinh do dai AM theo a,b.

Lot gidi
Lay N tren BC sao cho BAM = 90°. Ap dung cong thitc do dai dudng phan gidc, ta c6
2-AM -b 2-AN -
AN — \/_—7 AM — V2-AN -a
AM +b AN +a
Suy ra

AN -AM +b- AN =+/2- AM - b, AM - AN +a-AM =+2- AN -a
Trit theo vé hai déng thiic trén, ta c6
b-AN —a-AM =V2(b- AM —a- AN)

Tuong duong véi
_ AM (a + b\/ﬁ)

AN
av/2 + b
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Do do6
b2 _a+b\/§

ab

AM =
a+bv2

0

Bai 1.27| Cho hinh vuéng ABCD, lay diém M nam trong hinh vuong sao cho MAB =
MBA = 15°. Héi tam giac MCD la tam giac gi? Tai sao?

Loi gidi

Dung tam gidc déu AME (E nam trong tam gidc ADM). Suy ra DAE = MAB = 15°.
Do d6 ADEA = AAMB. Vivay DEA = AMB = 150°. Suy ra

DEM = 360° — DEA — AEM = 150°
Tu d6 suy ra ADEM = ADEA hay DM = DA = DC.

Tuong tu ta c6 CM = CD.
Vay AABC la tam giac déu. 0

Bai 1.28 ] Cho tu giac ABC'D noi tiép (O; R) sao cho tia BA va tia C'D c&t nhau tai I, céc
tia DA va C'B cit nhau 6 K (I, K nam ngoai (O)). Phan giac ctia goc BIC cat AD, BC' lan
luot tai @, N. Phan giac ctia goc AKB cat AB, AC lan luot tai M, P.

(a) Ching minh tit giac M N PQ 1a hinh thoi.
(b) Chttng minh IK2 = ID - IC + KB - KC.

(b) Goi F 1a trung diém ctia AB, J 1a hinh chiéu ctia F' tren OB, L la trung diém ctia FJ.
Ching minh AJ 1 OL.

Loi gidi
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(a) Goi H la giao diém ctia KP va IN.

Ta co6
ﬁm+m:m+m+§@+§@
:180°—§E+%ﬁ@+%§[\0
Lai c6 e
DKC = BAD — ABK = BAD — ADC
BIC = BAD — ADI = BAD — ABC'
Suy ra

— — 1 — —
IKH + KIH = 180° — §(ADC'+ABC') =90°

Do d6 K HI = 90°.

Vi vay céc tam giac MIP va QKN can do c6 dudng cao dong thoi 1a duong phan giac.

Suy ra tit gidc M N PQ c6 hai duong chéo vuong géc véi nhau tai trung diém H clia moéi dusng

chéo nén tit giac M N P() la hinh thoi.
(b) Goi E la giao diém ctia dudng tron ngoai tiép tam gidc ABK véi TK.

Bing mot s6 bién déi goc don gian, ta suy ra duge tit giac ITEAD nai tiép.

Suy ra
ID-IC=1A-IB=1F-IK

va KB-KC=KA-KD=KF-IK
Cong theo vé hai ding thtc trén, ta cé
ID-IC+KB-KC=IK(IE + KE)
= IK?
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(c) Goi R la giao diém ctia AJ va OL. Ké AS 1. BO (S € BO) thi J la trung diém BS

Ta c6 tit gidge AFSO noi tiép nén BAS = FOJ. Do d6 AFJO « ABSA.

Suy ra BAJ = FOL hay ti gidc AF RO noi tiép.

any@:z@:%". )

Bai 1.29] Cho tt gidc ABCD noi tiép (O) c6 hai duong chéo AC, BD cat nhau tai M.
Duong vuong goc véi OM tai M cat AB, BC,CD, DA lan luct tai My, My, M3, M,. Chiing
minh M1M4 = MgMg.

Loi gidi

Khong mat tinh tong quat, gia si cac diém cé vi trf tuong déi nhu hinh vé tren. Céac truong
hgp khac ching minh hoan toan tuong tuy.

Ké OH va OK lan lugt vuong goéc véi AD, BC.

Tt gide OM H M, 1oi tiép nén MyOM = AH M. Tuong ti, ta c6 MyOM = MyK M.

