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LOI NOI PAU

S8 hoc, nganh lau doi nhat va day hap dén cua toén hoc,
da tirng duge mdt nha toan hoc ndi tiéng goi la ” ba chia cia

»

toan hoc ”. Cdc bai toan s hoc da lam say mé nhiéu ngudi, tic
nhitng nha toén hoc 1bi lac cua moi thoi dai dén dong dao cac
ban yéu toén. Thé gidi cde con s8, rét quen thujc vdi chiing ta
trong cudc song hang ngay, la mot thé gidi hét sicc ki la,. day
bi dn : loai ngudi da phdt hién trong dé bié t bao tinh chdt rét
hay, nhiéu quy luat rdt dep va cé6 khi rat bat ngo, dong thoi
ciing dang chiu bé tay trude nhiéu sy kién, nhiéu du doan. Dicu
U tha la nhiéu ménh dé khé nhdt cua s& hoc ditge phat biéu rat
don gian, ai cing hidu dugc; nhitu bai toin khé cé thé gidi rat
sang tao vdi nhing kién thitc s6 hoc phd théng. Khong ¢ dau
nhu trong sé hoc, ching ta lai c6 thé lan theo dwgc déu vét cia
nhitng bai todn c6 xua dé dén duge véi nhitng vin dé mdi dang
chd ngudi giai.

Chinh vi cac 1é trén day ma mon s6 hoc tuy chi duge hoc
J 6 - 7 nam déu cia trudng pho théng, nhung cdc bai toin sé
hoc luén cé mat trong céc dé thi chon hoc sinh gioi todn J tat

cd céc cdp hoc va d hau hét cic nudc trén thé gidi.



Cudn sach nay trinh bay m@t s6 vén d& co bdn ciua s6 hoc
phii hop véi trinh dp hoc sinh khd gidi todn cdp 2 va 3. Sdéch
gom c6 4 chuang va mot phu luc; sau mbi chuong (hodc phan
ciia chuong) c6 nhieu bai tdp tiv dé dén twong doi khé. Cac chuong
doc lgp vdi nhau, ban cé thé doc chwong nao trudc cing duyc
(b6 qua céc chd in chi? nhd). Phén “Ggi ¥ gidi bai tap” chi giip
ban khi gap khé khan, va téc gia ludn hi vong ring ban doc sé
c6 nhing y hay hon , sing tgo hon. So vdi ban in lan thi nhat
(1991), ban in lan thiz hai nay cé6 mot s6 sia chiza nhé, dgc biét
la b6 di Phu luc 2 ( Hodn vi va t8 hdp, cong thitc Newton) vi
ndi dung nay da duge trinh bay day du trong sioch gigo khoa
Gidi tich 12, k€ tw nam hoc 1992-93.

Téc gid xin chan thanh cém on nhiing nhdn xét quy bau
cua ban doc.

Thanh phd Ho Chi Minh, thdng 6 nam 1993
HOGANG CHUNG
CAC KY HIEU :
v Mg dau phép ching minh mot dinh 1,
loi giai mot bai todn
o K&t thic ching minh mot dinh Ii,

16i gidi mot bai toan

Céc sb néi dén trong sich nay, ndu khong ghi chu gi khdc,
déu 1a s§ nguyén ( thuoc Z ). Riéng trong chuong 2 va chuong
4 chi xét cdc s6 ty nhién ( thuéc N ).

Trong LAN XUAT BAN THU NAM
trang 88 dugc viét lai cho phd hdp véi thanh tuu méi :
mot sb sai s6t do ché ban in da dugc sia.



CHUONG 1

PHEP CHIA CO DU. DE‘)NQ DU
THUC VA PHUONG TRINH DONG DU

T Han Tin dén Gauss

Trong mit cudn sdch todn cia Trung Qudc cach day khoang
1500 nam, cé gidi mot bai todn goi la Han Tin diém binh nhu
sau :

Bdo linh sdp hang 3, hang 5 réi hang 7, mbi lan sdp thi
dém sb lé 0 hang cudi cung. Nhan s6 lé hang 3 cho 70, s6 1é
hang 6 cho 21, s6 Ié hang 7 cho 15 roi cong lai. L8y s6 thanh
thém mot boi cua 105 thi dugc s6 linh.

Thi dy: néu sip hang 3 1é 2,hang 5 1é 3, hang 7 1é 4 thi
s6 linh 1a

x = 270 + 3.21 + 4.15 + k.105 = 263 + k.105.

N&u biét ching s& linh t¥ 800 d&€n 900 thi c¢6 x = 893 (ldy
k = 6).

“Qui tic diém binh” trén day dugc tém tit cho d& nhdé
trong bdn ciu tho.

Dén th& ki thd 13, nha todn hoe Trung Quéc Tan Ciu
Thigu da trinh bay day di hon phuong phdp giai nhing bai todn
tuong ty bai todn Han Tin diém binh, thi du bai todn Mat trom
gao sau day:



Cé mét nha mét trom gao. Nha dé cé ba thing gao day va
bing nhau, nhung khong biét la bao nhiéu. Sau khi mat thi théy
thing bén tréi con mét hoc, thing gia con 1 thang 4 hoc, thung
bén phai con mot hoc.Vé sau bdt duge ba tén trom Gidp, At
Binh. Gidp khai rang ban dém so dwgc cdi géo cho vao dong
gao thiing bén tréi d6 vio tii, At khai réng dé phdi chiéc giay
gb cho vao thung gt;@a dong gao, Binh khai rdng sd dugce cdi bdt
son cho vao thung/plzaz dong gao; ldy vé &n lau ngay, quén mdt
khong biét la bao nhiéu.Tim tang vat thi thdy: géo dung 1 thang
9 héc, giay gb dung 1 thang 7 hoc, bat son 1 thang 2 hoc. Theo
tang vat, tim xem mdbi tén ldy trom bao nhiéu ? (1 thang bing
10 hoc )

Dé giai bai todn Han Tin diém binh ta phai tim x sao cho
x chia cho 3, du 2 x — 2 chia hét cho 3
x chia cho 5, du 3 hay la x — 3 chia hét cho 5
x chia cho 7, du 4 x - 4 chia hét cho 7

Tudng ty nhu vay véi bai todn Mat ¢trom gao. V4Gi phuong
phdp giai cdc bai todn nay, cdc nha todn hoc Trung Qudc
thoi ay da bist si dung cdc dinh li vé chia hét, sém cé khai
niém vé dong du thdc, vé gidi phuong trinh dong du ma mai
dén dau thé ki thd 19, nha toin hoc Duc 16i lac C.F.Gauss (Gau-xd,
1777-1855) mdi xay dyng thanh mét li thuyst tuong d6i hoan
chinh.

m 1 - Phép chia h&t va phép chia cé du
1-1-Cho hai s8 nguyén a va b (b > 0). Chia a cho b, ta ¢é:
a chia hét cho b hoic a khong chia hét cho b.

1) a chia hét cho b hay a la boi cua b, duge ki hi¢u 1a a @ b.
Ta ciing néi: b chia hét a, hay b la wéc cia a va ki hitu la



b|a.

a ' b (hay bja ) khi va chi khi ¢6 s6 nguyén q sao cho

a = bqg.

a:bea=bhq.

Thi dy : 18 = 3.6 < 18 : 3 hay 3|18.

2) a khong chia hét cho b.Trong trudng h¢p nay, khi chia
cho b, ta dugc thuong gan dinglAqvasdidular (0<r<b)
Ta viét dugc: ‘

a=bqg+rviid<r<b

Thi dy:- Véia =19, b = 3tacé 19 = 3.6 + 1.

Chia 19 cho 3 dugc thuong gian ding la 6 va s§ du 1a 1.

-Véia=-25,b=T7,tac6-25 ="7.-4) + 3.

Chia —-25 cho 7 dugc thuong gan ding 1a-4 va du la 3.

-Véia=25b=11,tacé 5 = 11.0 + 5.

Chia 5 cho 11 dugc thuong gin ding l1a 0 va sd du la 5.

Mot cdch téng qudt, cé thé néi ring:

Khi chia mét s6 nguyén a cho mot s6 nguyén b> 0, ta ludon
c6 médt s6 du duy nhit la r vdi 0 < r < b (a chia h&t cho b néu

r = 0, a khong chia h&t cho b néu r # 0). S6 du r luén nhd
hon b, tdc 1a 16n nhit chi bing b - 1.

Khi chia mét sé nguyén a cho mot sé nguyén b>0 thi s6 du
la mot trong b s6 tw 0 dén b - 1.

Thi dy:- Chia mét s§ cho 2 thi sé du la mdt trong hai sé:
0 hoac 1.

- Chia mot s6 cho 3 thi s8 du la mot trong ba s3: 0,1 hoic 2.

- Chia mét s6 cho 5 thi s§ du la mot trong nim sé: 0,1,2,3
hozc 4.



1.2 - Trong trudng hgp a khong chia hét cho b (s6 du r
# 0), thay vi ldy r > 0 ( ti¥ 1 dén b~ 1), dé tién lgi trong
ching minh va gidi todn, nhi¢u khi nguvi ta cing ldy s6 du la
s6 am r'véi r'= r- b (do dé |r’|<b ).
Thi dy:- Chia 23 cho 3, dugc s8 du la 2:
23 = 3.7 + 2.
Ta goi 7 la thuwong gan ding thiéu, vi 3.7 = 21<23.
Cing cé thé vidt:
23 = 3.8 + (-1).
Ta goi 8 la thuwong gan ding thita, vi 3.8 = 24 > 23, va
sd du la-- 1. '
- Chia 52 cho 6,ldy thuong gan ding thiéu 1a 8 , ta c6 s
du la 4:
52 = 6.8 + 4.
Néu ldy thudng gian dding thita 12 9 thi c6 s6 du la 4 - 6
= -2
52 = 6.9 + (-2 ).
- Chia -36 cho 5, ta viét dugc:
-36 = 5.(8) + 4
hoac la ~36 = 5.(-7) + (-1).
S6—8 la thuong gin ding thi€u, vi 5. (-8) = -40 <-36, va

ta c6 s6 du la 4. S§ -7 la thuong gan dding thia, vi 5.(-7) =
-85 > -36, vi ta c6 s6 du la —1.

Coi s6 dic ¢6 thé la s6 am nhu trén, ta cé:

- Khi chia mot s6 cho 2 thi s§ du 1a 0 hoic 1, do d6 mei
s6 nguyén déu c6 dang 2k (bdi cla 2, s6 chin) hoac 2k + 1 (s6
18), trong d6 k la mot s6 nguyén.

Né&u s6 du trong phép chia cho 2 1a 1 thi c6 thé coi s§ du
la 1-2 = -1, do d6 c6 thé néi: mei s6 nguyén déu c6é dang 2k
hoic 2k —1.



- Khi chia mdt s6 nguyén cho 3 thi s§ du la 0,1 hoac 2, do
d6 moi s6 nguyén déu cé dang 3k (bdi clia 3 ) hodic 3k + 1 (bdi
cia 3 cong 1) hoic 3k + 2 (béi cia 3 cong 2 ). Vi s6 du 1a 2
thi o thé coi s§ du la -1, vi vay cé thé néi moi s6 nguyén dau
¢6é dang 3k hoac 3kzx1.

Tuong ty nhu viy, néu xét phép chia cho 4 thi ta cé6: moi
s0 nguyén déu cé dang 4k, 4k * 1 hoac 4k + 2 (hay
la 4k, 4k = 1 hodc 4k - 2); néu xét phép chia cho 5 thi c6: moi
s6 nguyén dtu cé dang 5k, 5k + 1 hofic 5k + 2;v.v...

Ta 06 két qua téng quit nhu sau:

a=bq+rdb=>0)
r la s§ du khi chia a cho b> 0:

. b
bchin > r = 0,£1,%2,.., +§
b

(hoac r = 0,+1,x2,.., ——2- )

) -1
ble=>1r=20, x£1,£2,.., iT

1.3 - Ude chung 16n nhit va bdi chung nho nhit

Cho hai s6 nguyén duong a va b. Udc chung lén nhét cia
a va b duge ki hiéu lIa UCLN (a,b) hay 1a (a,b).Mot s6 d la udc
chung cua a va b khi va chi khi d l1a uéc cia UCLN (a,b):

d|la va d|b < d|(a,b).

Boi chung nho nhit clia a va b duge ki hiéu 1a BCNN (ab)
hay la [a,b]. Mot s6 m la bdi chung cia a va b khi va ehi khi
m la bdi cia BCNN (a,b) :

m:avam:b< m:[ab]



Hai s6 a va b duge goi 1a nguyén t8 cing nhau khi va chi
khi (a,b) = 1.

Ta da bi&t cdch tim (a,b) va [a,b] dya vao sy phan tich a
va b ra thda s6 nguyén t5. Thi dy:

a =126 = 2327 b = 735 = 3.5.72

= (ab) = 837 =21 [ab] = 2.325.7%= 4410 .

Cé thé ching minh duge rang:

a, b
Tu dé: fa,b] = ab n&u (a,b) = 1 .

1.4 - Thuat toan Euclide (U clit)

Cé6 thé tim UCLN cia hai s&, dya vao djnh li vé phép chia
¢6 du, ma khong can dén viéc phan tich cdc s6 di cho thanh
thita s0 nguyén to.

Cho hai sd nguyén duong a,b va gia st a>b.

Trudc hét, ta chi y ring néu b 1a udc cia a thi (a,b) = b,
Thi dy: 80 = 16.5, do 46 (80,16 ) = 16.

Xét truong hgp b khong phai 1d wéc clia a. Thi du: a =
702, b = 306, va phai tim (702,306).

Ta chia 702 cho 306, dugc thuong 1a 2 va s§ du la 90 :

702 = 306.2 + 90

Van dung tinh chét: néu mét s& [a udc clia mbi s6 hang
clia mot téng (hiéu) thi né la udc cua tdng (hidu) Ly, ta cé: moi
udc chung cia 702 va 306 cing la udc cha 702— 306.2 = 90,
do d6 cing la udc chung cia 306 va 90. Ngugc lai, moi uwdc
chung cia 306 va 90 cing la uéc cia 306.2 + 90 = 702, do dé
cing l1a udc chung cia 702 va 306, vi vay (702,306) = (306,90)
va ta da dua viéc tim UCLN cua hai s6 di cho vé viéc tim UCLN

10



cua hai s§ tuong ung bé hon. Ti€p tyc nhidu [an nhu vay, cudi
cing ta di d&€n vigc tim UCLN cia hai s6 ma s§ nay la uéc cia
s6 kia va ¢6 ngay dugc UCLN. Ta viét dugc:

702 = 3062 + 90 = (702,306) = (306,90)
306 = 903 + 36 = (306,90) = (90,36)
90 =362 + 18 = (90,36) = (36,18 )
36 = 18.2 = (36,18) =18

Vay (720,306) = 18

Trong thyc hanh,ngudi ta dat phép tinh nhu sau:

702 ' 306
306f 90 { 2
90 | 36 1 3
36 (181 2
ol 3 |
Viéc thyc hién mot diy phép chia lién ti€p nhu trén dé tim
UCLN cia hai s6 dugc gei la thudt toan Euclide. Nhu da thay
qua thi du ¢ trén, thuit toin Euclide dya vio hai ménh dé sau
day:
1)a =Dbq = (a,b) = b
2)a=Dbq + r (r#0) » (a,b ) = (byr)

Cé thé lap lai cdc lap luan trong thi dy da xét (véi a =
702, b = 306) dé ching minh ménh dé 2.

Thuit toin Euclide c6 thé mé ta bing mdt sg dé6 nhu sau
(trong d6 A: = a c6 nghia 1a A 1ay gid trj a )
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a,b a>b

A: = a
B:=b
Chia A cho B
A=Bq +r
sai r=20 ding
A: =B —
e B = (a,b)
B:=r

Né&u thyc hién thuat todn Euclide @& tim UCLN cia hai s8,
ma dén lic nao d6 ta ¢6 s& du 1a 1 thi hai s6 da cho la nguyén
td cung nhau. Thi dy: tim (87,25), ta cé:

87 = 258 + 12 = (87,25) = (25,12)
25 = 12.2 + 1 = (25,12) = (12,1)
Vay (87,25) = (12,1 ) = 1

Ap dung- Giai bai todn sau:

I

Cho n la mt s6 ty nhién bat ki. Hay chitng minh phan
2ln+ 4

thite Tan+ 3 khong thé gian wdc duoc.

(Dé thi hoc sinh gioi todn cap II toan qude, 1970 ). Ta ap
dung thuat todn Euclide dé tim UCLN cud hai s6 21n +4 va
14n +3:

2In +4

il

(14n + 3).1 + Tn + 1 = (24n + 4, 14n + 3)
= (l4n + 3, Tn + 1)

Mn +3=(Mn+ D2+ 1=>U4n + 3+ 1) =(Tn + 1,1)

i
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Vay 2ln + 4, 14n +3) = (Tn + 1, 1) =1 .

Hai s8 21n + 4 va 14n + 3 c6 UCLN Ia 1, nén phén thic
21+ 4

Tan+ 3 khong thé gian uéec duge.

Sau day 14 moét s§ dinh i quan trong, thudng dugc ding
khi gidi cdc bai todn vé chia hét:

DPinh li 1

a) {(ca,cb) = c(a,b)
a b] (ab) .

b) |—r| =— vdi c la uéc chung cua a va b.
cc c

V a) Dung thuit todn Euclide dé tim (a,b), ta dugc (a,b) =
d. Sau dé , ta nhan ca hai v& cla tit cad cdc ding thic trong
khi thyc hién thuit todn d6 vdi sd c. Nhu vay, a,b va tit ca cic
s6 du déu dugc nhan véi ¢, do d6 (ca,cb) = cd = c(ab). O

V b)ab) = (ci,cg] =c{9,9] o
C C c C

Dinh li 2 Néu tich a.c chia hét cho b va a,b nguyén t3 cing

nhau thi ¢ chia hét cho b :
ac:bva(ab)=1=>cib.
V ac:ibvabc:b = blaudec chung cia ac va be.
ab) = 1= (acbc) =c=>clabdiciab. O
Dinh li 3 Néu ¢ chia hét cho a va cho b ma ab nguyén t5

citng nhau thi ¢ chia hét cho tich a.b .
V cia=c=ac
c:b=>c=ac :bmi(@b)=1=¢c b

=>cl=bc2=c=abc2=>c5ab 1 u)
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1.5- Dinh li vé phép chia cé du

Trén day, ching ta da thudng xuyén st dyng dinh li ve
phép chia c6 du. Sau day la ching min h cia dinh li trong trudng
hgp a va b déu la s§ ty nhién .

Dinh li: Véi moi a,b € IN (b#0) bao gid ciing c6 duy nhdt
cap s6 q,r € IN théa man:

(l)a=Dbq+r,véi0d<sr<b.
Néua < bthiq = 0, r = a thoa min (1) .
Néua = b thiq =1, r = 0 théa man (1) .
Néu a > b, ta viét day cdc hiéu s§ sau day:
a,a—b,a--b.2 a—-b3,..
cho dén khi c6 s6 Am dau tién thi dung lai. Goi s6 khong am
nhé nhit trong day trén la a— bq (= 0) thi s§ 4m dau tién la

a-b(g+ 1).DPaita-bg=r(=0)haya=bgq+rthir<b
(via-b(g+ 1) =(a-bg)~b=r-b<0),tdiclal0=<sr<b.

Nhu viy, trong mei trudng hgp, ta déu c6 cap s8 q,r € N
théa man (1).

Ta ching minh ti€p ring cip s¢ q,r théa man (1) la duy
nhit. That vay, gid sd ¢ hai cap q;,ry va q,r nhu vdy, nghia
la:

a=bg, +r,0=sr <b

a=bq+r 0=sr<b
Khong mit tinh tdng qudt, c6 thé gid si r = r,. T¥ hai
ding thdc trén,suy ra
b(g-q)=r-r;.
Ro rang lar-~r;< b,

tic la b(q; —q) <6 .
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Trong tap hgp s6 ty nhién, bat ding thdc nay xay ra khi
va chi khi q; - q = 0, tic q; = q, diéu nay kéo theo r; = r.
Nhu vy cap 88 q,r théa man (1) 1a duy nhit.

1.6- Cdc bai toin vé chia hét va phuong hudng tim
15 gidi

Céc bai toan vé chia hét ¢6 nhieu dang; sau day la mét s
huéng tim 18i gidi, c6 thé gidp ich trong nhiéu trudng hgp.

Cho mof biéu thic A (n), phu thuécs6 n(n € Z hay n €
Z’,mét tap con cua Z).

a) D& chizng minh A (n) chia hét cho mt s& nguyén t6 p,
c6 thé xét moi truong hop vé sé du khi chia n cho p (0,
+ p_:_l) .

2
Thi dy 1- Ching minh ring

Am=n@+1@+45

véi moi sO nguyén n.

+1,..,

V Xét moi trudng hgp:

+ n chia hé&t cho 5, r6 rang A(n):5 .

+ n khéng chia hét cho 5 thi n ¢6 dang

5k +1 (chia n cho 5, du =1) hogc 5k =2 (du +2).
n=>5k+1=n?=2k’+ 10k +1=>n’+4:5
n=>5k *2 = n? = 25k + 20k + 4 > n + 115,

A (n) 1a tich clia ba thira s8, trong moi trudng hgp déu cé
mét thia s6 chia hét cho 5, vy A (n ): 5 véi moi n. O

b) D& chitng minh A (n ) chia hét cho mdt hap sé6 m, néi
chung nén phéan tich m ra thira s6.Gia s m = p.q.

Néu p va q la s6 nguyén to, hay p va q nguyén to cang
nhau thi ta tim cdch ching minh A (n)! p va Afn ) ’q (tir d6 suy
ra A(n) { pq = m).
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Thi du 2- Chi#ng minh réng tich cua ba s6 nguyén lién tiép
chia hét cho 6.

V Goi ba s6 nguyén lién ti€p la n, n + 1 va n + 2, tich
ciachinglaAm =nn+1)(n+ 2). Taco6 6 =23 (2 va
3 la nguyén td ); ta tim cdch ching minh A (n): 2 va A (n): 3.

Trong hai s6 nguyén lién ti€p, n va n + 1, bao gi¥ cing c6
mét s6 chiin, do d6 A (n) : 2.

Trong ba s6 nguyén lién ti€p , n , n + 1 va n + 2, bao
gid cing c6 mot s6 chia hét cho 3 , vi s6 du khi chia n cho
3 chi c6 thé 1a 0 (n chia hét cho 3) hoacla 1 (Wic d6 n + 2
chia hét cho 3) hoiic 1a 2 (lie @6 n + 1 chia hét cho 3), do
dnm+ 1)@+ 2):3

A :2vaA@:3 vaiy An): 6.0

Néu p va q khong nguyén t6 cing nhau thi ta phan tich A
(n) ra thiva s, chang han A (n) = B(n).C(n) va tim cdch ching
minh B(n): p va C(n) : q (suy ra A(n) = B(n).C(n)  p.q = m).

Thi du 3- Chitng minh ring tich cua hai sé chdn lién tiép
chia hét cho 8.

V Goi s0 chiin dau tién la 2n, s§ chin tiép theo 1a 2n + 2,
tich cia ching la A(n) = 2n (2n + 2).

Ta c6 8 =-4.2, va A(n) c6 thé viét thanh A(n) = 4.n(n +1),
day la tich cia hai thira s6: mot thira s6 1a 4, chia he™t cho 4,
va mdt thia s6 Ia n(n +1) ludn chia hét cho 2.

Vi viy A(n) = 4n(n +1) 1 42 = 8. 7

¢) Dé chitng minh A(n) chia hét cho m, cé thé bién ddi
A(n) thanh tong cia nhicu sé hang va chiing minh méi sé hang
chia hét cho m.

Thi du 4- Chuiing minh rang ldp phuong cia mot s6 nguyén

"hb"‘ ki (n > 1) triv di 13 [an s5 nguyén do thi luén chia hét
cho 6.
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(Dé thi hoc sinh gidi todn cdp II toan quéc , 1970 )

V Phai chung minh A(n) = n®—13n ! 6.

Chi y ring 13n = 12n + n ma 12n : 6, ta bign d8i A(n)
thanh A(n) = (n%-n) - 12n, va tim cidch chdng minh n®-n 6.
Ta ¢6

nP-n=n@m-1= n{n-1)n + 1)

va day l1a tich cia ba s§ nguyén lién tiép: n—-1, nvan + 1,
tich nay chia hét cho 6 (xem thi du 2).

A(n) 1a higu cla hai s hang: n- nva 12n, méi s6 hang
chia hét cho 6, nén A(n) : 6. O

d) D& chitng minh mot tong khong chia hét cho m, cé thé
clutng minh mot s6 hang nao dé khong chia hét cho m con tét
ca céc s& hang khac déu chia hét cho m.

Thi du 5- Chitng minh rdng vdi moi s6 n lé:

w2+ dn + 5 khong chia hét cho 8.

VDatn =2k + 1 (nlé)tacé

P +4n +5=2k+ D +4 2k + 1)+ 5

(4K? + 4k + 1) + 8k + 4) + 5
(4k® + 4k) + 8k + 8) + 2
4kk + 1) + 8k + 1) + 2.

Day 1a tong cua ba sd hang, s6 hang dau 4k(k + 1) chia
hét cho 8 (xem thi dy 3) , s& hang thd hai 8(k + 1) cing chia
hét cho 8, riéng s6 hang thd ba la 2 thi khong chia hét cho 8,
vay téng khong chia hé&t cho 8. 3

e) Thuong phai s dung két qua sau day:

Néu s6 du khi chia a chob > 0 la r (0 <r <bj thi sé du
khi chia @ (n > 1) cho b 1d s6 dit khi chia r™ cho b (s6 dw nay
bing r" néu r* < b).
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Thi du 6- Tro lai thi du 1:
nn? + D@2 + 4) chia hét cho 5 véi moi n.
Ta ¢6 thé trinh bay 18i gidi nhu sau:

+ n chia cho 5 du 0 »>n:b

+ n chia cho 5 dv *1

> nlchiachobdu(x1)2=1 =n+4:!5

+ n chia cho 5 du =2
> nfchiacho5du (£22%=4 = ¥+ 1:5
Thi du 7- Chitng minh réng néu n khéng chia hét cho 7

thi n3 + 1 hodc n3— 1 chia hét cho 7.

lai):

18

V n khéng chia hét cho 7 thi n ¢ dang
Tkx1, 7Tk*2 hodc Tk=3 .
n=7"Tk+1 =n’= Tpx 1
n=7k:2=>n3=7qi8
n=7Tk x3=n’=Tr* 27

T(q x1) =1
T(rx4) =1
Trong mei trudng hgp, n? + 1 hoic n?-11a bdi cua 7.0

g) C6 thé dung cdc cong thic sau day (d& dang kiém tra
Ta da biét:

a2-b? = (a-b) (a + b)
ad-b = (a-b) (> + ab + bH
ad + b% = (a + b) (a®— ab + b?)

Mot cdch tdng quit:

(1) a® - b" = (a- b).M vdi n bat ki ,
trong d6 M = a™! +a™% +..+ ab™? + p™L,
(2) a" - b" = (a + b).N véi n chin ,

trong d6 N = a® ! — o™ % + . + ap™ 2 - p*7!



(3) a™ + b™ = (a + b).P véi n 18,
trong d6 P = a® !l _ g% ¢ . —ab? 2 477t
Do dé, theo (1) va (2):
a— b" chia hét cho a —b (néu a=b ) véi n bat ki
a® - b™ chia hét choa + b (néu a #-b ) vdi n chén
Theo (3):
a® + b" chia h&t cho a + b (néu a #-b ) vdi n lé.
Thi du 8- Chitng minh rang 24n_1:15.
Ta cb
24 = 16,do d6 2"~ 1 = 16" ~1 = (16 ~1).M = 15M.
Thi du 9- Ching minh ring 25+ 3 +5%°:i5.
Vib5lassldnen 2%+ 3° =2+ 3)P
tt d6 dé dang suy ra diéu phai ching minh.
h) Co6 thé chitng minh béng qui nap todn hoc.
Thi du 10- Ching minh ring 16" — 15n -1 : 225 .
VVéin=1thi 16"—~15n—1=16-15-1 = 0} 225,
Gia st 165— 15k ~1 225
ta ching minh 1654 _15 (k +1) -1 225 .
Thyc vay:
165*1 — 15(k+1) — 1 = 16.16¥ - 15k -15- 1
= (16¥ -156k - 1) + 15.165 - 15 .
Theo gia thit quy nap, 16* — 15k —1 : 225
con 15.16% — 15 = 15 (165~ 1) § 15.15 (do 165~1 = (16 -1).M
= 15.M). Vi vay

1651 15k + 1) -1 :225. 0
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Bai tap
1.1 - Chung minh rang:
a) 8926 _ 4521 : 2. 1991199V _ 1990199 khong chia h&t cho 2;
b) 10"~ 4 : 3; 9.10" + 18 i27;
o41-1:10; 9 -1415.
1.2 - a) Ching minh ring:
- tich ctia hai s6 ty nhién lién ti&p chia h&t cho 2;
- tich cia 3 s ty nhién lidn ti€p chia h&t cho 6;
- tich cia 4 s3 ty nhién lién ti€p chia hét cho 24;
b) Tich ctia 5 s8 ty nhién lién ti&p chia h&t cho bao nhigu?
¢) Chimg minh riing tich cGa hai s§ chén lién ti€p chia hét cho &.
d) Tich cia 3 s6 chén lién ti&p chia h&t cho bao nhitu?
1.3- Chung minh rang tich cia mdt s§ chinh phuong véi sG. tyu nhién

ding lién trude né chia h&t cho 12 (s8 chinh; phuong la s bing
binh phuong cia modt s nguyén ).

1.4- Cho An) = n (n? + 1)(n2 + 4). Tim didu kién cGa n dé& A(n:
120.

2 4 1% 60 véi moi n.

1.5- Chung minh rAng tn -~ Diin + 1) n® (n
1.6- Chung minh ring véi moi n lé:
ayn?+4n + 3:8;
by n? + 3n®-n -3 :48.
1.7- Ching minh ring véi mei n € N:
a) 4™ 4 15n - 1% 95
by 10" + 18n - 28 1 27.
1.8- Tim s6 du trong phép chia:
a) binh phuong cua mot s 1é cho 8 ;
b) 2199 cho 5 ; o) 21090 cho 25,
1.9. Ching minh rang
n + 6nd + 11n2 + 6n chia h&t cho 24 v6i moi n € N.

( D& thi hoc sinh gici toan cdp II toan qude , 1975)
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1.10- Chitng minh ring mot s§ ¢ dang nt- 4n®- 4n? < 160 (n 12 &8
chian >4) thi chia hét cho 384.
( D& thi hoc sinh gidi todn cap II toan qude, 1970 )
1.11- Ching minh ring véi mein € Z :
an-ni2 b ndon: 3; ¢) n_nis.
1.12- Chiing minh rang:
a) n? - 178 vdi moi n khong chia hé&t cho 2.
b) n% - 1 79 v6i moi n khéng chia hét che 3.
1.13- Chung minh ring néu (n, 6) = 1 vd n25 thi n?-1124.
1.14- Ching minh rang 352 _ 982 85 véi moi n EN.
1.15. Ching minh rang:
a) (2% + b%ia®- b% 1 15
b) ab (a® + b%ia?- b i 30
1.16- Ching minh rang:
a)Num?2+n2i3thimvani3;
by Neum? + n i 7thimvani7;
ONsum? +n?i5thi2m +ni5va2namib
hoac 2m ~n ! 5 va 2n + m: 5 ;
dm? +n?:6khivachikhim+ni6.
1.17- Chiing minh ring 422+ 3 +5:6
khi va chi khi a vd 6 nguyén t§ cing nhau.
1.18- Chiing minh rang
n® - 0% 0?4 0¥ 1152 vei moi n le.
1.19- Chung minh rang:
a) Trong 11 s6 nguyén bat ki, bao gi¥ cing ¢é hai s ¢6 cung chi
s0 tan cung;
b) Trong m + 1 s0 nguyén bat ki, bao gi cing c¢é hai sd ma higu
chia hé&t cho m;
c) Trong m s6 nguyén bit ki, bao gi¥ cing cé6 mot s6 chia hét
cho m hoac it nhit hai s6 ¢6 téng chia h&t cho m;
d) Trong 5 s6 nguyén tiy ¥, bao gio cing ¢6 3 s§ c6 tong chia hét
cho 3.



1.20-.C6 hay khong c6 mdt s8 c6 dang
199119911991...1991000...000
chia h&t cho 1990 ?
1.21- a) Téng cic binh phuong cua 5 s§ nguyén lign ti€p cé thé la sd
chinh phuong dugc khong ?
b) Téng cac lay thira chin clia 3 s§ nguyén lidn ti€p cdé thé la luy
thira chin ctia mot s8 nguyén khong ?
1.22. Chung minh rang véi moi s8 nguyén n:
a)n® + n + 2 khong chia hdt cho 3;
b) nz + 11n + 39 khong chia hét cho 49;
con? +8n+5 khéng chia h&t cho 121 .
1.23- Mot s8 c6 hai chit s8 chia h&t cho 7. Chiing minh rang higu ciic
lap phuong cta hai ch@ s8 d6 chia hét cho 7.
1.24- Cho bdn s8 nguyén a,b,c,d. Chitng minh rang
b~ aitc -~ a)td —axd - exb - d)(c - b) 12
1.25- Chung minh ring (a + b + )’ - (@ + b3+ ¢ ) 1 24
néu a,b,c cung chin hoac cung lé.
1.26- Chung minh rang
RIPUE LY.L SRR LS S
1.27- Chxmg minh ring n€u a v b 13 hai s§ 1& thi
at- : 2" khi va chi khi a-b 2™
1.28- Tnn s§ du trong phép chia s&
(P -~ 1%Q ~ 1) cho 192
trong dé P va Q }a hai s§ chinh phuong lé.
1.29- Ching minh rang
(3 + 3% + 3% +.+3%%1) 1 30
1.80- ChL’rn'g minh ring
1220+l 4 Y2 133
1.31- Tim n > 0 sao cho :
a) n® + 1 chia h&t cho n + 1.
b) n? + 2n + 6 chia hét cho n + 4.
1.32- Véi gia tri nao cua n thi (n + 5)Xn + 6) : 6n ?

1.33- Ching minh riang

22



1M+ 2% + 3% + 4705
khi va chi khi n khéng chia h&t cho 4.
1.34- Chung minh riang néu k 1é thi
1+2% ¢ +-D¥+ i1+ 2+ . 4+m-1 +n
v4i moi ne Z.
1.85- Cho 2" = 10a + b.
Ching minh riing néu n >3 thi tich a.b chia hét cho 6. (a,b,n ia
cic 86 nguyén duong va b <10.)
(D2 thi hoc sinh giéi todn cip II toan qudc, 1985)
1.86- Cho biét
a = 22n+1 + 2n+1 +1

bn = gen+l_ ontl L

(n =0, 1, 2,..). Ching minh ring véi mdi s§ ty nhién n cé mot
va chi modt trong hai s§ a, bn chia hét cho 5.
1.37- Tim tdt ca cdc s8 tu nhign n dé 2"~ 1 chia hét cho 7.
Chung minh rang v6i moi s§ ty nhidn n thi 2"+ 1 khong chia
hét cho 7.
(P2 thi vé dich todn qudc t&, 1964).
1.38- Chung minh rang
a 111~ 1 ¢ 100
b) 22229955 4 55552222 1 9.
1.39- Ching minh ring c6 vd han cic s8 c6 dang
a = 2" -3 =2
doi mdt nguyén t§ cung nhau.
1.40- V4i gid tri nao cia s§ ty nhién n thi
a) 3" + 63 72
b) 20 + 16 - 3" -1: 323
1.41- Xét day s8 sau ddy : 1,1,2,3,5,8,13,21,...
duge 1ap nhu sau: hai s6 hang dau tién 13 1, sau d6 méi s0 hang
ti€p sau thi bing tdng hai s§ hang duing trude né. Goi a; 1a
s6 hang thit nhit, a, la s6 hang thu hai,a) la 88 hang thua k,
ta co:

a; =a, = 1, a = 3t A (véi moi k >1).
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Day s6 trén dugce goi la day sd Fibonacei (Phibonaxi, 1180 - 1240,
nha toan hoc Y ). Ching minh ring hai s§ hang lign tiép trong day
s8 Fibonacci 1a nguyén t8 cung nhau:

(a, akﬂ) = 1 v6i mgi k >1.
1.42- Tim hai 38 ty nhién a va b biét:

a)a + b = 128 va (a,b) =16,

by ab = 216 va (a,b) = 6;

¢) ab =18 va {ab] = 160 ;

d) 7a = 11b va (a,b) = 45.

