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CHUYEN PE RUT GON BIEU THUC CHUA CAN
VA BAI TOAN LIEN QUAN

LOI NOI PAU

Nham ddp g nhu ciu vé ciia gido vién todn THCS va hoc sinh vé cdc chuyén dé
todn THCS, website thuvientoan.net gidi thiéu dén thidy cé va cic em chuyén dé rit gon
biéu thirc chira cin va bai todn lién quan. Chiing t6i dd kham khdo qua nhiéu tai ligu dé viét
chuyén dé vé nay nham ddp g nhu ciu vé tai liéu hay va cdp nhdt dwoc cdc dang toin
maoi vé biéu thirc dai s6'thwong diegc ra trong cdc ki thi gin day.

Cic vi phu huynh va cic thiy cd day todn cé thé’ ding cé thé’dung chuyén dé nay dé
gitip con em minh hoc tdp. Hy vong chuyén dé rit gon biéu thirc chira can va bai todin phu
s€ cO thé giip ich nhiéu cho hoc sinh phit huy ndi lyc gidi todn noi riéng va hoc todn noi
chung.

Mdc du di c6 sw didu tw 16n vé thoi gian, tri tué song khong thé tranh khoi nhitng
han ché; sai s6t. Mong dwoc sw g6p  cua cdc thiy, co gido va cic em hoc!

Chiic cic thiy, co gido va cdc em hoc sinh thu dwoc két qua cao nhat tir chuyén dé

nay!
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CHUYEN PE: RUT GON BIEU THUC CHUA CAN

VA BAI TOAN LIEN QUAN

O Céc cong thirc bién ddi cin thirc

. \/E:|A|:{AnéUAZO

-AnéuA<0
2. JAB =JAAB
A_VA
; \g_ﬁ
4. JAB=|AVB
5 AVB=+VA’B
6. AJB=-JAB
A 1
7 \/}Em
o A _AMB
BB
9 C ZC(\/KiB)
JA+B A— B2
o ¢ C(A=B)
JA+V/B A-B

11 (YA) =¥A=A

(V6i A>0;B>0)

(V6i A>0;B>0)

(Véi B>0)

(V6i A>0;B>0)

(V6i A<0;B>0)

(V6i A>0;B>0)

(V6i B>0)

(V6i A>0;A=B?)

(Voi A>0;B>0;A=B)

© Cach tim diéu kién trong bai toan chita cin thirc

BIEU THUC - DKXD:
1. JA PKXP: A>0

A
2. — DKXD: B#0
B
5. 2~ pPKXD: B>0
. \/g .
4. ﬂ DKXD: A>0;B>0
JB

Vidu:

Vidu:

Vidu:

Vidu:

JX—2018

X+4
X—7

ViDU

DKXD:

DKXD:

DKXD:

DKXD:

X >2018

X#7

X>3

{

x>0
X>3

& X>3



_{Aso
B<0
5. \/E DKXD:

B {Azo

i B>0

Cho a>0 ta co:
X >+/a
X <—Ja

Cho a> 0 ta co:

x2>a<:{

7.
X2 <ae —Ja<x<+a

Vidu:

Vidu: X >1<:>{

Vidu: X) <4< -2<x<?2

X+1
X+

7~ Dang 1: Cac bai toan bién ddi can thirc thwong gap
*Thidul. (Trich dé thi HSG huyén Nghi Xudn Ha Tinh)

Tinh gi4 trj cua bidu thie: A =v6-24/5 +/14—64/5

Loi gidi

DKXD:

x>a
x<—a

Ta co: A =/6-25 +4/14—6/5 = \/

*Thidu 2. (Trich dé thi HSG tinh Lam Dong nam 2010-2011)

X+2<0

_{x+130

{x+120

i X+2>0

\/3 \f) —J5-143-45=2

Cho E= (\/7 + 1)1 f \/—3 . Chitng minh rang E 1a s8 nguyén

Loi giai

Ta co:

3/5—1)

E:i/(iﬁ+1)3.(

=§/(1+3/§+3/Z)(3/§—1) =i2-1=1

Vay E 1a s6 nguyén

=i/[2+1+3¢(ﬁ+1)r/§3

“|

X<-2
x>1

—J(8-37) —(8+ 37’

*Thidu3. (Trich dé thi chon HSG tinh Hoa Binh Nam 2010-2011)

Ratgon: A=

Vo821 ¥8 N2 -1

V{5 -2 1

Loi gidi

Dat A:%.TacéT>0nén T=+T?



Xét T? = ( ) W21 =248 21448 -2 ﬁ{f F)

=248 -2,/V8-(v2-1)
=248 -2J\2+1
=2(#§—J7§:Ij
=J2(9§—J7§:I)
:>A:\/§

*Thidu 4. (Trich dé thi HSG Phii Tho ndm 2012-2013)

2J10+430-2v2-6 2

Rat gon biéu thic: —\/

2310 -242 51
Loi giai
_— \/2\/7+\/70 226 2 _
' W10-2v2  3-1

2V2(J5-1)+V6(5-1) V3-1 _ 2443 B3-1  [4+243 B-1 B+13-1_
\/2((\61) 2 2 2 N4 T2 2 7 2

*Thi du5. (Trich dé thi HSG T.P Bic Giang nim 2016-2017)

Tinh gid tri cua biéu thitc N = \/4 +43 +\/4 V3 +/27 -1032
4413

.....

, \E(\/4+x/§+\/4—\/§) \/—
Ta cé: N= +4/25-104/2 + 2
J8+2413

V2(Na++3 +4/4-/3) N
- +(5-+2)
\/(4+\/5)+2\/4+\/§\/4—\/§+ 4+\/5)

V2B a-B) | _[(\/LH@NLL s
\/(\/4+\/§+\/4—\/§) \/7 Ja+3 +4/4-43 ‘ ‘
—J2+5-2=5

*Thidu6. (Trich dé thi Chon HSG tinh Long An ndm 2012)

J2-3 +1/4-+/15 +/10
J23-345

Khong stt dung may tinh, hay thiyec hién phép tinh:A =




.....

Ta cé: A = ‘/2 3+\/4 J15 +4/10 2(\/2 3+\/4 5+\/7)

V23-3V5 ﬁ(\/23—3\/§j
B i a2l (N3 V53] +245
fi-ot le
_3-145-43+2¢5 _3J5-1_
35-1 C35-1
*Thidu?7. (Trich dé thi HSG huyén Nga Son-Thanh Héa nam 2016-2017)
2+4/3 2-43
Rat gon biéu thirc: B = +
V2442443 J2-42-43
Loi giai

B _ 2++/3 2-3 2+\/— 2-3
V2 oi\ar23 2. o203 3+3 343
B (2+3)B3-V3)+(3+3)2-+3) 3+43+3-3

2 (3++/3)(3-3) B 6
B
E_l :>B—\/§

*Thi du 8. (Trich dé thi HSG huyén Thach Ha nim 2016-2017)

2.2016
So sanh /20172 —1 —+/20162 -1 va
V20172 —1++/2016% -1

.....

Ta b \/20152_1_\/20142_1:(\/20172—1—\/20162—1)(\/20172—1+\/20162—1)
20172 ~1++/2016% -1

(20152-1)-(20142-1)  2017°-2016° _ (2017-—2016)(2017 +2016)
V20172 14420167 -1 V20172 —1++/20162 -1 /20172 —1++/2016% -1
B 2017 + 2016 § 2.2016
J20172 14420167 -1 /2017% —1++/20162 -1
Vay 20172 120167 1 > 22016

V20172 —1++/20167 -1
*Thidu9. Ratgon cacbiéu thac:



a) A:\/\/g—\/3—\/29—12\/g b)  B=370-4901 +370++/4901

.....

2) Az\/\ﬁ—\/a—mz\/ﬁ—\/3— (245-3)
= 5-(V5-1)=1
b) Dit x, = 70—+/4901 + 370 + /4901
:»xg=(%/70—\/M+%/70+\/M)3
=70—M+70+\/M+3#70—M.3/70+M(%/m-@+%/70+Mj

=140+ 3x
Khi d6 ta cé:

X) +3%, ~140 =0 & (x, =5)(x* +5x+28) =0

Ma X§ +5X, +28>0(doA<0)=> X, =5

Vay B =5.
*Thi du10. Rat gon biéu thic: P = V244346 +8 +4
V254
Loi giai
Ta co:
P_\/§+\/§+\/g+\/§+4_(ﬁ+\@+2)+(ﬁ+£+\/§)
25 N PRI
(V35T (V445 +4) (VB +E)+42(V2 445 + )
BB N RN
=142
7~ Dang 2: Dung an phu don gian hoéa bai toan
1
, , S 2, \/—_ﬁ 6 7
*Thi du 1. Rutgonb1euthu’c:A=§— 7 — ; + +@.
AN ERN P
J7 J7
Loi giai

bat a=(‘/§:>a4:7 va a2:\/; ta co:



2, 6 7 _1-2a° 13a’+7

+ +
a 1 2( 1j a’ a  a’(@*+1)
a a‘|a+

4 2 6 4 2 4 2 _ 4
_a +a —2a3 —22a +13a” +a :2;13 (72 a )=0(D0a4=7)
a’(a”+1) a’(a”+1)
2
Ja-345 2425 - 4125
Loi giai
Pit b=45=b* =425,b% = 4125,b* = 5,b° = 5b%,b° = 5b.
2
J4—3b+2b* —3b°
1 ~ 1 _ (b*+3b)+(2b* +4)
b’ -2b*+3b-4 (b’+3b)-(2b*+4) (b’ +3b)’—(2b* +4)’
b’+3b+2b*+4 (b’ +2b*+3b+4)(b>-3) b’+2b'-2b*-9b-12
—2b* -6 2(b* -9) 8

*Thi du 2. Ruat gon biéu thiee: B=

Ta cod: B=

Mat khac:

b>-2b-1_ (b+1Y
4 2 )

2
Vaszz(z) 4 4

b+1) b+l 4541

2 1

N 2 1I+—F=+=

_ \ 2

*Thi du 3. Rﬁtgonbiéhthl’rc:E:[\/Z 2 “JEJ V2 2

-2 %2 ) 10
Loi giai
Dit {2 =a=a*=241=a2=2
Ta co:
1

VayE=0
~ Dang 3: Cac bai toan vé tinh tong day c6 quy luat
*Thidul. Ratgon:
1 1

1 1
S= + 4ot +
21+1V2 3V2+243 199941998 +1998+/1999  2000+/1999 +1999+/2000

Loi gidi



Véi keN,k>1:

1 C(kr)Vk-kdk+ T (ke)Vk-kdk+l 1 g a)
(ke )Vkrkktl (k1) k-2 (k+1)  k(k#1) Vo ket
Ap dung (1) véik=1, 2, 3,....., 1999 ta duoc
1 1

1 .
Wi 7
1 1

1 1 1
200041999 +1999+/2000 1999 /2000
Cong cac dang thikc trén theo vé ta dugc:

1 1

1 1
+
2f +1J_ 32 +2J_ 1999\/1998 +1998v1999 20001999 +1999+/2000
1 1 1 1
+

\/ 1999 \/ 2000

20J_

*Thidu2. Ratgon:

A= \/i+i+i+\/l+l+i+ +\/l+ L + 1 +\/l+ 1 + L
1222 32 N12 32 42 77 N12 19982 1999 \12 1999%  2000°

.....