Mat khdac AAMD ~ ABMC nén ANAHM -~ ABKM.
Suyram:mhaym:m.

Vi vay AM;OM, can tai O. Do d6 M la trung diém M, M,.

Chitng minh tuong ty, ta suy ra M la trung diéem M; Ms.

Tit d6 suy ra dieu can chitng minh. 0
Nhan xét. Bai toan trén 1a mot hé qua truc tiép ctia dinh 1f con buém. Dinh 1f con buém tdng
quét duge phat biéu nhu sau :

Tt gidc ABC D nai tiép dudng tron (O). P la giao diém ctia AC va BD. Mot dudng thang qua
P cét (O) tai E, F; cit AB,CD theo tht tu tai G, H; cat BC, AD theo thit ty tai I, J. Khi d6

1 11 11 1
PE PF PG PH PI PJ

Bai 1.30| Cho tit giac 16i ABCD vé6i E, F 1a trung diém ctia BD va AC. Chiing minh ring

AB? + CD? + BC? + DA? = 4EF? + AC? + BD?
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Li gidi

Ap dung cong thic dudng trung tuyén, ta c6 :

AEF? = 2AE? + 2CFE? — AC?

2
BD”_ je

BD?
:AB2+AD2—T+BC’2+CD2—
= AB?> + AD? + BC? + CD? — BD? — AC?

T do suy ra

AEF? + BD?> + AC? = AB? + AD? + BC? + CD?

Ta c6 déng thiic can chiing minh.

0

Bai 1.31| Trén (O; R) lay hai diém B,C c¢6 dinh sao cho BC = v/3R. A la mot diém trén

cung lén BC' (A # B; C).

(a) Ching minh khi A di dong, phan giac BAC luon di qua mot diém cb dinh 1.

(b) Goi E,F lan lugt 1a hinh chiéu ctia I trén cac dudng thing AB, AC. Chitng minh

BE =CF.
(c) Chitng minh khi A di dong thi EF luon di qua mot diém cd dinh.

(d) Tim vi tri diém A dé Syprr 16n nhat. Tinh gia tri 16n nhat dé theo R.

Loi gidi
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A
0,
I, F
B c
k /
I

(a) Phan giac BAC luon di qua diém [ la diém chinh giita cung BC nhd ¢6 dinh.

(b) Vil la 1 la trung d diém cung nhé BC nén IB = IC.

LaICOIEB—[FC—90° va IBE = ICF néen AEIB = AFIC.

Suy ra BE =CF.

(c) Goi M la trung diém BC thi IM 1 BC. Suy ra E, F, M thang hang (dudng thing Simson)
nén EF luon di qua M c6 dinh.

(d) Tu AEIB = AFIC, ta suy ra

Saprr = Sapic = Sapc + Spic
Vi I ¢6 dinh nén Sagrr 16n nhat khi va chi khi Sypc 16n nhat. Dieu dé chi xay ra khi A 1a

trung diém cung 16n BC ctia (O).
Khi d6 thi

4 4 BC?*/3
Sapir = §5ABC =3 "1
4 (RV3) VB
3 4
= R*V3

Vay dién tich tit gidc AEIF 16n nhat bang R2y/3 khi A 1a trung diém cung lé6n BC ctia (0).0

Bai 1.32| Cho (O; R) va diém A ¢6 dinh v6i OA > R. Dyng cat tuyén AMN ctia (O) khong
qua tam (AM < AN). Chiing minh rang

(a) Duong tron ngoai tiégp AOMN luon di qua mot diem c¢d dinh H (H khong tring O)
khi cat tuyén di dong.

(b) Tiép tuyén tai M va N ctia (O) cit nhau tai 7. Ching minh 7' di dong trén mot dudng
thing c¢6 dinh khi cat tuyén AM N di dong.

Loi gidi
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(a) Goi H la giao diém ctia duong tron ngoai tiép tam gisac OMN véi AO; AB 1a mot tiép
tuyén ctia (O) di qua A (B la tiép diém).

Khi dé6 ta c6 AH - AO = AB?> = AM - AN = AO? — R? khong dai.

Ma AO va A c¢6 dinh nén H c6 dinh.