1.43- Chung minh ring:

a) (a,b) = (a, axb)
by (a,c) = 1 va(be) = 1 = (ab, ¢} = 1.
c)iab)=1=(ab,azx b)=1

d) (a,b) = 1 » (a+b, a-b) = 1 hodc = 2.
1.44- Ching minh rang
ad +2a

at + 3%+ 1

1.45- Tim n dé& cho céc phan s8 sau day la t8i gian:

la 81 gian.

6n + 5

1.46- Chimng minh rang:

a) (5a + 8b, 13a + 81 = (a,b)

b) (18a + 5b; 11a + 3b) = (a,b)
1.47- Biét ring (a,b) = 1, hay tim (1la + 2b, 18a + 5b).
1.48- Tim: ay (n, n + 2); W in, n + 1) .
1.49- Tim BCNN cia ba s§ tu nhign lién tiép.
1.50- Ching minh rang:
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a) Trong 5 s§ duong lién tiép:
- khdng c¢6 hai s nao ¢6 udc chung d 2 5;
- ¢ it ra 1a mdt 8 nguydn td véi bon s kia.
b) Trong 6 s8 nguyén dudng lién ti€p:
- khong cé hai s8 nao c6 uéc chung d = 6;
- ¢6 it ra la mdt s8 nguyen té véi nam sd kia.
1.51- Cho a = 123456789 va b = 987654321.
a) Tim (a,b)
b) Tim s6 du khi chia [a,b] cho 11.
1.52- Cho A = m + n va B = m” + n’, trong dd m va n la phing s3 tu
nhitn nguyén 8 cung nhau. Tim ude chung (0n nhdt cha A va B.
(D& thi hoc sinh gioi toan cdp 1l toan quée, 1980 )
1.53- Cho hai s8 tu nhitn a va b. CO 1he phan tich a va b ra thira s3 nguytn
18 nhu sau:

a= p?l . p;‘.). pik

b

b b, b
pll . pzz pkk
trong dé Py Py--Py la cdc s0 nguyén t6, doi mot phan bidt,
a), a,,..a, va by, l)2,..‘bk la cdc s6 ty nhién (chd § rang p%= 1)

Thi duy:

- 225 = 252 = M gls?
Ta dung ki hiéu:
min (p,q) 13 s8 nho trong hai s§ pgq
max (p,q) 12 6 l6n trong hai s§ p.q.
Thi du: min (3,8) = 3 con max (3,8) = 8 .
Véi ki hiéu nhu trén, ta c6:
ab) = pmm (a1 Py pmm (a ‘)) pmin (ak , bk)

lab) = pmm.(al, 1. pmax(ai 2) .. mah(ak k)
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ab
(ab)

Hay ching minh ring: a) [a,b] =

b) Véi moi s8 tu nhign p,q,r, ta ¢é
max(p, min(q,r)}= min ((max(p,q), max(p,r)) .

Tir d6 suy ra ring: | a, (b,e} | = ( la,bl], la,c} )
2 - PONG DU THUC
2.1 - Dinh nghia

Cho mét s6 nguyén m >0. N&u hai s6 nguyén a va b cho
cung s6 du khi chia cho m (tic 1a a-b chia hét cho m) thi ta

néi rang
a dong du vdi b theo modun m
va viét a = b (mod m)

Day 1a mét dong di thite (v8i a 13 vé& tréi, b la v& phai).
Thi du:

46 = 16 (mod 10 ) vi 46 ~16 = 30: 10

5 l1(mod 2)vib—-1=4:2

2 16 (mod 3 ) vi~-2-~16 =-18: 3

Néu a - b chia hét cho m thi ¢6 mot s6 nguyén ¢ sao cho
a-b = mt
Do d6, theo dinh nghia cla dong du thic:

]

]

a = b (mod m)
c6 nghia la a-b = mt (tnguyén)
hay a=Db+ mt

Trong trudng hgp |b] < m thi
a = b (mod m)

¢6 nghia 1a chia a cho m, cé du la b.
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Néi riéng: a = 0(mod m)

c6 nghia 14 a chia hé&t cho m.

Thi du :

12 = 5 ( mod 7 ) nghia la: 12 chia cho 7, du 5;
17 =-1 ( mod 9 ) nghia la: 17 chia cho 9, du-l1;
35 = 0 ( mod 5 ) nghia la: 35 chia hé&t cho 5.

Né&u a=b (modm) la sai
thi ta cing vi€t a # b (mod m).

Thi dy: 12 2 0 (mod 10), 13 2 2 (mod 4 ).
2.2 - Cac tinh chidt ctia dong du thic

Pong du thdc cé nhieu tinh chit twong tw chc tinh chét
ciia déng thizc. Cé thé ching minh dé dang cdc thinh chit sau
day:

a) Ta cé

a = a (mod m) véi moi a

il

a b (mod m) = b = a (mod m)

1t

a=b(modm)vib=c(modm)=a= c (mod m)

(tinh chit thd ba duge goi la tinh chit bic cau cia quan
he dong du). :

Do ¢6 cac tinh chdt nay, quan hé dong du (theo modun m)
chia tap hgp cdc s8 nguyén ra thanh m Idp; bdt ci s nguyén
nao cing thudc mot trong m 18p d6, hai s6 trong ciing mét ldp
thi dong du véi nhau (theo modun m), hai s6 khdc 16p thi khong
dong du véi nhau (theo modun m). Thi du: quan h¢ dong du
theo modun 2 chia tap hgp cic s6 nguyén ra thanh 2 Idp: 1dp
cdc s6 dong du véi 0, mod 2(cdc s§ chia hét cho 2) va 16p cac
s8 dong du vdi 1, mod 2 (céc sd chia cho 2, cdon du 1) ; - quan
hé dong du theo mod 3 chia tidp hgp cdc s6 nguyén thanh 3 16p:
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18p cédc s6 dong du véi 0, mod 3(cac s boi clia 3), l6p cac s§
dong du véi 1, mod 3(bdi clia 3 cong 1), I6p cdc s6 dong du véi
2, mod 3(bdi cia 3 cong 2); v.v... D6 1a cdch dién dat khdc (dung
khai nigm dong du) cta diéu chung ta 43 biét: mei sd nguyén
déu cé dang 2k hoac 2k + 1; moi s6 nguyén déu cé dang 3k,
3k + 1 hoaic 3k + 2; v.v... (xem tr.9).

b) Ta c6 thé cong, trir hay nhan tieng vé hai dong duw thitc
theo cing modun.

Néu a = b (mod m)
¢ = d {(mod m)
thi a+c¢ = b+ d(modm)
a-c = b-d (mod m)
a.c = b.d (mod m)

Tu dd, suy ra ring: C6 thé cong hay tri c&ng mot s6 vao
hai vé cuia mdt dong duw thitc (cé thé chuyén mot sé tir vé nay
sang vé kia, nhung phai doi ddu cia né ), c6 thé nhan hai vé
ctia dong dw thic vdi cing mot s6, cé thé nang hai vé cila dong
dw thitc lén cang mét iy thwa, nghia la

a = b (mod m) =>a * ¢= b xc (modm)
a+ c=b (mod m) >a = ba-c (mod m)
a =b (mod m) = na = nb {mod m)
a =b (mod m) = a" = b (mod m)

¢) Ta c6 thé chia hai vé cua mot dong du thitc cho wde
chung cua chiing, néu udc nay nguyén té véi modun m.

V Cho a = b (mod m) va ab ¢6 udc chung la k, tic la a
= ka’, b = kb’. Thé thi ka’ = kb’(mod m), nghia 1a ka’- kb’
= k(a’ - b’) chia hét cho m. Nhung theo gia thist thi (k,m) =
1, nén phai cé a’ - b’ chia hét cho m, tic la a’= b’ (mod m).3
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Thi dy: Ta cé
48 = 18 (mod 10)

48 va 18 déu c6 udc chung la 3, nguyén td véi 10. Co thé
chia hai v& cho 3 va dugc:

16 = 6 (mod 10)

Chi y rhng 48 va 18 cing ¢6 udc chung la 6, nhung 6
khéng nguyén t& véi 10, ta khong thé chia hai v& cda dong du
thic cho 6 duge: chia 48 va» 18 cho 6 ta c¢6 cdc sd tuong ung la
8 va 3, ma 8 3(mod 10).

d) Ta c6 thé nhan hai v€ va modun cia dong du thicc véi
mot s6 nguyén duong.

a = b(mod m) = ac = b.c (mod m.c), vdi c >0

Ta c6 thé chia hai v€ va modun cua mot dong duw thiic cho
wéc chung duwong cua ching.

Néu d la wéc chung duong cia a,b va m thi

b m
a= b(mod m)=» 7= E(nlod’g)vdi(bOA

[P R-]

2.3- Mot s0 thi du ap dung
Thi du 1- Tim ch@ s0 sau cing cia cic sb 6713 va 21000,
V Tim chi s6 sau cing cia mot s6 N c¢6 nghia la tim s6
du ciia phép chia N cho 10, tdc la tim s8 khong d4m nho hon
10 va dong du véi N theo modun 10.
Ta ¢6 6% = 36 = 6 (mod 10)

do do 6" = 6 (mod 10) véi moi n >0.

n

Suy ra 6’1 = 6 ( mod 10)

tirc 12 chd s§ sau ciing céa 6'° la 6.
Chi y ring 2% = 16 = 6 (mod 10) va 1000 = 4.250 ta cé:
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21000 _ 94.250 _ 94250

6 (mod 10)
21()00

il

Do &6 21000 = 6250
tuc la cha s6 sau cung cua cingla 6. 0O
Thi dy 2- Tim s6 du trong phép chia 3% cho 7.
V Ta phai tim s6 c¢6 gid trj tuygt ddi nhé hon 7,d0ng du véi
3199 theo mod 7.
Ta ¢6: 3% = 27 = - 1. (mod 7)

3100 _ 3333 + 1 _ (g3y33g
do d6 (3%3 = (= 1)® (mod D ma ¥ = 1
nén 319 = (8% . 3=~ 1.3 (mod 7)

3190 = 3 (mod 7)

Vay s6 du trong phép chia 3!% cho 7 1a -3 (hay Ia 4). O

Thi du 3- Chiing minh mét s& dau hiéu chia hét

Cho mét s6 nguyén N. N&u N c6 chi s8 hang don vi la a,
chd s6 hang chyc la b, ch® s6 hang tram la ¢, chd s5 hang
nghin la d,v.v...thi ta c6

N =a+ b10 + c10? + d.10% + ...

Thi du:
N = 7465 =5 + 6.10 + 4.10% + 7.10°
N = 98324 =4 + 2.10 + 3.10% + 8.10° + 9.10%
Dé&u hiéu chia hét cho 9
Ta cé:
a = a (mod 9)
10 = 1 (mod 9) = b.10 = b (mod 9)
102 = 1 (mod 9) = c.10* = ¢ (mod 9)
108 = 1 (mod 9) = d.10° = d (mod 9)
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Cong tung v& cic dong du thic trén, ta duge
N=a+5b10 +¢l10° + d10° +..= a +b + ¢ + d
+...(mod 9)

Nhu viy N dong du véi téng ciac chi s3 clia né, theo modun
9, do dé N chia hét cho 9 khi va chi khi téng cdc chi? sé cua
né chia hét cho 9.

Déu hiéu chia hét cho 11

Ta ¢é: 10 = -1 (modll)
do 46 10" = 1 (mod 11) néu n chin
10" = -1 (mod 11) néu n lé
Vi vay
b.10 =-b (mod 11)
c.10®> = ¢ (mod 11)
d.10° =_d (mod 1Dv.v...
Do d6
N=a+bl0+c10°+d10°+.. = a=b +c-d +..(mod

11).

Nhu vay, so' N chia hét cho 11 khi va chi khi téng a-b +
¢ —d +... chia hét cho 11.

Thi dy:
-V6i N = 9526, c66-2 +5-9=0:11= 9526 : 11
- V6i N = 37268, ¢c6 8- 5 + 2-7 + 3 = 1 khoéng chia
hét cho 11, do d6 37258 khéng chia hét cho 11.
Bai tap
1.55- Tim ddu higu chia hét cho 4, 8, 25.
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1.56- Tim s3 du khi:
a) Chia 8! cho 11 ; b) Chia 1532% - 1 cho 9,
¢) Chia 340 cho 83; d) Chia 21000 oho 25;
e) Chia 301293 - 1 cho 13, g Chia 4362%3%2 cho 11 ;
h) Chia 35! cho 425;

b Chia 101+ 101 + 110" cho 7.
1.57- Tim hai ch@ s§ sau cung cua
a) 2999 . by 3999
1.58- Ching minh rang:
a 21115 b 27 + 3701 13
o 20171 11.31. 63; d) 18901930 * 39451975 4 1 1 7,
e) 122°+1_ 11*%: 133
1.59- Giai bai 1.38b)

1.60- Giai a) bai 1.23; b) bai 1.37
B 3- PHUONG TRINU DONG DU

Sau day chi gidi thiéu cdch giai mdt s6 phuong trinh va hé
phuong trinh dong du bac nhit mot an, thong qua mot sé thi
du.

3.1- Phuong trinh dong du bac nhidt (mdt 4n)

Tuong ty véi phuong trinh bac nhdt trong dai s6, phuong
trinh dong du biac nhit (mot 4n) la dong du thdc cé dang

ax = b (mod m) véi a # 0 (mod m)
trong dé ab va m( m > 0) 1a cde s6 da bi&t va x 1a 4n sb
(s6 chua bi&t, phai tim).
Thi du 1- Gidi phuong trinh dong du
4x = 5 (mod 7)
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Ta phai tim x sao cho né&u chia 4x cho 7 thi c6 s8 du Ia 5.
Ta biét ring mei s6 nguyén déu dong du, theo modun 7, véi
mdt trong 6 s6: 0,1,2,3,4,5,6 (s6 du trong phép chia mdt sé cho
7). Ta cho x [an lugt 13y cdc gia trj nay, roi tinh gia trj cia 4x,
sau d6 tinh s6 du trong phép chia 4x cho 7;ta c6 bing sau day:
x 0 1 2 3 4 5 6
4 0 4 8 12 16 20 24
S8 du trong phép
chia 4x cho 7 0 4 1 5 2 6 3

Ta thdy ring v6i x = 3 thi 4x = 5 (mod 7), viy x = 3 Ia
nghiém cda phuong trinh di cho. Ré rang la moi sd dong du
v6i 3 theo mod 7 cing la nghiém cua phuong trinh, nghia la
phuong trinh ¢6 nghi¢m la:

x =3 (mod 7)
hay 1a x = 3 + 7t (tla sd nguyén tay y).

Ngoai ra, phuong trinh khong c¢6 nghiém nao khdc. Nguai

ta néi rang: Phuong trinh dong du  4x = 5 (mod 7)
¢6 nghi¢gm duy nhdt 1a x = 3 (mod 7)

(hiu theo nghia: tit ca cdc nghi¢gm déu thudc mot 16p cic
s6 dong du vai 3 theo modun 7)

Cé thé chung minh duge ring:

Phuong trinh dong dw ax = b (mod m) ¢6 nghiém duy nhét
(theo nghia viza néi), néu a va m nguyén té cing nhau.

Cach giai chi ti€t nhu trong thi du 1 c6 thé ggi y dé ban
doc tim ra chitng minh cia dinh li nay( xem bai tap 1.63). Trong
nhiéu truong hgp, c6 thé thidy ngay duge nghiém qua mot vai
phép thu.

Thi du 2- Gidi phuong trinh dong du
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3x = 2 (mod 8)
Ta c6 (3,8) = 1, phudng trinh ¢6 nghiém duy nhéit. Theo
dinh nghia vé déong du thic, phuong trinh di cho tuong dudng
vdi:

3x = 2 + 8t(t nguyén tuy ¥)
Dé thdy riing c6 thé 14y t =—1 hoic t =

2
Vit =-1thi3x=2-8=-6,dodéx=-2
va nghiém cua phuong trinh dong du da cho la

x = -2 (mod 8).
Néuldy t = 2 thicé 3x = 2 + 16 = 18, x = 6 va nghié¢m
lax=

6 (mod 8 ).Pay cing chinh 14 nghiém da tim, vi 6 =-2
(mod 8). :

Thi du 3- Giai phuong trinh dong du

17 = 13 (mod 11)

Céic s5 17 va 13 16n hon 11. Ta chia cdc s6 d6 cho 11 va
dude cic s8 du tuong ding 13 6 va 2. Ta c6

17 = 6x (mod 11) va 13 = 2 (mod 11).

. Kp dyng tinh chit bic ciu clia quan h¢ dong du, ta dugc
phuong trinh tuong duong véi phuong trinh di cho:
6x = 2 (mod 11)
Cé thé chia hai v& cho 2, vi (2, 11) = 1

3x = 1 (mod 11)

3x =1 4+ 11t .
Cé thé lay t =1, x = 4 va c6 nghiém la x

= 4 (mod 11).
Qua thi dy 3, thdy ring bao gid cing c6 thé dua phuong
trinh dong du bac nhit vé dang ax = b (mod m)

tongdim>a>0vam>b =20.

3.2 - H¢ phudng trinh dong du bac nhit mot 4n
Thi du 1- Giai hé phuong trinh dong du
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x = 2 (mod 3) (1)
x = 3 (mod 5) (2)
Phuong trinh (1) tuong duong véi x = 2 + 3t (t nguyén
tuy ) 'I‘hay giad trj ndy cia x vao phuong trinh (2) ta duge 2
+ 3t 3 (mod 5). Vay h¢ da cho tuong duong véi h@

=2+ 3t (1a)
2 + 3t = 3 (mod 5) (2a)

T phuong trinh (2a) chuyén 2 ti¥ v& trudc ra v€ sau va
46i diu, ta dugc

3t = 1 (mod §)
do dé t =2 (mod 5)
hay t = 2 + 5k (k nguyén)

Thay gid trj nay cia t vao phuong trinh (1), duge
x = 2 + 3(2+ 5k) = 8 + 15k
hay 1a x = 8 (mod 15)
D6 12 nghigm cia h¢ phuong trinh da cho.

Thi du 2- DGi vdi bai todh Han Tin diém binh (xem trang
5), ta phai giai h¢ phudng trinh dong du:

x =2 (mod 3) (1)
x=3 (mod 5) 2)
x = 4 (mod 7) 3)
H¢ hai phuong trinh (1), (2) cho ta (xem thi dy 1):
= 8 (mod 15)
Do d6, hé¢ ba phuong trinh da cho tuong duong vdi hé:
x = 8 (mod 15)
x = 4 (mod 7)

Hé nay tuong duong véi
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x = 8 + 15k I

8 + 15k = 4 (mod 7) (II)
Phuong trinh (II) cho ta

15k =~ 4 (mod 7)
hay la k = 3 (mod 7) do d6 k = 3 + Tt.

Thay gid trj nay vao phuong trinh (I), duge
x =8+ 153 + Tt) = 563 + 105t (t = 0).

Né&u s8-linh khodng 900 thi phai ldy t = 8 va duge x =
893 (ngudi).

Con vé qui tc: “nhan s6 1é hang 3 cho 70, s6 1& hang 5
cho 21, s6 1é hang 7 cho 15, roi cdng lai; 14y s thanh thém
mot bdi cia 105”7, xin xem bai tip 1.65.

Bai tap

1.61- Giai phuong trinh:

a)bx =4 (mod 11) ; b) 7x = 6 (mod 13)

o) (a + bix = a? + b? (mod ab), véi (ab) = 1
1.62- Giai phuong trinh:

a) 6x = 27 (mod 33) ; b)(a + 1)x = a— 1(mod m)

1.63- Cho ax = b (mod m) véi (am) = 1.

Ching minh riang khi x chay qua m gia tri khic nhau tit 0 dén

m - 1 thi 8§ du khi chia ax cho m cling chay qua m gia tri d6
(chi khdc vé thu ty ma thoi). (Trong thi du 1, giai phuong
trinh dong du 4x = 5 (mod 7), ta da cho x chay qua 7 gia tri
tir 0 d&n 6, va s du trong phép chia 4x cho 7 ciing chay qua
7 gia tri d6). Tu d6, suy ra ring phuong trinh ax = b (mod
m) ludn cé nghiém véi (a,m) = 1.

1.64- Mot 16p gom 40 hoc sinh dumg thanh véng tron va quay mat vao
trong vong tron dé choi béng. Méi hoc sinh nhan duge béng phai
ném béng qua mat 6 ban dung ¢ tay trai minh. Ching minh ring
tdt ca hoc sinh trong 16p déu nhan duge béng ném tdi minh sau
40 [an ném béng lien ti&p.

(D@ thi hoc sinh gidi todn cép II toan quée, 1987)
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1.65- a) Chung minh rang hé phuong trinh:

X = a (mod p)

X = b (mod q)
X = ¢ (mod r)

(p,q,r 1a cdc s8 nguyén duong déi mét nguyén t& cung nhau) cé
nghiém la:

x = Pqr.a + pQr.b + pgR.c (mod pgr)
trong d6 P la s§ sao cho Pqr = 1 (mod p), Q.la s8 sao cho
pQr = 1 (mod ¢), R la 8 sao cho pgR= 1 (mod 1).
b} Ap dung: giai bai todn “Han Tin diém binh”.
¢) M6 rong qui tie trén day dé giai he phuong trinh:

x = 1 (mod 3)
X = 4 (mod 5)
x = 2 (mod 7)
x =9 (mod 1)

1.66- Tim tdt ca cidc s6 ty nhién s 1000 ma khi chia cho 3,5,9,11 thi
cho s8 du lan huot 1a 1,3,4,9.

1.67- Gidi bai toan “Mat trém gao” (tr.6)
1.68- Giii ciic he phyong trinh :
al x = 4 (mod 5) b) 6x = 1 (mod 12)

x = 1 (mod 12) 5x = 2 (mod 8)
x = 7 (mod 14) 7x = 3 (mod 11)
1.69- Giii ciac hg phuung trinh :
a) x = a tmod 6) b) x = 5 (mod 8)

x = 1 ( mod §) x = 8 ( mod 21)

x = a ( mod 35)
1.70- Xdc dinh s6 nguyén a dé cic he phuong trinh sau diy cé nghiém:

1}

a) x = 3 (mod 11) b) 2x = a tmod 3)
x = 1 (mod 15) 3x = lmod 10)
x = 11 tmod 20)
x = a (mod 18)
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s 4 - DINH Li FERMAT VA PINH L{ EULER

4.1- Dinh li Fermat
Ta da gip bai todn sau day (bai tap 1.11):
Chitng minh réng vdi moi sé nguyén n:
a) n®— n chia hét cho 2;
b) n® - n chia h&t cho 3;
¢) n® - n chia hét cho 5.
Bai toan nay cé thé giai dugc biing cdch phan tich

2 3 5

n“~-n, n°-n, n” - n ra thua sé.

a) n®~ n = n(n- 1). Trong hai s nguyén lién ti€p, n -~ 1
va n bao gid cing cé mot s6 chia hét cho 2. '

b) n®~n = n@w?-1) = nn-1 (@ + 1). Trong ba s8
nguyén lién ti€p, n ~ 1, n, n + 1, bao git cing c6 mét s6 chia
hét cho 3.

on’~n=n@?-1 = n?-1 @ + 1)
=nmn-1) @+ 1) @+ 1)

N&u n chia h&t cho 5 thi n® - n chia hét cho 5.

Néu n khong chia hét cho 5, thi n cé dang 5k = 1 hoac
5k * 2 va trong ba s§ nguyén n~1, n + 1 va n? + 1 luon c6
mot s8 chia hé&t cho 5:

-véin = 5k + 1 thin -1 = 5k, chia h&t cho 5;

-véin = bk-1thin + 1 = 5k, chia h&t cho 5;

-yéin=§k12thin2=25k + 20k + 4 do d6 n® + 1
= 25k * 20k + 5, chia h&t cho 5.
Ta chi y réing néu nhu n~n: 2 n®-n: 3, n®-n: 5

vdi moi s6 nguyén n, thi n? - n khong phai luén luén chia
hét cho 4.
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Thi du véi n = 2, ta ¢6 2~ 2 = 14 khdng chia h&t cho 4.

Céc s8 2, 3, 5 la cdc s6 nguyén t& va bai tap ta vua giai
12 trudng hgp riéng cia dinh li sau day:

Dinh li Fermat (Phec-ma)

Néu p la s6 nguyén t5 thi n® = n (mod p)

(nP - n chia hét cho p) véi moi s& nguyén n.

Thi dy: n =n (mod 2); n® =n (mod 3)

n® =n (mod 5); n’ =n (mod 7)

2!l =n (mod 11); n'? = n(mod 13)

Trong trudng hop p = 2,3, 5 ta ¢6 thé ching minh bing
cach phan tich n? - n ra thia s8, nhung ré rang la khong thé
4ap dung cich nay cho s§ nguyén t§ p bat ki.

Sau day la mot cdch chitng minh khdc cia dinh li Fermat
véi p = 5.

V Né&u n chia h&t cho 5 thi hién nhién la n°— n chia hét
cho 5.

Xét n khong chia hét cho 5. Lic d6, 2n, 3n va 4n cing déu
khong chia h&t cho 5. Chia 4 s& n, 2n, 3n, 4n cho 5, ta duge 4
s6 du d6i mot khdc nhau(vi néu cé hai sé, thi dy 4n va n, cho
cing s6 du thi 4n - n>= 3n sé chia h&t cho 5), mbi s6 du lay
mot trong bén gia tri: 1,2,3,4. Thi du: néu chia n cho 5§ dugc
sOdulal, tdicn = 1 (mod 5) thi2n = 2,3n = 3, 4n
4 (mod 5); nun = 2 (modun 5) thi2n = 4,3n = 6
4n = 8 = 3 (mod 5).

1,

Nhu viy, ta c6: n # 0 (mod 5) = n = a (mod 5)
2n = b (mod 5).
3n = c (mod 5)
4n = d (mod 5)
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Bon s6 du ab,c;,d ddi mdt khdc nhau, ma mbi s§ ldy méot
trong cac gid tri 1,2,3,4, thé thi phai c6

abecd = 1234

Chd y dén ding thdc nay, ta nhan tung v& bén déng du
thuic trén day va dugc:

n.2n.3n.4n = a.b.c.d (mod 5)
1.2.3.4.n* = 1.2.3.4 (mod 5)

Chia hai v& cho 1.2.3.4, nguyén td vdi 5:
n? = 1 (mod 5)
Nhan hai vé véi n:
n® = numod 5 O
Tudng ty nhu trén, ta ching mimh djnh li Fermat véi p
nguyén t& bat ki.
VN&éu nr = 0 (mod p) thi r6 rang Ia nP = n (mod p).

Néun # O (mod p) thi 2n, 3n,..., (p - Dn déula # 0
theo modun p, nghia la

n=a;(mod p) véi 1 sa;sp-~-1

2n=a,(mod p) vdi l <a,sp~-1

3n=a; (mod p) vdi 1 sa;<p-1

(p- I)nsap_ pimod p) véi l=a,_;sp-1.

p-l s a;,a,,a,, SEE (mdi s& 1y mot trong cde gia

tri to 1 dén p-1) 1a d6i mdt khdc nhau, bdi vi n&€u cé hai s
nao bing nhau, thi dy a, = a, (k > h) thi ti hai dong du thic

trén diy ma vé& phdi la a, va a,,ta sé c6 kn = hn (mod p),
do dé6 (k—h)n = 0 (mod p), trong d6 1 =k -hs=sp-1, suy
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ran = 0 (mod p), trdi véi gia thiét.

Né&u p-1 s a,,a, »8g,..8, _ 40 mot khdac nhau, ma mébi
s8 lai lay gia trj t& 1 d&n p-1 thi tich caa p-1 s6 d6 -phai baug
tich cia cdc s6 tu 1 dén p-l:

a1,az,a3,...ap-1 = 1.2.3...(p-1).
Bay git ta nhan ting vé& p-1 dong du thuc trén day va duge:

n.2n3n...(p-1)n =a,a,a,...a {mod p)

p—-1

n.2n.3n....(p-)n = 1.2.3(p-1) (mod p)

1.2.3....(p-1).nP! = 1.2.3...(p-1) (mod p)

Cé thé chia hai v& cia dong du thuc cho tich 1.2.3....(p-1).
nguyén t8 véi p, va dugc:

n®* "1 =1 (mod p)
Tit @6 nP=n (mod p) 3
4.2- Dinh 1li Euler

Euler (0 le) 43 md rong dinh li Fermat cho trudng hop
modun m bat ki va cé djnh li sau day:

Néu m la s6 nguyén duwong bat ki va p(m) la 6 cdc s

duong nho hon m va nguyénr t6 véi m thi
N "™ =1 (mod m)

vdi moi s nguyén N nguyén t& véi m.

Thi du 1I- Cho m la s§ nguyén té p. TAt ca cdc s6 dudng
nho hon p déu nguyén t6 vdi p (¢6 p-1 s6 tu 1 dén p-1), do dé
¢{p) = p ~1; vd néu p nguyén td thi mgi s§ nguyén khéng chin
hét cho p déu 1a nguyén td véi p, va dinh li Euler trd thanh:

Néu p la s6 nguyén t& thi nP?~ =1 (mod p)

véi mei s6 nguyén n khong chia hét cho p.

Nhan hai v& cia déng du thde vdi n, duge

nP = n (mod p)
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Dong du thic nay ding véi moi n khong chia hét cho p,
va duong nhién ciing ding v4i mei n chia hét cho p, nghia la
ding vdi moi n. D6 1a dinh li Fermat.

Thi du 2- Cho m = 8. C6 tat ca 4 s6 dudng nho hon 8 va
nguyén t6 véi 8( 46 1a cac s¢ 1,3,5,va 7), nghia la ¢(8) = 4.
Theo dinh li Euler:

N% =1 (mod 8) vdi moi N nguyén t& vdi 8.

Chd y rang 8 = 2%, nén N nguyén t& véi 8 tuc Ja N khéng
chia’ h&t cho 2. Do d6, c6 thé phdt bidu cich khéc:

N* - 1 chia hét cho 8, v6i mei s6 N I8.

Thi du 3- Cho m = 15. Cé tit ca 8 s6 duong nhdé hon 15
va nguyén t& véi 15( @6 la: 1,2,4,7,8,11,13 va 14). Theo dinh i
Euler:

N® = 1 (mod 15) v8i moi N nguyén t& vdi 15.

Vi 15 = 3.5, nén N nguyén t§ véi 15 tuc la N khong 12 boi
cua 3 cung khong Ia boi cua 5.

Sau day, ta chitng minh dinh Ui Euler cho mét truong hop
cu thé, chdng han véim = 9.

V Néum = 9 thi ¢ tdt ca 6 s6 duong nho hon 9 va nguy: «
t& véi 9( cic s6: 1,2,4,5,7 va 8), nghia 1a ¢(9) = 6.

Bit cut s6 N ndo nguyén to vdi 9 thi khi chia cho 9 sé cho
s6 du 13 modt s6 duong nho hon 9 va nguyén té véi 9, nghia la
N doéng du (theo mod 9) véi mdt trong 6 s6: 1,2,4,5,7 hodic 8.
Né&u ta nhan N véi mot s6 nguyén t6 véi 9(thi du: 2,4,5,7,8) thi
tich cing la mot s§ nguyén t6 véi 9, do d6 tich cling phai déng
du(theo mod 9) véi mot trong 6 sd néi trén. Nhu vay:

N a (mod 9)

2N b (mod 9)

]
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4N = c (mod 9)

5N = d (mod 9)

TN = e (mod 9)

8N = g (mod 9)

(a,b,c,d,e,g 1a mot trong 6 s8: 1,2,4,5,7,8)

Sédu s6 a,b,c,d,e,g 46i mot khdc nhau, vi n€u c¢6 hai s béing
nhau, thi du b = g thi t¥ hai dong du thuc thd hai va thd sau
trén day, sé c6 2N = 8N (mod 9), hay 8N - 2N = 6N = 0 (mod
9), tdic N = 0 (mod 9) , mau thuin vdi gid thiét 14 N nguyén
td véi 9.

Séu s a,b,c,d,e,g d6i mot khic nhau va mbi sd ldy mot
trong cic gid tri 1,2,4,5,7,8, nhu vay tich a.b.c.d.e.g phai bing
tich 1.2.4.5.7.8: -

a.b.cdeg = 1.245.7.8

Chi y d&n ding thuc nay, ta nhan ting v& sidu déng du

thic & trén va dugc:
N.2N4N.5N.7N.8N = ab.cde.g (mod 9)
12457.8N%= 1.24.5.7.8 (mod 9)
Chia hai v& cho 1.2.4.5.7.8, nguyén t6 véi 9, duge:
N°=1 (mod 9)

trong d6 6 = ¢(9) va N la s6 bat ki, nguyén t& véi 9. O

Chd y ring 9 = 32, trudng hgp riéng trén diy cda dinh Ii
Euler c6 thé phét biéu:

N® 1 chia hét cho 9, vdi moi N khong phai la boi cia 3
(xem bai tap 1.12b).

Cé thé md rong dé dang cach ching minh véi m = 9 trén
day d€ ching minh téng quit dinh li Euler, vé6i m> 0 bat ki.
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Ban doc c6 thé thiy ring cdch ching minh tudng ty véi ching
minh cua djnh li Fermat.

Cong thire tinh gia tri cha p(mn)

Trong truong hgp m nho, cé thé liet k& cdc s6 duong nhod
hon m va nguyén t6 véi m dé bigt gid trj cia ¢(m). Ngudi ta
ching minh dudc cong thic sau day cia ¢(m):

Gia st m dugc phan tich thanh thira s6 nguyén t&

m = p)'lpy'2. pik trong d6é py,py,...p, 12 cdc s§ nguyén t§
d6i mot khdc nhau.

Thé thi:

1 1 1
pm)y=m(l-—) 1 ~—)...(1-—)

P; Py Py
Thi dy:
2 1
m=9=3 =>‘P(9)=9(1-§)=6
2 1 1
m = 12 = 2°83 = p(12) = 12(1_5)(1 _E) = 4
1 1
m=15=35= (15 =151-—-)(1~=) = 8
3 5
9 1 1
m = 20 = 2°.5 = p(20) = 20(1 _.2_)(1 _g) =8

Nguti ta da lap bang cho gid tri cia ¢(m) Ung véi moi m
< 10000 va bang cho gid trj cia m dng véi p(m) < 2500. Nguai
ta thay ring trong pham vi cdc bang d, bao gid cing c6 it nhat
hai gid trj khdc nhau cia m cho cung mot gia tri cua ¢(m). Thi
du: p(3) = p(4) = p(6) = 2, p(5) = p(8) = 4. Nhung li¢u c6 k&t qua
tdng quit sau day hay khong: V6i moi s6 ty nhidn m bao gid
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cing c¢6 mot s6 ty nhién m’ # m sao cho ¢(m) = p(m’) ? Cho
dén nay, chua c6 ai ching minh hay biac bé dugc dieu nay !

Mot s0 thi du dp dung
Thi du I- Tim s6 dw trong phép chia 3199 ¢ho 13.