Véi keN,k>2:

( 1 1)2 1 1 2 2 2
1+———| =1+——+—+ - ——
k-1 k (k-1 ¥ k-1 (k-1)k k




Ap dung (1) véik =1, 2, 3,....., 2000 ta duoc

A= 1+l—l + 1+l—l +..+ 1+L—L + 1+L—L .
2 3 3 4 1998 1999 1999 2000

—1998+ 11
2 2000
*Thidu 3. Ruatgon cacbiéu thie
/[P SR S R S—
NP N SN N RN IR o S
Loi giai
Ta co:
LB g
N N N
1 _ J3 -2 _ -
N oy Ny
1 _ \/7—\/71—1 :\/g_ [ —1
\/n—l—i—\/; (\/g+\/n—1)(\/7—\/n—1)
Do do:
1 1 1 1
A= + + fod e =213 2t =V —1 = -1
NN SN N S AN o Y
* Thi du 4.
a) Chting minh rang: 1 + ! + +;>4
5 O 2 Vaiva T V9B
. 1 1 1 1 1
b) Ching minh rang: + + +..+ >2|1-——|.
) 8 12 28 344 nvn+1 ( \/n+1]
1 1 1 1 1
¢) Chitng minh: 2N —2<—+-——+——4+—— 4. +—— < 2/n -1 véi moi s nguyéen
) Chemg A REETTT 21 s nguy
duwong n>2.
Loi giai
a) Xét A= 1 1 1 1 1 1

+ +.t , B= + +..+
Vi+v2 3+4/4 V79 ++/80 V2443 Va5 V80 ++/81
Dé thay A>B.

1 1 1 1

1
2 2B Beda 79480 B0+ Bl

Tacd A+B=



) Fi- K

el Yot daie et

Suy ra A+B=(\/§—\[L)+(\/§—\/§)+...+(\/a—\/%)=\/ﬁ—1=8.Do A>B suyra

2A>A+B=8< A>4.

s 11 1 1
b) Péyrang: —- = <
N N ] \/k(k+1)<\/k+1+\/k) 2kk +1

véimoi kK nguyén duong.

Suy ra VT >z[l_izju[%_%}_u%_ﬁj:z(l_ﬁj.

c) bat P=—7 1 L 1 1

1
N \/§+$+ﬁ+m+ﬁ

Tacé'#<i— 2 < 2 vOi moi sO tw nhién n> 2
“dn+dn+l Un 2dn Un+dn-1 ' ' o

2 2
Ttr d6 suy ra Z(JF \/_) \/er\/, 2\/ﬁ<\/ﬁ+m:2(«/ﬁ—\/ﬂ)hay

2(Vn+1 ) <= <2(Vh V1)

Do do: 2| (V2-v1)+(v3-+2)+..+(Vn+1-vn) |<T va
T <1+2[(&—1)+(\/§—J§)+....(Jﬁ—\/ﬁ)}.

Hay 2:/n-2<T <2vn-1.

*Thi du5. Chiing minh rang véi moi s6 nguyén duong n> 2, ta c6:
14710 3n-23n+l 1
369

1 3n 3n+3 3Jn+1

Loi giai
D€y rang cac phan sd c6 tit va mau hon kém nhau 2 don vi, nén ta nghi dén dang thixc

L<n—_1(<:>n <n®+n- 2<:>n>2) Kihiéu P =
n+2 n

p2 _ (1 4710 3n 2 3n+1j(1 4710 3n-2

14
36912 3n 3n+3’
14710 3n-2 3n+

36912 3n 3n+3

1
36912 3n '3n+3j




1369 3n-3 3n (14710 3n-2 3n+1
34710 '3n-23n+1){36912° 3n 3n+3
113679 3n-3 3n-2 3n 3n+1 1 1

3347910 "3n-2" 3n 3n+13n+3 3(3n+3) 9(n+1)'

1 ,
Tw ddy suy ra P < . Bat dang thitrc dwoc chirng minh.

~ Dang 4: Bai toan rut gon biéu thirc chira m6t hay nhiéu an

2 1
+7
*Thidul. Ratgon: B= Va- \/_ 1+\/_ \/7 2 (a>0,a¢1).
142 ta 1++a
Loi giai
Dit t=4a(t>0)=>Va=t>a=t"
ot 148 1+%+l4
Khi dé: B:[ ‘++tj- tt
1-t ¢t T+t
2
1 1
t(t-1) ’ [ﬁ”j 1 @ atl
= +o4t] - = —t4+=+t| -4
-t t 1+t t 1+t

*Thidu2. (Trich dé thi HSG tinh Hai Dwong nim 2012-2013)

Rat gon biéu thic: A = (Jx—@ Jx +@)\/x #/x? =50 véi X =+/50

Loi giai

Taco:

:(\/x-\/_o-\/x+\/%j2( 0):>A2 ( 50 + x +/50 - 24/x? -50 )(x+m)
:>A2:(2x-2 x2-50)(x+M):>A2:2(x X +50)

Vay: A% =100

Nhung do theo gia thiét ta thdy A:(\/X-@-\/X+@)\/X+\/x2 -50 <0

= A=-10




*Thi du 3. (Trich dé thi HSG Hdi Dwong nam 2013-2014)

V1-1-x2 .(\/(1+x)3 +\/(1—x)3)

Rut gon biéu thiee A = véi -1<x<1.

2-\1-x
Loi giai
V1-41-x2 (x/ﬁ+ﬂ)( —Vl—xz)
Taco: A= P
—V1-x

1=V (VX + T x)
_ \/(1_\/§)(\/E+\/E)Z=\/(l—ﬁ)(2+2 1|
= V2

*Thidud. (Trich dé thi HSG T.P Bic Giang nim 2016-2017)

Cho a, b 1a s8 h{tu ti thoa man (a2 +Db? —2)(a+b)2+(1—ab)2 = —4ab

Chtng minh v1+ab la s httu ti

Ta co:

(GT)= [(a+b)2 —2(ab+1)}(a+b)2 +(1+ab)’ =0

& (a+b)' —2(a+b)*(1+ab)+(1+ab)* =0

o [(a +bY (14 ab)T — 0= (a+b)*~(1+ab)=0

< (a+b)*=1+ab <:>|a+b|=MeQ; do: abeQ
*Thidu5. (Trich dé thi HSG T.P Bic Giang nim 2016-2017)

a\/g—b\/g_ a b vdia,b>0vaa=b
a-b Ja+vb b-+a

Rut goi M va tinh gia trj biéu thite M biét (1-a)(1-b)+2+ab =1

Cho biéu thiec M=

.....

Jab

Rat gon M=—=——= vdia, b>0vaa=b
NS

Ta co

(1-a)(1-b)+2Vab=1<ab-a-b+1+2Vab =1
<ab= (\/_ \/_) ( Vab Jz 1< \/7

A




+Néua>b>0
a5 Jb o B> 0ab 500 YA

N
L | Nab b
B Fo e e

+néul<a<b

Vi < o2 b <0;4ab > 0= _Yab_

AN
e | e
SR b dab

I~ Dang 4: Bai toan rut gon biéu thirc va bai toan lién quan

Budoc1: Tim diéu kién xac dinh.
Bw6c2: Tim mau thiic chung, quy ddong mau thtkc, rut gon t&, phan tich
te thanh nhéan ta.

Budc3: Chia ca tir va mau cho nhan t& chung ctia t& va mau.

Budc4: Khinao phan thic t6i gian thi ta hoan thanh viéc rat gon.
7~ Dang 1. Tinh gia tri bi€u thitc P khi cho x =k (k 1a héng s0)
Phuwong phap:
- Budc 1: - Dat diéu kién ctaa x d€ biéu thic P ¢ nghia.
- Budc 2: - Rat gon bi€u thitc P va rat gon k néu ciing 1a mot bi€u thike chira cdn phirc tap
- Budc 3: Thay gia tri X = k vao biéu thiec da rat gon roi tinh ra két qua.

Vi du minh hoa:

voi x> 0.

*Thi dul. Cho biéu thitc: P= Jx ] Jx

1
(ﬁ-k Ix+1) x+x7
a) Rat gon biéu thic P.
b) Tim gid tri cia P khi x =4.
Loi gidi
a) Diéu kién: x>0

p_(i+ X J (V)X x4
WX WXL xx Wx(Vx+1) Vx Jx

b) Ta c6 khi x =4 thi:
X+\Vx+1 4+\4+1 44241 7

=Tk a2 2




*Thidu?2.  (Trich dé thi HSG huyén 16p 9 nam 2013-2014)

Cho bié thite: P VY Yxoily .(1+X+y+2xyj.
1-yxy  Taxy 1-xy

a) Rut gon biéu thirc P.

b) Tinh gia tri cia P véi X 2
inh gia tri cia P v6i x = .
& 2+\/§
Loi giai
) DKXD_sz;yzO;xy;tl
Mau thtic chung 1a 1 - xy

P (\/;+\/§)(1+\/;)+(\/;—\/§)(1—\/;) : 1-xy+x+y+2xy

1-xy T-xy
_\/;+x\/§+\/§+y\/;+\/;—x\/§—\/§+y\/; 1-xy
- 1-xy 1+ X+y+Xy

_2(xy ) 2x(@+y) 24X

C1A+x)(1+y)  (1+x)1+y) 1+x

L2 22-\3) A
b) Taco.x—2+\/§— =3 23 +1=(3-1)

K =\(f3-17 =3 -1)=+3-1

o 23-1) _ 23-2

1+(3-12 1+3-2/3+1

2(\3-1) 6342

S 5-2y3 13

*Thi du 3. (Trich dé thi HSG tinh Thanh Héa nam hoc 2011-2012)

) 3\/i+1 1
.(x—3m—1 \/EJ

P

+
3++x-1 10-x

Cho biéu thtic P = ( x—1 X+8J

1) Rat gon P

3+2\/§_</3—2x/§
3-2v2 \3+2V2

Loi giai

2) Tinh gia tri cua P khi x = i/

Piéu kién: 1<x#10

3m+9_{ 1 2\/;+4}

1P = : .
) Vx—-1 +/x-1-3

10 —x



=3(\/;+3) \jX—l. VX—1—3

p

10-x 2/x-1+4
b A IG-10)(6A1-2)  3(x-2)
2(10-x)(x—1—4) 2x—5)
& :ﬁjﬁ -Jiliﬁ — {3232y - {f3-242 =\3+2V2 3212
=>x=1+V2-(2-1)=2 vix>1
Vay P=0

7~ Dang 2. Tim gia tri ca bién x dé biéu thitc P =k (k 1a hang sd)
Phuwong phap:

- Budc 1: - Dat diéu kién ctaa x d€ biéu thirc P ¢ nghia.