Vay (OMN) luon di qua H ¢6 dinh.

(b) Dé thay OT la dudng kinh ctia dudng tron ngoai tiép ngi gisac OHMTN nén OHT = 90°,
tic 1a T di dong trén dudng thing vuong goc véi OA tai H 1a dudng c6 dinh. 0

Bai 1.33| Cho AABC ¢6 BAC = 60°, AC = b, AB = ¢ (b > c). Duong kinh EF ctia duong
tron ngoai tiép tam giac ABC vuong goc v6i BC tai M. I va J 1a chan dudng vuong goc ha
tit E xuéng AB; AC; H va K 1a chan duong vuong goc ha tit F xudéng AB; AC.

(a) Ching minh IJ 1 HK.

(b) Tinh ban kinh duong tron ngoai tiép tam giac ABC' theo b va c.

(¢) Tinh AH 4+ AK theo b va c.

Loi gidi
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(a) Ta thiy HK di qua M (duong thang Simson)
Goi L la giao diém ctia AF va I.J, ta c6

TAE = ECB = EBC = JAE

Do d6 ANAIE = ANAJE. Suy ra AE11J.
Mat khéac, ta co
EAC = EFC = AKH

Suy ra AF || HK. Vivay [JLHK.
(b) Do BAC = 60° nén BC? = b* + ¢* — be.
Mit khac, ta ¢6 BC = RV3. Tix do suy ra

b? + ¢ — be
R=\—F
3

(c) Taco ABHF = ACKF, suy ra BH = CK. Do dé
AH+AK =b+BH+c—-CK=b+c

Vay ta c6 dang thiic can chiing minh. 0

Bai 1.34| Cho tam giac ABC. Mot diém D di dong trén canh BC. Goi P, Q tuong tng la
tam duong tron noi tiép clia cac tam giac ABD, ACD. Chiing minh rang khi D di dong thi

duong tron duong kinh PQ luon di qua mot diém cb dinh.

Loi gidi

A\

Ta c¢6 bo dé sau (phan chiing minh xin danh cho ban doc) :

B6 dé : Hai duong tron (O;) va (O,) khong cit nhau, hai tiép tuyén chung trong di,d, ct
mot tiép tuyén chung ngoai d tai A va B.Goi C, D lan lugt 1a tiép diém ciia d trén (O;) va (Oy)
thi AC = BD.

Tré lai bai toan : Ta sé chiing minh diém c6 dinh la tiép diém F ctia duong tron noi tiép ABC
véi BC.
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Ké tiép tuyén chung trong ctia (P) va (Q) khac AD cat BC tai E. Goi U,V la tiép diém cia
(P) va (Q) véi BC.
Ap dung bd dé ta c6 :

BE=BU+UFE = BU+ DV

Lai ¢6 BU:BD+BZA_AC VaDV:DA+D2C—Aq
BC+BA- A
Suy ra BE = C+ 5 ChayEEF.

T b6 dé ta cling ¢6 EV =UD, do d6 FV =UD va FU = DV.
Ta c6 APDU «~ ADQV, suy ra

DU -DV = PU -QV

Tuong duong véi
FU-FV =PU-QV

Vi vy APUF « AFVQ. Tit d6 suy ra PFQ = 90°. Ma PDQ = 90° nén F thuoc dudng tron
ngoai tiép tam gidc PDQ. 0

Bai 1.35| Cho tam gidc ABC' c6 phan giac AD va trung tuyén AM. Duong tron ngoai tiép
tam giac ADM cat AB tai E vi AC tai F. Goi L la trung diém EF. Xac dinh vi trf tuong
déi ctia hai duong thang ML va AD.

Ldi gidi

F

R

<\

B D M C

Xét truong hop tam gidac ABC can tai A thi duong tron ngoai tiép tam giac ADM trd thanh
duong tron duong kinh AM va tiép xtc v6i BC tai M.

Suy ra hai duong théng ML va AD tring nhau.

Xét truong hop tam giac ABC' khong can tai A

Goi giao diém ctia duong thang ML véi AB, AC lan lugt 1a P, Q.

Ta cb

BE BD CD CF
BM ~ BA  CA CM

Suy ra
BE =CF
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Goi C', F'" 1a cac diém déi xtng véi B, E qua AD; M', L' 1a trung diém BC', EF'.