V Vi 13 1a s6 nguyén t8, theo djnh li Fermat ta c6:
3= 1 (mod 13)
Ma 100 = 12.8 + 4 nén 3% = (3193 3% = 3% (mod 13)
Nhung 3* = 81 = 3 (mod 13)
suy ra s6 du trong phép chia 31 cho 1312 3. O
Thi du 2- Gidi phuong trinh dong du
T7x = 3 (mod 27) (1)
V Vi (7,27) = 1, theo dinh li Euler ta c6: 7737 = 1 (mod 27),

1 .
Ma p(27) = 27(1 - 3) = 18 nén 78 = 1 (mod 27) (2)

Nhan hai v& ciia (2) véi 3 va viet 7' thanh 7.7'7, duge
7(7117.3) = 3 (mod 27) (3)
So sanh (1) véi (3), duge
“x =173 (mod 27) (4)
Ta c6 7= - 5(mod27) T =(-5>%= 2 (mod 27)
Ma 17 = 4.4 + 1, nén 77 = (T™H* .7 = (- 2)1.7 (mod 27)
77 = 16.7= 4 (mod 27)
Thay vao (4), duge: x = 12 (mod 27) 0

Thi du 3- Chitng minh rdng trong cdc s& tw nhién thé nao
ciing c6 s6 k sao cho 1983% — 1 chia hét cho 10°. (De thi hoce
sinh gioi todn cdp II toan quoc, 1983)

V Vi 1983 khong chia h&t cho 3 va khéng chia hét cho 5,
cdn 10° = 27 . 55 nen (1983, 10%) = 1, do d6 c6 thé 4p dung dinh

45



1f Euler va c6
198719 = 1 (mod 10%)
1 1
Ma p(10°) =10°(1 - E) 1-2= 4.10%,

va day la s8 k can tim. O

Né&u khong biét dén dinh li Euler thi bai toin c6 thé giai
nhu sau:

V Cho k Ian lugt 1fy 10° + 1 gid trj lien tidp, ti 1 trd di,
ta duge 10° + 1 gis trj khac nhau cia 1983% - 1.

Chia 10°+ 1 s& nay cho 10%ta cé nhitu nhat 1a 10° s8 du,
do d6 theo nguyén tic Dirichlet phai c6 it nhit hai s6 cho cing
s8 du. Gia su &6 1a s6 1983™ - 1 va 1983" -~ 1 (m>n).Thé thi
hi¢u ciia hai s6 nay phai chia hét cho 10°:

(1983™ — 1) — (1983 — 1) chia hé&t cho 10°.

Ma (1983™ — 1) — (1983" -~ 1) = 1983™ — 1983"
=1983" (1983 " " - 1)

Nhung 1983 va 10° nguyén t& cung nhau, do d6 phai c6
1983™™ _ 1 chia hét cho 10°. Nhu viy 1a ¢6 s6 k’ = m - n sao
cho 1983 _1 chia hét cho 10°. 0 |

Chi y riing véi ciach gidi thd nhat (ding dinh li Euler) thi
chi ra duge ring véi k = 40000 thi 1983% ~ 1 chia h&t cho 10°.
Vi cich giai thd hai, dung nguyén tic Dirichlet, tic la ching
minh bing phin ching, ta chi chéng minh dugc ring c6 mot
s0 k théa man ydu cau cia bai todn (khéng cé s6 k d6 thi vo
li),chi khong chi ra dudc cu thé s k d6 bing bao nhidu.

Bai tap

1.71- Tim s8 gom toan chi s 9 va chia hét cho : 3; 7; 11; 13; 17.
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1.72- Ching minh ring
14k 4 9%k 4 g%k, 44k khong chia hét cho 5.
1.78- Chung minh ring néu
a +ayt.ta = 0 (mod 30)

thi a? + ag T aﬁ =0 (mod 30).

1.74- Ching minh ring n&u (3,240) = 1 thi
a'= 1 (mod 240).

1.75- Ching minh ring nu p la s nguyén t8 > 7 thi
P-2°-1:42p.

1.76- a) Tim tit ca cdc s§ ty nhién n sao cho n | 2%~ 1.

b) Tim t&t ¢ cdc s6 nguyén t& p sao cho p |2P + 1.
1.77- Ching minh ring néun lé thi 2®'~ 1 :n .
1.78- Cho m vi n la hai s§ tu nhién >1 vi nguyén t§ ciing nhau.
Ching minh ring:
m?® 4 0™ = 1 (mod mn) .
1.79- Ching minh ring véi mdi s§ nguyén t3 p cb v6‘sé 8 c6 dang
2% _ n (n la s8 tu nhign) chia h&t cho p.
1.80- Chitng minh ring

104930, +10% = — 1 (mod 11).
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CHUONG 2

SO NGUYEN TO

Ching ta déu biét ring:

S& nguyén té la s6 lén hon 1 va chi ¢é hai wéc s& la 1 va
chinh né. Thi dy: 2, 8, 5, 7, 11, ...

Hgp s8 1a 88 16n hon 1 va ¢6 nhiéu hon hai udc s8. Thi
du: 4 (c6 ba udc s&: 1,2; va 4), 10 (c6 bdn udc s6: 1,2,5va 10).

S6 1 va s6 0 déu khong phai la s6 nguyén t6 ma cing khong
phdi la hgp s6 (s6 1 chi c6 mot ude s8, s6 0 cé vé6 s6 udc s6).

S6 nguyén t6 déng vai tro trung tdm trong sé hoc, do dinh
li sau day:

Pinh li co ban clia s3 hoc

Moi s& l6n hon 1 déu phan tich dugce ra thira s& nguyén t8
mot cach duy nhat (khong k& thu ty cdc thia sd).

Thi dy: 60 = 5.2.3.2 = 2.2.35.

Cac tich c6 dugdc chi khbc nhau vé thit ty cac thiva s& nguyén
t6 ma thdi . Ngudi ta thudng phan tich mot s6 ra thirta s6 dwdi
dang tiéu chudn, trong d6 cdc thia s6 nguyén & duge sdp xép
theo thit ty tir nhé dén ldn, mbi thira s8 véi s§ mi tuong dng.
Thi dy: 60 = 2235, 525 = 3.5°7.
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Chung quanh edc s§ nguyén t8 cé nhidu k&t qua thud vij va
con riat nhieu bi 4n. Nhidu bai toin, nhitu dy dodin duge phat
bi€u rit don gian, nhung viéc ching minh thudng rit phic tap,
phai dung dén nhdng cong cy tinh vi cia todn hoc cao cdp va
khong it bai todn hang tram nam nay van chua c6 18i giai.

Sau day la mAy bai toin don gian.
1- C6 bao nhi2u sd nguyén t&?

Ngay ti thoi thugng 6, nha todn hoc Euclide ( O-clit) da
ching minh duge ring:

C6 vd s8 s8 nguyén t6; ddy s6 nguyén t&

2,3,5,7,11,13,17,...

¢6 thé kéo dai vd hgn, néi cich khdc, khong cé sé nguyén & nao
la lén nhat,

Dé chung minh djnh li nay, Euclide da c6 mdt suy nghi rat
hay: nhan mét s0 s6 nguyén t§ dau tién véi nhau, i cong két
qua c6 duge véi 1, ta cé:

23+ 1 = 7
235 +1 = 31
2357+ 1 = 211
235711 + 1 = 2311
23571113 + 1 = 30031

Mbi s8 c6 duge trong v& phai cia cdc ding thuc trén day
déu khong chia hé&t cho bat ki s& nguyén t8 nao trong tich § v&
trai tuong ung. Thi dy: s§ 31 khong chia h&t cho 2, 3 hay 5
(chia cho 2,3,5 bao gig cing c6 s du la 1), s6 2311 khong thé
chia hét cho 2,3,5,7 hay 11. Va cing rd rang 1a méi sé trong
vé€ phai cia cdc déng thic trén diy déu 16n hon s6 nguyén to
16n nhdt trong tich ¢ v& trai tuong ung. Ta c6:
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Céc s§ 7, 31, 211, 2311 deu la s6 nguyén t6 (chd y: 7 >
3, 31> 5, 211 > 11), con s§ 30031 la hgp sd, 12 tich cia hai
s& nguyén t&: 30031 = 59.509, cd hai s6 nguyén t& 59 va 509
déu 16n hon 13.

Bay gid, ta hiéu d& dang ching minh sau &4y cia dinh lis
khong cé s6 nguyén t6 nao 1 16n nhit.

V Ta 1y modt s nguyén td p bat ki. Lap tich cia p véi tat
ca cdc s§ nguyén t8 nhdé hon p roi cong thém 1, ta duge sd N:

235711.p+1=N

C6 hai kha nang:

1) N la s nguyén t6. Day 1a s6 nguyén t6 > p (thi du: p
=TthiN =211>1T7).

2) N 1a hgp s8. Chia N cho 2, 3, 5,...p ta ludn c6 s6 du la
1, do d6 néu phan tich N ra thita s nguyén t8 thi cdc thua s§
nguyén td nay déu I6n hon p (thi du: véi p = 13 thi N = 599.509).

Nhu vay, véi moi s6 nguyén td p déu c6 s§ nguyén t§ ldn
hon né, nghia la khong ¢ s6 nguyén t6 nao la 1dn nhit. O

Cing c6 thé ching minh khdc chit it, béng phdan ching:

V Gia st cé p 12 s6 nguyén t8 16n nhat. Ta lap s6

235711.p+1 =N

S8 N khong chia h&t cho bat ki s6 nguyén t6 nao (vi chia
cho 2,3,5,7,...cho dén s6 nguyén t8 l6n nhat 1a p, thi ludbn c6 s6
du la 1), do d6 N phai la s6 nguyén t8. Nhung N > p, ma theo
gid thigt, p da la s6 nguyén td 16n nhit, nén N phai la hgp s6.
Nhu vay, n&u gia st cé s nguyén td p la l6n nhit thi ta sé di
dén mau thuin: so N vira 12 s6 nguyén td, vita 1a hgp s5. 7

Sang Euratosthéne (Oratotsten)

C6 vo s8 s6 nguyén t8, nhung cdc s6 nguyén t6 dugc sip
x8p nhu th& nao trong tap hyp cdc s6 ty nhién thi cho dén nay
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ngudi ta chua tim ra duge mot qui Juat gi. Ngudi ta da 13p bang
cdc s§ nguyén t6 khong vugt quid moét s§ nao dé. Sang
Euratosthéne la m¢t phuong phap don giin d€ lap bang nay
(Euratosthéne 1a mgt nha biac hoc c6 Hi Lap, sdng vao thé ki
tht 3 trude cdng nguyén, cung thdi vdi Euclide). Ta dya vao
dinh li sau day:

Dinh li- Udc s8 nguyén t6 nhé nhét cia mot hgp s N la
mot s& khong vugt qué VN.

Thi dy: 85 = 5.7, udc nguyén t6 nho nhit ctda 35 1a 5, ma
5 = V25<V35.

V Goi p 12 uéc nguyén t6 nhé nhdt cia N, tdc la N = pN,,
véi p <N, do d6 p.p < p.N; hay p2 <N, suy rap<VN. O

Heé qua- Néu s6 N > 1 khong cé6 mot wéc nguyén té nao
tir 2 cho dén VN thi N la mt s6 nguyén t6.

Thi dy- Cho 86 139. Ta c6 11% = 121 < 139 < 144 = 12
do d6 11 < V139 < 12 va céc s6 nguyén t& tit 2 dén khong qud
V139 1a 2, 3,5, 7, 11. S8 139 khéng chia h&t cho s5 nao trong
nam s6 nguyén td nay, vay 139 la s6 nguyén td.

Ta dya vao dinh 1i trén d€ lap bing cdc s8 nguyén t& khéng
vugt quid mot s& N cho trude.

Thi dy 18y N = 50. Ta viét tat cd ciac s8 ty nhién tu 2 dén
50,r0i x6a di tat ca cdc hgp s0, chi git lai cdc s6 nguyén t8 nhu
sau:

S6 2 la s6 nguyén t5, ta gi? s6 2 lai va x6a di tit ca cac
bdi cia 2, 46 1a cdc s6 tan cing bang 2 ( trd s6 2 ), 4, 6, 8, 0;
ta gach cdc s6 nay bang dudng gach ding.

S6 dau tién sau s§ 2 khong bj xda la s6 3. S6 3 1a s6 nguyén
t8 (n€u khéng thi né sé c6 udc nguyén t8 nhdé hon né l1a s8 2
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va né da bj xéa di roi).Ta gid s3 3 lai va xéa di tdt cd boi cda
3, 1a cdc s6 6,9,12,..Ta xod cic s6 nay bing duong gach chéo
(s6 6,12 ... bj x6a fAn thu hai, vi vira 1a bdi clia 2, vira la boi
cua 3).

2 7
11 6 17
6
; 3 7
31 b 37
41 46 47

S6 dau tién sau s8 3 khong bj xa 1a s§ 5. S§ 5 1a s6 nguyén
t6. Ta gid s 5 lai va x6a di tit ca cdc boi cda 5, d6 la cic so
tan cing bang 0 (da bj xod) va cdc sb tan ciung bing 5 ; ta xod
cbt sO nay ( tri sO 5) bang dudng gach ding hai nét.

S& dau tién sau s6 5 khong bj xdéa la s6 7. S6 7 1a s6 nguyén
t6, ta gid 7 lai va xod di tit ca cdc bpi khdc cia 7; chi can xo4
thém 7.7 = 49 ( cdc bdi khdc cda 7, cing la boi cia 2, 3, 5 da
dugc xo0d trude roi).

Dén day ta dung lai: moi s6 trong bang (tir 2 dén 50) khong
bi x6a deu la s8 nguyén t5. Thyc viy, trong bang khong con
mét hop s6 nao, vi theo dinh li trén day, moi hgp s6 < 50 ¢
udc nho nhat 1a s6 nguyén t& < V50, tic < 7 va do dé da dugce
x6a di roi. Nhu vay, ta cé tat ca 1a 15 s6 nguyén td < 50, dé
la

2,3,5,7,11,13,17,19,23,29,31,37,41,43,47.

T bang cdc sd nguyén td s 50, dya vao hé qua cia dinh
li trén day, ta cé thé xdc dinh dudc ring méi sd ty nhién
a < 50° = 2500 c6 phai la nguyén t8 hay khong. Muén vay, ta
phdi thi xem s6 a> 1 d6 ¢é udc nguyén t8 nao < Va khong,
néu khéng cé thi a 1a s6 nguyén t6. Thi dy: véi s6 211 thi
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V211 < 17;cdc s§ nguyén t§ nhé hon 17 la 2,3,5,7,11,13,déu
khéng phai 12 udc sé cia 211, nén 211 13 s6 nguyén t&; xét
sd 1139, th cé6 1139<1369 = 372 vi vay ta thu chia 1139 Jan
lugt cho cdc s nguyén té ta 2 dén 31 (<37), ta thiy 1139 chia
h&t cho 17, cho nén 1139 khéng phai 1a nguyén t6 (1139 =
17.67).

Trong thyc t&, mudn bi€t mdt s§ nao d6 (khong 16n ldm)
c6 phai la nguyén t6 hay khéong, ngusi ta tim xem né cé mit
hay khong trong bing cic s8 nguyén t6 da lap sén. Ngudi ta da
1ap bang cho tdi 100 trigu s& nguyén t& dau tién.

Tuy nhién, véi mot s& A rdt 16n, vugt ra ngoai bang cdc s6
nguyén t& da 14p, viéc xdc dinh A cb la s6 nguyén t& hay khéng
la van dé khong don gian, vi phai thyc hign rat nhieu phép tinh.
Cho dén 1985, sd nguyén td ldn nhat ma ngudi ta biét duge la
s6 2132049 _ 3 oom 39751 ch@ s§ trong hé ghi s6 thap phan
(chi y rang s6 mét ti chi gbm c6 10 chua sd!).

Gan day, hai sinh vién Mi da tim ra mot s& nguyén td lon
hon nda, dé Ia s6 22199 _ 1 gom 65050 cha s6 ! Ho da bo ra
khoiang ba nam lam viéc trén mdy tinh dién td d€ di dén két
qua nay.

1.3 - Qua bang cdc sd nguyén t6 da lap duge, ngudi ta
thdy ring c6 nhing ciip s6 nguyén té riat gan nhau, hi¢u gida
chung chi bing 2, thi du 3 va 5, 5 va 7, 11 va 13, 191 va
193, 2711 va 2713. Nhdng cap s6 nhu vay duge goi la cdp sé
nguyén t6 sinh d6i. Tu 1 dén 30 triéu cd 152892 cdip s6 nguyén
té sinh dé6i. Tuy nhién, cho d&n nay, ngudi ta chua biét duge
la ¢6 hidu han hay vé s6 cap s6 nguyén té sinh d6i (cé hay
khdéng cé cip s6 nguyén to sinh doi Idn nhat); chi biét ring
¢é nhding cap s sinh d6i rat Idn, thi du nhu: 10 006 427 va
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10 006 429, 1000 000 009 549 va 1000 000 009 551.

Trong khi d6,c6 thé chi ra dugc mot day nhiéu bao nhidu
cing dugc cic s§ ty nhign lién ti€p, trong d6 khong c6 mét sg
nguyén té nao.

Thyc vdy, cho mdt s6 k tuy y. Ta lap tich cia tat ca cac
s8 td 1 d€n k,ki higu tich d6 1a k! (doc : k giai thiua):

k! = 1.23...(k-1) .k

Thi dy: 2! = 1.2 = 2, 3! =123 =6
4! = 1.2.3.4= 24, 5! 1.2.345 = 120
6! = 1.2.34.5.6 = 720
Thé thi k - 1 s§ lién ti€p sau day deu la hgp s6:

k! + 2 (chia hé&t cho 2)

k! + 3 (chia hét cho 3)

..... k! + k (chia hé&t cho k)
Thi dy vdi k = 6 thi 5 s§ lién tiép sau day déu 1a hgp s8:

6! + 2 =720 + 2 = 722,
6! + 3 =723,
6! + 4 = 724,
6! + 5 = 725

va 6! + 6 = 726.
Lay k = 1001 thi ta c6 1000 s§ lién ti€p la hgp s8:
1001! + 2,
1001! + 3,
..1001! + 1000

Liy k = 10% + 1 thi c6 10%(mot tri¢u) s& lien tiép 1a hop
s4:
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(10% + 1)1 + 2,
10% + ! + 3,

(10 + D! + 105,
(105 + 1! 10° + 1.

Chi y rang k! tang lén rit nhanh khi k tang: 2! = 2, 6!

= 720,..,10! = 1.2.3.4.5.6.7.8.9.10 = 3628800, cho nén 1001!,
(10% + 1)! 1a nhing s6 rét lon.

K&t qua trén day cing cho ta hinh dung dugc riing céc s6
nguyén t§ dugc phan ph6i tuong d6i thua thdt dan trong day
cdc sO ty nhién . Qua bing cdc s6 nguyén t&, ta thiy: tit 1 dén
10 c6 4 s nguyén t& (2,3,5,7), s0 nguyén t& chi€m tj 1¢ 4/10 =
0,4 = 40%; t 1 d&€n 100 c6 25 s& nguyén t6 (chiém ti 1@ 25/100
= 25% = 0,25), td 1 dén 1000 c6 168 s6 nguyén td (ti 1¢ x4p
xi 17% = 0,17),...t& 1 d&n 10°(mot tridu) c6 78498 s& nguyén
t6(ti 16 x4p xi 8% = 0,08).

Goi 7 (n) la s8 cdc s§ nguyén td khdong vugt qud n thi ti

LM L .
s0 — giam dan khi n tang:
n

n(10) 7(100)

——r= 0,4, — = 0,25;
10 100

(1000 7 (108

7(1000) _ 17 _(__) - 0,08;..
1000 10

x(n)
Euler di ching minh dugc ring —(;—) dan tdi 0 khi n tang

vé cung. Tuy nhién, vé ban than 86 n(n) thi ngudi ta con biét
qué it, viec nghién cdu né la vin dé con rat khé khan.
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2- C6 bao nhieu s6 nguyén td cé dang ax + b?

Trén day, ta di ching minh ring cé vd s sd nguyén td.

S6 2 la s6 nguyén t6 chin duy nhilt, con tit cid cdc s§ nguyén
t6 khdc déu la s8 1é. Tap hgp s6 nguyén t& la vé han; néu khong
ké s8 2, thi tip hgp d6 cing 1a vo6 han. Vi vy, c6 th& néi: cé
vO s6 sO nguyén to lé.

M5bi s6 16 déu c6 dang 2x + 1 (vdi x = 0) holic 2x~ 1 (véi
x= 1). Do 46, cing cé thé néi ring:

C6 vd s6 s6 nguyén té dang 2x -1 (x =21 ).
hay la: Cé vo s s§ nguyén t& trong diy sg 1é:

1,3,5,7,9,11,13,15...

Tt cdch phdt bidu nay, cé thé dit vin dé: c6 hay khong
c6 k&t qua tuong ty sau day:

Cé vd s6 86 nguyén t6 dang 3x —1 (x =2 1) ?

hay 1a: c¢6 v s0 s6 nguyén t6 trong diy sd sau day:
2,5,8,11,14,17,20,..

(s6 dau tién cda day 1a 2, dng véix = 1, 83x - 1 = 2; sb
ti€p theo bing s6 ding trudc cong théem 3: 2 + 3 = 5,5 + 3
= §,...)

Dy dodn nay 1a ding, c6 thé ching minh nhu sau:

v Trudce hét, luu ¥ ring moi s§ = 2 déu c6 mét trong cdc
dang: 3x (thidu: 6 = 3.2, 21 = 3.7) hode 3x + 1 (thi du: 7 = 3.2
+ 1,22 =37+ 1) hodic 3x - 1(thidy: 2 = 3.1-1, 23 = 3.8~1).
Mat khic, tich clia hai s6 ¢6 dang 3x + 1 cing la mjt s6 c6 dang
3x + 1. Thyc vay, ldy hai s6 3m + 1 vA 3q + 1, ta ¢6:

Bm + 1)(3q + 1) = 9mq + 3m + 3q + 1
=3CBmq + m + q) + 1
va day la m¢t s6 ¢6 dang 3x + 1.
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Bay gis, ta ldy mdt s6 nguyén t& p bat ki, c¢6 dang 3x - I.
Lap tich cia p véi tit cd cdc s8 nguyén t8 nhoé hon p, roi trd
di 1, ta dugc s M:
2.357.11..p-1 = M
\—-V_—:
bdi cua 3
M 1a m{t s8 c6 dang 3x - 1.
Cé hai kha ning:

1) M 1a s6 nguyén t6. D6 1a s6 nguyén t§ c6 dang 3x - 1
va Ién hon p.

2) M la hgp s6. Chia M cho 2, 3, 5,..., p ta luon cé s6 du
la 1, do d6 cdc udc s8 nguyén t& cia M déu 16n hon p. Trong
cdc wdc s6 nguyén t6 nay khong thé cé s6 nao cé dang 3x (la
hgp s5) va khong thé tat ca déu c6 dang 3x + 1( vi nhu vay
thi M sé c6 dang 3x + 1), do d6 it nhdt mdt trong cdc udc sé
nguyén t3 cia M phai ¢é dang 3x - 1.

Nhu vay, trong moi truong hgp déu c6 mot s6 nguyén t3"
c6 dang 3x—1 va 16n hon p, hojc dé 1a s M hodc dé 1a mg:
udc sd nguyén t§ cida M. Dieu dé ching té khong cé sé nguyén
t6 dang 3x -1 la lén nhat, nghia la cé vd s s8 nguyén to dang.
3x-1.0

Chu y ring s8 c6 dang 3x-1 (x = 1) cling 1a s§ ¢é dang
3x + 2 (x = 0).

Cé thé thdy ring chuing minh trén day tuong ty chdng
minh cia Euclide vé dinh li%c6 vé s0 s6 nguyén t6”. Va cing
véi ¥ cla ching minh nay, c¢é thé ching minh ring: c6 v6 s&
s0 nguyén td dang 4x+ 3, dang 6x + 5,...Tuy nhién viéc ching
minh ring cé vo s6 sd nguyén té dang 3x + 1, 4x + 1 thi phic
tap hon nhiéu.

Trén day la nhing trudng hgp riéng cia dinh li sau day:



Cé vd s s& nguyén t& c6 dang ax + b. véi ab nguyén to&
cung nhau.

Dinh li nAy duge nha todn hoc Duc Dirichlet (Di-rich-so-18,
1805- 1859) ching minh niam 1837. Ching minh cia Direchlet
dung dén nhing kién thie clda todn hoc cao cdp. Mii 112 nam
sau, nim 1949, nha toin hoc Na Uy Selberg (Xenbec,sinh nam
1917) mdéi tim duge mot ching minh so cidp (nhung rit phuc
tap!) cia djnh lf nay.

Chu y ring ax+b 12 m{t nhj thidc bac nhit. Duong nhién
12 ngudi ta nghi dén nhdng s8 nguyén t§ c6 dang phic tap hon.
Nhung diy la mt van dé rat khé khiin. Chdng han nhu,cé thé
chi ra rit nhi2u s6 nguyén t& dang x* + 1:

2(vix =1),5 (v8ix = 2), 17 (v6i x = 4), 101 (v8i x =
10), 197 (véi x = 14),...

(véi x = 100000, c6 6656 s6 nguyén t5 dang x° + 1). Nguai
ta dy dodn ring c6 voé s8 s6 nguyén té dang ndy, nhung cho
dén nay, day vin 1a mt bai todn hét sic khé, dang chd ngusi
giai ! ’guong ty nhu vy vdi nhidng s§ nguyén td cé dang x5
+ 2, x°—-2,...

83 - C6 bao nhi¢u sd hoan chinh?

Tiu thugng cd, cdc nha todn hoc Hi Lap trong khi di tim
“vé dep” cda cdc con s8, d4 chd y dén hai s6 6 va 28, c6 tinh
~ chat rit dac bigt: mbi s6 bing nda téng cdc udc s cia né. S
6 cbé cdc udc s6 1a 1,2,3 va 6:
(1+24+34+6):2=06.
56 28 c¢6 cdc ubc s6 1a 1, 2, 4, 7, 14, 28 va ta cé:
(1 +2+4+7+ 14+ 28):2=28.
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Ta goi s6 hoan chinh la s& bdng nia tdng céc wéc s& cia
né. Cing c6 th& néi: s6 hoan chinh la s6 bing tdng cdc udc s6
cia n6, khong ké bdn than n6. (6 = 1 + 2 + 3,28 =1 + 2
+ 44+ 7+ 14).

Céc nha todn hoc 8 Hi Lap thdy ring cdc s§ hoan
chinh 1a rat hi€m hoi, ho chi tim ra dugc hai sd hoan chinh nia
1a 496 va 8128. Ta hiy kiém tra lai xem hai s§ nay cé ding la
s0 hoan chinh hay khéng. Muén viy, ta phai liét k& cdc udc s8
cta ching sao cho dd khong du, khong s6t) va c6 thé tinh
téng cia ching duge thuan lgi.

V Ta phan tich s6§ N = 496 thanh thia s§ nguyén t6:

N = 496 = 2431,
Céc udc sé cla 496 c6 thé liét ké nhu sau:
1 2922 98 24
31 231 2231 2331 2%31.

D6 1a tdt ca cdc udc s§ cia 496, khong s6t s§

ndo. Téng S cic udc s6 nay la

S

H

(1+2+22+28 42 +(1+2+2%2+ 23424 31
=@a+2+22+2+2Ha + 3.

Ta tinh ring s = 1 + 2 + 22 + 2% + 2%,

Chi y ring 2s = 2 + 22 + 2% + 2% + 2°

ta c6 2s-s = s=2"_1.

Do d6 S=(25-1)1+31).

Chi yrang 1 +3l=382=2"va2’-1=31

ta c6 S = (@°-11 + 31) = 31.2° = 2(24.31) = 2N

nghia 1a N = 496 = 2*.31 la s§ hoan chinh. O
Tuong ty nhu vay, cé thé kiém tra dugc ring
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N = 8128 = 25127 1a s6 hoan chinh.
V Thyc vay, téng S cdc udc sb cua 8128 la
S = (1+2+22+2%+2%4254 2% (1+127) =@"- D) (1 + 127).
Ma 1+ 127 = 27, nen S = 27.127 = 2(2%.127) = 2N. O
V3i bon s hoan chinh la 6,28,496,8128, chi y riing:
6 =23 28 = 227
496 = 2431 8128 = 20.127
trong 46 3,7,31 va 127 déu 13 s§ nguyén t8, Euclide da tim
cac s6 hoan chinh trong nhing s6 N cé dang téng quit la
N = 2k.p (k= 1, p nguyén td).
Cé thé liet ké tiat cid cdc udc s6 cia N = 2k.p nhu sau:
1 2 2%.2k! 2k
p 2p 22.p...2k'l.p 2k.p
Téng S cdc udc s6 nay la:

S = (1+42+2%+.. +25 1425 4p(1+2+2%+ . 42k 1 0k
= (1+2+2%2+..+2%14251 + p)
Détinhs =1+ 2 + 22 4.+ 2k1 4 ok

ta chi y thng 25 = 2 + 22 +...+ 2K + 2k+!

dodé 2s-s =s=2KF1_

va cé S = ¥ na + p.

S la téng cic udc s6 cia N = 2% p. Theo dinh nghia, N la
s hoan chinh khi va chi khi S = 2N, tic la

@1 1)a + p) = 2.2%p
hay gk+1 4 2k+l.p ~-1l-p= 2k+l.p suyrap = 28*1. 1.
Nhu viy ta da ching minh duge ring:

S6 N = 2%p ( p nguyen t5, k= 1) la s§ hoan chinh khi va
chi khi p = 2¥*1_ 1.
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N6i cich khic, s6 N = 2¥@2**1_ 1), v6i k= 1) la s6 hoan
chinh khi va chi khi 25"}~ 1 1a s6 nguyén t6.

Datn =k + 1thi N = 25@** - 1) vsi k = 1

c6 dang N = 2™1(2*- 1) vdin = 2.

K&t qua nay da dugc bit ti thsi Euclide ( th& ki tht 3
trude cong nguyén); Euler (1707 - 1783) da chding minh tiép

rang: moi s& hoan chinh chdn déu phai ¢6 dang trén day, do d6
ta c¢6 dinh li:

Pinh li- Mot s chdn la s6 hoan chinh khi va chi khi né

c6 dang 2™12" ~ 1) trong d6 2% ~1 (n= 2) la s§ nguyén to.
g g

Nhu viy, viéc tim s§ hoan chinh chin gin véi vige tim s&
n sao cho 2% - 1 1a s§ nguyén td. S6 nguyén td cé dang 2" - 1
duge goi 1a s6 nguyén t6 Mersenne (Mec-xen, 1588-1648, mét
tu si nguoi Phdap, da day coéng nghién cdu vé sd hoan chinh).

C6 thé chung minh ring néu n 1a hgp s thi 2™1 cing la
hgp s8. Nhung khang phai cd n la s6 nguyén t6 thi 2°-1 la s6
nguyén 6, thi dy véi n = 11 thi 2''-1 = 2047 = 23.89.

Mabi s8 nguyén td Mersenne cho ta mdt s6 hoan chinh chin.
Véi mét s6 gid tri dau tién cia s6 nguyén té n, ta cé:

n=2=2_1=3 (nguyén to)

> N=23=26 (hoan chinh)
n=3=2%1 7 (nguyén to)
= N = 227 = 28 (hoan chinh)
n=5=2-1=31 (nguyén to)
2431

4
A
!

496 (hoan chinh)
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n=7=2"1=127 (nguyén t6)

> N = 25127 = 8128 (hoan chinh)

n =11 = 2.1 = 2047 (hgp s6)

n =13 = 2131 = 8191 (nguyen t8)

= N = 22 8191 = 33 550 336 (hoan chinh)

B&n sd hoan chinh nhdé nhdt da dugc bigt tu thsi thugng
c8, nhung mai d&n th& ki thd 15 ngudi ta mdi tim thiy s§ hoan
chinh tht nadm (dng v8i n = 13). Cho dén 1985, ngudi ta da
tim ra hon 30 sd hoan chinh chfin, s 16n nhat da tim duge ¥ng
véi s6 nguyén t6 n = 132 049 cho s6 nguyén t& Mersenne 2132049_
1 va s6 hoan chinh 2132048 (2132049 _ 1) o5 79 502 chat s
trong h¢ ghi thap phan. Gan day,ngusi ta da tim duge s6 nguyén
t6 Mersenne 2216991 _ 1 cho s6 hoan chinh 2216090(216091 _ ¢,
gdm khodng 140 000 ch@ so trong h¢ ghi thip phan.

Cédc nha todn hoc chua thé trd 16i duge ring c6 hiu han
hay vo han s8 hoan chinh chin (c6 hay khéng c6 s& hoan chinh
chén Ién nhit), dong thoi cing chua bidt rang c6 hay khéng cé
s6 hoan chinh 1a s& 1& (chi biét ring néu cé s6 hoan chinh 1é
thi s6 d6 phai rat 1dn, 16n hon 10%9).

Khdi ni¢gm vé s§ hoan chinh dugc md réng nhu sau :

Ta ldy mét s6 ty nhién a; va tinh téng cla tit ca cdc udc
86 thuc sy cia aj(tdc la cdc udc s8 cla a;, khong ké ban than
a)), ta dugc ay; tinh tong cda tdt ca cdc udc s that sy cia ay,
ta dugc aj;v.v..néu xdy ra trudng hgp tong tit ca cdc udc s&
that sy clia a; ma cho ta a, thi ta dugc mot “vong” s§ sdp tha
ty (a;,ay,...,a,).

Véi n = 1, ta c6 s6 hoan chinh ( téng tit ca cdc udc s6
that sy cia a; bing a,).
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Véi n = 2, ta ¢6 ciip s8 dugc goi 12 cdp s8 ban bé : s6 nay
bing téng tit ca cdc ubc s§ that sy cia s6 kia. Ta ¢ Hi-lap,
ngudi ta da biet cap sé bgn bé nhd nhit 1a 220 va 284. Téng
t&t cad cdc udc s6 that sy cua 220 la

1+2+4+5+10+ 11 + 20+ 22 + 44 + 55 + 110

= 284, con téng tdt cd cdc udc s8 that sy cia 284 la :
1+2+4+ 71+ 142 = 220.

Nam 1636, Fermat tim duge cip s& ban be khic l1a 17296
va 18416; va gan nhu dong thdi, Descartes ( Dé-cdc ) tim ra
cip s8 9363584 va 9437056. Dén thé ki 18, Euler cong b danh
sdch hon 60 ciip sd ban be. Digu ddng ngac nhién 1a trong thoi
gian kh4 dai,ngudi ta cd nghi réing csip s6 ban bé nhd thd hai
( sau cip s8 220 va 284 ) la 2620 va 2924, nhung nam 1867,
mot thi€u nién 16 tudi ngudi Y 12 Paganini da tim ra cap s§
ban be 1180 va 1210, va day mdi ding la cip s8 ban beé nhd
thd hai.Ngay nay, nho mdy tinh dién td, ngudi ta da tim ra trén
600 cap sd ban be. Nam 1918, ngudi ta da tim ra dugc mét
“vong” gom 5 s3 1a 12496, 14288, 15472, 14536 va 14264 ( téng
tdt cd cdc udc s thit sy cia 12496 la 14288, tdng tit ca cdc
udc s6 that sy clia 14288 1a 15472,..) Nhung cho d&n nay, chua
ai tim ra duge mot “vong” gom 3 sd ( hoidc ching minh ring
khong ton tai mot “vong” nhu vay ).

Con rdt nhigu bai todn vé s8 nguyén t6 chua cé ai giai duge.
M9t trong cdc bai todn ndi ti€ng nhat la bai todn Goldbach-Euler,
do hai nha todn hgc Goldbach (Gon-bac, 1690-1764) va Euler
(1707, 1783), deu la vién si Viert Han lam Peterbourg (Pé-tec-bua,
Nga), d& ra nam 1742: Moi s6 chdn l6n hon 2 déu cé thé viét
dudi dang tong cug hai s6 nguyén to.

DPay la mot gia thuy&t, m¢t dy dodn, phat bidu hét suc don
gidn, ai cing hiéu duge, va c6 thé kiém tra rat d& dang véi
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nhing s6 chin 16n hon 2 déu tién:

4 =2+ 2 16 =11 + 6 = 13 +
6=3+3 18=13+ 56 =11 +
8§8=5+3 20=13 4+ 7= 17 +
10=7+3=5+56 22 =17T+5=11 + 11
12=7+5 24 =194+ 5 =17 +
14=11+3=7+17 26 = 23 + 3 =21 +
V.V...