- Buwdc 2: - Rt gon biéu thike P.

- Budc 3: - Giai phuwong trinh P -k =0.

- Budc 4: Doi chiéu diéu kién ctia x va két luan.

Vi du minh hoa:

VX 20x 349
Vx+3 Jx-3 x-9

*Thidul. Cho P= , VOl Xx>0,x#9.

1) Ratgon P.
2) Tim gia tri cua x dé Pzé.
Loi gidi
VX (Vx=3)+2x(Vx+3)-3x-9 3
(Vx-3)(vx +3) Vx+3

2) P=1<:> 3 =%:> X+3=9 < Xx=36 (thoa man DKXD)

3 Jx+3

1) P=

*Thi du 2. (Trich dé thi HSG Ninh Binh nam hoc 2012-2013)

X2 - Ix _2x+&+2(x-1)
X+4x +1 \/; \/_-1

Cho biéu thic: P = (x>0,x = 1).

1. Rat gon P.
2. Tim gid tri cia x € P =3.
Loi gidi
X =1 x@xen) | 265 -1+
X+vx+1 Jx Jx-1

1/Ta co: P =




:&(&—1)(x+\/§+1)_2&_1+2(&

+1)
X+4x+1
=x—vx+1
2/Tacé:P=3 & x—/x+1=3 & x—/x-2=0
t=-1(L)

Pt Vx=t t>0 tadwocpt 2 —t—2=0<
: P =2 (TM)

Ta co t =2 ta duoc Jx=2 ox=4 (thoa man DK).
Vay x=4thiP=3.
*Thidu3. (Trich dé thi HSG tinh Ha Nam nam 2012-2013)

X ~ y ~ Xy
WX+ V) 0=y) (x+y)x+1) (x+1)a-4Jy)

1. Rut gon biéu thirc P.

Cho biéu thirc: P =

2. Tim cdc gia tri x, y nguyén thoa man P = 2.

1) Diéukién:XZO;YZO"yil;X_'_yiO.

P:x(1+\/;)—y(1—\/§)—xy(\/;+\/§) _(x—y)+(x x+y\/§)—xy(\/;+\/§)

(Vey J+x)(1-4y)  (xey) ()= V)
:(\/;+\/§)(\/;—\/§+x—\/g+y—xy)
(\ﬂ; +-Nﬁ;)(],+-\ﬂ;)(],—-\ﬂ;)
(V1) = Jy (Vxo+ 1)+ y (1)1 K
(1+%)(1-4y)
ey oy oy X)) - (-4)
- 5) )
NI
D)P=2 & Px+xy —\[y=2v6ix20;y>0;y#1;x+y=#0
e (1Y) - (Vy +1) =10 (Vx -1)(1+y) =1

Tacod:1+ y=1 :>\/;—1S1 <0<x<4=x=0;1;2;3,4

Thay vao P ta dwoc cac cap gia tri (4;0) va (2;2) thoa man.
7~ Dang 3. Tim gia tri ctia bién x d€ bi€u thitc P = A (A 1a biéu thikc chira 4n)
Phuwong phap:



- Budc 1: - Dat diéu kién ctaa x d€ biéu thic P ¢ nghia.
- Budc 2: - Rat gon biéu thie P.

- Budc 3: - Giai phwong trinh P - A =0.

- Budc 4: Doi chiéu diéu kién cuia x va két luan.

Vi du minh hoa:

X—2 1

+
x+2\/§ \/§+2

*Thi du 1. Cho biéu thitc P:( jﬁJri vOoi x>0 va x=1.
X_

\/§+1

a) Chimg minh rang P = .
) g g \/;

b) Tim cAc gid tri ctia X d& 2P =2/x +5.

Loi giai
a) Ta co:

x—2+x | x+1_ (‘/;_1)-(\/;““2) Ix+1 Jx+1
W[ 2) |1 | (ez) V1 VK
Jx+1
Jx
2Jx +2
JX

c>(\/;+2)(\/7—%):0<:>\f:%c>x=i.

P=

b) Theocaua) P=

= 2P =2Jx+5< = 2UX 45 24X +2=2X+5VX < 2Xx+3/Xx=2=0 va x>0

4
7~ Dang 4. Tim gia tri cta an dé biéu thitc thda min mot bat dang thirc A > k (>;<;<k)
v6i k 1a hang so.
Phuong phap:
- Budc 1: - Dat diéu kién cta x d€ biéu thirc A ¢6 nghia.
- Buwdc 2: - Rat gon biéu thic A.
- Budc 3: - Giai bat phuong trinh A-k > 0.
- Budc 4: Doi chiéu diéu kién cuia x va két luan.

Vi du minh hoa:

, Vo1 x>0.

11 j; Jx
x+\/; \/§+1 .x+2\&+1

*Thidul. Cho biéu thitc A :L
a) Rut gon biéu thire A.

b) Tim cac gia tri cia x d€ A> %



Loi giai
a) Voi x>0, ta co

1 1 .(«/;)2+2\/§+1_ 1-/x .(\/;+1)2
K 1] W W) W

A=

_(-V)Ex+1) _1-x
X

X
b) Véi x>0, tacod

A>£c>l_—x>1<:>2—2x>x<:>3x<2c>x<g.
2 X 2 3

Pa /4 L4 . A \ \ 2
Vay cacgid tri X cantimla 0<x< 3

,voi x>0, x#1, x#4.

*Thidu?2. Cho biéu thitc M =(

ax  Ax=2 ) x-1
Yx-1 x=-3/x+2) X

a)Ratgon M .
b) Tim x d€ M <4.
Loi gidi

Diéu kién x>0, x#1, x=4.Taco

oax Ux-2 Ax-1_4x-1 Wx-1_4x-1
| Wx-1 (Vx-1)(Vx-2) | x* Cx-1ox xS

M

Ta cd x>0 nén x° >0 khi dé

M<4s <4c>4x2—4x+1>0<:>(2x—1)2>O<:>x¢%.

X2

Vay véi x>0, x;t%, x#1l, x4 thi M <4.

*Thi du 2. Cho biéu thirc A=+B3(\3-3V12+2V27),

B=(1+X+‘&N1 X_‘&J Voi x>0, X #1.

I+ Ix-1



a) Rut gon biéu thiee A va B.
b) Tim céc gia tri cia X sao cho A-B<0.
Loi giai
a) Ta 06 A=/3(v3-3V12 + 2427 ) = /3(/3- 6,3+ 63) =3,
Véi x>0 va x#1, tacod

B:(:HMJ(:L_X_&J: X+2x+1 —x+23/x -1
\/;+l \/;_1 \/;4_1 \/;_1

Kx+1) —(Vx-1)
:(\/;+1) . (&—1) =—(\/§+1)-(x/§—1)=1—x

A-B<0<3(1-x)<0< x>1.

Vay x>1 thda yéu cau bai toan.

I~ Dang5. So sanh biéu thitc A véi k (hiang s6) hoic véi biéu thixc B (chita an)
Phuong phap:

- Budc 1: - DBat diéu kién ctia x d€ biéu thiic A ¢6 nghia.

- Budc 2: - Rat gon biéu thirc A.

- Bwdc 3: - Xét ddu cuia hiéu A — k hodc A — B va dua ra két luan.

Vi du minh hoa:

(voi a>0,a#1).

6 . 10-2/a J'(*/g—i)2
a-1 aJa-—a-+a+1

*Thi du1l. Cho biéu thitc B :(

a) Rut gon biéu thirc B.
b) D4t C = B(a—J5+1).50 sénh C va 1.
Loi gidi
a) Taco ava-a-va+l=a(va-1)-(Va-1)=(Va-1)(a-1).
6  10-24a (JE—l)Z 6(\/5—1)+10—2«/5.(x/5—1)2

PO e W () () WA



B 4+44a _ 1
4Ja(a+1) a'

a—a+1 1
b)Tacd C=2YC""_| Ja+—— |-1>2-1=1.
) i [ @j

Déng thttc xay ra khi a=1 (loai). Vay C >1.

Vi du 2: Cho bidu thitc M:( t 1 j: Varl a0 vaa 2l
a-+a +a-1) a-2Ja+1
a) Rut gon biéu thiee M .
b) So sénh M véi 1.
Loi giai

a) biéu kién: a>0 va a=1
M=[1+1j.x/5+1= 1 1 Ja+1
a-vJa +a-1) a-2/a+1 Jg([ ) a1 (\/5_1)2
144 (x/E—l)z_ (L+a)(Va-1)
AR (A

_a-1
Ja
b) Xét hiéu: M—lz%—1:%<0 voi a>0va a=1l
a a

Vay M <L.

2

Vi du 3 Cho bicu thite p—[ YX=1_¥x+1)( 1 x|

Ix+1 Jx-1)12dx 2

a) Rut gon biéu thuc P.
b) So sanh P véi — 24/ .

Loi giai
a) Biéu kién: x>0; x=1.

L\/_ 1 \/_+1j( \/;]2(\/;1)2(\/}“)2 (1—XJ2
Vel Vx-t) 2 2 ) (Vxe)(Vx-1) L2vx
-4 [x—l]z_l—x

Cox-12vx ) Jx

Vay P::L_Txxvéix>0;x¢l.

b) Xét higu P—(- 2= 1[" 2 = ’?1




Véi x>0;x¢1:>x—+1>0:> P—(— 2\/§)>0

Jx
=P> —2\/2
7~ Dang 6. So sanh biéu thitc riit gon A véi A hoic A® véi A.

Phuong phap:
Buwdc 1: + Xdc dinh diéu kién ciia x dé° A>0 (néu A chwa phdi biéu thirc dwong)

Buwéc 2: + So sdnh Avdi 1 bang cich xét hiéu A-1 theo diéu kién x da co:

Budc 3: - Néi 0< A<l thi VA>A.

Budc 4: - Néu A>1 thi JA<A.

+ Chii yj: Dang nay con cé bién thé'la so sanh biéu thiic riit gon A véi A’ (chi xét v6i biéu

thitc A duong).

Vidu 1: Cho biéu thirc A:( t 1 j :(

2x+\/§—1 2x\/§+x—\/§ .
— + vOi
1-Jx  Wx

1-x 1+x\/;
x>0;x¢1;x¢1.
4

a) Rut gon biéu thiee A.
b) So sanh A véi VA.
Loi giai

a) biéu kién: x> 0; x;t%; x=1.

ey ]

_ 2x-1 :(&+1)(2\/§—1)+\/§(&+1)(2\/§—1)

R e e

B N O Y A S
_&(&—1)'_(”_ 1)(1—ﬁ 1—ﬁ+Xﬂ

_1—\/;+x+\/§(1—\/;)

:M;(g\/}_l)

(V) - () (a-xex)
"IV -1) [V

Jx



Vi du 2:

b) Bién d6i A=@=ﬁ+i—l.
X

NF RE
1

N

— A=&+%—1>1:>JK>1:>\/K—1>0:>JK(\/K—1)>o
X

= A-JA>0= A>JA.