Dé thay rang M’, L' ndam tréen AD va CC’ = FF'. Mat khac, MM’ va LL' 1a cac dudng trung
binh trong céc tam giac BCC’ va EFF’' nén ta ¢c6 MM’ va LL' cung song song v6i AC' va ¢6
do dai bang nhau. Suy ra M M’'L’'L 13 hinh binh hanh.

Do d6 ML || M'L' hay ML || AD.

Tém lai néu tam gidc ABC can tai A thi ML trung véi AD, con néu tam gidc ABC khong
can tai A thi ML song song véi AD. 0

Bai 1.36| Cho BC la day cung ctia (O; R). Dat BC' = aR. Diém A trén cung BC 16n, ké

AB+ A N 2+ /4 — a?
cac duong kinh CI, BK. Diat S = T+ Ak :_A; Chting minh rang S = —+ a4 . Tt doé tim
a

gid tri nhoé nhat cta S.

Loi gidi

Tu gid thiét ta suy ra BCKI 1a hinh chit nhat.
Suy ra IK = BC =aR va Bl = CK = RV4 — a?
Ap dung dinh Ii Ptolemy cho tt gidc AIBK ta ¢6

Al -BK +BI-AK =1K - AB

Twong duong véi
Al - 2R+ AK - RV4—a? = AB -aR

Suy ra
2AI + AK - V4 —a?>=AB -a

Tuong tu, ta co
2AK + Al - V4 —a?=AC -a

Do do6
AB+AC_2+\/4—CL2
Al + AK a
)
\ﬁa<2nén52w>l.
a

Dau “=" xdy ra < a = 2.
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Vay S dat gia tri nhé nhat 1a 1 khi va chi khi BC 1a duong kinh duong tron (O). O

Bai 1.37| Cho tam gidgc ABC noi tiép (O, R) c6 BAC > 90°. Cac dudng tron (A; R;),
(B; Ry), (C; R3) doi mot tiép xtc ngoai véi nhau.
Chitng minh rang

BC-R}+ AC-R}+ AB-R:+ 2R, - Ry - R;

[
ABC AR

Loi gidi

bat BC=a,CA=0,AB=c,p= %M.

Dé thay rang By =p—a,Re =p—b,R3 =p —c.

Ta can chitng minh
alp —a)® +b(p = b)* +c(p—c)* +2(p — a)(p — b)(p — ¢) = abe

Dat E(a,b,¢) = a(p —a)®> +b(p — b)* + c(p — ¢)* + 2(p — a)(p — b)(p — ¢).

Ta c6 ) )
E(O,b,c):b(cgb) +C(b;c) +2.b+C.C—b‘b—C

2 2 2
b—c b+c
= —2'
(5°) (o2 25)

Tuong tu, ta c¢6 F(0,b,¢) = E(a,0,c¢) = E(a,b,0) = 0.

Suy ra E = kabe, trong d6 k 1a hang s6 thuyc.

Cho a = b = ¢, ta thay rang k = 1.

Vi vay E(a,b,c) = abe. 0

Bai 1.38 | Cho hinh thoi ABC'D c¢6 canh 1a 1. Trén canh BC lay M, C'D lay N sao cho chu
vi ACMN bing 2 va 9NAM = DAB. Tinh céc goc ctia hinh thoi.

Loi gidi
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Dung Vé/ph\ia nfra/@t phang bs AD khong chita C' tam gidc ADG sao cho AADG = AABM.
Suy ra ADG = ABM va BM = DG.
Vi MC+ NC+ MN =2 nén
MN =2—-NC—-MC
=DN+ MB
= DN + DG

Mat khac, do 2M AN = DAB nen AAGN = AAMN.
Do d6 MN = NG hay NG = ND + DG. Suy ra N, D, G thang hang.
Vi vay ABCD la hinh thoi tong hai géc déi dien biang 180° néen ABC D la hinh vuong. )

Bai 1.39| Vé phia ngoai clia tam giac ABC duyng cac hinh vuong BOCM N, ACP(Q c6 tam O

va O'.