Ngusi ta da thi va thdy ring dy dodn la ding véi mei s3
chin > 2 va 100000. Gan 250 nam da tréi qua, bao nhiéu nha
toin hoc tén tudi da day cong nghién cidu, nhung chua ai ching
minh duge ring gia thuyét la ding véi mei s6 chdn > 2 hojc
bac bd gid thuyét d6 (thi du: chi ra dugc mot s6 chin 16n hon
2 ma khdng thé viet duge dudi dang tdng cia hai s§ nguyén to).
Nam 1937, vién si Lién X0 Vinogradov (1891-1983) da ching minh
duge rang: moi s6 1é 16n hon mot s8 A nao d6 déu o6 thé vist dusi
dang tdng cla ba s6 nguyén t6; chi con phadi thi véi tit cd nhing
s 1& nhd hon A, 1a didu o6 thé s& lam dugc vé nguyén téc, tuy rit
phuc tap, doi hoi rdt nhiéu phép tinh do s3 A qua 16n. Két qua
ma Vinogradov da dat duge dinh ddu mdt bude tién dai trong lich
s giai bai toan Goldbach-Euler; va diéu quan trong la phuong phap
giai cia Vinogradov duge dp dyng dé gidi nhieu bai todn téng quat
cla s8 hoc; vi vily ngudi ta coi diy 1a mdt trong nhing thanh tyu
16n nhat cda todn hoc hién dai.

4 - Ching minh dinh li co bian cia sd hoc

Dinh li- Moi s6 ti nhién lén hon 1 déu phan tich duwoc
ra thia s6 nguyén t& mot cach duy nhat (khong ké thit tw céc
thira s0). S6 nguyén 16 duge coi nhu 1A mét “tich” chi gom mébi
m{t thia s6 1a chinh né.
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Dinh Ii trén day, dinh lf ¢ bidn cia s8 hoc, trong mét thyi
gian rit dai duge coi nhu la ” hi€n nhién”, khéng duge néu ra
trong cdc cudn sdch vé s hoc, ké t Euclide dén Legendre (1798).
Ngudi dau tién phdt biu chinh xdc va chiing minh né 1a K.Gauss
(1801).

Sau day 1A m¢t cdch ching minh dijnh li:

V 1) Moi s6 ’6n hon 1 déu phén tich duege ra thira s6 nguyén
t8.

Ding qui nap todn hqc: Giad sd didu khdng dinh 13 ddng
véi moi s6§ m > 1 va m < n, ta ching minh né ding véi n.

Né&u n la nguyén t&, thi dféu/da rd rang.

Né&u n 12 h¢p s0 thi theo d;nh nghla ta viét dugc n = a.b,
véi a,b < n. Theo gia thi€t qui nap, a va b 13 tich cha cdc thiua
88 nguyén td, do d6 n cing la tich cia cdc th¥a s§ nguyén tS.

2) Moi s6 lén hon 1 déu phén tich duge ra thiva s6 nguyén
t8 mot cich duy nhit.

Cing dung qui nap todn hoc: Gid sd moi s m < n déu
phan tich dugc ra thita s6 nguyén t6 mot cdch duy nhét, ta
ching minh diéu d6 cing dung vdi s6 n.

N&u n la nguyén t§ thi két qua la hién nhién.

Gid st n 1a hgp s va c6 hai cdch phan tich n ra thira s&
nguyén té khdc nhau:

= pq.r.. = p.q’.r..(1)

trong dé p, q, r,...va p’,q’,r’,..]1a cdc s6 nguyén t& va khong
c6 88 nguyén td nao cing c6 mat trong ca hai phan tich d6(vi
néu c6 s nhu viy thi ta c6 thé chia cho s va ¢6 s§ < n ma lai

c6 hai phan tich ra thita s6 nguyén t6 khdc nhau, tréi véi gid
thi€t qui nap).
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Khéng méat tinh téng quét, c6 thé gia thi&t p la s6 nguyén
t6 nho nhit trong phan tich thd nhat va p’ 13 s6 nguyén t¢ nhé

nhit trong phan tich thd hai. Vi n 1a hgp s6, nén n = p2 va

n= p’2 va do p#p’ nén p.p’< n.

S6 m = n - pp’'< n dugc phan tich ra thita s6 nguyén t8
mot cdch duy nhat (theo gia thidt qui nap). T (1), ta cé:
pi{ndodép|n-pp’ =m
p’l ndodé p’| n~pp’ = m
Vi vay, phan tich m ra thia s8 nguyén tg, ta cé
m = n - pp’= pp’PQ...

véi P,Q,...]1a s§ nguyén t8. Do d6

pp’| n = pq.r., tic p’ | q.r...

Nhu viy, p’ la udc nguyén t6 cia q.r...< n ma p’ khoéng
tring véi mot thita s6' nao trong q.r...ca, diéu nay trai véi gia
thi€t qui nap 12 moi s6 nhé hon n deu phan tich dugc ra thita
s8 nguyén t6 mft cdch duy nhit. O

Bai tap
2.1 - Ching minh ring: a) moi s8 nguyén t8 1¢n hon 2 déu c6 dang

4n = 1 (n > 0; b) moi s§ nguyén t3 16n hon 3 deu c¢6 dang 6n = 1
(n > 0). )

2.2 . N&u p 13 8 nguyén t& > 3 thi p>~ 1 chia hdt cho bao nhiéu?
N&u p va q la cdc s§ nguyén td > 3 thi pz— qZ chia h&t cho bao
nhiéu?

2.3 - Cho p la s§ nguyen t0 va mdt trong hai s6 8p + 1 va 8p-11a
s8 nguyén t&; 83 thu ba la nguyén t& hay hgp s8?

2.4- a) N&u p(z 5) vad 2p + 1 la cic s§ nguyén t3 thi 4p + 1 1a s§
nguyén td hay hgp s6?
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b) N&u p va 8pZ + 1 1A cdc 6 nguyen t thi 8pZ- 1 va 8p +
2p + 1 12 cdc 83 nguyén t§ hay hgp s§ ?

2.5- Tim s3 nguyén t§ p sao cho :
a) 2p + 1 1A lap phuong cia mdt s& tu nhién;
b) 13p + 1 14 lap phuong cta mdt s§ tu nhidn.

2.6- Hai 68 2™ + 1va 2"- 1 (n > 2) c6 thé dong thdi 12 s nguyen
td hay dong thoi 1a hgp s8 dugc khéng ?

2.7- Tim s§ nguyén t8 p sao cho:
a) p + 10 va p + 14 cing la s nguyén tg;
b)p + 2, p + 6 va p + 8 ciing 1A cic s8 nguydn t&§;
c)p+ 6, p+ 8 p+ 12vap + 14 cing 1a cic s§ nguyén t6
2.8 - Chung minh ring s§ du trong phép chia mdt s§ nguyén t§ p cho
30 chi c6 thé 1a 1 hojc 12 mot s3 nguyén t&

N&u chia p cho 60 thi sao?

2.9 - Tim k dé cho trong 10 s3 lien ti&p:

k+ 1L, k+2..k+ 10
¢6 nhigu s3 nguyén t5 nhit.
2.10 - Cac s8 3, 5, 7 1a ba s8 Ié lien ti€p va déu 1a s§ nguyén t3. Hay
tim tAt ca cic b) ba s6 1é lien ti€p va deu la s§ nguyén t3.
2.11 - Ta goi p va q la hai s§ nguyen t3 lién ti&p n&u gida p va q
khoéng c6 mpt s6 nguyén td nao; thi du: 7 va 11.
Tim ba s§ nguyén t§ lién ti€p p, q, r sao cho p2 + q2 + r? cing
la s6 nguyén t8.

2.12 - Tim s nguyén t§ p sac cho p vira la téng cGa hai s§ nguyén
t3, via la higu cia hai s§ nguyén 3.

2.13 - Tim tat cd cdc s6 n d8 cho:
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a) nd + 41288 nguyan tg;
pn+nZ+1lass nguyén td;
¢)n®-n? + n + 11asd nguyen t3.

2.14 - Tim t&t cA céc 88 nguyédn td p:

(n+1)

a) p o6 dang — -1(nz 1)

nn+1)(n+2)

b) p c6 dang +1(n21)

2.15 - Chuing minh ring cé vd s8 gid trj clia n sao cho mgi 88 ¢6 dang
m? + n deu 1a hop s8.

2.16 - Chung minh ring n&u (n - 1)! chia h&t cho n thi n khdng phai
12 838 nguy2n t&.(Thi dy: 5! = 120 chia hét cho 6).

2.17 - Cho N la tich cua tdt ci cic/s8 nguyén t§ p:

/35 ngunin £’ Khong (8n hd

N = 2.35...p. ¢ mghyer g e
Ching minh ring N-1 va N + 1 déu khong thé 13 s8 chinh

phuong.

2.18 - a) Chung minh rdng c6 duy nhit mdt 88 nguyén t& cs dang

x3 + 1.

b) Tim ba s§ nguyén t3 c6 dang x5 + 2.

2.19 - Chiing minh ring c6 vd s s§ nguyén t&:

a) ¢6 dang 4x + 3;
b) c6 dang 6x + 5.

2.20 - Ching minh ring tir gid thuy&t Goldbach-Euler suy ra duge: moi
83 1& > 7 deu c6 thé vidt dusi dang tng cua ba s3 nguyén t§ 1a.
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CHUONG 3

PHUONG TRINH DIOPHANTE

Cé bai todn dan gian sau day:
Tram trau tram cé,

Tréu dung &n ndm,
Tréu ném dn ba,
Ly khu tréu gia,

Ba con mét bé.
Héi c6 bao nhiéu trau dung,bao nhidu tréu ndm, bao nhidu
trau gia ?
Goi s0 trau dung la «x,

§§ triu ndm la y
thi s6 trau gia 1a 100 - (x + y).
Ta ¢6 phuong trinh:
100 - (x+y)
3

5x + 3y + = 100

hay 7x + 4y = 100

N&u khéng cé dieu han ché gi thi phuong trinh nay rit dé
giai; né c6 vd s6 nghiém:

x tuy y
100 - 7x

y = 4
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Nhung theo dé todn thi x, y (s6 trdu) pbdi la s3 nguyén
(duong), nén ta phai tim nghi¢m nguyén (duong) cia phuong
trinh.

Day la mo6t thi dy vé phwong trinh Diophante (Didphan).
Mot phuong trinh ¢6 nhidu 8n s6, vdi tt cd cdc hg¢ sb
deéu la s nguyén, va ta phdi tim nghiém nguyén cia né, dicge
gol la modt phuong trinh Diophante.
Phuong trinh Diophante néi chung 1l ¢6 nhidu nghig¢m
nguyén, vi vy ngudi ta cing goi d6 13 phuwong trinh vd dinh.
Thi dy: 7x + 4y = 100

x2+y2=22

x3 - 7y2 = 1.
Phudng trinh mang t&n nha todn hoc ¢ Hi Lap 1a Diophante
(th& ki thad 3), téc gid cubn sdch "S§ hoc" da cé tdc dung
r&t 16n dén su ph4t trién cia todn hoc.

Phuong trinh Diophante la mot linh vyc rdt lf thd va rat
khé cuia todn hec, trong d6 ching ta tim thdy déng gép cia
rdt nhieu nha todn hoc néi ti€ng: Euclide va Archimede,

Fermat, Euler va Lagrange, Gauss, Dirichlet, Riemann va
Hilbert,v.v...

Sau day, ching ta s& xét mdt vai phuong trinh
Diophante don gian nhait.

s 1. Phuong trinh bic nhit

1.1- Phuong trinh bac nh4t hai 4n

Phuong trinh bdc nhét hai dn la phuong trinh c6 dang

ax + by =
trong dé6 a, b, ¢ la s6 nguyén, véi a = Qvab = 0.
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Né&u a, b, ¢ c6 u6c chung 16n nhat la d # 1 thi ta c6 thé
chia hai v& cho d, 48 dugc phuong trinh don gidn hon. Thi dy:

6x + 4y = 14 ® 3x + 2y = 7
12x + 6y = 15 4x + 2y = §

Vi vay, c6 thé gia thi&t cdc hé sd a, b, ¢ khdng cé udc
chung nao # 1, tic la nguyén t6 cung nhau.

Cé6 thé ching minh duge hai dinh I sau:

Dinh If 1- Phuwong trinh ax + by = ¢ c6 nghiém nguyén
khi va chi khi (ab) = 1 (a, b nguyén 18 cung nhau).

Thi du:
7x + 4y = 100 c6 nghiém nguyén vi (7,4) = 1.
4x + 2y = 5 khéng cé nghiém nguyén vi (4,2) = 2.
Dinh li 2- Néu phuong trinh ax + by = ¢ c6 moét nghigm
nguyén la cdp s& (xq;y,) thi né cé vd s6 nghiém nguyén, dé
la top hop tat cd cbc cap s8 (x;y) ¢b6 dang
x=2x,+ bt
Y =Yy~ af
véit la s6 nguyen tay y (¢ =0, =1, £2,.)
Ta goi (x; yy) 1a mot nghiém riéng cia phuong trinh, con
cdng thic trén day ciax,y cho ta nghiém tdng qudt cia phuong
trinh (ta cing néi 46 1a cong thuc tdng qudt cia nghiém ).

Do djnh If 2, mudn gidi phuong trinh ax + by = ¢, véi
(a,b) = 1, ta chi cAn tim mdt nghi¢m riéng nao d6 cia né.

Thi du: Gidi phuong trinh
Tx + 4y = 100.

Ta thdy ngay dugc ring phudng trinh c6 mét nghiém riéng
1a & = 0;y = 25), do d6 c6 nghitm téng quat 1a
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x 0 + 4¢
y=25-T (¢t =0, =1, £2.)

D8i vdi bai todn “trim trau, tram cd", ta phai ti€p tyc
xé6t thém: x, y (s8 triu) phai 13 s6 duong, tic

x=4t>0 o t>0
y=26-Tt > 0 t< 4

nghia la chi duge My ¢ = 1,2,3:
t=1=x=4y=18,2 =178
t=2=>2x=8y=11;2 = 81
t=3=2>2x=12;y=4;2 = 84

Chitng minh djnh li 2 (ta thita nhian djnh If 1):

Vv Cho phuong trinh

ax + by = ¢ (1)
cé mdt nghiém la (x5 Yo)s nhu viy theo dinh li 1, ta cé
(a,b) = 1.
1) Moi cfip 86 (xy + bt; y) - at) deu 12 nghigm cida (1).
Thyc vay, ta c6
a(xy + b¢) +b(y4- at) = axy+ abt +by, - bat= ax, +by,.
Theo gia thiét, ax; + by, = ¢, do 46
alxy + bt) + by, - at) = ¢,
ching té (xy + b¢; y, - at) 12 nghiém cia (1).
2) Moi nghi¢m (x; y;) cia (1) deu c6 dang

x =x0+bt

1
Yy =Y~ o
Thye vay, vi (x; yo va (x}; yy) l1a hai nghigm cia
phuong trinh nén
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axy, + by,= ¢
ax, + by,= ¢
do a6 a(x;-x9) =b @Gy-y) (2
ching to alx, - xp) i b.
ma (a,b) = 1 nén x, - x; : b, nghia la c6 mjt s5 nguyen ¢
sao cho
x-%y = bt hay x; = x,+ bt.
Thay vao (2), cé
abt = b(y,-y,) hay y,= y,-at 0
Chi y riing nghigmtdng quat cia phuong trinh ax + by = ¢
cing c6 thé viét dusi dang
x= x,- bt

<
it

Yo t ot

1.2- Phuong phdp tim mdt nghi¢m riéng ciia phudng

trinh ar + by = ¢ ~

Phuong phdp sau diy dya vao mét dinh li vé lién phan s§
(ban doc c6 thé xem ching minh & phan phy lyc), giip tim ra
dé& dang mot nghiémriéng cia ar + by = c.

Thi du 1- Giai phuong trinh

40x + 31y =1.

Vv Vi (40,31)= 1, nén phuong trinh c6 nghigm nguyén. Ta
tim m{t nghiém riéng theo cic budc sau day:

Buwgce 1. Viét thuat toan Euclide dé tim UCLN cia 40 va 31:

40 = 31.1 + 9
31 = 93 + 4
9 =42 + 1
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Vi (40,31) = 1, nén qud trinh k&t thic véi s§ du 1a 1.

Budc 2. D& viét duge s8 1 dudi dang 40x, + 3ly,, ta viét
cdc ding thuc trén day t¥ dudi lén trén, dva s6 du v® v& trii:

1 =9-42 (a)
4 =31-93(®)
9 =40- 31.1 (¢)

Thay gid trj cia s8 4 t¥ (b) vdo (a):
1=9-(31-93)2 =-31.2 + 9.7
Thay gid trj cda s6 9 tit (¢) vao day, dugce:
1 =-312 + (40- 31).7 = 40.7~ 31.9 = 40.7 + 31.(-9).
Budc 3. T¥ ding thie trén, c6 x5 = 7,y, =-9 va phudng
trinh da cho c6 nghié¢m la
x=T- 3¢
y =-9 + 40¢t, t € Z. o

Viéc tinh todn & budc 2 cé thé thay th&€ bing mot thuat
todn don gidn hon nhu sau:

Budc 2. L&y thuong trong diy cdc phép chia & budc 1, d6
la: 1,3,2 réi tinh phin s8

m=1+

S

duge m
Budc 3. Gia trj tuyét d6i cda mdt nghiém riéng la
| x|l =1

ly()' =9
(vi |a] > |b| nén ta I8y |x4|< |y ()
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Bugc 4. Thi d€ xdc dinh dfu cia x; va y,,.
40.7 = 280
31.9 = 279
Do d6: 40.7- 31.9 = 1 hay 40.7 + 31 ¢9) = 1.
Vay& xo =T
Yo=-9
Nghiém t8ng quit cia phuong trinh da cho 12

x T + 31t

y = -9-40t (¢t € Z)

Thi du 2 - Giai phuong trinh

Tx - 11y = 15
Vv  Phuong trinh nay c6 nghiém nguyén vi (7, 11) = 1.

Trudc hét, chi y rang néu (x5 ¥, ) 12 mot nghiém riéng
cia phuong trinh

ax + by = 1
thi ( cxy; ¢y, ) 12 mft nghiém riéng cda phuong trinh
ax + by = ¢
bdi vi t ax, + by, =1
suy ra dugc a (cxy) + b (eyy) = c.
Do 46, trudc hét ta tim mjt nghiém riéng cia phuong trinh
Tx -11ly = 1
Budc 1. Viét thuat todn Euclide d& tim (11, 7):
11=71+4
7T=41+3
4=31+1
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13

m=1+ 1 =5

1+ 1

Bude 3

| gl =3

| Yol = 2
( vi |a| < |b] nén phdi ldy [x,| > |y,l ).
Budc 4.

73 =21,11.2 = 22, do d6

-21 + 22 =1 hay 7.(-3)- 11(-2) = 1.
Vay x5 =-3

Yo =-2
Suy ra mdt nghiém riéng cia phuong trinh-
T - 11y = 15
la x, = ~3.15 =-45
¥y =-2.15 = -30.
va nghiém tdng quat la
x =-45 + 11t
y=-30-7t (¢t € 2) )
1.3 - Phuong trinh biac nhét n 4n ( n > 2)

Ngudi ta ching minh duge ring mdt phuong trinh bac
nhét n 4n ( sau khi chia cd hai v& clia phudng trinh cho UCLN
cia cdc h¢ s§ cia né) c¢6 nghiém nguyén khi va chi khi cdc heé
86 cila cdc dn la cdc s6 nguyén t8 cing nhau.

76



Tht dy 1. Gidi phuong trinh
2t~ by~ 6z = 4
v  Phuong trinh nay cé nghiém nguyén vi (2,5,6) = 1.
Ta thiy: phuong trinh c6 hai h¢ s6 (cda hai 8n) la nguyén
t8 cung nhau: (2,5) = 1, vi vy ta dua phuong trinh vé dang
2¢ -5y = 4 + 62,
Ldy z = u 13 s6 nguyén tuy y va dat
4+6z=4+6u-=c
tacé 2x- by = c.
Phuong trinh nay cé m{t nghigm riéng la

x, = 3c
Yo =€

do d6 c6 nghiém téng quat la
x = 3c + 5t
y=c+2t(t €2

Thay ¢ = 4 + 6u vao, ta dugc nghiém tdng quit cia phuong
trinh 2x - 5y - 62z = 4 la:

34 + 6u) + 56 =12 + 18: + 5¢
y =4+ 6u + 2

X

z=u
trong d6 u,t 1a nhing s6 nguyén tiy y. a
Thi du 2. Giai phugng trinh

6x +y + 3z = 15,

Vv  Phuong trinh nay cé hé s6 cia mot dn (y) béng 1. Ta thay
x,z cb thé 14y bat ki gia trj nguyén ndo, hic d6 ta cling c6 modt
gid trj nguyén cia y. Phuong trinh c6 nghiém tdng quat la
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y= 15 -6u - 3¢
x=u
z=t
trong 46 u va ¢ 13 nhing s§ nguyén tiy y. O
Thi du 3. Giai phuong trinh
6x + 15y + 10z = 3.
V Phuong trinh ¢6 nghiém nguyén vi (6,15,10) = 1.
Ta tim cdch bién ddi va @4t &n phy d& dua vé phuang
trinh c6 h¢ s8 cia mot dn la béng 1:
6x + 10 (y +2) + 5y = 3
Pat y+z=u=>»>6x + 10u + 5y = 3
x+ 10u + 5 (x + y)
Pt x+y=v,2x+ 10u+ 5 =3
Nghiém téng quat cda phuong trinh da cho 1a
x=3-10u - 5v
y==-3+10u+40 (y=v-x)
z= 3~ 9%u- 6v @=u-y=u-v + x)

1l
w

trong d6 u,v 1a cdc s6 nguyén tuy §. 03
Chi y rang ta cing c6 th8 bi&n d6i va dat &n phy dé
dua vé phuong trinh c6 hai hg s6 (cia hai 8n) la nguyén t&

cung nhau:
6x + 15y + 10z = 3

6(x + 2) + 15y + 4z = 3
Pat x+z=u=>6u + 15y + 42 = 3
Ta c6 (15,4) = 1, vi vay ta viét
15y + 4z = 3 - 6u
Dt 3-6u=c > 15y + 4z = ¢.
Ti€p tuc gidi nhu trong thi du 1.
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1.4 - Gidi h¢ phudng trinh bic nhit
Bai todn. Tim mpt s6 nguyén, biét réng khi chia s6 d6 cho
3, cho 5 va cho 7 thi c6 s6 du tuong ung la 2, 3 va 4.
V Goi s6 phai tim 1a x.
Chia x cho 3, du 2, vy x c6 dang 3u + 2 (u la sG nguyén).
Tuong ty, x cé dang 5y + 3, 7z + 4 (y,2 1A s6 nguyén).
Ta cé
x=3u+2=58 +3=T72+14
Ta phai giai h¢ phuong trinh
3u+2=5y+3(1)
{Sy +3 =72+ 4 ()
D e*3u-5y=1«u= 2+ 5v (3
y=1+3v4) wed
Thay bidu thdc cia y t (4) vao (2), duge
5 +3w) =Tz + 14
15v - 72 =~ 4

Gidi phuong trinh nay, dugc
v=-4+ Tt (5
z=-8+ 15t (t €2

Thay gia trj cda v t¥ (5) vao (3);
u=2+5(-4+T)=-18+ 35t

Do dé:
x=3u+2=-52+ 105t (¢t €2) ()
Thi du: x = ~52 (v8i t = 0), 53 (véi¢t = 1), 158 (vbi ¢
= 2), 263 (véi t = 3), — 1567 (véi t =-1),-262 (véi t = -2),v.v...
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Chi y rang bai todn trén day chinh la bai todn *Han Tin
diém binh", néu ydu cau nghi¢m phai nguyén duong (xem chuong
I). C6 thé thdy ring phuong trinh déng du

x =2 (mod 3)
cirg chinh la phuong trinh Diophante
x=2+ 3u

trong d6 ta chi quan tam d&n &n x.

Né&u x phai nguyén duong thi trong céng thdc tim dugc
trén day ta phai vigt
x=-52+ 105t (¢t = 1)
Cong thic nay trung véi cong thic da tim thiy & loi giai
bai todn " Han Tin diém binh":
x = 53 + 1056t (¢ =z 0).

Bai tap
3.1 - Giai cdc phuong trinh
a)bx + 3y = 2; b) 32x - 40y = 38;
¢) 38 + 117y =15, d)2lx- 17y = -3.
5x + 2

3.2 - V6i gia trj nguyén ndo cua x thiT 12 mot s8 nguyen?

3.3 - Tim s3 tu nhién chia h&t cho 7 va khi chia cho 2, 3, 4, 5, 6
ludn cho s§ du la 1.

3.4 - Tim nam sinh cia nha tho Nguyén Du, bi&t rang nam 1786 thi
tudi cia dng bing téng cdc chir s cha nam odng sinh ra.

3.5 - Mot bai todn dan gian:

Ba ngudi di ciu duge mot s3 cd. Troi da t6i va mét 13, ho viut ca
trén bo sdng, roi mdi ngudi tim mdt noi lan ra ngd. Ngusi thd nhit
thic day, d&n by sdng, d&m s6 ca thdy chia ba thia mdt con, bén
vt bt 1 xudng sdng va xdch 1/3 v@ nha. Ngusi thua hai thuc day,
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tudng hai ban minh con ngi, d&n by sdng, dém 88 c4, vt 1 xuéng
sdng va xdach 1/3 v@ nha. Ngudi thua ba thuc diy, cu nghi 12 minh
diy sdm nhat, d&n by sdng, d&m sd cd xong vit 1 con, va xich 1/3
vé nha.

Cho bi&t h¢ la ba chang di cau tdi, ban hdy tinh xem ho ciu
duge bao nhidu c4d?
3.6 - Giai va bign ludn theo 88 nguydn m cdc phuong trinh:

a)bx -1lly =m + 2 ;b) 15x + 25y = 2m - ];

)& -m-2)y=m+1;d5x+3m+ 1)y =2m + 1.
3.7 - Cho phuong trinh ax + by = ¢, trong d6 a,b,c 12 cic s3 ty

nhi2n » 0 va (a,b) = 1. Chung minh rAng phuong trinh khéng
c¢6 nghigm ty nhi2n ndu ¢ = ab.

3.8 - Chung minh rAng véi mbi cap s§ nguyén dusng m,n cho trudc,
¢6 mdt phuong trinh bac nhit hai 4n ax + by = ¢ véi he s§ a,b,c
12 nhung s3 nguyén, nhin x = m, y = n 1a nghidm nguyén dudpg
duy nhit.

3.9 - Chung minh ring véi mdi s6 nguyén duong m cho trudec bao
gi¥ cing c6 mdt phuong trinh vd dinh bic nhit hai dn ax + by =
¢ c¢6 dung m nghi¢m nguyén duong.

3.10 - Giai cdc phudng trinh:

a)2x + 3y + 5z = 15 b) 23x - 53y + 80z = 101;
c) G + 15y + 6z -10t = 13 ; d) 8x + 15y -6z -20t = 21.
3.11- Giai cic h¢ phuong trinh:

a) 3 + 2y =1 by 2x -3y =1
Ir + 6y + 2 = -1 3x -2y + 32 =5
Sx + 4y +22 =17 d)3x -5y -3 =1
2x - Ty - 62 = -1 2x -3y + &2 =-3

3.12 - Giai va bign ludn theo s8 nguyén m:
a)dqx + 2y =1
A&k +6y+m+ liz=m-2
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b) 3x - 5y -3z = 1
2 -3y +(m-22=1-m
3.18 - Tim tit ca cdc s§ ty nhién x sao cho:
a) x chia h&t cho 9 vA x + 1 chia h&t cho 25;
b) x chia h&t cho 21 va x + 1 chia h&t cho 165;
¢) x chia hé&t cho 9, x + 1 chia h&t cho 25 vd x + 2 chia hét cho 4.

8.14 - Tim t&t ca cac s nguydn ma khi chia chiing cho 19 va 11 thi
83 du tuong Ung 1a 4 va 1.
3x-1 Tx-1

8.15 - Tim t&t ca cic 88 nguyén x sao cho 7 va 5 12 nhung

s8 nguyén.

8.168 - Tim tdt ca cdc s8 nguyén x vA y sao cho ca hai s 3x -y +
1 va 2x + 3y - 1 deu chia hé&t cho 7.

3.17 - Trong céc 83 ty nhién tu 200 dén 500, nhing s3 nao chia
cho 4, 5, 7 ¢6 du [an lugt 12 3, 4, 5 ?

8.18 - Tim s3 ty nhién nhé nhit sao cho khi chia né cho 7,5, 3,
11 ta dugc s du tuong ung la 3, 2, 1, 9.

8.19 - Mot bai todn dan gian:
"Mai em di chg phién,
Anh gii mot tien,
Mua cam cung quit.
Khong nhigu thi it
Mua ldy mot tram.
Cam ba dong mdt,
Quit mdt dong nam,
Thanh y&n tuoi t&t
Nam dong mdot trai.”

Héi mua méi tha miy trai ? (Biét ring: mdt tidn gom 60 dong).
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8.20 - a) Trén dudng thing 8 - 13y + 6 = 0 hay tim cdc difm
nguyén (tuc 1a c6 toa dd la s§ nguy2n) nim gida hai dudng théng
x = - 10x= 50.

b) Chiung minh ring trong hinh ch nhat gi6i han béi cic duong thing
x = 6x = 42, y = 2, y = 17 khdng c6 diém nguyén nao thudc
dudng thidng 3z + 5y = 7.

8 2 - Phudgng trinh “ + yz =z’ va dinh li 16n Fermat

2.1 - Ching ta da bi&t djnh 1f Pythagore (Pitago): trong
m{t tam gidc vudng cé canh huyén 13 ¢, hai canh géc vuébng
la a, b, ta cé:

a2 + b%2 = 2
Cé trudng hgp 2, b, ¢ déu 1a sd nguyén dudng, thi dy:
3% + 4% = 52

Tu thoi xa xua, ngudi ta da di tim nhing bd ba s§ nguyén

duong x,y,2 nhu vay, dugc goi 1a cdc s§ Pythagore, théa man

phuong trinh:

2+ yt =22 Q)

Thyc ra, tit truéc Pythagore ca nghin nam, vao khodng
2000 nam trudc Cong nguyén, nhing ngudi Babilon da thdy
ring bo ba s6:

2
x=p?.gq
y = 2pq
z=p? 4+ q?

trong d6 p, q la cdc s§ nguyén duong bt ki véi p > q, la cdc
s6 thoa man (1):

®® - a5 + 2po)® = @ + ¢H2
Thidy: Véip =2, ¢ =1c6
x=38y=42=5 3%+ 4% =59
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Véi p =23, qg=1c6
x=8y=62z=10 8%+ 6% = 109
Véi p=3qg=2cs
x=5y=12 2z = 13 (5% + 122 = 132
Bay git ta di tim nghidm t8ng quat cia phuong trinh (1).
Chia hai v& cda (1) cho z? dugc:
2
5
z

X
Pat - = X, % = Y, c6 phuong trinh:
Zz

=1

Nwl%

X2+ v2i=1(@
véi X,Y 12 cde s§ higu ti
@ eY:=1-X%2
Y2 =1-X0+X
Gid st X # - 1, ta chia hai v& cho (1 + X)?:
Y 1-X
G+x) “1+x

)2

Y
Dat t = ——, ta duge:
2 1+X’ta ge

1+X

1-t2

Y =

et S (3)
1+ 2 1+ t?

tit d6 suy ra X =
V6i moi gid trj h@u ti cua ¢, ta c6 cdc gid tri hdu ti cda

X va Y théa man (2). Ngugc lai, mbi nghigm hdu ti cia (2)
deu c6 dang (3) ( tru trudng hgp X = -1, Y = 0). Nhu vay,
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(3) 1a cbng thdc cia nghiém t6ng quét cia (2).
Tu (3), ta c6 cdng thdc cua nghi¢m nguyén tdng qudt cua

(1), bing céch dit ¢ = B vsi (p,q) = 1. Lic d6 ta c6:
q

2 _ 2
x -—
x=—=p2 q2 (4)
Z p°+q
2
Y=1=2pq2
zZ p°+¢q

T day, thiy ngay riing cdc s6 nguyén sau day thda man
phuong trinh (1):

x=m (p2 - q2)
y = m.2pq
z=mp?+ ¢> (5
véi m nguyén bit ki.
Néu céc s6 p? - ¢% 2pq va p2 + ¢% o6 uéc chung d > 1
thi cé thé chia ching cho d va ta c6 mét nghiém nguyén méi

cia (1), khdc véi nghiém (5). Nhung diéu nay khong thé xay
ra, do d6 (5) cho nghi¢m tdng quit cda (1).

Thyc vay, vi (,g) = 1 nén chi c6 th 1a: p va q chin
}é khdc nhau hojic ca hai cung lé.

- Trong trudng h¢p p,q chin 1é khic nhau thi p2- q2, 2pq
va p2 + q2 khéng thé c6 udc chung d > i, vi néu c6 s6 d nhu
vy thi d phai 18 (do p?- q2 l¢) va d phai la uwdc cia (p2-
q2) + (p2 + q2) = 2p2 (do d 1é nén d 1a udc cla p) va cuia
®? + ¢H-? - ¢» = 2% (d cing 1a wéc cia q), trdi vai gia
thiét (p,g) = 1.
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Trong trudng hgp p,g cung lé, tadatp + ¢ = 2P vap -
q =2Q vacs (P,Q) =1vaP, Q chinlé khdc nhau (vi P
+ Q 18). Thay vao (4), dugc:

nghia 1a ta c6 k&t qua tudng ty nhu (4), chi khdc lax vay
d8i chd cho nhau, va thay vip,g thicé P,Qvéi (P,Q) = 1 va
P, Q chén 1é khdc nhau.

Nhu viy, céng thic (5) cho nghiém téng quét cia (1).
Dinh lf- Nghiém nguyén tdng qudt cia phuwong trinh

24y = 2
la x=m(172-q2)
y = 2mpq

z=m (% + ¢
trong dé m, p, q la cac s& nguyén bt ki vdi (p,q) = 1, va p,
q chdn 1é khdc nhau (trong cdng thuc cia nghi¢m, x va y cb
thé déi chd cho nhau).

Dinh i nay 43 dugc bi&t t¥ Euclide.

Véi m = 1, cdc gid trj cia x, y, z nguyén t8 cung nhau.

Cho p, ¢ mét s6 gia trj, ta c6 cdc by ba s& Pythagore:

3; 4; 5), (5; 12; 13), (8; 15; 17, (7; 24; 25), (21; 20;
29), (9; 40; 41),...

2.2 - Dinh li I6n Fermat

Ching ta da thdy riing phuong trinh
R B

c6 vb s& nghiém nguyén. Thé nhung cdc phudng trinh
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3

4y =28

x4+y4=z4

deu khéng cé nghiém nguyén. Vao khodng nam 1630, nha

todn hoc Phdp Fermat 43 viét bén [@ cudn sich vé cdc s6
Pythagore nhu sau:

* Nguge lai, khong thé phan tich mot l@p phuong thanh
téng cua hai lgp phwong; cing nhu mot liy thira bac 4 thanh
tdng cia hai ldy thia bdc 4...v@ mot cach téng quat, khong thé
phan tich mét iy thira véi s6 mid Ion hon 2 thanh tdng cia
hai ldy thiza vdi cung s8 mi dé. Toéi da phét minh ra chan Ui
nay bang mot chitng minh tuyét didu, nhung 18 séch nay
qué chit nén khéng thé ghi lai dugc".

Nhu vdy Fermat di néu l2n (va khing djnh minh da
ching minh duge) riing:

V@i moi s6 tw nhién n > 2, phwong trinh

xn+yn=zn

khéng c6 nghiém nguyén duong.

Ménh dé nay dugc goi la bai todn Fermat hay dinh Ui ldn
Fermat (con dinh li: "V6i p nguyén t6 thi nP - n chia hé&t
cho n" dugc goi 1a dinh 1f nhé Fermat). Pa hon 300 nam nay,
bai todn Fermat 13 mdt trong nhing sy kién li thi nhat trong
lich st todn hoc.