Yk o1 )2
x—4 2-x ) Jx-2
a) Rut gon biéu thie A.

b) So sanh A véi A%.

ApdungBDTcosiCé:\/;+ >2 véimoix>0;x¢%;x¢l

Cho biéu thttc A= [

Loi giai
a) Diéu kién: x>0 ; x# 4.
a1 )2 xedxe2 Jx-2
x=4 2-Vx ) Vx-2 (Vx-2)(Vx+2) 2

3 2Jx +2 Ix-2  x+1
_(&—2)(&+2)' 2 Jx+2

b) Véimoi x>0 x#4 thi A= x+1 o
Jx+2
Ma VX +1<X+2=> A= x4l
«/;+2

Vay 0<A<1véimoi X>0; x#4 = A*<A véimoi X>0; x=4.

7~ Dang 7. Chitng minh véi moi gia tri ciia x va thi A >k (>;<;<k) véi k 1a hang so

Phuwong phap:

- Budc 1: - Dat diéu kién ctia x d€ biéu thirc A ¢ nghia.

- Buwdc 2: - Rat gon biéu thitc A.
- Budc 3: - Chtirng minh hiéu A-k>0 Vx
*Thidul. (Trich dé Thi HSG huyén Binh Giang nim 2012-2013)

Cho biéu thtrc: A =

X+2 \/;+1 1

+ +
xx =1 x+Ux+1 1-+/x

voi x>0, x#1

1) Rat gon A

2) Chting t6 rang: A < %

Loi giai

Ta co:



X+2 Ix +1 1

(V1) (xer+1) xeabel Vx-1

_x+2+x—1—x—x/;—1

1) A=

A
(&_1)(}+ <)

Ao X —/X

(\/;—1)(x+ x+1)

k) s
A_(\/;—l)(x+ x+1)_x+ X+1,V01x_0,x¢1

1 1 Jx (&—1)2
2)Xet§—A=§—X+&+1=3(X+&+1)

Dox>0, x#1

2
:(\/;—1)2>0 véx+\/;+1:(\/;+%j +§>O

4
:l—A>O<:>A<l
3 3

*Thidu2.  (Trich dé thi HSG huyén Cam L§)
1 3 2

-~ +
X +1 xfx+1 x-Jx +1

Cho biéu thirzc: P =

a) Rut gon P.
b) Chiing minh P > 0.
Loi giai
a) DKXD: x>0
P - 1 3 N 2
X+l xlx+1 x-/x +1

1 3 2

\/;+1_(\/;+1)(x-\/;+1)+x-\/;+1

X - x+1—3+2(\/;+1) x+\/; &

refdeot] efeed)
b) VX =0

X-V/X +1 :(\/_—%j2+%

v

3
4



Jx

Do d6:P=—— >0
X-+X+1

*Thidu3. (Trich dé thi HSG T.P Da Ning niam hoc 2013-2014)

a+1+a\/;—1+a2—a\/g+\/_—1
AP S v

Chting minh rang M > 4.

Cho biéu thitc: M = voia>0,a=1.

Loi giai

ava-1_ (Ja-1)a+va+1) a+a+l

a—a \/;(\/g—l) Ja
a’-ava+va-1_(a+D)(@-1)-va(@-1) _(a-1)a-va+1) -a+va-1

Ja—ava Ja(1-a) Ja(1-a) Ja

M:a—+1+2

7a

Doa>0;a%1nén: (Va-1?2>0 < a+1>2a

2va

- M>2Y2 10y

Ja

7 Dang 8. Tim gia tri ctia x d€ biéu thitc théa man mot bat ding thitc A > B(>;<;< B)

Doa>0,a#1nén:

v6i B 1a biéu thitc chita an.

Phuong phap:

- Budc 1: - DBat diéu kién cta x d€ biéu thiic A ¢6 nghia.
- Budc 2: - Rat gon biéu thiec A.

- Budc 3: - Giai bat phuong trinh A-B > 0.

- Budc 4: Doi chiéu diéu kién cuia x va két luan.

Vi du minh hoa:

*Thidul. Chobiéuthirtc A= ], vOi x>0.

Jx+1 ( X X
X+40x+4 X+ 24X x+2

a) Rut gon biéu thire A.

N ~ 2 4 L4 . 2 A? 1
b) Tim tat ca cac gia tri cia x dé A= YR
X

Loi giai



Taco A= Vx+1 [ X X j= x4l X L2
X+ax+4 (x+24x  x+2) (x+2)? (Vx(Wx+2) Jx+2
B Ix+1 ) Jx N X
S (Wx+2)?2 (Ux+2 x+2

3 Ix+1 _«/;+x_ Jx+1 _«/;(1+«/§)
(X422 x+2 (x+2? 0 Ix+2
Cox+1 Uxs2 1

T (WX+27 WXAVX) XWX +2)

Taco A> L = ! > L = !
T3 Vx(Wx+2) 3Ux T Jx+2

2%(dox>0)

oYX +2<30</x <1 0<x<1.

: 1 ..
Vay d¢ A>—= thi 0<x<1.

3Jx
JX +4 - 3Wx +1 2

*Thi du2. Cho haibiéu thirtc A= va B= - voi x>0, x#1.
' Jx-1 Xx+2JXx -3 /x+3

a) Tinh gia tri ctia bi€u thiec A khi x=9.

1
b) Chi*rng minh B = .
) g \/; 1

A~?

c) Tim tat ca gia tri cua x d > +5.

w| >
A x

Loi giai
& 14 7
a) Voi x=9 taco A:E.

b) Vi x>0, x=1 ta cd

go 3Wx+l 2 3x+l 2 3x+l-2(x-D) L
Cx+2Vx-3 Vx+3 (Wx+3)(Wx-D) Vx+3  (Wx+3)(x-1)  Jx-1

A Ix+4 1 R4

c)Taco —= :
) B Jx-1 Jx-1

§>2+5<:> x—4&+4<0©(ﬁ—2)2 <O x=4,



7 Dang 9. Tim gia tri ctia 4n d€ biu thirc nhan gia tri nguyén
Phwong phap 1: Pua vé biéu thiic vé dang chira phan thitc ma t& nguyén, tim gia tri an dé
mau 1a wdc cua tur.
- Budc 1: - Dat diéu kién cta x d€ biéu thirc A ¢6 nghia.
- Budc 2: - Rat gon biéu thiec A va dua vé dang phan thire ¢d ti la s6 nguyén.
- Budc 3: - Ly luan dé biéu thitc 1a s6 nguyén thi mau sd phai la wéc cua ta, tir d6 tim gia
tri an.
- Budc 4: Doi chiéu diéu kién cuia x va két luan.
Vi du minh hoa:
Ja 3 a-2
Ja-3 Ja+3 a-9

*Thi du 1. Cho biéu thirtc A= vdi a>0,a#9.

a) Rat gon A.

b) Tim cdc sO nguyén a dé A nhéan gia tri nguyén.
Loi gidi

a)Voi a>0,a#9, taco

\/a(\/a+3) 3(\/5—3) a-2 11

a2 3
~Ja-3 Ja+3

a-2
a-9 a-9 a-9 a-9 a-9

11

b) A=

5 e 7 khi va chi khi 11 chia hét cho a-9. Do d6

a-9=1 a=10
a-9=-1 a=38

IS
a-9=11 a=20
a-9=-11 a=-2(l).

Vay a€{8;10;20} thi A nhéan gia tri nguyén.

*Thidu?2. (Trich dé thi HSG huyén Thanh Oai 2014-2015)

x=5Vx _|[_25-x _Jx+3 Vx-5
x=25 ] x+24/x-15 x+5 /x-3

Cho biéu thirc A = [

1. Rat gon A
2. Tim s6 nguyén x d€ A nguyén
Loi giai

1) Ppiéu kién XZO,X¢25,X¢9



5
Rat gon A=——
& \/;+3

2)x € z=>~x+3 [aU(5)

[& +3=1 (loai)

Jx+3=5=>x=4
*Thidu3. (Trich dé thi HSG huyén Thanh Oai niam 2015-2016)

Jx J'(&+3+&+2+ Jx +2 J
1) \Wx=2 3-Vx x-5Vx+6

1) Rat gon M

ChoMz[l—

2) Tim gia tri nguyén cua x dé€ biéu thttc M nhéan gia tri la s6 nguyén
Loi giai

DKXD: x> 0;x#4,x#9 (*)

1) Rat gon M: Véi x20;x#4,x#9 (*)

Ix=2 ) x-2

Yx+1 Ix+1

-2 x+1-3 Jx+1 3 3

1-

\/;+1_ x/;+1 _\/X+1_\/;+1= x/;+1

Bicu thitc M co gid tri nguyén khi va chi khi: 3i(Vx+1)=(vx+1)e U(3)

Ruat gon ta duwgc: M =

2) M=

UB) {143} Vix20=vVx20=x+121

Nén \/;+1e{1;3}

Xay ra cac treong hop sau:

HVx+1=1eVx=0ox=0 (TMDPK (*))

Hx+1=3ex =2 x=4 . (khong TMDK (*) loai )

Vay x =0 thi M nhan gia tri nguyén.

Phwong phap 2: Danh gia khoang gia tri ctia bi€u thitc, tir khoang gia tri do6 ta c6 cac gia
tri nguyén ma biéu thirc ¢ thé dat duoc.
- Budc 1: - Dat diéu kién ctia x d€ biéu thirc A ¢ nghia.
- Buwdc 2: - Rat gon biéu thic A.

- Budc 3: - Banh gia khoang gia tri ma biéu thic A c6 thé dat duoc, tir khoang gia tri d6 ta

o cac gia tri nguyén ma biéu thiec A c6 thé dat duoc.



- Buoc 4: Giai phuong trinh vé trai 1a bi€u thirc A da rat gon, vé phai la cac gia tri nguyén

nam trong mién gia tri cua A, doi chiéu diéu kién va két luan.

Ix 2Ux-24 7
+ va
Jx-3  x-9 Jx+8

*Thi du 1. Cho biéu thirc A= voi X20,x#9.

a)Rat gon A.
b) Tim cac sO nguyén x d€ P = AB nhan gia tri nguyén.

Loi gidi

W 2( 24_J—(&+3)+2\/_ 24 x5 x_24
SRS T

poap-YX+8 7 ! :>0<P£%

Jx+3 f+8 Jx+3

Vay cac gia tri nguyén ma P c6 thé dat duoclalva2.