(a) Chitng minh ring khi c¢6 dinh hai diem A, B va cho C thay ddi thi duong thing NQ

luon di qua mot diém cé dinh.

(b) Goi I la trung diém ctia AB. Chiing minh ATOO' 1a tam gidc vuong can.

L&i gidi

(a) Goi L 1a trung diém NQ, ta s& chiing minh L 1a diém c6 dinh.
That vay.
Tac6 O'L=C0O=0B,0OL=C0O =0"A va

—

LO'A=90°—COL=90°—COL = LOB
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Suy ra ALO'A = ABOL. Do d6 LA = LB vi O'LA = LBO. Vi vay ma
ALB = 360° — O'LA — OLB — OLO'
= 360° — LBO — OLB — OCO’
— 360° — 180° + (90°—(70\L> —0CO
= 90°

Tu do suy ra AAIB vuong can tai L.

Mat khac, dé thiy ring L va C' thudc cing mot nita mat phang bd AB. Suy ra L ¢6 dinh.
(b) Ta c6 APCB = AACM. Suy ra PB = AM va t1t giac AFCP noi tiép véi F la giao diém
cua AM va PB

Do d6 PFA = PCA = 90°.

Vivay AM 1 BP.

Lai c6 PB =20'I,PB | O'T va AM = 20I1.AM || OI. Suy ra OI va O'I vuong géc va bang
nhau.

Vay AOIO’ vudng can tai I. 0

Cho hai dudng tron (O; R) va (O'; R') & ngoai nhau biét OO’ =d > R+ R'. Mot
tiép tuyén chung trong ctia hai dudng tron tiép xtic véi (O) tai E va tiép xuc véi (O') tai F.
Duong thing OO’ cit (O) tai A, B va cat (O') tai C, D (B,C nam giita A, D). AE cit CF
tai M, BE cat DF tai N. Goi giao diém ctia M N v6i AD 1a I. Tinh do dai OI.

Loi gidi

Tu gid thiét ta c6 BC =d — R — R'. Do d6
[B+IC=d—R—R (1)
Ta thay tit gidc EMEFN 1a hinh chit nhat, do d6 :

[MF = FEN = EAB = IDF
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Suy ra tt gisc MIFD noi tiép. Do d6 MID = MFD = 90° hay MN L AD.
Vivay ABIN «~ ACIM.
Ap dung he thic lugng trong tam gidc vuong ta co :

IB* BN? IB-DB

Ic* CM?2  IC-AC

Suy ra
IB  BD d—R+ R

IC  AC d+R-R

_ 2 _ pr2 2 2 P2
Tfr(l)va(Z)suyraIB:(d R2)d i :>O]:OB+B]:$.
B2 2 _ pr
Vaysz#. a

Bai 1.41| Cho tam giac ABC c¢6 dién tich Sy. Trén cac canh BC,CA, AB lay cac diém

MB NC PA
M, N, P sao cho M_C =k, m = k27ﬁ = k37(k1,k2,l€3 < 1)
Hay tinh dién tich tam giac tao bdi cac doan thang AM, BN, CP.
Loi gidi
A
P
N
F
= *c

Goi EIF la tam giac tao béi 3 doan théng AM, BN, CP. Ta c6 :

Spen  CN ko W Spor  BF
Sy CA  ky+1 ~ Sgen BN

Suy ra
BF ko

BN ky+1

SBCF = SO '

Ap dung dinh 1f Menelaus cho tam giac ABN va cat tuyén PCF, ta ¢6

FB CN PA

FN CA PB !

Suy ra
BF 1+ ky

FN ~ koks
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Tuong duong véi
BF 1+ ko

BN 1+ ky + koks

T (1) va (2), ta suy ra

ko
Spre = ——2 .,
BEC T ey + koky 0
Chting minh tuong tu :
ks ky
Sucr = ———2 Sy Sapp = —— . §
AT = T ks + ks 07 T Uk ks O

Tt dé ta c6 dien tich tam giac tao bdi cac doan thing AM, BN,CP la :

ey ks ks )}
S=25|1— + +
0[ (1+ky+Mhz 1+ kg + koks 1+ kg + kiks
(kykoks — 1)2
(kiks + k1 + 1) (koks + ko + 1) (kaky + k3 + 1)

- S, -
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