Fermat khong d€ lai ching minh cda djnh If. Ngusi ta
chi tim thdy trong gidy t¥ clia Fermat ph#n ching minh véi
n = 4. Bao nhiéu nha todn h¢c ling danh di di vao van dé
nay va chi dat dugc k&t quéd trong mot s6 trudng hgp ridng 18:
Euler da ching minh cho n = 3 (nam 1770), A. Legendre
(Lo-gizing, ngudi Phap, 1752-1833) va Dirichlet ching minh cho
n = 5 (nam 1825). D& thdy ring trudng hgp n = 6 qui vé n
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=3 va moét c4ch tdng quét, chi cin chuing minh dinh li cho s6 mii
n nguyén t6, Nim 1839, nhd todn hoc Phdp G. Lamé (Lamé,
1795-1870) da chitng minh dirgc cho n =7.

Két qud ddng ké 1a cila nha todn hoc Pitc E. Kummer
(Cumd, 1810-1893) d3 ching minh duge ring dinh 1i ding véi
moi n< 100, Sau d6, nhd mdy tinh dién t&, nguesi ta dd kiém tra
duge dinh 1i véi moi s6 nguyén t6 nhd hon 100 000 ( cho dén nim
1985). Nha todn hoc tré Ha Lan G. Faltings (sinh nim 1954) di
¢é d6ng gép mdi cho dinh li Fermat véi viéc cinfng minh (ndm
1983) ring phudng trinh x*+y* = 2* v&i n> 3, néucé nghiém
nguyén thl chi c6 mét s6 hitu han nghiém ma théi.

Pigu c6 ¥ nghia d6i vdi sy phat trién cla todn hoc 13 trong
khi di tim ching minh cda dinh li, c4&c nha todn hoc di sdng tao
ra nhifng li thuyét todn hoc mdéi , nhitng phuong phip mdi ma thdi
Fermat chua dudc biét téi. Ddng htu ¢ 13 di cé nhieu “chifng
minh” dugc céng b6, va sau dé dugc ph4t hién 13 sai lam (gin
dAy nhat 13 “chifng minh™ ndm 1988 cda Miyaoka & CHLB Bic).

Vi viy, ngudi ta kh6ng khdi de dit dén nhdn tin A. Wiles &
trdng dai hoc Cambridge (Anh) cong b8 vio ngdy 23-6-1993
bidn chifng minh cla dinh i Fermat (dai khodng 200 trang!). Qud
that, chi m6t thdi gian ngfn sau d6, nhitu nha todn hoc va ci
Wiles dd phdthién mot thicu s6t trong chifng minh ndy. Va
A. Wiles d3 cing vdi hoc trd cila minh 13 R.Taylor nhanh chéng
sita chita dirde thi&u s6t d6, qua bai bio dude cong b8 ngay 7-10 -
1994. Nhu vy, A. Wiles (cing vdi R. Taylor) di ¢6 vinh dy 16n
két thiic mot cuée hanh trinh dai 3 thé€ ki di tim 18§ gidi cda mot
trong nhifng bai toén khé nhat va hap dén nhat t¥ xua dén uay.
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= 3 - MOt s6 phuong trinh bac hai va cao hon

3.1 -Kh6ng c6 mot phuong phdp chung nao dé gidi dugc
mei phuong trinh Diophante bac 2 va cao hon. D&i véi méi
phuong trinh, ta phai xem xét dic di€m cia né d€ tuy trudng
hgp cy thé, c6 thé phan tich ra thua s8 hoic vigt dudi dang
tdng roi van dyng cic tinh chat chia hét; c6 thé thi dé thdy
mot nghiém (trong trudng hgp d& thay) roi t¥ d6 tim cdch
suy ra cdc nghidm khic hojc chung minh réng phuong trinh
khong th&€ c6 nghidm nao khidc...

Thi dy 1- Tim nghi¢gm tu nhién cua phuong trinh
2x% + xy = 1.
V  Ta c6 phuong trinh tuong duong:
(222 +y) =17
Vi 7 la s nguyén t3, nén phai cé

x=1 hoic x =17
2% +y =1 22 +y =1
V6i x=1thiy=7-2%%*=5
x="Tthiy=1-2x*<0

Vay ta c6 nghigm duy nhat 13 (1; 5). O
Tht du 2- Gidi phuong trink (tim nghiém nguyén):
v 6x% + 5y2 = T74.
Phuong trinh phai gidi tuong duong vdi:
6 (x2- 4) = 5 (10- y?)
Vi (5,6) = 1, nén phai c6:
x2-4:5 ticx®- 4 = 5u
10 - y2 i 6 tic 10 - y2 = 6v
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y

vi 6.5u = b56v, dodé u = v.

y2=10»6v=v535:'
Suyraau=v=0hoicu=v=1
U= v = O-C»y2 = 10, khong c6 y nguyén nao.
usv=1=2x=9
¥ =4

Phuong trinh ¢6 bén nghiém: (x = + 3,y = = 2) O
Thi du 3: Gidi phuong trinh

2+ y2 = 3Z%
Ta thdy ngay ring phuong trinh c¢é nghidmla (0; 0; 0).
Gid st phudng trinh cé nghiém (x; y; 2) khdc (0; 0; 0).

Néu x, y, z c6 ubc chung 16n nhét 1a d = 1, tic x = dx’,

= dy’, z = dz’, v6i («’, y’, 2’ ) = 1, thi:

@x)? + (dy)? = 8(d2)? o 2% + y2 = 322

Vi viy c6 thé gia thiét x, y, z nguyén t6 cing nhan.

- Tu x% + y2 = 322,
ta cé: 2+ 213
suy ra: x% 3 va y% 3, tic x = 3u, y = 3v va cé:
Gw? + 3v)? = 32
3% + v = 2?

bAng thic nay ching té 22 i3, tic z | 3. Ca ba s6 X, Y, 2z

déu chia h&t cho 3, trdi véi gid thuyét via néu.
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X +y+2z=u2xyz

v Gia st 0<x <ysz
Thé& thi x+y+z =3z
Ma x+y+ 2z =xyz

do 46 xyz = 3z, tuc xy = 3.
Néux =y = z thi 25 = 32, 22 = 3, 1a didu khong thé
cé v8i z nguydn. Vay phai c6 it nh4t hai trong ba s8 x, y, 2
khong bing nhau, do d6 xy < 3, tdc xy = 2 hofic xy = 1.
xy=2=>x=1y=2=>2=3

xy=1=2x=y= 1= 2+ 2 z (v0 nghiém).
Véy phuong trinh da cho ¢6 nghitm la (x = 1,y = 2;z = 3).
Vi vai trd cda x, y, z 1A nhu nhau, nén ta ¢6 sdu nghi¢m:
1;2; 3, (1; 3,2),(2;,1; 3), (2; 3; 1), (3; 1; 2), 3; 2; 1). O

Chi y- Mbi phuong trinh Diophante tuong duong vdi mpt
hé phuwong trinh dong du.

Thi du- Phudng trinh
X3 +5y+1=0

tuong dudng véi hé phuong trinh dong du:
2 +1 = 0 (mod 5)

S +1
YT s
VvV Thyc viy, phuong trinh £ +1 = 0 (mod 5)
c¢6 nghiém duy nhdt la: x = -1 (mod 5)

tdiclax =-1 +5t,t € Z
Do d6 hé phuong trinh trén cé nghiém la:
x =-1 + 5t
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(-1+5t)3+1
B -5

v4i t € Z.Day cdng chinh la cong thde tdng quét cho
nghiém cda phuong trinh Diophante da cho. O

3.2 - N6i chung, giai phwong trinh Diophante bdc cao 12
mot bai todn rdt khé. Chd § riing nhidu khi ta gip hai phuong
trinh tuong ty, chi kbdc nhau vé h¢ s8, ma phuong trinh
ndy c6 vo sd nghi¢m, phuong trinh kia lai v0 nghiém; phuong
trinh nay rdt d& giai, trong khi phuong trinh kia lai rat khé

~giai, tham chf chua ai giadi duge. Nhidu phuong trinh mang

tén ngudi da gidi dugc né. RAt nhidu phuong trinh Diophante
phdi gidi bing cdc phuong phédp cla todn hgc cao cdp; viée
nghién ctu vé phuong trinh Diophante da trd thang mdt nganh
rieng dugc goi 1a gidi tich Diophante,

Sau day Ja mét vai thi du:

y = — 3t + 15t%- 25¢3

Cé thé ching minh dé& dang ring cdc phuong trinh:
2% + 2 = 22
22 + y2 = 22°
c6 thé dua vé phuong trinh x* + y% = 2% va do d6 c6 vo s
nghiém nguyén, nhung phuong trinh
X+ y2 = 372
lai khéng c6 nghiém nguyén nao (khdc 0).
Cé6 thé dé dang tim diéu kién (cin va &d) cho s8 ty nhién
k a8 phuong trinh:
| x? - y2 =k

khéng c6 nghiém nguyén (£ # 4t + 2 ), nhung bai todn tuong
ty véi phuong trinh

x2+y2=k

lai 14 bai todn rat kho !
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Phuong trinh
2+ x- y2 =0
khong c6 nghi¢ém nguyén; dieu d6 c6 thé ching minh khéng
khé; nhung viéc ching minh ring phuong trinh
2+ x- 2y2 =0
c6 vb s6 nghi¢m nguyén: (8; 6), (49; 35),..1ai l]a mét bai todn
rdt khé !
D& thdy ring phuong trinh
2+ y3 +23=1
c6 vd 86 nghigm nguyén (x = 9n*;y = 1-9n% z = 3n- 9n?),
va phuong trinh
X3+ y3 +28=2
cling ¢6 vo s§ nghiém nguydn (x = 1 + 6n3; y = 1-6n% z =-6n%).
Nhung rat khé ching minh ring phuong trinh
3+ y3 +23=3
c6 hay khong c6 nghiém nguyén nao khac ngoai bén nghiém la
(1; 1; 1), (4; 4;-5), (4;-5; 4), va (-5; 4; 4).
Con phuong trinh
X+ _y3 + 2% =30
cé nghiém nguyén hay khong, d6 14 mdt bai todn rat khé.
D&i vdi hai phuong trinh khd don gidn:
x%_ y3 =1
xz- y3 = -2
ma ta cé thé thiy ngay dugec mot nghiém la (3; 2) d6i véi phuong
trinh thi nhat va (5; 3) d6i véi phuong trinh thd hai, viéc ching
minh réng cdc phudng trinh d6 khong cé nghiém nao khdc la
diéu khoéng don gidn chit nao !
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Mot dang phuong trinh Diophante bac hai néi ti&ng 12 phuong
trinh

x2 - Dy2 =1
trong 46 D 1a s§ ty nhién khdéng chinh phuong (néu D 1a s8
chinh phudng thl rdt don gidn), dugc goi 14 phuong trinh Pell.

Tht dy: - 2_}'2 =1
x%-29y% = 1.

Phuong trinh Pell xudt phat t& mot bdi todn do Archimede
(Ac-si-met, nha bdc hoc vi dai ¢6 Hy Lap, séng & th& ki thé 3
trudc Céng nguyén) dit ra, bai todn chia 8 &n s6 théa man 7
phuong trinh, dua dén viéc tim nghi¢m nguyén cia phuong
trinh

x? - 472949452 = 1 (1)

Duong nhién cdc nha todn hoec o8 Hy Lap khéong thé
giai dugc phuong trinh nay. Nhiéu nha todn lioc sau 46 da di
tim 1oi gidi. C6 1é Fermat la ngusi dau tién néi ré6 la phuong
trinh ¢6 vd s0 nghidm. Nha todn hoc Phdp Lagrange
(La-go-ring) la ngudi dau tién cong bo i giai day dd cia phuong
trinh x2 - D_y2 = 1 ndm 1766. Nhung do mét nham lin cda
Euler ma phuong trinh mang tén Pell, mét nha todn hoc
Anh cling thai. Phép gidi phuong trinh Pell dya vio i thuy&t
vé lien phan s,

Chd y ring nam 1880, ngudi ta da tim ra nghiém nguyén
dudng nhd nhdt cda phuong trinh (1), véi x 1a mét s6 gom 45
ch? s§ va yla mdt sd gom 38 chi s3! Ngay nay, n&u khong
bi€t gi vé phuong phdp gidi phuong trinh Pell, ta vAn c6 thé
nhd mdy tinh di¢n t& dé tim nghi¢m cda (1):

x% = 4729494y% + 1

bang cach cho y céc gis trj ty nhién lién tigp: 1, 2, 3,..mdi lan
ta tinh 4729494‘)'2 + 1, roi 14y ciin bac hai cia s8 ¢6 duge, cho
dén bao gid dugc can d6 1a mdt s§ ty nhién thi diung lai; va
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ta c6 nghiém ty nhién nhé nhit can tim. Mdy tfnh dién tu
cé th& thyc hi¢n hang trigu phép tinh trong mot gidy, nén sé
tim duge nghigm trong mot thsi gian rAt ngdn.
Céc ban dung nghi ring viéc giai phuong trinh Diophante
chi 1A mot trd tidu khi€n (du rdt dau dau!) vdi cdc con sb.
Cic phuong trinh Diophante, ngoai nhing lién h¢ veé I
thuy8t véi nhing vdn dé khdc, con cé nhing ung dyng trong

ki thuit; riéng phuong trinh Pell da dugc gip trong thién vin
hoc.

Bai tap

Giai cAc phuong trinh sau day:
3.21 - 22+ y2 = 22
3.22 - 2+ 2y2 = 2%
3.23 - 2ty =224+1
3.24 - 2. 4y2 =1
3.25 - 2.yt =01
3.26 - 22 + 3y% = ;2
3.27 - x2+x-y2=0
3.28 - x3+7y=y3+7x

329 - 3% + 10xy + 8y% = 96
3.30 - 192 + 28y% = 729
3.31 - xy + 3x-5y=-3
3.32
3.33 x + y + 1 = xyz (nghiém nguyén duong)
334- 13.28.43=0

335- y2=4x%+7

x+y=xy

3.36 - .r2+y2+22=x2y2
3.37- 22+ y2 + 22 = 2xyz
338 - i+ y2 + 22+ 4% = 2xyzu
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3.39 - x2 + y2 +22 = u? (nghi¢m nguyén duong)

3.40 - x2+y2+ 22+ u?

3.41 - &+ 4yt + 24 = ¢t

842 . x(x+ Dx + Nx + 8) =y

843 - x4+ 6=y3

344 - 5+ ud+ 1=t

345 . G+ 2.4t = y3

3.46 - x4+ xt 4.+ 2t = 1599

3.47 - Tim dieu kién (can va dd) cho sd & 48 phuong trinh
x2 - y2 =k

= t? (nghidm nguyén duong)

2

¢ (it nhit mdt) nghié¢m nguyén.
8.48 - Tim dieu kién (¢An va dd) cho s8 k dé phuong trinh
3+ y3 -3 =k
c6 nghiém nguyén.
3.49 - Chung minh rdng phuong trinh
x2 . Dy2 =1
c6 vd 58 nghidgm néu D = m? + 1 (m nguyén duong).
3.50 - Cho phuong trinh
x2 +{x + 12 = y2.

Chung minh ring néu xy ¥y la mot nghidgm nguygn duong
cua phuong trinh thi

(3xg + 2yp + 1; 4xy+ 3yy + 2)

cing la mdt nghidm cha phuong trinh. Tu 46, hdy tim ba nghiém
khdc nhau cia phuong trinh.
3.51 - Cho phuong trinh
2+x-22=0
Chung minh ring né&u (x4 ¥y 12 mdt nghidm nguydn duong
cua phuong trinh thi

(8xg + dyg + 1; 2¢p + 3y + 1)
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cing 12 mdt nghigm. Hay tim ba nghiém nguygén duong khic nhau
cia phuong trinh.
3.52 - Tuong ty bai 3.51, n&u cho phuong trinh

2 rr+l= 3y2
va ta ¢6 nghiém ( Txo + 12y0 + 3; 4x0 + Tyo + 2) ti nghi¢m nguyén
duong (x0; ¥0).
3.58 - Tuong ty bai 3.51, n&u cho phuong trinh

2. 2y2 =1
vd ta cd nghigm (3x0 + 4y0; 2x0 + 3y0) t¥ nghiém nguyén duong
(x0; y0).
3.64 - Tim nghiém nguyén duong cta phuong trinh:

1 1 1 1 1
—H4 T+ 4+ = 1L
xZ yz 22 uz

3.55 - Tim nghidm nguyén dudng cia phuong trinh:

1 1 1
a) "+~ + " =2
X y =z
1 1 1 1
by =+~ +—+— = 1.
X y 2z ¢t
3.56 - Chung minh ring phuong trinh
1 1 1 1
T —

x y z 1991
chi ¢6 mdt s§ hiu han nghigm nguyén duong.

3.57 - Tim nghiém nguyén cuia:

1 1 1
a) —+— =",
x y 14
1 1 1
b) —+—=—.
X y 2z

3.58 - Tim nghiém nguyén cua phuong trinh
1+ 20 4.+ 2l = 2
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CHUONG 4

HE GHI SO NH| PHAN
DAl SO MENH DE VA MAY TiNH

Mpt trd choi : *doén s6”

Toi ghi mdt s6 tir 1 dén 15, ban khdng biét la s8 ndao(tdi
ghi vao mdnh gify dty,gdp lai d€ trude mat ban ).Ban thit héi
toi dé biét dugc s8 d6 la s6 naw.Xin luu y réng toi sén sang
tra 0i moi chu héi cua ban,nhung chi béng mét tiéng:"diing"
hodc "sai® ma thoi.

Duong nhién cé thé dat cau héi:

Dolass 0?
-P6lassgl?
D6lasg2?
v.v...

RO rang diit cdu hoéi nhu vay,ban chi * cAu may” thdi.May
mén la ki thi ban hdi méi c6 mdt cAu da biét ngay dugc s6
tdi da ghi,nhung khdong may thi ban phai héi d&€n 16 ciu.

C6 mdt cdch dat cau héi hgp li,"tiét kidm" nhit,bio dam
héi 4 clu thi r6 duge s6 chua biét.

V  Ban phai xdc dinh m{t s§ trong 16 s8,ta goi "mién chua
bi€t" gdbm 16 s§.Ban phai héi mét ciu sao cho sau khi toi
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trda 19i *"dding" hay "sai","mién chua bist" sé& thu hep con
mot nda,tdc 1a chi cdn 8 s6.Mudn viy,ban ¢6 thé hoi:

Cau héi I:D6 la s6 = 8 ¢

Né&u* ding" thi "mién chua bi&t" chi con 8 s6,tt 8 dén
15.N€u"sai" thi "mién chua bi&t" cing chi la 8 s6,tit 0 dén 7.

Ti&p theo,ban chia "mién chua biét" méi thanh hai nda,méi
nia gém 4 s6,dé dat cau hoi Il,sau cAu héi II"mién chua biét”
chi con 4 s6;ti€p tuc nhu viy sau cAu héi III thi "mién chua
bigt" chi cdn 2 s6,va sau céu héi IV,mién chua biét chi la mjt
80. O

Néu t6i ghi s6 11 tht cdc cAu hdi cia ban da chia® mién
chua biét" ra nhu sau:

01234567[891011l12131415

II

11

Iv
Cé6 thé thay ré hon qua so do sau(d 1a ding,s 13 sai):
[T-Bslass =8 7]
VAR
[I1 -P6 1a s6 = 12 ?|
/

4
ul -D6 la s6 107

T e

IV Pé lass = 117 |
Yoo

S§ 11
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Viéc dat cdu hdi nhu vAy trong trd choi trén day dya viao
h¢ ghi s6 nhj phan (co s8 2),mét hé ghi s§ c6 ¥y nghla rdt
quan trong trong li thuy&t va trong thyc t&,véi vigc ra d3i va
phdt trién cia mdy tinh dién tu.

m 1. H¢ ghi cd 86 mudi (thap phan)
1.1 -Ching ta dd qud quen thudc véi cdch ghi s va doc céc
80 d6.Thi dy: s68 2636
duge doc 1a hai nghin sdu tram ba muoi sdu,cé nghia la
2 6 3 6
2.102  6.102 310 6

2636 = 2.10% + 6.10% + 3.10 + 6
Nhu vay,trong cdch ghi mft s6 c6 nhiéu ch@ s8 thi k&
td phai sang tréi:
ch? s¢ déu tién (hang thd 1) c6 gid trj bang chinh né,

chi? s6 thi hai (hang thy¢ hai) c6 gia trj bing né nhan vdi 10,

- chz s§ the ba (hang thu ba) cé gia trj bing né nhan vdi
100=10%,

chiz s6 thi k (hang thd k) c6 gia trj bing chinh né
nhén véi 105!,

Mdi ch s6 vira cé gid tri riéng cia né,vira cé gid tri theo
vi tri cia né trong biéu dién s6.Cich bidu dién sd nhu vay
12 cdch bifu didn theo nguyén tdc vi tri.

Ta so sdnh véi cdch bidu dién s§ la mi,trong d6 médi chad
s8 ding & dau cing ludn cé gid trj bang chinh né. Thi dy:

I=1

M =1+1+1=3
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Trong khi d6: 111 = 1.10%2 + 1.10 + 1
(ch@ s8 1 & hang tht nhat td phdi sang trdi bang chinh
né,nhung chi s6 1 & hang thu hai lai bing né nhan véi 10,...)

Mot cdch téng quét,cé thé ching minh duge réng:

Moi s6 N # 0 deu c6 thé viet mdt cdch duy nhét dudi
dang téng céc luy thira cia 10,m8i luy thira c6 hé s& la s6
tw nhién nho hon 10 (riéng a, = 0).

N = an.10“+an__1.10n-l+...+a2.102+a1.10+a0

va dugce ki hig¢u la:

N=aa_,...8,3 3
(gach ngang trén dau d& phan bigt véi tich cda
cic SO a ,a, 1,838
Ta dung mudi cha s6 :0, 1, 2, ...,8,9
dé bidu dién moi s6,ldy cic luy thira cua 10 @€ xdc djnh gia
trj cGa chi s6 theo vj trf cla né trong bidu dién s8. Day 1a hé
ghi s6 theo co s& 10, cing thudng goi 1a hé ghi sd thap phan.

Trong trudng hgp N ¢6 it chi so,ta thusng ki hi¢u cdc
chit s8§ ciané laag b, ¢, d hoic x, y, z..

Thi du: Tim s6 c6 ba ch@ s6, biét rdng khi viét thém 1 vao
bén phdi s6 dé thi dugc mét s6 glp ba lan s8 c6 duge béng
cdch viét théem 2 vao bén trdai cua s6 dé.

v S8 phai tim c6 dang abc
Thém 1 vao bén phai cia x, ¢6 s8 abcl
Thém 2 vdo bén trdi cia x, c6 s8 2abe
Theo dé bai,ta cé:
abel = 3. 2abc
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@. 100 +5.102+¢.10+1=32.10+a.102+5.10 + ¢)
Rut gon,duge:
700a + 706 + Tc = 5999
100a + 10b + ¢ = 857
Ma 100a + 10b + ¢ = abc
nén x = abe = 857. O

Bai tap

4.1 -Can bao nhidu chir s3 d8 d4dnh &8 trang cia mdt cudn sich day
326 trang ?

4.2 -Dé danh s3 trang mot cudn sich,phai dung t4t ca 824 chia s8.Cuén
séch c6 bao nhidu trang.?
4.3 Tim N = xyztbidt N = xz + 2yzt
xyz
4.4 -Tim gi4 tri ldn nhdt cua
x+y+z
4.5 -Cho biét

M= 7an...ao=5an...a07.

Tim gia tri nhé nhit cua M.
4.6 -Tim N = abcd, bi&t ringa, cd, ad va N déu 1 s§ chinh phuong.
4.7 -Tim mét s8 c6 hai cha s§ biét ring:
- tdng c4c chi s8 cia né khdng nhé hon 7,
- tdng c4c binh phuong cua cdc chi s§ cia né khong lgn hon 30,
- hai Tan &3 vi&t theo chi2u ngugc lai khong 16n hon s§ da cho.

4.8 -Tim cédc s8 c6 hai chi s3,bi&t rAng s§ 46 1A bdi cha tich hai cha
s8 cia né. '

4.9 -S6 P gdm c¢6 6 ch¥ s8.Ching minh ring P chia h&t cho 7 khi va
chi khi higu gida s6 tao bdi ba chit 83 dau va s§ tao bdi ba chu s8
cudi cia P chia hét cho 7.
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4.10 -Tdng cac chit s8 ciia mdt s8 c6 ba chua s3 chia h&t cho 7.Chung
minh rang s3 &y chia h&t cho 7 khi va chi khi cha s§ hang don
vi va ch@ sd hang chuc bing nhau,

4.11 -Ching minh ring M = a_...a,g, chia hét cho 13 khi va
chi khi 4ay + a_...a, chia h&t cho 13.

4.12 -Ching minh ring didu kién cin va di 46 88 M = a_...aa,
chia hét cho 17 1 3a_...a, + 2a, chia hét cho 17.

4.13 -a)Tim c4c chir 88 x,y d8 cho s3 1234xy chia h&t cho 8 va cho.9.

b) Tim ch s8 x dé s8 2x78 chia h&t cho 17.

4.14 -L{y mot s§ c6 ba chd sd tru di tdng cdc chi &8 cua né, roi tidp
tuc lam nhu vdy d3i vdi s§ médi.

Chung minh ring két qua cudi cung bang 0.
® 2 - H® ghi co s8 g bit ki
2.1 -Trong h@ ghi s6 quen thudc (thap phén),ta dung mudi

chiz s& va ldy cac luy thira cua muwoi dé xic dinh gid trj theo
vj trf cia chid s6 trong bidu dién s8.
Bay gio,néu ta dang khéng phai mudi ch® s6 ma chi bdy
chip s&
0,1,2 3,45, 6
va ldy cdc luy thira cia bdy dé xdc djnh gid trj theo vj trf cuia
ch s8 trong bidu didn s6,thi ta c6 hé ghi theo co s& bay.
Th{ dy, néu bifu thic
2.102 + 310 + 6
duge ghi 1a 236 ( co s6 mwdi) hay chi don gian la 236,
thi biéu thdc
2.72 + 37 + 6
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sé duge ghi 1
236 ( co sb bdy) hay 1a 236,

( 88 7 viét nhé d dudi la sd trong hé¢ thap phan, chid trong h¢
co s5 bay khong cé chi s§ 7).

Ta cé:
2972 + 37 +6 =98 +21 +6 = 125

Vi vay 236, va 125 13 hai cdch biéu dién khdc nhau cida
cing mot s6 trong hai hé ghi theo cd s khdc nhau.

Tuong ty, néu ta chi ding bén chd s6

0,12 3

va ldy cdc luy thua clda 4 dé xidc dinh gid trj theo vi tri cia
ch@ s8 trong biéu dién s ,thi ta ¢6 hé ghi co s8 4.

Thi du , bi€u thdc:

342 4+ 14 +2(=48+4+2 =59

duge ki higu l1a 312,.
54 va 312, biéu dién cung mot s6,trong hai h¢ ghi co s6
khdc nhau:
trong hé thip phan, d6 la 54 (doc: nam muwoi bén);
trong hé ghi co s6 bon, 46 1a 312 (doc: ba mot hai,co s bon).

S6 10231, c6 gia trj nhy sau:
1 0 2 3 1
14 04 24* 34 1
14* + 04 + 242 + 34 + 1
256 + 0 +32 + 12 + 1 = 301.

Nhu vay, 10231, va 301 biéu dién cing mft s§ trong hai
hé ghi theo co s6 khdc nhau:

10231,

{f
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trong h¢ co s3 4,d6 la 10231, (doc:mét khéng hai ba mét,co
sO bdn)

trong hé thap phan, dé 1a 301 (ba tram l& mot).

2.2 -Mbdt cdch téng qudt,ta cé:

Dinh li V§i s6 tw nhién g > 1 tuy y cho trudc thi méi s&
tw nhien N = 0 deéu biéu dién dugc mot cich duy nhét thanh
mot tdng cia nhidng luy thiva cia g,udi cic hé s6 la s6 ty nhién
nhé hon g.

-1
N =ag'+a _,& +...+a2g2+a\1g-§-=e\0
trong d6 0 =<a_  _ ;... a,.8),8) < g,
riéng 0<a <g

V Chia N cho g,theo djnh li vé phép chia co du, ta c6 cip
s8 duy nhit (M;; ay) sao cho:
(1) N=M.g+a,(0=sa,<g

Chia- M, cho g,cé cip s6 duy nhdt (M,; a):
M, =Myg+a (0=sa <pg

Thay vao (1),dugc:
N =(Myg+a)g+a,
= M2g2+a1g+a0

Lai chia M, cho g,c6 cdp s6 duy nhdt (Mya,):
M, =M;g+a,(0sa,<g

Thay vao (2),dugc:
N = (M3g+a2)g2+a1g+a0

_ 3
= M,g +a2g2+a1g+a0.
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Ti€p tyc nhu viy,ta cé:
M >M >M,>M
va phdi dén hiccé 0 < M, < g Liy M, = a, ta dugc
ding thic phai chung minh:
N= ag+ta g8 '+ . +a,@+ag+a,
Ngudi ta bidu dién s6 N dudi dang:
N = (anan_l...azalao)g.
(c6 thé bo dfu ngoic & hai dau).Day l1a ki hi¢u cia s§ N
trong hé ghi co sd g.

a, a4, 8y, 8y, 8 12 cdc chd s6, mbi chd s6 1a mot s§
ty nhién < g, riéng 0 < a_ < g

Riéng véi g = 10, s6 N dugc ki higu la:

N=aa _,...a,aa,

Can ghi nhd:

Trong hé cd s6 g ,d& bi€u din mot s6 N bat ki :

- ta dung g chi sd:

012 ..,¢gl

- ta 14y cac luy thua clia g d€ xdc dinh gid trj cia méi ch@
s8 theo vj tri cia né trong N; ké tu phai sang trdi:

chit s8 dau tien (hang thu nhat) cé gis trj bang chinh né,

chd s6 thy hai (hang thd hai) cé gid trj

bing n6é nhan véi g,

chit s§ thdt ba (hang thd ba) c6 gid trj
bang né nhan véi g7,

www.facebook.com/otoanhoc2911




ch s6 thd k (hang thu k) cé gia trj

bing né nhin vdi g]"l

Thi dy:
N = (uvxyz)g
Hang  Hang Hang Hang Hang
tha 5 tht 4 thy 3 tht 2 thui 1
u v x y z
ug? v.g xg yg z
N = u.g4 + v.g3 + x.g2 + yg + =z
Trudng hgp g = 2 (hé co s6 2 hay nhi phéan)
Ta chi dung chi s& 0 va 1 d& bidu dién moi s8.
N=12"+02%+12+1
=8+0+2+1=11
duge ki hi¢u 12 1011, ( doc: mot khong mdt mot,co s8 hai)
Ta c6 1011, = 11.
Trudng hgp g = 3 (hé co s6 3 hay tam phéan)
Ta chi dung ba cha s6 1a 0, 1, 2 d€ bidu didn moi s&.

S6 11 (h¢ thip phan) cé thé bidu dién dudi dang téng cdc

luy thia cda 3 nhu sau:
11 = 1.3%2 + 0.3 + 2
va duge ki higu la 102, ( doc: mot khong hai,co s6 ba)
Nhu viy,ta ¢
11 = 1011, = 102,
nghia 1a cing mot s6, duge bi€u dién
trong h¢ thip phan la 11
trong h¢ nhj phan la 1011,



trong h¢ tam phan la 102,

Trudng hgp g = 12 ( h¢ co s6 12)

D& biéu dién moi s6,ta dung 12 chd s8. Ngoai 10 chd s§ la
0,1,2 8 4,5, 6,17 8, 9, ta phdi chon thém hai ki hi2u nda
rieng cho 10 va 11.Ngudi ta thudng lay:

A d& ghi 6 10

B d& ghi s§ 11.
Nhu vay, biéu thic

10.122 + 1112 + 7

A B 1

dugce ki hi¢u la: AB7,, ( doc: A B bdy,co s6 mudi hai)

Vi 10122 + 11.12 + 7 = 1440 + 132 + 7 = 1579,

nén ta cé

AB7,, = 1579
V6i s6 2BOAy, ta cé:
2 B 0 A
2128 Ba22 012 A
2.12% + 11122 +0.12 + 10
2.1728 + 11.144 +0 + 10 = 5050

Hé co s6 12 hién con st dyng & mot sd ndi. Ban ra
chg, thinh thoang nghe nhdng ngudi mua bdn trdi cay, b4p,
tring,... hdi nhau;"Chyc mudi hay chuc mudi hai?".Chuc mudi
hai 1a mét t4, mdi td gom 12 don vj.

Chd y rling trong he co s3 g,

2BOA,

s6 g dugc bidu didn bdi 10g
s6 g® duge bidu didn bdi 1004
Téng quét: s6 g° dugc bidu dién béi 10...0¢ (k chi s& 0)
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Trong h¢ co s6 2 (nhj phan):
2=12+ 0= 102
4=22=12%2+02+0 =100,
8=2"=12"+02%2+02+0=10002
16 = 2= 12+ 028+ 022+ 02+ 0 =.100002
Trong hé cd s§ 3:

103 = 8

1003 = 3% = 9

100003 = 3* = 81
Trong he co s6 12:

1012 = 12

10012 = 122 = 144

2.3- Pdi mot s8 dugc vi€t trong hé cd s8 nay sang hé
co 88 khic

a) D8t mot s6 trong hé co s& g tuy y sang hé thép phan

Trén day,ching ta da nhiéu IAn thyc hién viéc chuyén d8i
niy bing cich viét s6 da cho dudi dang mét téng cdc luy
thita cda co s§ g (viét trong hé thap phan).Thi du:
32145=3.53+2.5 + 15 +4=375+50+5 4+ 4 =434

Ta c6 thé d6i theo cdch khic, trong nhidu trudng hgp la
tign Igi hon, theo so dd sau day (4p dung cho sd 3214s):

3
x b
15+ 2 =17
X b
8 + 1 = 86

430 + 4 = 434
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C6 thé giai thich d& dang quy téc sau day :

Quy thc- Mudn ddi mot s6 tie hé cd s g tuy y sang h¢ thap
phan, ta 6y ch@ s6 dau tién ( t& trdi sang phdi) nhan vdi g, roi
cong két qud vdi chiz 8 thit hai( tir tréi sang phdi), ldy tdng
nay nhén véi g, roi cong két qud vdi chi s8 thit ba,...tiép tuc
nhw th€ cho dén phép cong vdi chiz s8 cubi cung(tir tréi sang
phdi) cho ta k&t qud can tim.

b) D3i mot s6 tir hé thap phéan sang h@ co s6 g khéc

Thi du 1- Viét s6 427 trong hé co s6 8.

Ta chia 427 cho 8 (du 3), réi chia thuong tim dugce
cho 8 (du 5),...nhu sau :

427 ”8_
3153 ’i
Y 6 Fs_
6{0
S phai tim la 653, nghia la 427 = 653,.

Quy tic- Mudn ddi mot s6 N tr hé thap phan sang hé co
s8 g (khéc 10), ta chia s& N cho g, roi chia thuong tim duge
cho g,..., cho dén khi cé thuong bidng 0. Cac s8 du cé dugc,
k€ t s8 du cudi cing trd lén sé du dau tién, la cic chit s8 tie
trdi sang phdi cia s6 phdi tim.

Tht du 2- Viét s6 26
. 26 | 2
trong hé nhj phan. ——

0 13‘1

116 |2

ol

Vay 26 = 11010, !

2
112
110
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Quy tdc d6i trén day dya vao dinh I :
Moi s6 N deu co6 thé viét dudi dang

N = ang"...+&lgl+alg+ao
trong d6 0<a, _,,..,0y,0,,qy<guva 0<a <g.

Do d6,khi chia N cho g, ta dugc s6 du la a; (day la cha
s0 dau tién ti phai sang trdi trong bifu dién cda N theo cd s8
g), va thuong la:

N, = ang°_1+...+a2g+a1
Chia N, cho g, dugc s6 du la a; (ch® s§ thd hai trong
biéu dién clia N theo co s6 g), v.v...