7
V6iP =1 ta co: \/;4_3

=1=x+3=7=x=4=x=16 (TM)

7
V&éi P =2ta co: \/;_'_3

=2:>2\/;+6=7:>\/_=%:>X=% (TM)

*Thi du 2. (Trich dé thi HSG tinh Hai Phong nam 2016-2017)

a+1 a\/_ 1 a—a a+\/— 1
Vo aa aava

s . ~ L4 . \ 2 \ - A2 r 6 A .7 . Pay
Véi nhiing gia tri nao cua a thi biéu thiec A = B nhan gia tri nguyén?

Cho biéu thitc B = voia>0,a=1.

Loi giai.
Vi diéu kién a > 0; a # 1 thi:

ae1 (Va-1)(arva+1) (Va-1)(Va+1)(a—va+1)

B= + -

RN YN N AN Y R]
a+1 a+\/_+1 a—a+1 (\/;Jrl)z

B= — =

N A N A




6 6va

Khi d6A=—>=—Y2 _5(.Tathdy véi O<azl=a-va+1>0
(J§+1)

<:>(\/g+1)2>3\/g<:>iaz<2
(\/g+1)
Do 0<N<2

DéN c6 gia tri nguyén thi N = 1.
@—6\/3
a+2\/g+1
<:>(\/;_2)2=3<::> \/g:\/§+2 - a:7+4\/§(thoaman)
Ja=-3+2 |a=7-43 (théa man)

=1 <:>a—4\/g+1:0

Vay a=7+443.
* Thi du 3. (Trich dé thi HSG tinh Vinh Phiic nam 2011-2012)

x—2\/§+ Ix +1 +1+2x—2\/;
xx =1 xa/x +x++/x X2 =[x

Tim tat ca cac gia tri cua x sao cho gia tri cua P 1a mot s6 nguyén.

Cho biéu thtec P =

Loi giai
Piéu kién: x>0, x#1. Khi d6 ta c6

\/;+2

Rat gon biéu thic ta dwoc P=———+——
X+Vx+1

Ta c6 Px+(P-1)v/x +P-2=0, ta coi day la phwong trinh bac hai cta Jx . Néu
P=0=—/x-2=0 voli suy ra P # 0 nén dé ton tai x thi phuong trinh trén cé

A=(P-1)' ~4P(P-2)20

<:>—3P2+6P+120©P2—2P+1£§<:>(P—1)2 <

[ESHTN

Do P nguyén nén (P —1)2 bang 0hodc 1

+)Néu (P-1)’ =0 P=1& x=1 khong thoa man.

P=2
+) Néu (P—1)2=1<:{ =P =2 2x+/x =0 x=0 khong thoa man

Vay khong c6 gia tri nao ctia x thoa man.
Phurong phap 3: Dat biéu thitc bang mot tham s& nguyén, tim khoang gid trj ctia tham s6,
ttr khoang gia tri d6 ta xét cac gia tri nguyén cua tham s0, giai ra tim an.

- Budc 1: - Dat diéu kién cta x d€ biéu thiic A ¢6 nghia.



- Budc 2: - Rat gon biéu thiec A.

- Buwdc 3: - Banh gia khoang gia tri ma bi€u thitc A c6 thé dat duwoc, tir khoang gia tri d6 ta
o cac gia tri nguyén ma biéu thiec A c6 thé dat duoc.

- Bwdc 4: Giai phuong trinh vé trai 1a bi€u thic A da rat gon, v€ phai la cac gia tri nguyén

nam trong mién gia tri cua A, doi chiéu diéu kién va két luan.

X 2dx-24
+ AV

aB=

7
Jx-3  x-9 Jx +8

*Thidu 1. Cho biéu thitc A= voi X>0,x#9.

a)Rat gon A.
b) Tim cac sO nguyén x dé P = AB nhan gid tri nguyén.
Loi gidi
a) ta co:

Jx +2\/§—24_\/§-(\/§+3)+2~/§—24 X+5vX — 24

T3 x=9 T (xeg)(Vx-3) (Ve (Vx-3)
(\/;—3;(\/;—%8) Jx +8

(Vx+3)(Vx-3) x+3

Jx+8 7 7

\/§+3'\/§+8:\&+3

Vay céc gid tri nguyén ma P ¢6 thé dat duocla 1 ca 2.

7 — 7 7-3n
bat /xi3 (n>0)= n n

7
Véin=1taco: \/;+3

P=AB=

20:>7—3n20:>0<n£%:>n={1;2}

=1=x+3=7=x=4=x=16 (TM)

7
Véin=2taco: \/;+3

:2:2&+6=7:(=%:>x:% (TM)

*Thidu?2.  (Trich dé thi HSG huyén Thanh Oai niam 2015-2016)

Jx .\/;+3+\/;+2+ Jx+2
S+1) (Wx=2 3-Vx  x=5Vx+6
1) Rat gon M

2) Tim gia tri nguyén ctia x d€ bi€u thitc M nhan gia tri la s6 nguyén

ChoM:[l—

Loi giai

DKXD: x> 0;x#4,x#9 (*)



1) Rat gon M: Véi x20;x#4,x#9 (*)

Rat gon ta dugc: M:\/;_2 M =\/;_2

\/;+1 \/;+1
2)M—‘/;‘2_*/;+1‘3_*/;+1_ 3,3
Ix+1 Wx+1 0 Wx+1 Wx+l Ix+1

3 3 3-n

Dat =n(n>0)=>vVx=—-1=—-—

\/;+1 ( ) n n

3—-n

Do Vx20nén = 2>0&3-n20=0<n<3=n={1;2;3}

n

Xay ra cac treong hop sau:

Do e x1=3 X =2 o x4 (khong TMDK (*) loai)
Jx+1
3 3 1 1
+) =2 x+1=2 o +x == x==. (loai do x khéng nguyén (*
ol > > 1 g nguyen (%))
+) 3 =3<:>x/;+1:1c>x=0.(TMDK(*))

Jx +1

Vay x =0 thi M nhan gia tri nguyén.

7~ Dang 10. Tim gia tri ctia n dé biéu thicc dat GTNN hodc GTLN
Phuong phéap 1: Thém bét r6i dung bat dang thitc Cauchy hodc dénh gid duwa vao diéu

kién

*Thi du 37. (Trich dé thi HSG huyén Thanh Oai 2014-2015)

x=5Vx ][ 25-x  x+3 Jx-5
x=25 ' |x+2Jx-15 /x+5 +x-3

Cho biéu thic A = (

1.Rat gon A

2.V6ix20, x %25, x #9 fim gid tri nhé nhét ctia bidu thite: B = 20 +16)
Loi giai

b) biéu kién x>0,x#25,x#9

5
Rat gon A=
& \/;+3

b) Taco:



g AK+16) 5(x+16) _x+16 _ [~ 4. 25 _ [ . 25

5 5(x+3  /x+3 Jx+3 Jx+3

Theo bat dang thitc Cauchy:

—622\/(&+3). 2 625-6-4

\/;+3

B=vx+3+

25
\/;+3

— B>4 =>minB=4 Vx+3= ox+3=5<x=4

25
\/;+3

*Thidu 2. (Trich dé thi HSG huyén Tw Nghia nam 2016-2017)

x?-2x 1, 1 1
3 +—. + )
X341 2 1+/x+2 1-+/x+2

Cho biéu thitc A=

a) Tim diéu kién ctia x d€ biéu thirc A ¢ nghia
b) Rut gon biéu thicc A
c) Tim gia tri nho nhat cta A.
Loi giai
X+220
a) Diéu kién ctia x d€ biéu thitec A cd nghia:{ x*+1#20 <

VX+2 %1

X#-1

b) Ritt gon biéu thirc A

x2—2x+£.( 11 )= X(x -2 1 2
X+l 27 10x+2 1-x+27 (x+)(XP-x+1) 2'1-(x+2)
X(x —2) 1 x(x =2)—(x*—x+1)

T XA —x+D) x+1  (x+D)(—x+1)

B —(x+1) -1

(XD —x+1) X —x+1

A=

¢) Tim gia tri nhé nhat cua A.
|
x2—x+1
(

Tacd A= 1, 3
X—=) "+
2 4

Ta c6 A nho nhat khi (x —%)2 +% dat gia tri nho nhat

Vay: Gid tri nho nhét caa 13 A 13 ‘?4 Khi x—% —0e x:%
1 1 ] Jx+1

XX X1 '(ﬁ_l)z'

voi X>0,x #1.

*Thidu3. Chobiéu thirzc A =(

a) Rut gon biéu thirc A.



b) Tim gia trj 16n nhat ctia biéu thitc P = A-9/x..
Loi giai

a) Véi diéu kién x>0, x=1 ta ¢

x—Jx  Jx-1 -

A=( 1 1 ] x4l x+d _(\&—1):\/}—1
'(\/;—1)2 WX(Vx-1) x+l VxS

b) V6i diéu kién x>0, x=1 ta co

=A- x—E— x——i— X=1- x+i
P=A-9/x= N 9/x =1 N 9/x =1 (9\/_ \/;j

Theo bat dang thitc Co-si ta c6

1 1 1
OIVX +—=>2 [9X - —= <= X +——>86.
Jx Jx Jx

Nhuw vay P <-5.

2 1
Déng thtic xay ra khi 9vx =—= hay x = % :
X

N
Vay gid tri 16n nhat ciia P 1a -5 khi x = %

Phwong phap 2: Dung mién gia tri

voi X>0,x #1.

*Thidu1l. Cho biéu thtic A :(

11 J X +1
=V VL) ()

a) Rut gon biéu thire A.
b) Tim gi4 tri I6n nhat cua biu thite P = A—9/X..
Loi gidi

a) Véi diéu kién x>0, x=1 ta ¢

x—Jx  x-1 i}

A:( 1 1 j x+1 o x+1 _(&—1)2:\/?—1
'(&_1)2 Vx(Vx-1) x+1 o WUx

b) V6i diéu kién x>0, x=1 ta co



P= A—9&=%—9&=1—%—9& (P<1)

& Pafx =X —1-9x
<:>9x+(P—1)\/§+1:0

@9(&)2+(P—1)&+1=o (*)
Pé€ ton tai P thi phwong trinh (*) phai c6 nghiém, ttc la:
A=(P-1)"-36>0s(P-1)>36 = P-1<-6(doP<1l)=P<-5

. . -(P-1) —(-5-1) 1 1
wvay iVx 2.9 20 3 79

Vay gid tr 16n nhat ciia P 1a -5 khi x = %

7~ Dang 11. Chéing minh bi€u thitc luén 4m hoic luén duong
Phuong phap:
- D& chting minh biéu thiic A ludn dwong ta chira A=A’ +k (k >0)-

- D& chitng minh biéu thttc A luén am ta chira A=—-A? —k (k > 0)

Vi du minh hoa:

*Thidul. Cho biéu thirc A:( ! - X+2 ]'i.véix>0,x¢l.
\/;+1 x\/;+1

Jx

a) Rut gon biéu thirc A.

b) Chttng minh A luén am véi véi moi gia tri x lam A xac dinh.
Loi giai

a) Diéu kién: x>0

1 X+2j 2

Khi d6: A= — :
(\/;-i-l XX +1

-
x—xelox—2 x (1)

(\/;+1)(x—\/;+l) 2 (\/;+1)(x—\/§+1). 2
K

2(x—«/§+1)




~Jx
2(x—\/;+1)

Vay A luén am vdi voi moi gia tri x lam A xéac dinh.

, 1 1 x\/§+x
*Thi du?2. Cho biéu thitc A= + + )
' Jx—1+dx  Ix=x-1 Jx+1

a) Rut gon biéu thirc A.

<0 V¥x

2
Do —\/§<0; x—\/§+1=(\/§—%j +%>0:>

b) Chirng minh A khong am vdi moi gia tri x lam A xac dinh.
Loi gidi
a) Diéu kién: x>1

1 N 1 +x X + X
Ix=1+Ux  Sx=1-Jx  Jx+1

G- ien XV
(L)1) VX

=X-2Jx-1
b) Tac: A=x-2yx—1=(x~1)-2Jx~L+1=(Vx-1-1) 20 vx>1

A khong am v6i moi gia tri x >1.

A:

7~ Dang 12. Tim X biét biéu thitc P théa man phwong trinh, b4t phwong trinh chira
dau gia tri tuyét doi.
Phuwong phap:
OTimx dé 1A =
Phuwong phip: | A|l=A< A>0

Cin tim x théa man DK dé¢ A>0.
@Timx dé' 1Al =- A.
Phuwong phip: | A|l=-A< A<0

Cin tim x thoa man DK dé’ A<0.
@Timx dé VA’ = A
Phuwong phip: NA? = A< A>0.

Cin tim x thoa man DK dé¢ A>0.
@Timx dé' 1Al >- A.
Phuwong phip: | A|>-A< A>0

Cin tim x théa man DK dé’ A>0.
®Timx dé VA> A,

Phirong phap: JAS>As0<A<]
Cin tim X théa man PK d¢0< A<1.



®Timx dé' A< A.
Phwong phap: JA<As A1

Cin

tim X théa man DK dé’ A>1.

@Timxdé A>b; A>b; A<b; A<h.
Phwong phap:

Cian

tim X théa man PK dé* A-b>0; A-b>; A-b<0; A-b<0.

Vi du minh hoa:

Vidul:

Vidu 2:

X+1 \/Y—l_x\/;+ X—x-1

Cho biéu thtrc: A=[1+ Jx J : [ 1 24/x ]

a) Rut gon biéu thiee A.
b) Tim x dé€ A>1.
Loi giai

a) Diéu kién: x>0;x#1 . Két qua rat gon A:XjL—XJr:L
Ix-1

A—1+\/; (1 2% (x+x+1) [ 1 ~ 24/x
U x# ) (W=l )X =x=1) | x+1 ) (Wx—1 (Ix+D(x+D)

:(x+\/§+1}( X+ 24/x +1 J_x+\/§+1 (\/§+1)(x+1)_x+\/§+1

x+1 ) (x+D)x+D) ) x+1 T Wx+D)®  Wx+1l
b) Taco: A>1< H—M>1
Ix-1
X+~/X +1 X+~4/X +1-/x +1 X+2
o ———-1>0 >0& >0
Jx-1 Ix-1 Jx-1

= Jx-1>0<x>1(do x+2>0).
Két hop véi PKXD 0<x<1 thi A>1.

VX 2dx-1
x=1 Ux(Vx-1)

a) Tim DKXD, rat gon biéu thiec A .

Cho biéu thiec A=

b) Vi gid tri nao ctia x thi |A|> A.
Loi giai

&—1.

a) Diéu kién: x>0; x#1. Két qua rat gon A= T
X

b) Ta c6: |A|> A< A<O

@*&_1<o@\/§—1<o (vi VX >0 véimoi x>0; x=1).

Jx



oSWJx<le xkl
Két hop véi diéu kién xéc dinh 0< x <1 thi [A|> A.

7~ Dang 13. Tim gi4 tri tham s6 m dé x théa man phwong trinh, bat phwong trinh.
Phuong phap:

- D6i v6i phuong trinh ta dwa phuwong trinh vé dang f(m).x =k

- Xét cdc trwong hop:

Truong hop 1: f(m) =0, két ludn vé bat phwong trinh nhin duwoc.

Truong hop 2: f(m) 20, tim dwoc tdp nghiém x, v6i ldp ludn theo diéu kién nghiém x théa man.
- D6i véi bat phuong trinh bién d6i bat phwong trinh vé mét trong cic dang sau:
f(m).x >k hogc f(m).x>k hodc f(m)x<k hodgc f(m)x<k

f(m)~/x >k hogc f(m)~/x =k hoge f(m)/x <k hodc f(m)~/x <k
- Xét cdc trwong hop:

Truong hop 1: f(m) =0, két ludn vé bat phwong trinh nhdn duwoc.

Truong hop 2: f(m) >0, tim dwgc tdp nghiém x, v6i ldp ludn theo diéu kién nghiém x théa man.
Truong hop 3: (M) <0, tim dwgc tdp nghiém x, v6i ldp ludn theo diéu kién nghiém x théa man.

x=2 o Ax-1 7Jx-9

va B= - voi Xx>0,x#9
\/§ &—3 X—9

Vi du 1: Cho biéu thitc: A=

a) Rat gon B.
b) Cho biéu thitc P = 2, tim gia tri ciam déx théaman P=m-2
Loi giai
a) Ta co:

Cxe1 ko9 (W1)(Ves)-mikee wskee (VX-3)(Vx-2) xoo
k-3 x-8 (Vx=3)(vx+3) (Vx=3)(Vx+3) (Vx=3)(vx+3) Jx+3
b) Ta co:
P_A_ﬁ—Z.ﬁ—Z_&—z x+3 x+3 026 xsd
"B Jx Ix+3  Ix Jx—2 Ix voi diéu kién: X>0,X#9,X#

P:m—2@fi‘f”’=m—za\/§+3=m\/§—2\/§@(m—3)\/§=3@\/_=i3
X m-—

Tacd: x>0,x#9,X#4=>/x>0,V/x #2,/x#3

B




3
m—3>O m>3
Pé x théa man P =m - 2 thi: m—3¢2<:> m?fE
3 =4 m;«tE
m-3 4
Vi du 2. Cho biéu thirc: P = ax _ 8 \/_ 4 voi X>0,X#L X %4
~Jx 4-x X+2\/_ \/—

a)Rat gon P.
b) Tim m dé voi moi gia tri x >4 thi m(vx—1).P <x-1

Loi giai
a) Tacd: véi X>0,x#L x=4

P_(4&_8xj(«/_4 j
2-Jx 4-x){x+2x Jx
A R4VX) 8% X -4+ (x+2)
2=V +V) T XWX +2)
_ Ax+8Ux . 2Jx -2
2=V +VX) XX +2)
Cax Ix(Wx+2)

24X 2dx =2
o 2X
&—1'
2X
Vay
N
. i 2X
b) Véi x>0,x#Lx#4 tacod P=
\&—1

m(\/— 1)P<x 1<:>m(\/_ )

<x-lom2x<x-le(2m-1)x<-1

\/— 1

Truwong hop 1: Khi 2m-1=0<m=

l\)||—‘

0<-1 (vO ly).

Truong hop 2: Khi 2m—1<0<>m <% — X>—2_, khi d6 d€ bt phuong trinh

1-2m
thdéa man véi moi x > 4 thi:

<4 L —4§O<:>—1_4+8m £0<:>8m_3
1-2m 1-2m 1-2m 1-2m

<0

Ma 1—2m>0:>8m—3£0c>m£§.

Trwong hop 3: Khi 2m—1>0<:>m>%:>x<1 5 <0, khi d6 moi gia tri xla am
-2m

nén khong thoa man diéu kién va yéu cau bai toan.



Vay v6i m< g thi bat phuong trinh théa man véi moi x > 4.

2x\/§+x—\/§_x\/§—x—\/§+1
X x+x+\/§ x\&—l

a) Rut gon biéu thuee P.

Vidu 3. Cho biéu thirtc P =

b) Tim gid tri cia m d€ moi x > 2 ta co: P.(x+ x+1)—3>m(x—l)+\/§.
Loi giai

a) Diéu kién: x>0 ; x=1.

2x\/;+x—«/§_x\/;—x—\/;+1

XX + X ++/x x/x -1

\/;(2X+\/;—1) x(«/;—l)—(\/;—l)

ﬁ(x+ x+1) xv/x ~1

P=

P=

2x++/x -1 (\/;_1)0(_1)

P = _
X+/X +1 (ﬁ—l)(x+\/§+1)
2x+\/;—1—x+1
P:
x+\/§+1
p_ XX
X+VX+1
X+ /X
b)Taco: P=——— vdi x>0 x=1.
) Ta co x+\/—+1 vOl1
P.(x+x+1)=3>m(x-1)+/x
X + /X
©x+\/_+1( x+1)—3>m(x—l)+\/;

< X++/x-3> m(x—1)+\/;
& x-3-m(x-1)>0

< (1-m)x+m-3>0

< (1-m)x>3-m (%)

Trwong hop 1: Khi 1-m=0<m=1=0>2 (vO ly).

Trwong hop 2: Khi 1—m<0<:>m>1:>x<i_m,khi do:
-m

+ Néu i_ M <2 ttcla x <2 thi moi gia tri x> 2 sé khong théa man bat phuong
-m

trinh.



Vi du 4.

+ Néu i‘m >2 thela 2<x< 1‘”‘ thi chi c6 mot s gid trj x> 2 théa man bét
—-m —-m
phuong trinh (Tap nghiém cta bat phuong trinh () khong chira hét cac gia

tri x> 2)

= Truong hop 2 khong thoa man voi moi gia tri x > 2.

3—-m

Truwong hop 3: Khi 1-m>0<m<l= x> , khi d6 dé€ bat phuwong trinh thoa

1-m
man voi moi X > 2 thi:
3-m 3—-m m+1

<2 ——-2<0&
1-m 1-m 1-m

<0

Mal-m>0=m+1<0=>m<-1két hop véi m<1lta dugc m<-1
Vay véi m < -1 thi bat phuwong trinh thdéa man véi moi x > 2.
x—4 3 ) (x+2 X
x—2\/§_2—&J ( Jx +2—J§j'

a) Rut gon biéu thuiee P.

b) Tim cac gia tri cua a d€ c6 x thoa man: P (\/; +1) >x+a.

Cho biéu thtrc: P = (

Loi giai
a) Diéu kién: x>0 ; x# 4.