¢) D8i mot s6 viét trong h¢ co sé a sang he so s6 b (a, b
déu = 10)

Ta d6i s5 da cho tif he cd s§ a sang hé thap phan, sau dé
ddi s6 tu h¢ thap phan sang hé co sé b.
Thi dy: viét s8 3214, trong hé co s8 9.
Thuc hién theo cde quy tdc bi€n d8i & trén,ta dugc:
32145 = 434
434 = 532,
Vay 8214, = 532,

Bai tap

4.15 -Viét cac 83 sau diy dudi dang tdng cac lug thira cia co s6:
a) 6015, b) 312, c) 430124
d) 87659 e) 3A0511 g ABAI12

4.16 -Vi&t cdc's6 (theo cd s§ g tuong ung) bidu didn cdc tdng sau
day:
223 +32 +3+1@g=23
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m2t+2d+2+1@=2
079° +39+4@=9
@ 11.18% + 10,13 + 10 (g = 13)
4.17 a) Trong hé cd sd nao, ta c6:
2+4=10; 2+5=10
12+ 13=30;2+5=177?
b) Tim s§ l6n nh&t:
- c6 mdt chir s6 trong h2 co 53 8
- ¢6 hai chit s3 trong hé co s8 3
- ¢6 ba chit s§ trong hé co s8 2
- ¢6 bdn cha s§ trong h2 co s 5.
Viét cdc s8 tim duge trong hg thap phan.
4.18 -Tim céc co s3 x, y bidt rAng x, y s 10va:
a) 23, = 32 b) 51, = 15,

4.19 -a) Tinh cdc tdng sau day ( viét k&t qua theo cd s3 tuong ing
va theo co s§ mudi):

23 + 133 245 + 24 3, + 2,; 455 + 514
b) Tim cédc chi s thi€u & chd cic didu chim trong phép cdng sau:
23.5,
1.642
42423

4.20- Mot thay gido néi :"Lép tdi ¢6 100 hoc sinh, trong d6 ¢6 24 nam
va 32 n ".Thay cong khong nham.Th& 12 th& nao ?

4.21- Chung minh ring:
a) 121 13 s8 chinh phuong trong moi h2 co s8 g > 2;
b) 144 1a's8 chinh phuong trong moi he co s§ g > 4;

¢) 1311 1a lap phudng ctia mdt s3 ty nhieén trong meoi hé co s§
g > 3.
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4.22 -a) Tim d4u hig¢u chia h&t cho 2, cho 3 trong h¢ cg sd 6; diu
higu chia h&t cho 2, cho 3, cho 4, cho 6 trong ha co s 12. So
sanh v6i cdc dZu hig¢u chia h&t cho 2, cho § trong h2 thap phan,
c6 thé rat ra k&t luan gl ?

b) Tim dZu hi¢u chia h&t cho g -1 va g + 1 trong he co s8 g.

4.23- a) Tim co s cia cidc he ghi 8§ trong d6 ddu higu chia hé&t cda
mdt s5 N cho s8 d 1a t8ng c4c chi s6 ciia N chia h&t cho d.

b) Trong cic h2 cg s8 nao thi cic ddu higu chia h&t cho 3 va
cho 9 gi nguyén d4u hi¢u nhu trong h2 thap phan quen thujc ?
4.24- Chitng minh ring trong bat ki he co s8 nao, cdc 88 10101, 1010101

cung la hgp s8.

4.25- Tim 83 ¢6 ba chi s3 trong h2 thap phan, bidt ring s8 d6 vidt
trong mot h¢ co s8 khdc 10 thi bing hai [an s8 46 vidt trong h¢
thap phan.

4.26- Viét c4c sd sau day sang s§ trong hé thap phan:
1011011, 210124, 4517, 13285, ABjy
4.27 -D&i cac s8 sau day sang s§ trong hd co s8 2, 3, 4, 5, 8:
25 87, 195, 478.
4.28- Tim x (s8 ¢6 nhidu chit s3), bidt:
1015 = (x)y , 21014 = (x)y
10110, = (x)4 , 1024325 = (x)g
4.29- Tim g, biét:
a) 231 = 32138; b) 23454 = 652g

® 3 - Hé nhi phan (co so 2)

3.1- Hé nhj phan cé rit nhidu dng dyng, do chi dung hai ki
hiéu 0 va 1, va viéc tinh todn véi cdc sé trong hé nay rit don
gian .

Trong h¢ thap phan, dé lam tinh cong va nhan, ta phai
thudpc long nhidu bang, nhit la cic bdng nhan (nhan véi 2,
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nhan véi 3,.., nhan véi 9). Trong h¢ nhj phan, chi can c6
mot bang cong va mpt béng nhén vén ven miy dong nhu sau:

0+0=20 0x0=20
0+1=1 0x1=20
1+0=1 1x0=0
1+1=10 1x1=1
Bang cong Bang nhén

Cac bang nay cing thudng dugc trinh bay dudi dang khdc:

+/0 1 x{0 1
001 00 0
1{1 10 1{0 1
Bang cong Bang nhan

Nhy vay, khi lam tinh cfng va nhén, ta c6 thé thyc hi¢n
nhu trong h¢ thip phan quen thudc (nhung ddq gian rat nhiéu,
vi luén ludn chi cé 0 va 1 1), chi luvu y mot didu duy nhat khi
lam tinh cfng:

Trong hé thap phan (co s mudi):

8 + 2 bing mudi, viét 0 nhd 1

Trong h¢ nhj phan (co s6 hai):

1 + 1 bliing hai, viét 0 nhé 1.

(nhé 1 sang chid s§ hang thd hai bén trai).

D& dang lam cdc phép tinh cong,tr, nhan va chia cdc s6
trong hé nhj phan, thi du:

10011 101101
+11001 -10110
101100 10111
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10101 101101 (11

x1011 101 1111

10101 100

10101 11
101010 0

11100111
Trong bai todn chia trén day, ta cé:
- chia 101 cho 11, duge 1, du 10: 101 = 11.1 + 10
- chia 100 cho 11, duge 1, du 1: 100 = 11.1 + 1.
3.2 - Trd lai "trd choi dodn s8" & dau chuong nay.
a) Gia s ta quy udc: v6i cdc cAu héi da datra (x 2 8 ?
x =212 ? vwv.. ),
cAu tra 1oi" ding" duge ki higu 1a 1
cAu tra 1gi "sai” dugc ki hiéu la 0.

Thé thi sau khi hdi 4 ciu, ta duge mot didy 4 chd s6 0 hay
1 biéu dién s& phai tim trong h¢ nhj phan. Thi dy né&u tdi da
ghi s6 11 thi cdc cau tra 18i k& ti€p nhau phdi l1a

ding sai dung ding

tdc la 1 0 1 1

Day 1a ki hi¢u cia s8 11 trong hé nhj phan:
1011, = 1.2° + 1.2 + 1 = 1L.

Cé thé giai thich nhu sau:

Chy y ring x < 16 va:
8=2%10=2%+212=2%+2%

ta cé:

1) Héi: "x 2 8 ?".Tra li: ding
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>x 2222 x =1284+y(y<2)
2) Héi: "x = 12 ?*.Tra loi: sai
<122 x =12 +02% + z (2<2?
3) Héi "x =710 ?".Tra 13i : ding
228 +20x =1224+022 412+ ¢
t < 2)

» X

=X

4) Hoi: "x = 11 ?°. Tra li: ding
>x=11=x=12+ 022+ 12+ 1 = 1011,

Tuong ty nhu vay véi moi x tit 0 dén 15.

b) Thay vi dat cau héix = 8 2, x = 12 ?,v.v...ta cé thé
dat cau hdi khdc mdt chit, dya vao qui tic d6i mdt s tit he
thap phin sang hé nhj phén:

Céu héi 1: Ban hay chia x cho 2.

S8 du 1a 1, ding khéng ? -Ding: 1
-Sai: 0
Cau hdi 2: Ban hay chia thuogng vira tim
duge cho 2.8 du la 1, ding khéng ? -Duing: 1

-Sai: 0
Céu héi 3: Ban hdy chia thuong via tim
duge (sau cau hdi 2) cho 2.86 du 1a 1,
ding khong ? -Ding: 1
-Sai: 0
Céu hoi 4: Ban hay chia thuong via tim
dugc (sau ciu héi 3) cho 2.S6 du 1a 1,
ding khoéng ? -Ding: 1
-Sai: 0
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Hobi 4 cAu thi dirng 1ai.Cdc két qua (0 hay 1) tir cdu hoi 4
len cau hoi 1 13 cdc chi sg lién tiép (t¥ trdi sang phai) cia s8
x viét trong h2 nhi phan.N&u két qui cdc ciu trd 15i nhu sau:

ciu hoi 1 cho 1
cdu héi 2 cho 1
ciu hoi 3 cho 0
ciu hoéi 4 cho 1
thi sd can bigt la
x=1011, = 1.2° + 022 + 12 + 1 = 11

3.3 - Do viéc lam tinh edng va nhin cdc s8 trong hé nhj
phan rit don gin, ta cé thé d8i mét s6 tit h@ co s6 g bat ki
sang h¢ nhj phan bing cdch:

- Viét s6 da cho dudi dang ldy thita cia g (trong hé thap
phan);

- D8i tat cd cAc hé s6 va co s0 g sang hé nhj phan ( tru
cdc s6 md trong liy thita clia g thi van gid trong hé thap
phén);

- Thye hign (trong hé nhj phan) cdc phép tinh trong
bidu thuc cé dugc; két qua cudi cing 1a ki hidu cud s§ d4 cho
trong h¢ nhj phan.

Thi dy 1. Viét s6 221, trong h¢ nhj phan.

Ta c6: 221, = 23% + 23 + 1
Ma 2 =10, va 3 = 11,
nén 221, = 10,.11,% + 10,11, + 1

Ta tinh duge:
11,2 = 11,11, = 1001,
Vi vay:
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221,

10,.1001, + 10,11, + 1

10010, + 110, + 1 = 11001,

Thi du 2. D8i s8 541 ra s§ trong hé nhj phan.

541 = 5.102 + 4.10 + 1.

Ma 5 =101, 4 =100, 10 = 1010,,

nén 541 = 101,.1010,% + 100,.1010, + 1
1010% = 1010 . 1010 = 1100100

Vay 541 = 101,.1100100, + 100,.1010, + 1

111110100, + 101000, + 1

1000011101,

it

i

3.4 - He co s6 8 va hé co s3 16 (hexa)

He nhj phan c6 bat tign 1a cac s6 vi€t trong h¢ nay
phdi diung qud nhidu chd-s8 va rat khé doc. Vi vay, trong ung
dung thyc t&, ngudi ta hay dung hé co s6 8 va hé co s8 16.

Viéc 48i mot sd tir hé co s6 2 sang cdc hé cd s6 4 = 22,
co s 8 = 23, cd s8 16 = 2% va nguge lai, la mdt van dé rat
don gian.

Tit hé co s6 2 sang hé co s6 4

Thi du: d6i s6 10110, thanh s§ trong he co s§ 4. Ta
tach 10110, thanh tung nhém gébm hai cha s6 (k€ t phai
sang trdi, nhém sau cung cé thé chi c6 mét chd s6) ro6i ddi
nhu sau:

S§ trong hé cos6 2: 1 01 10
S8 trong hé cos6 4: 1 1 2
Vay 10110, = 112,
Ngugc lai, ddi 2103, sang s& trong hé¢ nhj phén:
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S6 trong h¢ cd s6 4: 2 1 0 3
S8 trong hg¢ cos6 22 10 01 00 11
Vay 2103, = 10010011,
Chu § rang phai vi§t 1 = 01, 0 = 00 (gom hai cha s6).

Ta c6 thé ching minh quy tdc chuyén déi trén ddy nhu
sau. D& dan gian, ta 14y mét s6 c6 6 chd s& trong h¢ nhj phan
(abcdeg)y:

(abedeg), a2’ + b2t + c23+ d22+e2 +g
(2a + b).2 + 2c + ).2% + (20 + @)

=m42 +nd+ r

I

Cicsdm=2a+bn=2c+d,p =2 + g(deu <4)
chinh 1a cdc s6 nhj phan gom hai ch? s8 viét sang hg¢ co s8
4, va ding thdc trén day cho ta

(abedeg)2 = (mnpl4

Cé thé md rong dé dang phép ching'!minh trén day cho s6
bat ki, va cho céc quy tAc 48i mot s8 t¥ hé nhj phan sang h¢
co s6 8 va he co s§ 16 nhu dudi day:

T hé co s6 2 sang hé co s6 8

Ta téch cdc chd s6 clia s& viét trong hé co s8 2 thanh tng
nhém gom 3 chi s8, ké tit phii sang trdi (nhém sau cling c6
thé khéng dd 3 cha sd).

S6 trong hé co s6 2: 10 011 001
S6 trong hé co s6 8: 2 3 1
Vay 10011001, = 2314
S8 trong hé co s6 8: 1 7 3 2
S& trong hé co s6 2: 1 111 011 010

Vay 1732, = 1111011010,
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Chu y: vigt 2 = 010,, gom ba chi s0).

Tix h¢ ¢ s6 2 sang hé cd s6 16

D6i véi hé cd s6 16, ta phai ding 16 chi s6. Ngoai 10 cha@
s6 t¥ 0 d&n 9, ngudi ta thudng dang A(10), B(11), C(12), D(13),
E(14) va F(15). Thi dy:

AD21 = 10.16% + 13.16 + 2

Heé co s6 16 thudng dugc goi 1a k¢ hexa va ghi chd h ¢
cudi cua sg, thi dy AD2h.

Viéce d8i mot s6 tit hé co s8 2 sang hé hexa duge thye
hién rdt don gidn nhu sau:

S6 trong hé co s6 2: 101 0011 1011
S6 trong h hexa: 5 3 B
Vay 10100111011, = 53B; (= 53Bh)
S8 trong hé hexa: C 2 5 E
- 86 trong hé co s6 2: 1100 0010 0101 1110

Vay C25Eh = 1100001001011110,

Ngoai hé cd s6 8 hay hé hexa, ngudi ta ciing dung hé thap
pban vdi cdc ch@ s duge ma héa nhj phan, ¢6 khi duge
goi la dang nhi-thdp phén va ki higu la (abed), q.

Thi du:

S8 trong hé thap phan: 8 3 4

1000 0011 0100

S6 834 duge viét dudi dang nhi-thap phan la

(1000 0011 0100)2-10

(Chi y riing day khéng phai 1a ki hidu cla s6 834 trong he

nhj phan)

Bai tap

120



4.30 - D3i cic s8 sau day ra s§ trong he nhj phan:
17 76 463 1203 11355

4.31 - D6i cic s8 sau day (trong h@ nhj phan) ra s8 trong hé thap
phan, he cd s3 4 vA he co sd 8:

10110 110101010 101011000110
4.82 - Doi cdc s3 sau day ra s§ trong hé hexa:
a) 35 298 162065
b) co s6 2: 10110 110101010 10101100011
4.88 - D3i cic s6 sau day ra s6 trong hé nhi phian va hé thiap phan:
D5h 9A2Bh
7BF52CEh 2A01BF59h
4.34 - Cho M 1011 N = 11001

P = 1060110 Q 1000010011
Tinh cdc biu thic sau day roi kiém tra lai k&t qua
trong hé thiap phan:

M+ N, N-M+ P, M.N, Q /M, Q - MN.
4.35 - Vi€t cdc s8 sau day duéi dang nhj-thap phan
47 506 2119

4.36 - a) Trong "trd choi dodn s8" (xem didu chuong), néu ghi mot
s@ tu 0 dén 14 (modt trong 15 s§) thi c6 thé dat ciu hoéi nhu thé
nio? N&u dat ciu héi theo cich chia ddi"mién chua bigt” thi day
cie chid s8 0,1 thu duge cé6 biéu didn s6 chua bi&t trong he nhj
phan khong?

b) Cung trong "trd choi dodn s3" gia su duge ghi mot s8 tix 0
dén 1000; luc do, c6 thé hdi khong qua miy cau thi bigt duge s8
phai tim?

4.37 - Tro choi bée diém

Trd chai nay dude goi la £r0 choi Nim, di duge ngudi Trung Qudc
bi&t t6i tir thdi €8 xua, "tro choi véi ba dong da". Nay ta thay bing
"ba d8ng que didm". - Tro choi bée diém
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Trudc mit hai ban c¢6 ba d6ng que digm, mét ddng c6a = 3
que, mdt d8ng c6 b = 5 que va mdt ddng c6 ¢ = 7 que. Mdi ngudi thay
phién nhau bSc mdt que (thy ¥), nhung mdi lan d&én lugt minh thi
chi duge bdc & mot ddng thoi. Ngudi nao bdc duge que cufi cung thi
thing.

N#&u bi&t cach choi thi ngudi di trudc chic chin thdng.

Hai ban thi choi v6i nhau va giai thich gitm. N&u ba déng chua
3,5,6 que thi sao? Téng quit: véi a,b,c bat ki thi sao?
® 4. - Dai s6 mé¢nh de& véi hé¢ nhj phan va may tinh

Nam 1854, khi nha todn hec Anh G.Boole (Bun,
1815-1864) cho ra ddi cudn siach "Céc quy luat cla tu duy" (con
duge goi 12 "dai s6 hoc cla logic") thi khéng ai c6 th€ nghi
ring mdt trim nim sau, dai s6 Boole lai dugc phdt tri€n rit
manh mé va trd thanh co s& li thuy&t cia nhieu nganh ki
thuat tinh todn hi¢n dai.

Ching ta hdy lam quen véi phdin m& dau don gidn cida
dai s6 Boole 1A dai s6 ménh de, va tinmi hiéu moi lien hé sau
xa v8i h¢ ghi s§ nhj phan vad may tinh.

4.1 - Pai s6 ménh de

Trong s6 hoc va dai s8 hoc, ching ta 1am cdc phép todn
cdng va nhan trén cdc s8. M3i phép todn cho ta mdt quy tdc
dé td hai s§ cho truéc ta ¢6 dugc mot sd thd ba, goi 1a két
qua cia phép todn (t8ng hodc tich); quy tdc d6 cé thé cho
biing m{t bang khi ta chi xét cdc s6 nhd hon mot s6 cho
trude(thi dy badng nhan cdc s6 dudi 10). Cic phép bi€n ddi
dong nhit trén cdc bi€u thuc dai s6 duge thyc hién nhd céc
tinh chit cd ban cda phép cing va phép nhan, nhu tinh chat
giao hodn, két hop, tinh chdt phan phéi cia phép nhan ddi véi
phép cong.
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Bay gis ching ta hay xét mét tap h¢p gobm cdc ménh de.
Ménh d8 ]a mdt cAu (vi€t hay néi) phdn dnh mot disu ding
hay sai.

Thi dy vé& ménh dé ding :

- Qua d4t quay quanh mijt troi.
- Tam gidc ABC cé mdt géc nhon.

Thi dy vé ménh dé sai:

- M&o ludn dé ra tring.
-216n hon 3 (2 > 3).

Nhing ciu sau day khéng phai 12 ménh d& (vi khdng thé

néi 1a ding hay sai duge):
- Méo c¢6 dé ra tring khong?
- Ban hdy vé cho t6i mét dudng tron!
-x + 1 =2 (x chng 1 blng 2).

Ta sé chi ménh dé bing cic chd P,Q,R...

Né&u ménh d& P 13 ding thi ta néi:

Pcotri d, ki higu P = dhay P = 1.

Néu ménh de P la sai thi ta noéi:

P c¢é tri s, ki hidgu P = s hay P = 0.

Mb&i ménh dé cé6 mdt va chi mot trong hai tri: d(1) hodc
s(0). Ngudi ta cing gei d(1), s(0) la tri chan If hay chan tri
clia ménh da. :

T mot hay nhidu ménh de, ta cé thé lap nhing ménh dé
mdi, blng cdch st dyng céc lién ti, bi€u thi cdc phép logic
(tuong ty cdc phép todn trong dai s6 hoc). Sau day ta xét ba
phép logic co ban 13: phép phi dinh, phép bdi va phép tuyén.

Phép phit dinh
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Véi moi ménh dé P, ta cé6 thé lap ménh dé "khong phadi
P'ki higu 1a P (hay P, P) va c6 ménh dé phu dinh cia P.
Né&u P ding (1) thi P sai (0)
N&u P sai (0) thi P ding (1)
Thi du:
P: 5 > 3 (ding)
P: Khong phdi 5 > 3 (sai)
P: tam gidc ABC c6 hai géc vudng (sai)
P: khong phéi tam gidc ABC c6 hai géc vudng (ding)
( Tam gidc ABC khong c6 hai géc vudng).
Djnh nghia trén day clia phép phu dinh dugc ghl trong mjt
bang, goi la bdng phu dinh.

P P
01
110

Badng phu dinh
Phép hoi
Cho hai ménh de:
P:S6 n l6nhon 2 ( n > 2)
Q: S5 7 nhd hon 4 (7 < 4)
Ta c¢6 thé dung t¥ ndi "va" dé ghép hai m¢nh dé nay lai,
va dugc ménh d& méi:

S6 # > 2 va s6 1 < 4.
P va Q
Ki higu: P A Q
hay P & Q
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(doc la: P va Q, hoi cia P,Q)
Dau A (&) duge goi 1a ddu hoi hay phép hoi.
Ménh de P A Q c6 trj duge xdc dinh nhu sau:
P A Q ding khi va chi khi cd P l&n @ deu ding.
PAQ=1 « P =Q =1
dn

Trong thi dy trén, P ding (7 > 2 la ding), Q cing dung
(x < 4]ading) nén P A Q ding (7 > 2 va n < 4, tdc
2 < n < 4 la ding).

Néu mét trong hai ménh dé P,Q 1a sai (hojc ca P l4n Q
déu sai) thi P A Q 1A sai. Thi dy:

S6 7 >2vasd r <3(2 < 7 < 3)

PAQ

1a sai, vi Q la sai (7 < 3 13 sai).

Dinh nghia cia phép hoi thudng dugc ghi bing mot bang,
goi 1a bdng hoi.

PAQ

_ s O O |
S = OO
- o © O >

1
Bang hoi
Phép tuyén
Tu hai ménh dé:
P: S6 z 16n hon 3
Q: Sé’ 7 nhé hon 2
Ta c6 thé lap ménh dé mdi:
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S8 & 16n hon 3 hogc s6 7 nho hon 2
P hodc Q
Ki hieu: P v Q
(doc la: P hotc Q, P hay la Q, tuyén cia P va Q)
Dau v dugc goi 1a ddu tuyén hay phép tuyén.
Ménh de P v Q c6 trj dugc xdc djnh nhu sau:
P v Q ding khi va chi khi it nhat mot trong hai ménh de
P,Q la ding.
Néi cdach khac:
P v Q sai khi va chi khi cd P lan Q déu sai
PvQ=0 « P=Q=20
dn

Dijnh nghia cla phép tuyén c6 thé dugc cho bing mot
bang, goi la bdng tuyén.

P Q PvQ
0 o0 0
0 1 1
1 0 1
1 1 1

Bang tuyén
Thi du:
1) "2 > 3 hoec # < 2"
la ding vi # > 3 dung.
2)"nt > 2 hotic ®1 < 4°
la ddng vi # > 2 ding.
3) "% < 2 hotic &1 > 4"

126



la sai vicd "z < 2"14n "n > 4" déu sai.

Tinh chit cfia cdc phép hdi va tuyén

Dya vao bang hoi, ta thdy riing: hai ménh de P A Q va
Q A P ludn ludn cé cing mdt trj, du P, Q ldy tri gi. Ngudi
ta ndi raing P A Q tudng duong véi Q A P va viét:

PA Q=QA P

Tuongty: PV Q=Qv P

nghia 12 céc phép hoi v tuyén cé tinh chét giao hodn.

Dya vao cdc bidng hdi va tuyén, ta cing ching minh duge
rang: phép hoi va phép tuyén ciing cé tinh chit két hop; phép
hoi c6 tinh phén phdi doi vdi phép tuyén.

1 la phan & trung hoa cia phép hoi:

PA l1l=1AP=P
0 la phan i trung hoa cida phép tuyén:
Pv 60=0v P=P

Do céc tinh chat d6, ta c6 thé thyc hi¢n cdc phép bi&n
d6i tuong duong trén cdc cong thuc, thanh lap duge t céc
ménh dé P,Q,R... nhd cdc phép hdi, tuyén va pha djnh, tuong
ty nhu cdc phép bi€n 46i dong nhit trong dai sb, coi phép
hdi(A ) nhu phép nhan (do d6 thudng viét P.Q hay PQ thay cho
P A Q), coiphép tuyén ( v ) nhu phép cdng.

( Chd y ring phép tuyén cing cé tinh phan phdi d6i véi
phép hoi, do d6 trong cdc phép bi€n d6i tuong dudng cling cé
thé coi phép tuyén (V) la phép nhan, phép hoi ( A ) la phép
chng). v

Ta con c6:

PAP=0
Pv P=1
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Tap hop cdc ménh de, véi cdc phép hoi, tuyén, phd djnh,
_¢6 cdc tinh chét cd ban trén day, dudc goi 1a dai s6 ménh de.
Chit ¥: Do tiéng Anh duge st dyng rdng rai trong tin hoc,
nén ngudi ta thudng noéi:
- Ménh d2 cé hai trj 1a t (¢rue, nghia la ding) va f (false
nghia la sai).
Phép hoi 1a phép and (nghia la va).
Phép tuyén 1a phép or (nghia 1a hogc).
Phép phi dinh 13 phép no(nghia la khong).

4.2 - So luge vé mot \ing dung vio mdy tinh @i¢n tl

D6i véi mdy tinh dién t&, mei thong tin déu duge bidu
dién dudi dang ma s6 nhj phan, va trong ki thudt xi lf s6 lidu
v6i ma s8 d6, dai s6 ménh dé gid vai trd rat quan trong.

Ta sé tim hi€u xem phép tinh cdng hai s§ duge thyc hién
nhu thé nio.

Muén vay, ta chi ¥ dé€n cdc phén &2 logic co ban trong may
tinh. D6 1a nhdng chi tiét (cic mach t5 hgp) c6 mdt hoac
nhidu dau viao P, Q, R...(mang tin hiéu vao) nhung chi cé mjt
dau ra ¥ (mang tin hiéu ra) (h.1)

Hinh 1

P

[
—_—

R
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Ta sé viét:
P
P

il

1 khi P ¢6 tin hiéu.
0 khi P khong cé tin higu.

Tuong @ng vdi ba phép toin logic: hdi, tuyén va phd dinh,

ta c6 ba phan ti logic c¢o ban:

Phén t¢ va (and) thyc hién
phép hoi (h. 2) : né phdt tin
hiéu ra (F = 1) khi va chi khi ¢
tdt cd cac dau vao deéu c6 tin
hiéu vao (P = @ = 1).

Phan ti hoac (or) thyc hién
phép tuyén (h. 3): né phdt tin
hiéu ra (F = 1) khi va chi khi cé
tfn hiéu vao & it nhidt m6t dau
vio (P = 1 hoac Q = 1)

Phan t¢ khong (no) thyc
hién phép phd djnh (h. 4) : chi
c6 mot dau vao (P) va khi c6 tin
higu vho (P = 1) thi né khong
cho tin hidu ra (F = 0) va nguge
lai, khi khoéng c6 tin hiéu vao
(P = 0) thi né phit tin hiéu ra
(F=1.

Cé thé 14p ghép cdc phan td
logic co ban trén day dé&€ duge
nhing mach phic tap hon, lic 46
F cho ta cong thidc phic tap
hon cia P,Q. Cdc hinh 5, 6, 7,
8 cho méot s6 thi du.

Hinh 2

Hinh 3

v = PYQ

Hinh 4
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K, F, F

..G__.——« | : i‘—' 1

Fl—P&Q Fl—PVQ

F=F, =P&Q F=F =PVvQ

Hinh § Hinh 6
p

%« P )
F £
Q +—
Q
F=P&Q F=PvQ
Hinh 7 Hinh 8

Dé xay dyng mot mach thyc hién phép cong hai s6 c6
mot ch? s trong hé uhj phin, ta chi y ring téng P + Q
(trong d6 P,Q 1a 0 hay 1) cho k&t quid nhu sau:

0+0=00
0+ 1=201
1+ 0=201
1+1=10

Goi ch@ s8 dau tién (t¥ phai sang trii) cia téng la F,,
chd s§ tht hai la F,, ta c6 bang sau day:
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| Q Fo Fi
0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 0

D4i chidu véi bang cic phép logic cd ban trong dai s ménh
da, ta cé:

F, = P.Q (P va Q
Fl = F.Q A P._Q—

Hinh 9 cho ta sg do cia F; va hinh 10 cho ta so d6 cua
téng P + Q ( hinh 11 cho so dd tinh téng P + Q trong trudng
hgp P = Q = 1).
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PHU LUC
LIEN PHAN SO

Lién phén s6 1a mot vin dé rit hay clia S8 hoc, nhung do
khudén khé clia cubn sich nay, ching t6i chi gi6i thigu mot vai
ditu don gidn nh4t 48 sdng td quy tic 43 néi & chuong III
vé giai phuong trinh Diophante bic nhit (vA phuong trinh
ddng du bac nh4t & chuong I).

1 - L4y hai sd ty nhién tuy y, ching han 162 va 47. Ap
dyng thuft todn Euclide 48 tim UCLN cda ching, ta cé:

162 = 47.3 + 21
47 =212 + 5
21 =54 +1
Nhu vay: (162, 47) = 1
Bay gid, ta viét cic ding thuc trén day du6i dang phan sé:

'12=3+2—1 (a)
47 47
a7_,.5
21=2 21 (b)
2, 1
5 =4+5 (c)

(a) c6 thé viét:
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12 1

=3+
47 47
21

47
Thay a theo (b), dugc:

47

2+ 2+
21 21

21
Thay ;‘ theo (c), dugc:

— =3+ @)

Bidu thic & v& phai cia (d) duge goi 1a mét lién phén s&
( bac 3 ).

125
Tuong ty nhu vay, ta vit duge ;4;‘ dudi dang lién phan

88 ( bac 4 )nhu sau:

1
14+
2

Mot cch téng quét, c6 thé ching minh réng:
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Moi s8 hitu ti déu biéu dién dugc mot céch duy nhat dudi
dang mft lién phén sd bic n:
a 1
p ot 1
q +

qu +.

.. 1
+—
An

trong d6 q, nguyén, q,, q,.., q, nguyén duong va q, > 1.

Sau diy ta xét trusng hgpa > b > 0, lic d6 q¢ cing
nguyén duong.

Lién phan s§ trén day dugc ki hiéu la
[ q0; 91, 92,---» qn] n

Thi du:
162 ,
- =03245]
47
125 [2,3,56,1,2]
54_ y Y ’ '

2 - Ta goi gidn phan bac m (0 < m < n ) cda lién phan

P
s6 (1) 12 phan s8 dn = = duge xdc djnh nhu sau:

m
Gidn phan bgc 0:

Py
dy=—"—" wvdi Py=q¢ va Qy=l
Qo

Gian phéan bac 1:

di=— véi Py =q1q9+ 1
Q
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Gian phén bgc m (m = 2, 3,...n)

Pn
m="7 véi Pm = qmpm-1+ Pm-2
Qn
Qm = mem-l + Qn.2
Ta thiy rang:
o B0 _w
0= Q-1 do
Py qyqo+1 1
dj=—"—"= =qo+ —=I[qo;q1])
Q q1 q1
4 P qP1+Ps  quqigo+1)+qo
27 Qr q2Q + Qo Qq; +1
q2 + 1
=qo+ " T~ =dqp
qz2q1 + 1 1
q; +
q2
= [ q¢; q1, 2]

Téng quat, ¢é thé ching minh duge ring:

de = [qo; 91, 929m] V6i 0 <m <n
va gidn phin cudi cing d,, la

dn = [90; 915 92,--9x]
Thi du:

[3;2’415]=3+

c6 gidn phan bac 0 1a dyp = 3
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1 7
gidn phan bac 1 1a d; = (3; 2] =3+E=E
1 31
gian phan bgc 2 la dyg =1[3; 2, 4] = 3 + airy
2+~
gidn phan bgc 3 W d3 =1 3; 2, 4, 5]
1 162
( gidn phén cudi cing ) = 3 + AT
2+
4-§-l
5
3 - Ta chitng minh hé thic rét quan trong sau day:
Pr1Qm - PuQma = (- n" (2)
V bat Pu1Qu - PuQn.1 = Dp (1 sm=<n)

Theo cong thuc cia P, vd Q, trong dinh nghia cda
giin phan bac m, ta viét dugc:

Dy = Ppa Qm“ Pu Qma
= Pmn.1 QuQm-1 + Qu2) =~ (QuPm.1 + Pn.2) Qua
= —( Pm-2 Qm-2 - Pma1 Qm-2)

Dm = -Dp
| Ma D3 = PoQi1-Pi1Qo = qiqo- (quqo + 1) =-1
Dodé D2 =-D1=1,D3=-D2=-1,D4y =~D3 = 1.

Tdng quat 1a D, = (-D™. O

Tu hé¢ thic (2) suy ra duge rang moi udc chung cia
Py va Qg phai la udc cia 1, nghia la P, va Q, nguyén t&
cuing nhau, vd moi gidn phan déu lad nhitng phén s6 t8i gidn.
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a
Do 46, néu 5 la phan s t6i gidn (a,b nguyén t8 cing

P
nhau), va -Q“n la gidn phén cu6i cung bi€u dién né, thi:
n
Po,=avaqQ,==5m.
4 - Ap dung

4.1- Gidi phuong trinh Diophante bac nhét hai 4n

Cho phuong trinh
ax + by =1, vdi (ab)=1vab>0.

Bi€u difn % thanh lién phan s8, dugc:

a
p=[0:41, 92,0l
b4 9, Pn—-l Pn . (54 'e » 4
Gia su vAd —— la hai gidn phén cudi cung cia lién
n—-1 n
phan s§ nay. Vi(a,b) = 1vab >0, nénc6 P, =avaQ, =b

Theo (2) thi
Pn-lQn" PnQn-l = (- l)n

do d6 P.ib-aQ,; = (D"

hay 12 a(-1)Q,.1 + bPy; = (-1)*

Nhéan hai v& vdi (- 1)?, duge:
a(-D"1Quy + be)Pyy =1
tic la ax + by =1
c6 moét nghidm riéng la:
@) x = 1*'Quy
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Yo = (=1)"Py
Tht dy: Giai phudng trinh

40x + 31y = 1
Ta c6 (40,31) =1
Dung thuit toan Euclide, ta dugc:
40 =31.1+9
31=9.3+4
9=4.2+1
Do 46
49 =013 2, 4]
31
Pay 1A mot lién phén s8bfc 3: [ qp 4y g qsl- Hai
gian phan cudi cung la 32- va E = 40
Q Q 31
_123 =[1;3,2]= 2
Qy T 7
tic la Py =9, Q=T

Ap dung cong thic (3) véin = 3, n- 1 = 2, ta c6 mjt
nghiém riéng cia phuong trinh la:

xp=(-127=7
yo=(=139=-9

T d6 , c6 cong thuic clia nghidm tdng quat la:
x =17+ 31t

y=-9-40t, t € Z
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4.2 - Gidi phuong trinh dong du bac nhit

Giai phuong trinh
ax=b (mod m)

véi (a,m) =1

m
Cé6 thé€ gia thist 1 < a < m. Ta khai trién — thanh lién
a

phan s6:
m P
. [ qe q1,.., qn] = &
m= P, via=Q,
Theo (2) c6
aPoj-mQ,=(-D"
aP,; = (-D® (mod m)
Nhén hai v& véi (- 1) b, dugc:
a[(-1)" b Pniy] = b (mod m)
Viy phuong trinh cé nghiém la
x = (-1)™b Pp-1 (mod m)
Thi du: Giai phueng trinh
7x = 3 (mod 27)

m= 27, a =1, (27,7 = 1.
27 =17.3+ 6
7=6.1+1
vay ﬂ=[3;1,61=3’5;n=2
1 Qn
I;.n—l

Do d6

»
i

= (-)"bP,;=3.4=12 (mod 27)
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§ - Lién phén 88 c6 nhidu wng dung khac niza; sau day la mét
vai thi dy:

Ngudi ta ching minh duge ring: mei s6 vd ti, ndu la
cin béc hai cia cdc s§ khong chinh phuong thi c6 thé bidu
didn dudi dang lién phén s6 vd han tutin hoan, ching han:

1
V3=1+

=[(1;1,21,2.1]

1+
2+
1+

1
2+...