P:(J§—4_ 3 J{J?+2+ Jx J
x—2x 2-x ) Vx 2-Jx)

:\/;—4+3\/§ \/;(\/;—2)
ﬁ(&_z)' X—4—X
4(Vx-1) Jx(Vx-2)
Jx(Vx-2) 4

P=1-x

b) Tacéd: P=1-+/x véi x>0 x=4.
P(\/;+l)>\/§+a
@(1—«/;)(\/;+1)>«/§+a

<:>1—x>\/§+a
o x+Ux-1<-a *)

1) 1
o x+x+=|-=-1<-a
S

P

P=

1Y 5
S|WX+=| <=—-a
) <
2
Voi x>0:>(\/§+%j >%



1 1V 5
=—< \/§+— <——a=—acxl
(3 <

Vay véi a<1 thico x thoa man: P(&+1)>&+a.

Cau 1. (Truwong chuyén tinh Binh Thudn nam 2019-2020)

\/§ _\/§+1_5—9«&
JX+5 5-+x x-25

Cho biéu thirc: P = vOi X >0,x = 25.

a) Rut gon biéu thirc P.

b) Tim tat ca cac gia tri cia x dé€ P<1.

Cau 2. (Truwong chuyén tinh Binh Dinh vong 2 ndm 2019-2020)
V(3145)  V3(3-5)

NEABIB  2NE-A3 5

Cau 3. (Trwong chuyén tinh Bac Liéu ndm 2019-2020)

Rt gon bidu thic: B:(13—4\@)(7+4\@)—8\/20+2\/43+24\@ .

Rat gon biéu thiee: 4 =

Cau 4. (Truong chuyén tinh Bic Giang chuyén todn nim 2019-2020)

Cho x,y la cac so thiee dwong va

P:\/x+§/?+§/ﬂ +\/y+§/F+§/ﬁ+\R/§+i/y+l-

Chttng minh réng 3/; + §/§ +1= %/?

Cau 5. (Truong chuyén tinh Bic Ninh vong 2 nim 2019-2020)

4 5.3 2
T 2z° + 3z 38xr +5 Khi :1:=2+\/§.

Tinh gia tri caa bi€u thtee: 4 =
\/ *—4x +5

Cau 6. (Trueong chuyén tinh Bén Tre vong 2 nam 2019-2020)

1—x/§_1+\/§
A:1+\@ 1-45
NG .

Cau 7. (Truwong chuyén tinh Cao Bang vong 2 niam 2019-2020)

1 2x Ml_&

Tinh gid tri cta biéu thic:

ﬁ—l_x&+ﬁ—x—1 X+1

Cho biéu thic P:( JVéiXZO,X;tl.



a) Rut gon biéu thirc P.
b) Tim tat cac gia tri cua X d€ P >1.
Cau 8. (Trwong chuyén tinh Cin tho chuyén toin nam 2019-2020)

\/x—1/4(x—1) +\/x+1/4(x—1)

X’ —4(x-1)

. 1 ,
Cho biéu thirc A= .(1— " J trong d6 x>1,x#2 .

a) Rat gon biéu thuac A
b) Tim cac gia tri nguyén ctia x dé€ gia tri biéu thirc A la sd nguyén.
Cau 9. (Truwong chuyén tinh DAK NONG vong 2 nam 2019-2020)

1 3a+5 (\/Z+1)2_1J

Cho biéu thiec: P = + )
J [ 4Ja

a-1 a\/g—a—x/;+l

Tim diéu kién xac dinh va rat gon biéu thac P.

Cau 10. (Trwong chuyén tinh Gia lai chuyén tin ndm 2019-2020)

16z — 1 _
Rﬁtgonbiéhtmczpz?’“ bz -7 ~z+l ~z-3
T+2Vr -3 \/;+3 \/;—1

Cau 11. (Truwong chuyén tinh Gia Lai khong chuyén nam 2019-2020)
a-4 a-4Ja+4
Ja+2' 2Ja-4

Cau 12. (Trwong chuyén tinh Gia lai vong 2 nam 2019—2020)
Rat gon biéu thie: A= \/4+2\/§ +\/6 26 +——— \/_ 7
+
Cau 13. (Trwong chuyén tinh Ha Giang vong 1 nam 2019-2020)

3Jx 3x 1 ]xl(\/_\/_)

(x =20,z #1).

,voia=>0,a#4.

Rat gon biéu thic P =

y+y X x—yf f f 2X+ 24Xy + 2y

Cho biéu thirc: M = [

a) Rut gon biéu thire M.
b) Tim cac sd nguyén x sao cho biéu thirc M cd gid tri nguyén.

Cau 14. (Truwong chuyén tinh Ha Nam chuyén toin nam 2019-2020)

e424  |Not3 otz a2
s Vo2 Vo—2 3-vo 2_sdetol

(voiz >0, z=4,x=9).

Cho biéu thirc:: A =

1. Rat gon biéu thie A.
2. Tim z dé€biéu thirc A dat gia tri nho nhat.



Cau 15. (Truwong chuyén tinh Ha Nam thi chung ndm 2019-2020)

Rat gon cac biéu thire sau:

1. A = 443 — 2427 + V12,

\/g—i—l_i_ 2a
\/;—1 a-l—\/g

Cau 16. (Truwong chuyén tinh Hoa Binh Chuyén Tin nam 2019-2020)

2. B =

: , (Voia > 0,a = 1).
a—1

12
Jx—-1 x-=2

1) Tim diéu kién xac dinh: A=

2) Rut gon: B= 512 /27

a-1

Ja-1
Cau 17. (Trwong chuyén tinh Hoa Binh Chuyén Todn ndm 2019-2020)

3a+V9a-3 Ja-2 1
a+vJa-2 Ja-1 Ja+2

3) Rat gon: C = -1

Cho biéu thitc: A=

1)Rut gon biéu thirc A.
2)Tim gia tri ciia a d€ |A|=2.
Cau 18. (Truwong chuyén tinh Hoa Binh danh cho tdt cd cdc thi sinh ndm 2019-2020) Rat gon:
A=(/5-3)(\5+3)+6
Cau 19. (Truwong chuyén tinh Hung Yén Vong 2 nam 2019-2020)
2
(ZJ—FB +3+a3 +1 2a

a—1j2 a®-1 a-1
— | +3
a+1l

a) Cho a la sd thuc khac 1 va —1. Rat gon biéu thic P =

b) Cho céc s0 thuc x, y, a thoan man \/x2 +3xy? +\/y2 +3/y'x* =a.
Chitng minh rang: e +§/F =3a .

Cau 20. (Truwong chuyén tinh Hai Dwong chuyén todn nam 2019-2020)

2x+\/§—1_2x\/§—\/§+x X —/X
1-x 1-xx ) 2x-1

Cho P:1+( vc’yixzo,x;tl,x;t%.

a) Rat gon P.



4
b)Tim cac gia tri ctia x sao cho P = 5

Cau 21. (Trwong chuyén tinh Hai phong vong 2 nim 2019-2020)

3Wx Wx 1) Vx+3
xVx+1 x—x+1 x+1) x—x+1

Cho biéu thttc: P = (véi x > 0).

Rat gon biéu thic P. Tim cac gia tri cia X dé€ P > —.

Cau 22. (Trwong chuyén tinh Hiu Giang chuyén todn ndm 2019-2020)

Cho biu thite A = 2z +15 — 820 — 1.
a) Tim diéu kién ctia z d€ biéu thitc A c6 nghia.
b) Tim = d€ A = 3.
Cau 23. (Truwong chuyén tinh Hiu Giang chuyén todn ndm 2019-2020)
Cho z = 1+ /2 + ¥/4. Tinh gia tri dang cua biéu thitcc A = 2° — 42" + 2° — 2> — 22 + 2019.

Cau 24. (Truwong chuyén tinh Kon Tum cho tdt ca cdc thi sinh nam 2019-2020)

. oA LA R . ox+1
a) Tim diéu kién ctia x dé biéu thic

¢ nghia.
x—3 &

_a+\/; _a—\/;
Ja+1)| Ja-1

Cau 25. (Trwong chuyén tinh Kon Tum vong 2 niam 2019-2020)

b) Chitng minh dang thtrc |1 1

]zl—a (aZO,ail).

V3—5.(3+5)
J10 ++2

1) Khong dung may tinh cam tay, hay tinh gia tri biéu thiec P =

2x—3Jx -2
Jx =2

Cau 26. (Truong chuyén tinh Lao Cai Vong 1 nam 2019-2020)

2) Rut gon roéi tinh gia tri cua biéu thiee Q = tai x =2020—2+/2019

Tinh gia tri cac biéu thic sau:

a) V4 +3 b) v/5 ++/(6—+/5)2
Cau 27. (Truwong chuyén tinh Lao Cai Vong 1 nam 2019-2020)

2x% 42X 1 1

+ —_—
x2-1  Jx+1 Jx-1

Cho biéu thtrc: H =

(vOi x>0;x#1)



a) Rat gon bi€u thic H.
b)Tim t&t ca céc gié tri ctia x d& vx —H <0

Cau 28. (Truwong chuyén tinh Lam Dong vong 2 nam 2019-2020)

Tinh gid trj biéu thire: T =(2v3+1)(3v2 -1) J13-4319+6V2 .

Cau 29. (Trwong chuyén tinh Nam Dinh cho 16p chuyén KHTN ndm 2019-2020)
2019 3

Jx-3 x-9'

Cau 30. (Truwong chuyén tinh Nam Dinh cho 16p chuyén KHTN nam 2019-2020)

Ja+1 \/5—1+4\/5J:(a2+a\/5

- ———|voia>0,a=1l.
«/5—1 \/5+1 «/5+1]

Tim diéu kién xac dinh cua biéu thic P =

Cho biéu thiec P = (

1) Rut gon biéu thie P.
2) Tim cac gia tri nguyén ctia a dé P nhan gia tri la s nguyeén.

Cau 31. (Trwong chuyén tinh Nam Dinh chuyén todn nam 2019-2020)

Cho x:\/3+\/5+2\/§ +\/3—\/5+2\/§ . Tinh gia tri ctia biu thirc P = x(2-X).

Cau 32. (Truwong chuyén tinh Nam Dinh 16p chuyén KHXH ndm 2019-2020)
2019 3

x—3 x-9
Cau 33. (Trueong chuyén tinh Nam Dinh 16p chuyén KHXH nam 2019-2020)

Ja+l Ja-1
«/5—1_\/5+1+4\/5]'

Tim diéu kién xac dinh ctia biéu thiee: P =

1 .
——voia>0,a=l.

ava

Cho biéu thtc: P = (

1) Rut gon biéu thic P.

2) Tinh gié tr cia P khi @ =+/9+4+/2.
Cau 34. (Trwong chuyén tinh Ninh Binh chuyén todn ndm 2019-2020)

2+/x . g_Yx-3 2Jx+9
Jx X x+3Jx

A_5

Tim tat ca cac gia tri caa X d€ —>—.