Ngudai ta ki hidu:
V3 =[1;12]
Tuong ty: V2 = [1; 2]
V5 =12 4]
V6 =[2;24)]

Viéc gidi phwong trink Pell ( xem chuong III) dya vao két
qua nay.

- T\ thoi o8 Hi Lap, ngudi ta di quan tam d&n phép chia
mdt doan thing AC ra hai phin AB = a va BC = b sao cho:

E_a+b
b,- a
Liy b =1, ¢6
a+1 9
a = hay a*~a-1=0
a
1+V5
do 46 a = 2
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Gid tri nAy cia a cé th€ vi€t dudi deng lién
vd han tuldn hoan:

1+V5 L+ 1 (113
a = = = ,
2 1
14—/

1+

1
1+....

Phép chia theo ti 1&¢ a nhu trén dugc goi la * phép chia
vang®, da c6 hic duge goi 1a phép chia " dep" nhAt, nhiéu cong
trinh ki€n tric cé kich thuéc mét s& by phan theo ti 18 a.

- Trong thién vin hpc, ngudi ta tim thfy riing qua d4t
quay mOt vong quanh mit trdi mit 365 ngdy 6 gid 48 phiit
46 giay, s& ngdy nay viét ra dudi dang lién phan s6 la

[ 365; 4,7,1,3,5,20,6,12 ]

Né&u 14y mot nam 1a 365 ngdy, rdi ct 4 nim mdt [An c6
mdt nim nhudn (thém mdt ngay) thi s§ ngdy trong nam tuong
Ung véi gidn phan bac I cda lidn phan sd trén:

1

1
365; 4] = 366 + - = 3657
[ ] 4 7

C4c gian phan ti&p theo cho k&t qua chinh xdc hon:

3651
- 29

[ 365; 4,7 ] = 365 +
+ —
4 7
( 29 nam chd khong phai 28 nam, ¢ 7 nadm nhufgn ).
8
: = 365—
[ 365; 4,7,1 ] 33
( 33 nam chd khong phédi 32 nim, c6 8 naim nhuén).
[ 365; 4,7,1,3] 365ﬂ'
» A Ak ] = 128
(128 nam mdi c6 31 nam nhudn cht khéng phii 32 nim nhugn).
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1.2 Trong k s8 ty nhign lién tidp, bao git cing c6 mot s3 chia chia

GO1 Y

GIAI MOT SO BAI TAP

hé&t cho k.

a) Trongbasd n,n + 1, n + 2 c6 mot 88 chia h&t cho 3 va mdt s3
chia hé&t cho 2, ma (3,2) = 1, nén tich ba 83 d6 chia h&t cho 2.3 = 6.
Trongbdn s n, n + 1, n + 2, n + 3 ¢c6 modt s8 chia hé&t cho 4,

mot s8 chia h&t cho 2 (hai s nay khidc nhau), nén tich bdn s3 chia
hZt cho 2.4 = 8. Tich cing chia h&t cho 3, ma (3,8) = 1 nén tich chia

h&t cho 3.8 = 24.

b) (24,5) = 1, tich chia h&t cho 24.5 = 2.3.4.5 = 120.

c) 2k(2k + 2) = 4k(k + 1) i 8, vik(k + 1) 2

d) 2k(2k + 2) (2k + 4) = 8ktk + 1) (k + 2) ! 8.6 = 48

1.3 A= 112(n2 -D=m-D n2(n + 1)

(n~Lnn +1):38 - A3
n chin = n? ! 4 > A4
Nl sm-Dn+1Di4 =Aid4
(34) = 1= Al 34 = 12

1.4 120 = 2335, A(n)’5 véi moi n (thf du 1, trang 15)
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1.5°A(n) © 12 (bai 1.8)
An) :5véimoin:n=5k+l=s(n-1n+1:5
n=5k+2»n?+1:5

1.6 a) (n + 1(n + 3) la tich hai s chin li2n ti€p
hosic (2k + 12 + 42k + 1) + 3 = 4(k% + 3k + 2)
mik®+3k+2=kk+3+2:2

b) A(n) = (n - 1) (n + 1) (n + 3), tich cua ba s§ chin lign ti&p.
Hozc dung qui nap todn h¢c. Gia s A(k) ding, ching minh
Ak + 2) ding (k 1é, s8 1& ti€p sau la k + 2)
Ak + 2) = Al + 6(k% + 4k + 3), trd lai 1.6a.
1.7 C6 thé dung qui nap todn hoc:
a4 L5k + D -1 =¥+ 15k - 1) + 314K + 5)
4k =3M + 1
b) Ak + 1) = Ak) + 9105 + 2), 10 = 9Q + 1
1.82a) (2k + 1% = 4k% + 4k + 1= 4k(k + 1); kk + 1) i 2
by 21000 = (22)500 _ (5 _ 1)%00 o5 qu 1a 1.
) 25 = 5.5, 21000 _ 9500 9800 _ (5 1,250 (5 _ 1)250
1.9 An) = n(n + 1) (n + 2) (n + 3), trd lai bai 1.2a
Hoac dung qui nap toan hoc
A = k* + 6k3 + 11k% + 6k = Ak + 1) = Ak) +
24k% + 1) + 43 + 11k
K 4 11k = k2 + 1) = kkZ -1+ 12) = k(2 - 1) + 12k
=(k-Dkk +1) + 12k : 6
(hodc chimg minh K3+ 11k : 6 bing qui nap toan hoc)

1.10 - 384 = 27.3, A(n) = A2k = 24kk® - 2k% -k + 2)
Wo2k? - k+2=k>k-2-(k-2
=(k-2k-Dkk+1:24=23

1.11 - Xem 4 ~ Djnh ly Fermat va djnh ly Euler, trang 38.
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LiZaAnm =n*-1l=@-Dm+Dw2+1:8en:2
(licdén-~1,n+ 1va n? + 1 déu chin)
Wnf-1=2@-p@¥+,ni8end-1vand+1:3
1.13 (n,6) le(n2)=(0n3) =1
n,2) = 1= (n-1)Xn + 1) : 8 (tich hai 8§ chin lién ti&p)
n3)=1len-n+1:3
114 360 _96n — (3320 _ (9320 - (97 4 )P
1.15 30 = 6.5
aba® - b%) : 6 v ab (a% - b?) = ab(a® - 1) - ab(b? - 1)
= bla- Daa + 1) - ab - Dbb + 1)
md (a-Da@+ 1), ((b-1bb+ 1) dau:é
ab(a? - b2) @2 + b%) : 5. Xét moi trudng hop: a hoic b chia hat
cho §; gia trj tuygt 43i cha s3 du khi chia a va b cho 5 13 biing nhau

(ldc 46 a% - b® : 5), gid trj tuydt d3i cia s6 du d6 khéc nhau (lic d6

a2 + b2 1 6)

16 a) Pat m = 3p+r(r = 0,1), n = 3qx8 (s = 0,1)
m?+ni3wr?+e2i30sr?+2sDwr=8=0
b)Dit m = 3p=xr(r =0,123),n=3gxs(s = 0,123
oom?+n?=m?-4n%) +5n%:5
Cé thé xét moi trudng h¢p vé s§ du khi chia m va n cho 5.
Céch khac:

m2—4n2=(m+2n)(m—2n):5=>2n+m§5hoac2n-m§5

2n +m:5»2n-4m + 5m = 2(n - 2m) + 5m : §
»2m -n:5

2n-m:!52>2n + dm - 5m = 2(n 4+ 2m) - 5m : 5
»2m +n:5

3=(m3rm)+(n3-h)+(m+n)

Hdmd+n
=(m-1mm+ 1) +n-1lnn+ 1)+ (m+ n)

m3+nd 6em+nis6
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1.17 Bi&n d6i thanh 3aa + 1) + 6 + (a - 1)
a2-1l=@-D@a+1:6w(ab =1

118 Am) =n2nf-n*-n2+ 1 = n2? - D2- 1D
=mn2-12. w2+
ACk + 1) = [(2k + D@k2 + 4k)2 . 4k? + 4k + 2)

3212k + Dkk + D2 . 2k2 + 2k + 1)

Ma (2k + Dk(k + 1) ! 6, do trong ba thita s§ ciia né bao gis cing
c6 mdt 8§ chin va mdt bdi cia 3.

» A2k + 1) | 82.36 = 1152

1.19 a) va b) Chia mot s8 cho m, céc s§ du 12 mdt trong m &§ tir 0
d€n m - 1. Chia m + 1 s8 cho m, phai c6 it nh&t hai s§ cho cung
88 du, hai s86 nay c6 higu chia h&t cho m (m = 10 thi hai s8 d6 c6
cung chi s§ sau cung).

¢) Goi cdc s 44 cho 12 a), &y, g, -y B Lap m téng:

2

a; + a,

al + 82 + 33
a1+a2+...+am
C6 hai trudng hgp:

- Mot trong cac tdng trén chia hét cho m;

- Khdng c6 mgt téng nao chia h&t cho m; th& thi tim duge hai
téng cho cung s3 du khi chia cho m (vi ¢6 m tdng ma chi e6 m - 1

88 du). Hi2u cia ching (1a mdt tdng cia cdc s§ da cho) chia hét cho
m.

d) Chia 5 s8 nguyan cho 3 thi hofic c6 3 8§ cho cung s§ du, hojc
c6 3 s8 cho s8 du ddi mot khac nhau; trong moi trudng hgp, tdng cua
3 s8 nay chia h&t cho 3.

1.20 - Lap 1990 & c6 dang
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1991
1991 1991
1991 1991 1991

1991 1991 ... 1991 (1990 fan 199D

Chia cic s6 d6 cho 1990, ¢6 1989 s6 du khde 0. Theo nguyén tic
Dirichlet, phai ¢6 ft nhdt hai s§ cho cung mdt s§ du; hidu cia hai s§
46 (cé dang 1991 1991 ... 0000) chia h&t cho 1990.

121 -am-22+ (- 1)2 + 02+ n + 12+ (n + 2)2 = 5 + 2)
man®+ 256

b) Trong ba s nguyén lién ti€p, cé mdt s6 12 bdi cia 3, hai s8
kia ¢6 dang 3p+ 1 Ma 3p = 1)2k = 3.P + 1, nén téng cic liy thia
chin cla ba s§ nguyén lién ti€p c6 dang 3Q + 2. Nhung liy thiua chin
cua mdt s6 n chi cé thé c6 dang 3M (khi n la bdi cua 3) hogc 3P +
1 (khi n ¢é dang 3p = 1).

122 b) An) =n? + 1ln + 18) + 21 = (n + 9n + 2) + 21

Miin+ 9 -(n+ 2 =7nénn+ 9van + 2 ciung chia hét
cho 7 (ldc d6 (n + 9Xn + 2) : 49, trong khi 21 /49, do d6 A(n) 7 49;

hoac n + 9 va n + 2 deu khdng chia h&t cho 7 (lic d6
(n + 9n + 2) 77, trong khi 21 : 7, do 46 A(n) /7, tic A(n) /49
n’+3n+5= @+ Dhn-4 + 33 ma
(n + 7) - (n-4) : 11 Tudng tu b)
123ab:7=10a+b:7=>3a+bi7=>b=7k-3
a3 - b3 =a%- (k- 337
1.24 Goi tich da cho la P. Ta ching minh P : 3 va P : 4. Trong bén
s6 a, b, ¢, d bao gi¥ cing cé hai s§ ma hidu chia h& cho 3 (bai
1.19b), do.dé P:3
Trong b8n s& a, b, ¢, d néu c6 hai s§ chin va hai s6 kia 1é thi
hig¢u cua hai s§ chdn cing nhu hig¢u cha hai s8 1& déu chia h&t cho 2,

do 46 P : 4. n&u c6 ba s8 (thi du a, b, ¢) 12 s8 chin hoac s8 16 thi b
~a, ¢ ~achia hdt cho 2 va P : 4.
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125 (a +b + 0¥ - @+ b3+ &3
mab+c a+b a+ cdiulabdicial

126 3+ P =1+ DM B +55=3+5N

1.27. a8 - b% = (a—b)a + ab + b2). Do a va b 1a s5 1, nén

(82 + ab + b2, 2" =1

128 (2k - D®- D2k + D2 + ) = 16k%2 (k- Dk + )
ma k%(k — Ik + 1) © 12 (bai 1.3)

1.29 - 3(3° + 3% + 3%30 + 32) 4+ .+ 2203 (30 4 3%
= 31001 + 3% + ..+ 3274 30

1.30 122041 4 12+2 _ 144n 12 4 117121
= 12(144" - 11% + 12.11® + 121.11" = 12.133M + 133.117

= 3(b + cla + bXa + ¢©)

Cé thé dung qui nap toan hoc.
13tan+1=m+D*-2m+ D +2in+1

©e2'n+1 4tcn=1

m+42-6n+4+14:n+4

bnZ+2n+6=

14 n+4en =310

120 + (n2 - n + 30) : 6n

1.32 (n + 5)Xn + 6)
oen-n+30 =nn-1 +30:6n

Vi n(n - 1) { n nén phai ¢é 30 : n, dong thai vi 30 : 6, nén phai

cé n(n - 1) : 6. Do nin - 1) ludn 1a bdi cua 2,
= 3k hoac 3k + 1.

nn-1:6enn-1:3 tacn
Tém lai, n phai la udc cua 30 va c6 dang 3k hoac 3k + 1:

n = 1, 3,10, 30.

1.33 Chié y ringa®* -1 !5 véia
k_ - @onDM:s5sat*=5a4+1

n=d4dk+rr=0123=>a"=a'%a"=5BA+1. a

=123 4.

Nhu vay, chia a® cho 5 thi s§ du la a”
> Chia 1™ + 2" + 3% + 4P cho 5, co dula 1 + 27 + 37 + 4T

P =1+ 22 + 30 + 4" 5« P =1+2"+3" +4":5
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P©) = 475, P(1) = 10, P(2) = 30, P(3) = 100 deu : 5

184 Chiyringl +2+ .. +(n-1) +n=n(n+ 1 /2 taching
mnhP=1+24+_.+@-05+nfinm+ /2

Véiklév&nchén(n:2m)th11+nk:1+n,...,
X+ m-D¥:2+m@-D=n+1
»Pin+1
Mat khac, @m¥* ‘m, 1+ (2m - DEim, .., mEim
=Pim
Tuong ty véi k 1& va n 18,
1.35 S8 b phai chin, va chi cAn xét b = 2, 4, 8 (b = 6: hién nhién)
2" -b=10a: 10« 2% tincingla b = 2, 4, 8
hay 2" tAn cung A b = 2" (r = 1, 2, 8)

Chu y r3ng n&u p 124 mdt lay thira cia 2 thi b.p cé tan cing la
b khi va chi khi p = 2%2% = 16) va 2x 16 = 32, 4x 16 = 64,
8 x 16 = 128)

Do 46

"tincingla 2" (r=1,2,3en =4k + r

2t _ b = 24k+r - orpdk _ 1y = or(36% 1) = 2715M : 30
2" _hb=10a'30»a:3=ab:6

C6 thé dung qui nap todn hoc:

Goi mgnh d2 phai ching minh 13 A(n)

Thu true tiép, c¢6 A(4), A(5) ding.

Gia su A(k - 1) va A(k) ding, ta ching minh A(k + 1) ding, tuc
22! =10, +b <10)»a b, 6

k +1° Pk+l
Thue véy:
2¥ = 10a, + b, (gia thigt) = b, chin.
k+1 _ -
2 = (10a, + by).2 = 10a, , + b
bysd=a  1=2,b, =2,

* 8y by =4ab 6

k+1 Phsi

k+1

148



by =8=by, =6=a b,

K G’ak+1=za'k+1'bk+l=2

=6thib ,=8vaa , b ,:6(gid thist)
-a _,=3pvaa =2 ,+1=6p+1

»ak+1=2ak+l= 12p + 3,:3’ak+l‘bk+126

6

o
I

=

1.36 2 -b_ = 228%1agnt2: 5, a va b_ khong cung : 5

a b =2.220tD 4 1_420%1 9 . 5 .4 hoacb 5
n n n n

Céch khéc: Viét n = 4k + r (r = 0,1,2,3) vd xét moi trudng hgp
véi r.

13728 =8=7T+1Ln=8%k+r@=012)
w 2R 93kt o g3kor o (g 4 ok or
2% _1:7khivachikhir =0, tdc n = 3k
2% + 1:7v6imoir = 0, 1, 2 (tidc 1A véi moi n)
13811 1 =a1-Da1*+ 118+ . +11+1)=1BmB
12 tdng ctia 10 s§ hang, mdi s8 hang tan cing 12 1, nén B } 10

by 22225595 4 55552222 = (29995055 | 45555) | (55552222 _ 42222,
5555 2222
- (45990 _ 42228 2 A+ B-C

A:2222 + 4 = 7318, B : 6555 - 4 = 7.783
C = 42222 (43333 _q) - 42222 (41111 _ 1y i 63 = 79
1.39 Chung minh bang quy nap:
Gia s c6 k s3 ddi mot nguydn t§ cung nhau:
a =2"1-3,a,=2"2-3.2a_ =2"%-3 trong d6:
2 = ny<ny<..<ng Tatim dugc s8 a, ;= 2%k+1 - 3 nguyén
t8 v6i t&t cd k &8 § trén.
Datm =a;.a,...a = trong m + 188 20, 21, ey 2™ €6 hai 88
2 va 2® ma hi¢u chia h&t cho m (bai 1.19b)
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' -2 =2°2"%*- 1) :m(r>5s)
2m) = 122" _1:mhay 2% -1=mt

Ta lay a =grst2_g (=d4mt + 1>a))

k+1
*fa ;. m) =1=a , nguyén t8 véi a),8y, .., 8,
Ti€p tuc qua trinh trén day, ta c6 vd s ciac s§ c6 dang 2™ - 3
ddi mdt nguyén t§ cung nhau.
1.402)72 =98, 3" + 63 ' 9o n=2
3"+ 63=3"-1+64:8e3"-1:8en chin.
Vay n=2kz21
b) 323 = 17.19
An) = (20" -1) + 16" -3 =P + Q
P:19 ¢dn Q = (16 + 3) M ! 19 n&u n chdn.
An) = (20" -3M + (16" -1 =P + Q
P’ 117, c0n Q = (16 + 1).M’ | 17 n&u n chén.
K&t luan: A(n) : 17.19 n&u n chdn.
1.41 Tu thuat toin Euclide ¢é tim UCLN

1.43 a) B4t cur 80 ndo la uéc chung cia a va b cing 1a uéc chung cia
a va a = b; va nguge lai.

1t

b) (ab,c) =d > 1 =c:p vaa (hoacb):p (véi p a2 mdt thita s§
nguyén t§ cua d) = p la udc chung cia ¢ va a (hoac cia ¢ va b), trai
v6i gia thidt.

c) Ap dung a) va b)

(a, b) =1=»(a,axzb) =1
(bazxb) =1
» (ab,ath) =1
144a' + 2P+ 1w+ 20 . a+ @+ D

a3+2a=(a2+1).a+a

a2+1=a.a+1
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148 an + 13 = (n-2) + 15
n—2#=3t
n-2,150=1e
n-2# 58k
b) 18n+3 36n+1)
2ln+7 78n+1)

Pac6 (37 =3, 3n+ 1) =(6n + 1 3n + 1) = 1, con phai ¢
6n.+1 =1

bn+1=Tn-h-1)»6n+1],V=1lemn-1"N=1

en=Tt+1
c) 6n + 5§ =Gn +6) +n-1
Sn +6=m-15+ 11
6n + 5 56n+6)=mn-1,1)=1en= 11t +1
1.46 Dung thuat todn Euclide.
1.47 Dung thuit toin Euclide, di tdi:
d = (18a + 5b, 11a + 2bk{a - 5b, 19b)
d| 19 » d | bhoicd | 19
d|bedja(dod]a-5b)y>d=14dofa b)=1
d]19=+d=19hogcd =1
148 a)(n,n + 2)=d=n:dvan+ 2:d
»2:d=+d=1hogcd =2
b)(n,n+ 1) =1
1.49 la, b, c] = [la, bl, ¢c]
m=in,n+1,n+2]=[nn+1n+ 2]

main, n+ 1) =nn + 1)

>m = [nn + 1), n + 2]

nn +3Xn + 2) ndun lé

1
E nin + 1)Xn + 2) néu n chin.

1.50 a) Udc chung cta hai s8 a va a + m phai la udc cia m. Véi 5 s
nguyén duong lign ti€p thi 0 <m s 4+ d=1(a,a + m) s 4
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Trong 5 88 nguyén duong lién ti&p, c6 it nh&t hai s§ 16 lian tigp,
trong hai s§ lé nay it nhidt m{t s§ khong chia h&t cho 3 va mdt s5 18
khong chia k&t cho 3 thi khdng thé& cé udc chung 13 2, 3, 4 véi bdn
s8 kia, nghia 12 phai nguyén t§ véi ching.

151 a) a vd b déu chia h&t cho 9; a + 10b = 9999999999 = 1010 -1

a+ b= 1111111110 » 9 + 9 = 100 _ 10
b-8 =9=(@ab)=29
ab ab a
b) [a, b) = —— = — = = 13717421 = 11p + 3
(a,b) 9 9

ab
b = 11q+5-»'9—=(11p+3)(11q+5)=11.M+ 15

[a, b] chia cho 11, du 4.

2+n2)¢(m+n)25d»(m+n)2-

1.52d=(m +n, m
m? + 02 = 2mn 1 d - d 1a we chung cia m + n vd 2mn. (a)
mn =1+«m+nn=@m+nms=
(m + n, mn) = 1 (b)

Do(a)va(b) »2:d=d=1hoicd = 2.
153 d =(a, c) »a = ald, c = cld véi (al, cl) =1 (1)
ab = c" » adb = (c,d)"

nh
alb = a1 Cxlx (2) = an-1 N i b

- C

N )]
1= @, b)=1

n.,
=

Ma (d, b) = (a, b)

n
(1) > (al, cl) =1

(20 =ap Peh
1

LAl
"b‘clm)
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(3)"5(4)’°l;=b,va (T dt=a edi=a

1

Léyp=d,q=cpsé°6p“=d“=a.q“=0‘:-b
va (p, q9) = (d, c) = 1.

1.54 a) Suy tu¥ min{a, b) + max(a, b) = a + b, v4i mei a, b.
b) Khong mft tinh téng quit, c6 th gid supsqsr
min(q, r) = q, A = max(p, min(q, r)) = max (p, q) = q

max (p, @) = q max (p, r) =r

» B = min (max(p, q), max (p, r)) = min (q, r) = q
> A=8B
Ap dung: Gia s khi phan tich g, b, ¢ ra thira 88 nguyén t8, méi
thita 8§ p, c6 s mu la a; trong a, b; trong b va ¢; trong c.

Thé thi thita s§ p, c6 s8 mu 1a min(b,, ¢c,) trong (b, c); ¢6 s mu
1a max(a,, b‘) trong [a, b, 12 max (a,, cl.) trong [a, cl; trong [a, (b, c)]
s3 mi cua P 1A max (a;, min (bi’ ), con trong (la, bl, la, ¢)) 88 ma
cia P la min [(max (a,, bi)’ max (a,, ci)l.

Ap dung ding thuc A = B, suy ra di2u phai chiing minh.
1.55 - 102 = 0 (mod 4), 10> = 0 (mnod 8)

1.56 - D3i v4i nhing bai toan loai ndy, huéng chung 1a tinh toan dé
di dén a = b (mod m), véi b 12 s8 c6 tri tuydt ddi nhé nhit c6 thé

duge (t8t nh&t la b = + 1), tir 46 tinh dugc thudn lgi a" = b"™ (mod
m).

a/34s26=78=1 (mod 11). S8 du la 5.

b/ Theo mod 9:  1532=2,1532° - 1=2° - 1

¢/ Theo mod 83: 3% = 81 = -2,3%0=(-2)!%=28
d/ Theo mod 25: 29=7,210=7%= 1

21000 (_1)100
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e/ Theo mod 13: 3012=9,30128%=93=1
30123 = 3012%31= 131 =1
g/ Theo mod 11: 4362=16,4362° = 36 =3
4362 =9,4362°=96= -1
43624362 5 436430042 £ (_1)8723 . 3
h/ Theo mod 425 : 852 = 1225= -50, 355 = 1750 = —50
5% = 2500= -50, 35150 = _50
i/ 10% = 1 (mod 7), 10° = 4 mod 6) » 10™ = 6k + 4

1010n= 106]""4 = 104 (mod 7)

A=10*+10t+ ...+ 10 =10.10" = 10% = 5 (mod 7)

1.87 &/ Cht § ring 2999 = 21900 . 2 Theo 1.56d thi 21990 chia cho
25 du 1a 1, do d6 hai chit s8 sau cung cua 21990 ¢4 thé 1a 01, 26,
51 hoac 76; nhung 21%%° 1a bsi ciia 4, nen 21°°° phai tan cung bing
76. Chia s8 nay cho 2, thi hai chit 8 sau cung chi c6 thé 38 (=76

: 2) hoac 88 (= 176 : 2). Nhung 2999 1a bdi cua 4, nén hai chia sé
sau cung cua né la 88 (bdi cua 4)

b/ Theo mod 100: 3* =81=19,3%8 =192 =61
310 - 61.9=49,320 = 492 = 01
31090 2 01 (mod 100)

nghia 1 hai chit s5 sau cung cia 3190 1a 01. 88 31900 13 boi s
cua 3, nén ch s§ hang tram cua né khi chia 3 phai cho s§ du 1a 2
(chia ti€p thi 201 chia h&t cho 3; n&u s du la 0 hay 1 thi 001, 101
khong chia hét cho 3). Vay s8 3999 = 31000 . 3 o6 hai cha 8 sau cung
la 67 ( = 201 : 3)

1.58 — a/ 2% = 16 = 1 (mod 15)
b/ 24 = 3 (mod 13), 26 =12 = -1 (mod 13)
270 = @611 9% = _3 (mod 13)
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8% = 27 = 1 (mod 18y, 87% = (8%23 . 3 = 8 (mod 13)
¢/ Tim 8 du khi chia 201® ~ 1 cho 11, 31, 61.

Thi dy theo mod 11:
20=-2,20"% = (-2)1% (2% = -32=1
205 5 (-2)10 = (~g)3 = 1
d/ Mod 7: 1890= 0, 1945 = -1
e/ Mod 133: 122 =144=11, 112 = 121= 12
122012 121282 = 12,11, 1172 = 122 110 = 12100
1.59 2222 = 3 (mod 7), 2222 & 3% = 4 mod 7) , 2222° = 4.3 5 5 (mod 7)

5555 = 4 (mod 7) , 55552 = 4% = 2 (mod 7)
22225555 + 55552222 = 22225.1111 + 55552.1111

=511 oI5 4 9y M = 0 (mod D
1.60 - a/ 10a = ~-b (mod 7), 3a= ~b (mod 7)
27a% = —b3 (mod 7), —a% = -p* (mod 7)
b/ 28=1 (mod 7), 23k = (mod 7, g3k+l 2 9 , 23k+2 - 4 (mod 7)

1.61 - a/ x = 3 (mod 11); b/ x = 12 (mod 13)
¢/ Cong 2ab vao v& phai (dieu c6 thé lam dugc):
(@ + bix =(a + b)? (mod ab) < x = a + b (mod ab)

(cé thé chia hai v& cha phuong trinh choa + b, vi(a, b) = 1 nén

(a+ b, ab) = 1)
1.62 - a/ 2x = 9 (mod 11), x = 10 (mod 11). Phuung trinh da cho
= 10, 21, 32 (mod 33}

6x = 27 (mod 33) c¢6 ba nghié¢m la x

b/(a + 1, m) = 1 » nghiém duy nhit x = a - 1 (mod m)

(a+ 1, m) =d>1ed nghiém:

n (d - 1m
b —

1
a—1,a—1+~d—,...a—1 (mod m)

X =
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.1.63. Khi x chay qua m gid trj khiac nhau tir 0 d&n m - 1 thi ax &y
m gid tri khic nhau:

ax, = bl (mod m)

ax, = b2 (mod m)

ax = bm (mod m)

trong d6 x, x,, ..., ¥, d0i mdt khic nhau va &y gia trj tu 0 dén m -
L, vaby, by, .. b clng 14y gia trj td 0 dén m - 1.
Phai chung minh ring bl', b2, cey bm cang d6i mdt khdac nhau.
That vay, gia sd cé x; va % x; = xj):

ax

i bi (mod m)

ax;

bj (mod m)

ma b‘ = bj thi alx; - x’.) = 0 (mod m)

Do (a, m) = 1 nén x, = xj, trai véi gia thiét.
N&u dung kf hidu tap hop, ta cé:

{Xl N X2....Xm) = {bl N b2 N bm} = {0 , 1,...1’“ hnd l}

1.84 Cho mbi hoc sinh mang mdt s6 n = q (mod 40), v6i q tir 0 (em

cam béng ban dau) dén 39, theo chitu ti phai sang trai cua mdi
em.

Em cam béng ban dau mang s 0 (7. 0)
Sau [an ném tha 1, em nhan béng mang 8 7.1 (= 7)
Sau [an ném tha 2, em nhin béng mang s3 7.2 (= 14)

Sau [an ném tha 7, em nhan béng mang s3 7.7 = 49 = 9
(mod 40) (em nay mang 8 9)

Sau [an ném thu x , em nhin béng mang s8 7x = b (mod 40)
0sb<40
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Khi x chay qua cdc gi4 tri tir 0 d&n 39 thl b cing qua 40 gi4 tri
d6 (bai 1.63), nghia 12 mdi hoc sinh deu nhan dugc bong sau 40 fan
ném (em cim béng ban dau coi nhu nhan dugc béng do mdt ngudi
“ngodi vong" ném cho, 46 12 [&n ném thya 0)

1.65 a/ Vi pQr.b va pqR.c chia h&t cho p nén
x, = Pgra + pQrb + pqR.c = Pqr.a (mod p)
Ma Pqr = 1 (mod p), nén x, = c (mod r)
Tuong ty : Xy = b (mod g) va X, =¢ (mod r)

b/ D&i v6i bai tosn "Han Tin didm binh", ta cé
p=3,q=5,r=17
Pgr = P57 = 1(mod 3) » P = 2va Pqr = 257 =70
pQr = 3Q7=1(mod 5) » Q = 1va pQr = 3.7 = 21

pgR = 35R =1 (mod 7) » R = 1 va pqR = 3.5 = 15
Nghigm cida hé phuong trinh la
x = 70a + 21b + 15¢ (mod 105)

1]

1.66
x =1 (mod 3)
x = 3 (mod §)
x = 4 (mod Y)
x =9 (modll)

x = ~167 (mod 495) , x = 328, 823
1.67 Giii hg¢ phuong trinh:

1]

x =1 (mod 12)

1 (mod 1Y)

14 (mod 17)

T hai phuong trinh dau, ¢6 x 5 1 (mod 12.19)
x = 1 + 288t (12.19 = 228)

Thay vao phuong trinh cudi, c6

228t = 13 (mod 17)

1%

m

X
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t =14 + 17k
Dodéx =1+ 228t = 1 + 228 (14 + 17k)
x = 3193 + 3876k

k = 0 thi x = 3193 (s§ hoc trong mbi thung). Giap 14y 3192 hjc,
Binh ldy 3192 hoc. At 14y 3179 hoc. D6 la dip s§ trong "S§ thu ciu
chuong" cia Tan Cuu Thigu.

1.68 - a/ x = 49 (mod 420) b/ vé6 nghiém
a (mod 6) 4x = 4a (mod 24)
<
1 (mod 8)  |3x = 3 (mod 24)

X

1.69 - a/

X

x = 4a - 3 (mod 24), véi diéu kign cia a:
x=a+6t=1+8kma=1+ 23t + 4k) = a =1 (mod 2)

b/ Tu hai phuong trinh sau, do (21, 35) = 7, ta c6 dieu kign cua
déd h# c6 nghiem.

a+ 35t =8+2lk+»a=8+ 73k -5t)eoa=1(mod7)

Chu y rang (8, 21, 35] = 8.3.7.5 = 840, tU hai phuong trinh dau
cia hé c6:

105 (mod 21.8)

21x =105 (mod 21.8) 21x
<
16x = 128 (mod 21.8)

8x = 64 (mod 21.8)

5
x

Hé c6 nghidm la x = -115 - 24a (mod 840)
1.70 a/ (18,20) = 2 = a + 18t = 11 + 20k « a = 1 (mod 2)
(18,15) = 3 = a = 1 (mod 3)
Hg c¢6 nghiém khi va chi khia = 1 (mod 6)
b/ 3x = 4 (mod 10) « x = 8 (mod 10)

L]

n

-23 (mod 21,8) 25x = ~115 (mod 3.7.8.5
L 4
a (mod 7.5) 24x = 24a (mod 3.7.8.5)

2r = a (mod 8) ¢6 nghiém khi va chi khi a = 0 (mod 2), tdc a = 2k.
Ta cé he x = 8 (mod 10)
x = k (mod 4)
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(10,4) = 2, nen h¢ nay c6 nghidgm khi va chi khi k - 8 = 0 (mod 2) tic
k = 0 (mod 2). Hg da cho c6 nghidm khi vi chi khi a = 0 (mod 4)
1.71 102 = 1 (mod 3) » 99 : 3; 10% = 1 (mod 7) » 999999 : 7

10'0 = 1 (mod 11), 1012 = 1 (mod 13) va 10!8 = 1 (mod 17)

Chi y ring cé trudng hgp ta khong cé s nhd nhdt c6 tinh chat
46, thidy 10 -1 =9:8,102-1=99 11

1.72 a4 = 1l(mod §),véia =123 4 e a4k = 1 (mod 5)

1.73 a2 = a (mod 2) = a4 = a2 = a (mod 2) = a’=a (mod 2)
asaa(mod 3)»35.=:a35a(mod2)
a% = a (mod 5). Vay a® = a (mod 2.3.5)

Do 46 a?+ag+.,. «raxgsa1 +a, .. +an(mod30)

1.74 240 = 2435, (a, 240) = 1 » (3, 2) = (a3, 3) = (3, 5) = 1
(a,6) =1=» a2 = 1 (mod 24), xem bai tip 1.13
(@, 2) =1= a® = -1 (mod 2)
Mia? -1 = @ - Ia® + ), nén at = 1 (mod 48)
(a 5) = 1 a* =1 (nod 5). Vay a* = 1 (mod 48.5)
1.75 42p = 2.3.7.p. Ta ching minh A = 3P . 2P _1:.237p
a/ 3% -1 =0 (mod 2) » A = 0 tmod 2)
b/ 2P + 1= 0(mod8) = A =0 (mod 3)
¢/ 3P = 3 (mod p) va 2P = 2 (mod p) A= 3-2~1 = 0 (mod p)
d/ p nguyén t&, chi c6 thé c6 dang 6t + 1 hoac 6t + 5
p=6t+1=sA=30t+l_obt+l 3 g6t _ gy _909f_ 1) =0
(mod 7)
vi 8% = 1 (mod 7) va 2% = 1 (mod
p=6t+5eA=2330t_1.25@0y+3°-2°-1=0
(mod 7)
176 a/ n = 1
b/ Theo dinh ly Fermat: 2P = 2 (mod p), theo gia thigt
» 2P = = 1 (mod p)
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»w3=0(modp)wp=3 Véip=3thi2P+1=9
= 0 (mod 3)
1.77 1 s p(n) < n » n!

U]

0 (mod ¢(n))
2,0 =1 2™ =1 (modn) » 2™ = 1 (mod n)
1.78 m?™ = 1 (mod n), n*™ = 1 (mod m)
e m @ 4 0P = 1 (modn) va n?® + m?® = 1nodm)
(m, n) =1 » m?™ 4+ n?™ = 3 (mod mn)
1.79 p = 2 thi moi s§ 2" - n, véi n = 2k (k € N), chia hét cho p.
p>2=2"l s 1(mod p)»2®PV =) (modp),meN
Liy m = -1 (mod p), tdcm = kp - 1;
2m(p—1)-m(p—1) = gl m-mp=1-1=0(modp)
Vay moi 8 2" - n véi n = (kp - 1)(p - 1), k € N, chia h&t cho p.
1.80 a'% = 1 (mod 11) » %0 = 1 (mod 11), véia = 1, 2, ... 10
2.1 -SEnguyen t6 p:afdeulassle b/(p, 2 =(p, 3 =1
22 -(p-1p + L :8(doplé)
p=6ntlep’-1:8 Vaypé-1:24
PP =pt-D-w?-1
2.3 p = 2 thi 8p + 114 nguyén t8, 8p ~ 112 hgp s8
p = 3 thi 8p + 11a hgp s3, 8p - 1 la nguyen t&.
p=3=28p-1 8 va8p + 1laba sd lidn ti€p, trong dé phai
c6 mdt 88 1a bi cua 3; p nguyén td nén 8p khdng chi hét cho 3, do
d6 néu mot trong hai s3 8p - 1 vA 8p + 1 la nguydn t5 thi so kia la
hgp s3 (bdi cha 3)

2.4-2a/4p,4p + 1, 4p + 2 = 2(2p + 1) 1a ba sG lién ti€p; do p va
2p + 1 12 nguyén t3 (p > 3), nén 4p va 4p + 2 khong chia h&t cho
3. Do d6 4p + 1 la hgp s§ (bdi cua 3)

b/p>3=>8°2+1=3

Véi p = 2, 3 thi 8p2 - 1va 8p2 + 2p + 1 deu la nguyén t& (31,
71; 37, 79
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28-a/2p+1=n22p=n-1=m-Dn2 +n+ 1
p® 2(thi) » (2,p) =1l en-1=2
vhn2+n+1=p
(khong 6 nZ + n + 1= 2) » p = 13
(thi lgi: 218 + 1 = 27 = 83)
b13p=nd-1=@-DnZ+n+ D
(13, p) =1 »n-1= 13 (n = 14) hoaz
n2+n+1=13(n=3)
= p=2llvap=2

2.6 Trong ba s6 lign ti€p 2° - 1, 2®, 2 + 1 c6 mét s§ chia hé&t
cho 3.

S8 2° chi chua thita s§ 2 nén khong thé 1 bdi cda 3. Do d6
2% - 1 va 2% + 1 khong thé dong thai 1a nguyén t8 (cé6 mot 1a boi
cia 3). Chung 6 thé 1a hgp 88 ci, thi dy vdin = 6, c6 25 - 1 =
63:3va 28 +1=¢65:5

27-a/p=8=p+ 10 = 13 va p + 14 = 17 dau 1A nguyén t&.
p#3=>p=3k+1=>p+ 10 hoic p + 14 12 h¢p s6.

b/ p = 5.
c/p=5 Nup=5, tic p = 5k £ 1,5k + 2 thi mdt trong b&n sd
p+6=p+1+5p+8=p+5+3,
P+ 12=p+10+2 p+14d=p+ 10 + 4 Ia bdi céa 5.

28 p =30q +r =235q + r, r < 30 ma khong thé c6 udc nguydn
t6 124 2, 3,5 viyr = 1 hodic r nguyén t8 (5<V29< 7).

p=60q +r=2235q+r,0<rsjy,
ma 7<V59 <11, r cé thé 1a 72 = 49.

2.9 - Trong 10 sJ lign ti€p, c6 5 s§ chin (trong d6 nhi2u nhit 1A mot
88 nguydn t& 1a 2) va 5 s8 1&. Vay c6 khong qud 6 s§ nguyen t&.

k = 0; t 1 d&n 10 c6 4 s3 nguyen t8 (2, 3,5, 7)
k = 1; tir 2 d8n 11 c6 5 s§ nguyen t§ (2, 3, 5, 7, 11)
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k > 1; tir 3 trd di, khdong c6 88 chén ndo 12 nguydn t8; trong 6
88 lé lidn ti&p, c6 mdt s¥ 12 bdi cua 3; do d6 trong day cb it hon 5 s8
nguyén tf.

Tém lai: k = 1 (¢6 5 88 nguyén t&)
210 p,p + 2vap + 4 (p 1&)
p = 3= 3,5 712 nguyén td.
p>3=»p=3k+1-p+2:3
p=38k+2=p+4:3
Chi c6 by ba duy nhit 3, 5, 7.

2.11 p2 + q2 + 122 ss nguydn td 1& (> 2) =» p2, q2, r2 dau lé - P
q, r deu 18,

Né&u cd ba 83 nguyén t§ p, q, r deu khiac 3 (khdng chia h&t cho
3) thi p2 + q2 +r bdi ciia 3 (hgp sd).

Néup = 83 thiq = 5, r = 7. Bd ba s§ nguyén t§ lien tidp duy
nh4t: 3, 5, 7 ma 32 4+524+ 7%= 83 13 nguyén t&.

2.12 - p phai lé:p=p1-0-p2=p3-p4-»pl hodc py chdn (= 2) va
p4ch§n-op=p1+2=p3-2(»p3=p1+4)
* p;» Py + 2, p; + 4 deu 1a nguyén t8. Chi c6 p, = 3 (bai 2.10)
»p=5§5§5=3+2=7-2)

213 -a/nt + 4 =?+ 22 4n® = 2 + 2- 200 + 2 + 2n)
1a 88 nguyén t8 voi gia trj duy nhft n = 1 (n? + 4 = 5)
b/n4+n2+1=(n2+1)2—n2=(n2+1—n)(n2+1+n),
tuong ty a/
c/n3—n2+n—l=(n-1)(n2+1)
la 86 nguydn td chi v6in = 2.
nn+1 n-1)n+2
Motd | @-ba+d
2
n=2van =3 thi NIa nguyén t6 (2 va §)

n > 3 = N la hdp s§.

2.14 - a/
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nn + )(n + 2) . 1_(n+3)(n2+2) -
6 6
n =1, 2 38 cé cic 58 nguyen t8 (2, 5, 11); n 24 » N hgp s3.
2.15 - Loy n = 4k* » m* + n = m? + 4k% = W2 + 2k2% - @mk)?
= m? + 2% - 2mi)(m? + 22 + 2mk)

2.16 - (n - ! = 1.2.(n - 1) : n, ndu n la nguy2n t& thi né phai la
ubc nguydn t8 ctia mdt s§ tir 1 dén n — 1. Ubc nguyén t§ cia mot
88 khong th& 16n hon s§ d6.

2.17 - a/ N chin, nhung khong 12 bdi cia 4.
N=1=kMN+11kle)»N=®k-1D&k+1:4 vdly.

B/N:3 NsuN-1=1%k%e N-1=3q-1 =k thi vd Iy (binh
phuong cha moi 88 k d2u cé dang 3q hay 3q + 1)

218 -a/x° + 1= (x + DxZ-x + 1). V6i x = 1, c6 6 nguyen t§ 2,
x> 1thi £3 + 112 hyp 8.

b/x =1, 3,5

2.19 - Tuong ty v6i ching minh: ¢6 vd sd nguyén tJ dang 3x - 1
(xz 1), xem tr 56.

b/ N

Tich cua hai 88 dang 4x + 1 cling 12 8§ ¢é dang 4x + 1, n&n trong
cic uc s8 c6 dang 4x + 3 phdi c6 it nhdAt mot s3 dang 4x + 3. Lap
88 4 (2.3...p) -1 = M (c6 dang 4x - 1, cing 12 dang 4x + 3)

S8 c6 dang 6x + 5 (hay 6x — 1) phai c6 it nhdt mdt udc s3 dang
6x + 5. Lap s8 6(23..p) -1 = M.

220 -2n+1>7=2n +1-3 = 2(n~ 1) > 4. Theo gid thuyét
Goldbach-Euler, s8 chin 2(n - 1) > 4 1A tdng cia hai s§ nguyén td
p+q vacap, qddulé. Nhuviy, 2n + 1 = 3 + p + q, t8ng cia
ba s§ nguyén s§ lé.

81-a/x=-2+ 3t y=4-5t »

b/ 16x - 20y = 19, (16, 20) = 4, phuong trinh khdng cé nghigm
nguyén.

c/ Gidi 38x + 117y = 1
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1 40

13

117 =383 + 3,38 =812 + 2,3 =21+1,3 +
12+1
= x, = ~40, y; = 13 » phuong trinh da cho c6 nghigm tdng quat

x = ~40.15+ 117t
(t € 2)

y = 13.16 — 38t

d/x, = 43 = 12,_'y0 = 53 = 15.

8.2 7x = 60y + 1, trong 46 60 la BCNN cua 2, 3, 4, 5, 6.
x = -17 + 60t, 3 phai tim 1a 7x = -119 + 420¢.

3.4. Ta biét Nguydn Du s8ng khong dén 86 tudi. Vi vy nam sinh 1a

17xy va ta c6 phuong trinh:
1786 - 17xy = 1 + T+ x + y (0sxs8,0sy=<9)

1786 - (1700 + 10x + y) = 8 + x + y

1lIx + 2y = 78
Nghi¢m thich hgp la x; = y, = 6. D4ap s§ 1766.
8.5 - Goi x 12 8 c4 cau dugc v3 y 1A 88 c4 con lai sau khi ci ba ngwi

da ldy di phan cd cia minh. Cé phuong trinh

223( n-1{-1

flEx-1n-1l -1}

313|3 y
(x, y € N)

8 - 27y = 38
Ap dyng thuat todn Euclide, ta c6 mot nghi¢m riéng 1a

- 10.38 = - 380, y, = -3.38 = -114, do d¢:

xg =
x = —380 + 27t

y=—144 + 8t

Gia trj duong nhé nhit cia x , y (vi cau c4 tdi!) Ung vé6i t = 15,
lic d6 x = 25, y = 6.

Chi y. Ap dung dung thuat toan Euclide ¢& tim mot nghi¢m ri¢ng
cia phuong trinh ax + by = ¢, ta ¢6 thé cé cdc gia trj 16n (nhit 1a
khi c 16n, nhu trong bai todn trén). D& c6 bidu thic don gian hon cia

nghitm tdng quat, ta chon mot gid trj ridng thich hgp cia t (4 ¢
nghitm ridng o6 gia tri tuydt d8i bé)
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D38i véi phuong trinh 8x - 27y = 38, trong bidu thic cia nghi¢m
trén day, chot = 14 e6 x;, = y, = -2; cho t = 18 ¢6 x) = 25, y =
6 va nghigm c6 thé vidt dudi dang

x =2+ 27t x=254+27t
y=-2+8t y y=6+8t

3.6—a/x0=2m+4;y0=-m-2
b/ Dieu kign: m ~ 1 chia h&t cho (15, 25) = 5, tdc m -~ 1 = 5k

Lic &é: 3 + 6y = k - x = 2k + 56t
_ y=—k'-3t
c/Didukitn:d = (3, m-2) = 1hopc 3; khid =8 thim + 1: 3
m-2
x0=1,y0=—1, x=1+m-—¢
d

1+
y=-
. d

d/ Pi2u kign: d = (5, 3m + 1) = 1 hoac 5
d=5 » 3m + 1
- 2m + 1

6k »m = 6k + 3
Bt +2:5

- Phuong trinh v nghig¢m.
Vay phuong trinh cé nghi¢m nguyén khi va chi khi
m=5k+3(d=1

f

m = 5k » 8¢ + (15k + 1)y = 10k + 1

x = -k + (15k + 1)t
y=1-5t
Xét ti€p m = 5k + 1, 5k + 2, 5k + 4.
37ax =bla-y)(ab)=1+x:b=xzb
ax 2ab.Ma ax + by = ax nén ax = by 2 ab, trdi véi gia
thiét.
88-Liya>m+n,b>m+nva(ab) =1 1dyc=am+ bn
= ar + by = c c¢6 nghiém nguyén duong x = m, y = n.

%9

-k, Yo=1wva
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Pay 12 nghigm nguydn duong duy nhit. Thyc vay, gid s
x;#m,y *n

(x), ¥ > 0) ma ax) +by; = c (= am + bn)

Khong thé 1a x; 2m,y, >n ho@c x; >m,y, 2, vi nhu th& thi

ax1+byl>am+bn=c

Vayy1<mho_acy1<n
xl<m-00<m-xl<mobyl=a(m—xl)+bn
-oa(m-xl)ib-om—xl:bdo(a,b)=1
Pitunmdyvdlyvib>m+n>m
Tuong ty véi ¥y <n

13.9 Loy phuong trinh x + ¥y = m + 1, ¢ ding m nghidém nguydn
duong.

r=ty=m-~-t+1(t=12 .,m
310 -a/x=6-u-3t,y=1-u+2t,z=u(utez)
b/x =9-15u +53t,y =2-5u + 23t,z = u (y, t €Z)
¢/ He 88 cla x va cia z bing nhau.
d/ (8,15 =1
Sl -a/x=1+12t,y =-1-3t,2 =1+ 6t (t € Z)
b/jx=-1-9t,y=-1-6t,z=2+ 5t(t €Z)

302 -a/3x + 2y =lex=1+2t,y=-1-3(te 2
Thay vao phuang trinh thd hai, c6:

m+1l

12
m+ 1)z-12t=m+ let= k,z=1+—d—k(keZ)

trong 46 d = (m + 1, 12). Suy ra x, y.

b/8 -5y =1+ 32 o x=24+ 6z + 5t

y 14+3+3(z,t €2

Thay vdo phuong trinh tha hai, duge
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z=~1+u

t-m+bz=m * t=~14+(m+ 1)u
Két qud x = 5mu + 1lu -9
y=8mu+ 6u-~5
z2=-1+u(ue?)

318 -a/x =9y, x + 1 =25v(u,vae N) » 25v - 9u = 1,
v=4+9t,u=11 + 25t » x =99 + 225t (t € N)
b/x = 21u, x + 1 = 165v »  1656v - 21u = 1,
(165, 21) = 1 = phuong trinh khdng ¢6 nghi2m nguyén.
¢/ Theo a/: x = 99 + 225t
Lai c6 x+2 =4y
- 101 + 255t =4y =t = -101 + 4k, k 22648t > 0
x = 22626 + 900k , k = 26

3.14 x = 23 + 200t

8.15 x = -2 + 35t

Ix-y+1=Tu 9x — 3y + 3 = 21u

2x+3y—l=7v“ 2Xx+3y - 1=17v

> llx+2=Tu+v)2x=3+Tt

3.16

y=3+7%(t k €72Z)
BA7Tx=4u+ 3 =56v+4=Tt+5>2x2=19 + 140k
x = 299, 439
3.18 x = 262

319x +y + z = 100
3+% 45260
5
"'71"0'122=1000x=4,z=6,y=‘90

320 -a/8-13y + 6 =0vsi -10 < x < 50
b/ 3x + 5y =7 Vi 6<x<42va2<y< 17
8.21 x , y phdi cing chin hodc cing 1é » x + y vA x - y cing chén.
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x+y=2u,x-y=2v~4u2+4v2-(x+y)2+(X-y)2=
2% + y2) = 422 « u2 4 V2 = 22
Giii phuong trinh nady, iy x =u + v,y = u-v,
322 -Bobasbx =2m®-1,y = 2m, z = 2m% + 1 (m € N) 1 nghipm
cua phuong trinh.
Ghi chu. C6 thé &p dyng phuong phap gidi x2 + y2 = 22 48 giai
ax? + y2 = 22
8.23 Dung hing ding thic n? + n- 12 + 20 + 12 =
=m2+n+02+1
Véin=123c65+562=7+11%2+72=132+1
192+ 92 =212 + 1
cing c6: [2n(4n + D] + (160% - 1D = (160° + 20)% + 1
ti 46, c6 ching han: 102 + 152 = 182 + 1, 362 + 1272 = 1322 + 1
824 (x + 2)x-2y) =l wl:(x +2) wx=21y=0
8.25 (x + y)x - y) = 91. Xét moi trudng hygp xay ra véi
91 = (£ 1)(29)=(=2 13)( £ 7). C6 8 nghitm nguy2n.
326x,y,z2c6 uWcchungd > 1: x =ds', y = dy’, z = dz’
» 2d0)? + 3y = d2)? o 20?7+ 3y? = 22
W1 viy, o6 thé gia thidt (x ,y, z) = 1. Néi riegng x va z khong 1a
b?i cia 3 (nfux = 3u, z = 3vthisdcd y = 3t)
o u? =2 3y2, tuc 2c2 va z2 c6 cung s8 du (# 0) khi chia cho
3, didu khdng thé c6. Vay phuong trinh vd nghi?m (kbdng c6 nghi¢m
nguyén)
3.27x% +x- y2 =0exix+ )= y2 mi (x,x + 1) = 1. Phuong trinh
vd nghi¢m.
3.28 (x—y)(x2 + xy +y2)=7(x-y)ox
X #y)
x-y2=T-3y>T-8y>0 2y <73
Hai nghi¢m (x = 1; y = 2), x = 2;y = 1), ngoai x = y
3.29 (x + 2yX3x + 4y) = 96. Chu y ring (x + 2y) + (3x + 4y) = 4x
+ 6y = 2(2x + 3y). Hai 88 x + 2y vA 3x + 4y déu chan.

2+xy+y2=7(véti
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330 182 + 21D + 2 + Y = 3243 w22 + 2. 8
»=x:3vay:3
x=3u,y=30~19u2+28v2= 81.
tuong ty: u=3y3g,v=3r » 1952 + 28:-2 =9

-5 =3p, r=3q-019p2+28q2=1
V6 nghi¢m.
8.31 - (x - 5)(y + 3) = -18. C6 12 nghidm nguyén.
332 -x-DYy-D=le@x=2,y=2)va(x=0,y =0)
8.38 C6 th& gia thidt x <y

x=y-02x+l=x2

2ox(xz2-2)=1lex=1y=12=3
X <y=*oxyz<2y+lexyzs2yeoxz<2=s+x=1hoic2
loy+2=y2(> Doy z-1)=22y=2,z=2
x =22y +3=2yz0y2z2-1) =3
>y=3(doy>x)vaz=1
Cé ba nghit¢m (xsy) :(1;1; 3), (1; 2; 2) va (2; 3; 1)
3.34 x° = 20'3 + 229 » 2% chin » x chin : x = 2¢’
832203+ 28 syt =328 0y = 2y
Do 46 z = 22’
@3 = 212y3 + 22203 & 23 = 25 + 229)

x

]

Nhu vay, néu (x ; y ; z) 1a nghidm thi g—;%;; cing 1a

nghi¢ém. qué trinh nay tiép dién mai duqé; (x; y; z) chi c6 thé
la (0; 0; 0)
3.35 y% = x® + 7 » x phai 13, vi (2k)3 + 7 = 8k + 7 khong thé 12 s§
chinh phuong.
Y2 4l=x3+8=(.+ D% -2+ 4)
2.2+ 4=(x- 1%+ 3c6dang 4k + 3 (x 1&)
Ma s§ c6 dang 4k + 3 phdi c6 mot ude nguyén t8 q cb

dang d6 (phan tich 4k + 3 ra thita sd nguyén t6 khong th& chi
gom c6 cdc thira s6 dang 4k + 1, vi tich cia ching la s§ c6
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deng (4k + 1); y2 + 1 khong thé 1a boi céa q.

8.36

Phuong trinh vé nghi¢m.

Tuong ty bai 3.34.

W2+ y2 +22 = x2y2 = x , y khong th& deu 12 s8 1é.
(theomod 4, néu 2 s y2 = 1thiz2y2 = 1 w22 + y2 = 22w 1)
xchﬁnhoacychﬁn»xzyzi‘t»xz+y2+ 214

»x = le,y =2pz= 22.1 - X%+y%+z%-4x%y% )

Nhu vay, ndu x , y, z 1a nghi¢m cta phuong trinh (1) da cho thi
X, =x ]2, ¥y = yi2, z, = z/2 1A nghig¢m cua (2).

Ti&p tyc nhyv viy, cé

2 N1 Yy %
A= (=), y, = (= VA, 2y = — (= ¥
9 Yo 2 ) 2 )

12 nghi¢m caa x§ + yg + zg = 16x§ zg

P-4 Z
Qu4 trinh nay ¢6 thé tiép tuc mai, cdc s§ —, L,-— 12 8 chin
2k ok ok

véi moi k. Do 46 (x; y; 2z) chi c6 th& 1a (0; 0; 0)

3.37
3.38

~ Tuong ty 3.36
~ Tuong ty 3.36. .

z

X y
339 Pat —=p,>=q,~=s
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u u u
2 2 2 _ - = 8 = i
PP+ q°+s°“=1=p=1,q=s=0I12 mdt nghitm.
Laidatp =x, + 1, q=y,,8 =2
X myl r

X, +y, +2,+2x, = 0. Gid st —=—,—=—
1 1 z n'zl n



x=(r2+n2—m2)t
y =2mrt
z = 2mnt
2

u=(r2+n +m2)t tEeZ

3.40x-(p2+q2+r2—s2)k,y = 2qsk, z = 2rsk,
u = 2psk, t =2 +q% +r%+8%)kk €Z
3.41 Tuong ty 3.36.
3422 =2+ 8 x+ D+ D
=2 +80 2+ 8+ N=22+ Tz
(z = x> + 8). Néu z > 9 thi
(z+3)2=22+6z+‘9<z,2+7z=y2<22+81+16
= (z + 42 ,
y2 nim gida binh phuong cia hai s3 lien ti€p, vd ly.
w1l + 8x =259« -9sxs1 Th cdc gié tri ndy cia x, cb
x = -9, -8, -7, 4, -1, 0, 1 nghidm dung, tu d6 c6 y tuong Ung.
8.43 Tuong tu 3.35
3.44 x = 0,y = + 112 hai nghiém duy nhit:
x>0 @+ 2 <P+l 1=yt <cab el
= o3 + 22
-okhbngcéy4,vlkhbng06x3+ 1<y2<x3+2
xs-—2a(x3+2)2<x6+3x3+1=y4<x6+2x3+1
=ud+ 12
x=-1-0-1=y4
3.45 Tuong tu 3.44
y3 =803 + 3% + 4x + 2) = (223
véizd =23 + %% + x4 2
xso-o(x+1)3<z3<(x+2)3*x+1<z<x+2,vol)"v
xz-2=»ditxl1 = x-220,y1 =~y »x] va yl théa mén
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(x1+2)4-x‘f=x4—(x+2)4=-y3=y§

dieu nay khong thé c6 véi x; = 0.
-2<x<0=»x=-1 9 =013 nghidm duy nh4t.

346 n =2k = n'=16k""16
n=2%+1lwnf-l=m-Dn+bu2+1Di16
n-1Ln+1, nZ + 1 deu chin v2a mdt trong e n -~ 1, n + 1

chia h&t cho 4). Nhu vay, khi chia tdng x? + x; + ..+ x‘14 cho 16, c6

88 du bing s§ cic s8 1& trong Xy, Xg oo, Xy, tdc 12 khong vugt qué
14. Con 1599 = 1600 - 1, chia cho 16 ¢6 du 1A -1, tuc 15. Phuong
trinh vd nghi¢m.

8.47 - Phuong trinh x2 - 2 = k c6 nghidm nguyén » k = 4t + 2
t €2

a) x2 - 3% = k ¢6 nghidm nguydn = k = 4t + 2. Chi can xét moi
trudng hgp : x , y cung chin, cing lé, va mdt chin mdt 1.
b))k #4t + 2 kchin sk =4dm=»=x=m+ 1, y. =m -1
la nghi¢m cua phuong trinh
klésk=2n+1=x2x=n+1y
l1a nghigm cda phudng trinh. _
8.48 - Khi chia n® cho 9, 86 du 1a 0, 1 hay 8. Suy ra phuong trinh
khéng ¢4 nghiém nguyén khi va chi khi k = 9t = 4

n

\

3.49 2m% + 1? - (m? + 12m)? = 1 nén phuong trinh ¢6 nghitm la
x=2m2+1,y=2m

Tu 2 + Dy2)2 - D(Zx y)2 = @~ Dyz)2

Suy ra : néu (xj; y,) 1a nghigm thi (X%" Dyg;ZxO Yo) cing la
nghiém.
3.50 - (3x, + 2y + D? + Gxy + 29 + 2% = (dxy + By, + 2% &

< 2 2
vE phai thay 9y2=8y; +y2 =82+ 2x2 + 2x +1
32+42=52(x0=3,y0=5)-oxl=3.3+2.5+ 1= 20
Yy =43 + 35 +2 = 20207 + 21% = 26%), x, = 119, y% = 169
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(1192 + 120% = 169%), v.v...
8.51 - D& thdy (1; 1) 1a nghidm = (8; 6) = (49; 35) = ...
3.52 - (1; 1) » (22; 13) » (313 ; 181) =» (4366; 2521)
3.53 - (3; 2) = (17; 12) = (99; 70) = (577, 408)
3.54 Khong mét tinh tdng quat, c6 thé gia thist x syszst

1 1 1 1
x> 1lvi—+—¢+—+—>1
2% 2

1 1 1 1
t<3vi—‘—+—-+~—+—<1

* P 2P
Nghitm duy nhdit: x =y =z =t = 2
8.55 — a) C6 thé gia thi€t 0 <x sy s z. R6 rang la x > 1. M3t khic
x < 4 vl ndux=z4thi :

1 1.1 1 1 1 3
—+ T+ TS+ = T = —
x Yy z 4 4 4 4

Vay chi c6 thé x = 2 hoac x = 3

1 1 1
x=2»~+-=—w(y-202-2)=dey=42=4
y z 2
hogcy =3,z2=6
1 1 2
x=83w—+-=-02y-32zz-N =9ewy=32z=3
y z 3

b) Tuong tw 3.54 vA 3.55 a)

C6 thé gid thi€t 0 < x s y s z s t. D& thda man phuong trinh phai
cbx>1lvax< i ticx =2 3,4

1 1 1 1

X =20 ~+-+-m—w2<y<Tlysz<t)
y z t 2
y:3ol+-}-=l»6<z<13,2=7,8,9,10,11,12.
y z '6

» C6 5 nghi¢m (véi z = 11 thi khong cd gid tri t nguyén)
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Tigp tuc v6i y = 4 (c6 8 nghidm), y = 6 (¢6 mdt nghiym), y = 6
(c6 1 nghié¢m)

x=3=y=84.V6iy =3, c6 2 nghidm; vdi y = 4 c6 1 nghidm
4, c6 1 nghi¢m.

1}

x

8.56 - V6i moi bd ba 88 (x; y; z) théa man phuong trinh, gid s
0<xsyszthi

1 1 1 1 1 1
0<—s— s~ » —<~+—+
zZ y x x x Yy

< -
1991 «x

= 1991 < x = 3.1991, nghia 12 x 14y mot s6 hau han gis tri (khdng
nhidu hon 2.1991). V6i mbdi gi4 trj cia x, c6

1 1 1 1 2 2.1991x
e—_—-—+—s—-ys———522.1991
1991 x y z vy x - 1991

Véi x, y da bidt thl ¢6 nhidu nhZt & mot gid trj tuong ung cua

11 3
z

Vay c6 tat ci khong qus 23.1991 nghidm.

€6 thé thiy ngay mbdt nghigm lax = y = z = 3.1991
11 1
8.57 - a) Xét — + — = — (a nguyédn duong)
X y a
®ax +ay =xy e (J:-a)(y—a)=a2

Cé6 t4t ca 2r - 1 nghiém, véi r 1a s¥ cic ubc s8 cla a%:
x—-a=d x-a=~qd
2 2 d]a mdt uSc s8 cia a.
y—a:‘/d y-—ac-a/d
(trux ~a=-a, y-a=-a=»x=0y =0, vd nghia)
Véi a = 14, a® = 1996 c6 cdc udc 1 (9 udc)
1, 2, 4, 7, 14, 28, 49, 98, 196
va phuong trinh ¢6 2.9 - 1 = 17 nghigm. Thidy véid = 4

x—-14=4 x =18 x—-14=-4 x =10
cbd tuc va tuc
y - 14 =49 y =36 y — 14 = -49 y = =35

b) C6 phuong trinh tuong duong :
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(x-z)(y-z)=z2

Goit = (x, 9 2, ticx = Xty = ez = z,t, (xl, ¥y zl) =1

m = (x), z)) tdc %) = mx,; 2, = mz, , (xy 2p) =1
n =y, z;) tic y; = ny,, 2y = nzg, 9y 23) = 1
» (m, n) = 1vi ("1' Yp zl) =1

va z, = mnp vi Z) = mzy = nzq4

thay x = mx,t, y = nyet, z = mnpt vao (1) va rit gon cho mnt

duge
a? - np)(y2 -~ mp) = mnp2 (2)
%gyp = (x3' +¥3 )P
* Xyyp 1 P MA (xy, p) = l1dom = (x,, z)) = (mx,, mnp),
(Gppl=1don = ¢y 2y = (nyy, mnp)
= p = 1 va (2) thanh
(xg = n)(yy ~ m) = mn
(x2, n)=1w (xl, rp zl) = (mxz, ny,, mn) =1
»(xz—n,n) = 1=~y2-.m:n
Tuongtgr:xz-n?m
*x,~m=xny,-N=xm

Tc X,=mz=n, yp=n*m

Céng thuc cha nghigm téng quit la:
. x=m(m=njt,y=nnz=zmjt, z = mnt
8.58 - Thu tryc ti€p véix < 5, cé nghigmax =1,y = x1va
x =3,y = = 3. Con véi x = 5, phuong trinh vd nghigm:

2

10+ 2t + 3! + 4! = 33, con 5!, 6!, 7! ... d2u tan cung 14 O, vi
vay 11 + 2! + .. + x! tin cang bing 3 véi x 2 5, trong khi d6 y?

khong thé tan ciung la 3.
4.3 xXyzt - 2.yTt = 1000x - ;;. = X2
» 990x = 100y + 11z + ¢, trong d6 0 sy,zt <9,0<x <9
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»x=1990 =100y + 11z + t = y = 9.
» 90 = 11z + t > z = 8. D4ap s§ 1982.

4.4 100x + 10y + 2 < 10(x + D(chii y: 0sy2s9,0<xs9)
Néu y hoic z khéc O thix + y + z 2 x + 1

100x + 10y + z < 100x + 1)

» = =100
x+y+z x+1
y=z=0=t= 100
4.58n...81807 5§x7 =35 »a0=5(nh63)
x5 5a0+3=28 »al=8(nhé2)
7an - 8y 85 8 5a1+2=24 »32=2(nh64)

Cho dén ag = 7 thi ké&t thuc.
S8 714285.

46 -a =14, 9 »ad = 16, 49 (khong c6 8d I chinh phuong)
>d=26,9=cd= 16, 36, 49 = abcd = 1936
47 —a+b =71, a2 +b%<30(2) 10a + b > 2(10b + a) (3)
()va (@2 2a=2,b=>5hodca=25b=2
(3) » 8a > 19b Vay a = 5, b = 2. Dap s8 52.
4.8 - 10x + y = kxy ¢é nghidm véi k = 1, 2, 5 = 11, 12, 15, 24, 36.
4.9- P = abcdez= abc.1000 + dez , P + (abc — dez) = abc.1001
4.10P=;E:,a+b+c=7k-va=7k-b—c
> P = 1007k - b-c) + 10b + ¢ = 100.7k - 90b - 99c
= 100.7k - 13.7b + b - 147c -c = TM + (b - ¢)
411 M =a,...a3),N=a_...a, +4a,
10N-M=a_..a.10+40a,-a ...a.10 -2, = 39 a, i 13
vi (10, 13) = 1 nén 10N : 13 » N | 13
412-M =a_..aa,, N =32 _.a +2)+2M-N:17

4.13 (8, 9) = 1 » N = 1234xy = 123400+xy = 72.1713 + 64 + xy
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N:89=172e64 +xy: 72
= 64 + xy = 72 = xy = 08 hoac 64 + xy = 144 =» xy = 80
414 abc-(@ + b +c) =99 + 9b = 9lla + b) : 9. Téng cdac chu
88 cua hidu nay chia hdt cho 9, vi vay néu ti&p tuc thi mdi lan
giam di 18 hojic 9 va cudi cung phai dén 0.
4.16 - a) 21113 b) 110112 c) 7000349
d) kf hidgu A = 10, B = 11 thi ¢6 BOAAl.‘
4.17a)co 866, 7,5 =2 8
b) 78 ; 223; 1112; 44445 .
418a) 2x + 3 =3y +2sx =4, y=383hocx=T7y=5§
4.19 a) 23 + 13 = 103, 34 + 24 = 114, 456 + 616 = 1406
b)5 4+ 4cho 2 thic 5 + 4 = 12, co sd 7.
4.20 S3 theo co 83 6.
4.21a)121g=g2+2g+1=(g+1)2
g+ 32 +3g+1=(g+ 17
422 -a N = (@ .. alao)g
Nide a;: d
Trong hé co s6 12 ching han thi dau higu chia hé&t cho 2, 3, 4,
6 (cac udc chia 12) la chi s6 tan cung chia hé&t cho s3 tuong dng.

= Mg + a, Néu d la udc caa g thi

b)(a ..a a) ‘g-lea + ..+a +a,:g-1

g
(an...alao)g:;g+ 1»a0—a1 ta,-ag+ ..:g+ 1
Ching minh tuong ty ching minh dXu higu chia h&t cho 9, cho
11 trong hé thap phan.

423 -a) N = @, .. a\o)g 8=a+ .. *a, N-S =md

N:g:(lO)g »S=14+0=1>g=1+ md
g-1

wd = —
m

b)d =3=g=4,710,13... m = 1, 2, 3, 4..)
d=9=>g=1019 28.. (m = 1, 2, 3..)
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»>g=10,19,28.(m=1,2,3.)

6
-1 .
4.24(10101)g=g4+g2+1=g‘ =(gz+g+1)(g2_g+1)
£-1
‘ g8_1
(1010101 = gt dri1=2 =@+ g+
-1

4.252,&=(abc)g»l>=<2oo—g2)a+<2o-g)b+c=o
Trongd6 1sas9, 0sbecs9 g>ag>b g>c
Co s3 g khong thé < 14 hoac = 16
(g<sl4d» P 24d;gz16» =>P s ~11)

g=15+P =-25a + 5b + ¢ =0 = ¢c =0 hodcc = 5.
c=0 »a=1b=5, abc = 150
c=5 »a=1b=4, abc = 145
a=2,b=9, abc = 295
4.36 a) Khong.

b) Khdng qua 10 cau, vi s§ tit 0 d&n 1000 chuyén sang h@ nhj
phan thi cé khong qua 10 chu sd.

4.37 - Viét a, b, ¢ trong hé nhj phan:

a= (a2 a; 80)2 3=(001 1)2
b = (b2 bl bo’z 5=(10 L,
¢ = (c, ¢y o)y 7 =1(1.1 1)2
LAy t6ng cdc s bi€u didn bdi cdc chit s6 trong tung hang:
ao~c-b0+(:0 a1+b1+c1 a2+b2+c2

Cic téng nay c6 thé 1& (nhu ag + by + ¢y, =1+ 1+ 1) hoic
ch&n(al+bl+cl=1+0+1,az+b2+cz=0+1+l)

Ngudi di truée (A) dung chién thuat: 1y mot s8 que ¢ mdt dong
sao cho sau d6 moi tdng trén déu la chdn. Thi dy: 1dy 1 que & bdt ky
ddng nao (dé co ag + by + ¢y =1+ 1 trong khi cac tong khac van
12 ché&n) &y & ddng thu ba ching han. Lic d6, ngudi di sau (B) sé dung
trude ba dng véi 83 que nhu sau:
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3=(011)2
5=(101)2
6 =(10),

Trong 46 moi téng aj + by + ¢, a; + by + ¢), 8, + b, + ¢,
dau chdn; B 18y di bao nhidu que &§ mdt dong nao cing lam cho {t nhat
mét trong ba tdng trén trg thanh sd lé. Dén lugt minh, A lai &y mdt
88 que dé cho moi téng trén déu chdn. Cubi cing, A 1am cho moi téng
d6 deu bang 0, tic 1a A thing.

Chu y ring nhu vy n&u ban dau cho ba ddng véi 3, 5, 6 que thi
ngudi di sau sé& thing (n&u bi&t cich choi).

Cé thé d& dang md rong tro choi v&i nhidu ddng, va s8 que & mdi
d8ng 1a 83 tuy y cho trudc,
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