Véi x >0, xét hai biéu thee: A =

Cau 35. (Truwong chuyén tinh Ninh Binh chuyén toin nam 2019-2020)



5\/6\/7— 33+128 -1
3-2 '

Cau 36. (Truwong chuyén tinh Phi Yén Vong 2 nam 2019-2020)

Ix+3 x+2  x+2 ) [ x-2
&—2+3—\&+x—5\&+6j'(x—\&—2_1j'

Rat gon biéu thiee : C =

Cho biéu thirc: A= (

a)Rat gon biéu thic A.
N A? 1 .7 . 7 A,
b)Tim x dé€ P = 2A—— dat gia tri l6n nhat.
X

Cau 37. (Truong chuyén tinh PTNK ( VONG 1 ) ndm 2019-2020)
(Va+1) ~(vVa-1) (Vza+i+va+l)(v2a+i-a+1)
Tim a, biét: — =1.

4«/5(\/5—1) a(\/5+1)

Cau 38. (Truwong chuyén tinh Quang Nam Vong 2 nam 2019-2020)

Ix+2  2dx+8) X2 —xx++/x -1
. A%

oi x=>0.

Cho biéu thirc A= —
(x— X+1 x\/;+1 \/;+3

Rat gon biéu thiic A va timx d€ A=6.

Cau 39. (Truwong chuyén tinh Quang Ngdi chuyén todn nam 2019-2020)

2x+3+x\/§—1_x2+\/;
IX o x=Jx  xJx+x

Rat gon va tim gid tri nho nhat cua biéu thie P

Cho biéu thirc: P = voi Xx>0,x#1.

Cau 40. (Trwong chuyén tinh Quang Ninh Vong 2 nam 2019-2020)

~Ax-9Vx+3 Vx-1 2Jx-1
x+3\/;+2 \/§+1 \/;+2

Cho biéu thirc: A= (voi x=0).

a) Rut gon bi€u thirc A;

b) Tim gid tri I6n nhat cta A.

Cau 41. (Truwong chuyén tinh Son La Vong 2 nam 2019-2020)
a) Rut gon biéu thic:

\/§+3 \/;+2 \/;+2

g
Ix+1) (Vx=2 fx-3 x-5Jx+6

j(vc’ri X>0; x#4;, x+9)



b) Cho X = (V3-DJ10+6V3
J21+ 445 +3

ay tinh B = (x* + 4x —2)*"

Cau 42. (Trwong chuyén tinh Thadi Binh vong 1 ndm 2019-2020)

Cho biéu thic: P :(L+£+£j-\/@(x+ y)_Xy (voi x>0;y>0).

v oxoy) xx+yfy

1. Rt gon biéu thirc P.
2. Biét xy =16. Tim gia tri nho nhat cta P.

Cau 43. (Trwong chuyén tinh Thai Nguyén chuyén tin nim 2019-2020)

Cho: X = 370+ /4901 + /70— /4901,

Khong st dung may tinh cam tay, hay chitng minh x la sd nguyén t6.

Cau 44. (Truwong chuyén tinh Tién Giang chuyén tin nam 2019-2020)

Rat gon biéu thire: A= \/4 +410+24/5 + \/4 —y10+245 .

Cau 45. (Truwong chuyén tinh Tién Giang Vong 2 nim 2019-2020)
Cho x=32+ 23 +32-23-1.

3
Tinh gi4 tri biéu thic P = x° (x2 +3X + 9)

Cau 46. (Trueong chuyén tinh Tuyén Quang chuyén toin nam 2019-2020)

1 1 1 1
+ + +ot
V341 B5++3 7+ V20192 +4/20192 -2

Cau 47. (Trwong chuyén tinh Tay Ninh Vong 2 nam 2019-2020)

(\/Z - 2\/5)(61 - 1)
a— \/; -2
Cau 48. (Truwong chuyén tinh Vinh Long vong 2 ndm 2019-2020)

(1 1 ). x+1
P‘(&_Nx_&]'(&_l)z

Tinh tong: S =

voi a>0,a#4.

Rat gon biéu thic: T =

a) Cho biéu thirc:

. A ;4 , s e o 1
Tim diéu kién xac dinh cia P va gid tricta x dé P = >

b) Rut gon biéu thitc A=3/465 —61++/69—285.



Cau 49. (Truwong chuyén tinh An Giang Vong 2 nam 2019-2020)

1443 2 T_(l—\@_ 2 ]2.

2 1+43 2 1-43
Cau 50. (Truong chuyén tinh Ba Ria Viing Tau thi chung nam 2019-2020)

Rut gon biéu thirc: A=(3v5-+/27 ~20)5+3/15.

Cau 51. (Trwong chuyén tinh Binh Phwdc chuyén todn ndm 2019-2020)

xv/x -3 _2(\&‘3)+\/§+3
x—22/x=3  fx+1  3-x

Rat gon: A= (

Cho biéu thirc: A=

a) Rut gon biéu thuec A.
b) Tinh gi4 trj ctia biéu thiic A khi x =4-24/3

Cau 52. (Truwong chuyén tinh Long An chuyén todn dw bi ndm 2019-2020)

x—2\/§—3+x\/§+8_ &—1_\/;+1
Jx +1 IX+2 Ix+1 Jx-1

Cho biéu thtacP =

}(x—l) voi x20,x#1.
a) Rut gon biéu thirc P.
b) Tim tat ca s6 nguyén to x dé€ P <1.

Cau 53. (Trwong chuyén tinh Long An chuyén todn ndm 2019-2020)
X2 ++/x +2x—\/§_2x—2 1
x—Jx+1  Jx Ix+1) x=+x+1

a) Rut gon biéu thuc P.

Cho biéu thirc P = L voi x> 0.

b) Chttng minh: P <3.

Cau 54. (Truwong chuyén tinh Quang Tri Vong 2 ndm 2019-2020)

2<X_1)+ X2 ++/X _2x—2x/§
Ix+1 x=Jx+1  Jx-1

Tim tat ca cac gia tri cia x d€ A<0.

Cho biéu thitc: A= voi x>0, x#1.

Cau 55. (Truwong chuyén tinh Thiea Thién Hué"vong 2 nam 2019-2020)

3x+49x -3 Jx+1 Jx-2
X+4x -2 Jx+2 fx-1

Rat gon biéu thic: P =

Tim x d€ P =3.

Cau 56. (Truwong chuyén tinh Yén Bdi vong 2 nam 2019-2020)



\/; x—\/;+1_\/;+1

1. Tim diéu kién cua X dé€biéu thitc A c6 nghia. Rut gon biéu thiec A.

Cho biéu thtc: A:(x+ IM Va1 ! J

2. Tim cdc gia tri nguyén cua x dé A c6 gia tri nguyén.

Cau 57. (Truwong chuyén tinh Chuyén DHSP vong 1 nam 2019-2020)

Cho céc sO thuece X, y, a thoan man \/x2 +3x'y? +\/y2 +3y'x* =a.
Chttng minh rgmg Ix? +§/? ~3a? .

Cau 58. (Chuyén Nam Dinh 2018)

2 2

X B y B Xzyz
(x+y)1-y) (x+y)A+x) (1+x)(1-y)

a) Rut gon biéu thirc P =

N 1 1 1 1 1 1
b) Chirng minh ran l+—+—+,[1+—+—+...+,/1+ + < 2018.
) & & \/ 12 22 \/ 22 32 \/ 2017° 20182

Céau 59. (Chuyén Ha Tinh 2018)
Cho X,Y,z1a cdc s hitu ti théa man l+l = l Chting minh rang /x* +y* +z> 1asd
X y z
htru ti
Cau 60. (Chuyén Binh Djnh 2018)

(ﬁ—%)*@[ ab o

Cho biéu thirc: T =

Ja+db | Ja-+Db a—b

J,Véi a#b,a>0,b>0
a) Rut gon biéu thiee T
b) Chiing t6 T > 1

Cau 61. (Chuyén Ca Mau 2018)

Rat gon cac biéu thire sau

a)  A=420 -45 + 3125 - 24405 b)  B=v9-4v2 +19+442

Cau 62. (Chuyén Lam Son 2018)

Tinh gia tri biéu thiec P=| 1- 1 1- L 1- 1
1+2 1+2+3 1+2+3+....+2018

Cau 63. (Chuyén Hung Yeén 2018)

NOES |

X A XX =xE 4%

Cho cac biéu thirc A = va B=x*-5x*—-8x+2025 vdi

x>0,x=1

a) Rut gon biéu thiec A



b) Tim cdc gid tri cua x d&€ biéu thirc T = B—2A*dat gia tri nho nhat
Cau 64. (Chuyén Bén Tre 2018)

avb +va-bva-+b
1+«/%

Cho biéu thic P = véi a,bla hai s theee duwong

a) Rut gon biéu thiec P:

1
(Va++b)(a+b)

b) Tinh gi4 tri ctia biéu thic P khi a=2019+2+2018 va b =2020+ 22019
Cau 65. (Chuyén Ha Nam 2018)

Cho biéu thrc Q=( Vita 1-a J( /%—1—3]\/&—2%1 (0<a<1)
a

_l_
Vita-+vl-a +1-a*-1+a a

1) Ratgon Q
2) Sosanh Q,Q°
Cau 66. (Chuyén Lam Dong 2018)

Tinh gid tri biéu thirc A =(4+15)(v10 -6 )y4-+15
Cau 67. (Chuyén Dong Nai 2018)

a a+\/; ] 4-a

+ .
\/g+2 a+3\/g+2 \/g

a) Rut gon biéu thiec P

Cho biéu thtec P = [

b) Tim cac s6 thye duwong a sao cho P dat gia tri 1én nhat
Cau 68. (Chuyén Nguyén Trai 2018)

a’ \/;+\/x—2\/;+1+1

~,(a>0); P=

(a+1) Vx? =2x+1

Cho xa+1\/1+a2+

Rat gon P theo a
Cau 69. (Chuyén Ning Khiéu TP. H6 Chi Minh 2018)

Biét 0<x<y va

(&“5)2*(&‘&)2 . y . X _5 i X
(\/;+\/§)+2(x+2y)) \/;(\/;+\/§) ﬁ(&+\/§) 3
Cau 70. (Chuyén Bic Ninh 2018)
Rt gon bidu thite : p=| 27V *B azva'+b | dVa'-ab® ) ),

a—Va?+b* a++a’+b? ) b
Cau 71. (Chuyén Hdi Dwong 2016)



2 2
Rat gon biéu thic: A:\/aJrX _2\/g+\/a+x +2\/g voia>0, x>0.
X X

Cau 72. (Chuyén Vinh Long 2018)
x+3x+2 1

1
xvx -8 _\/2_2}\/;

a) Cho biéu thirc A :( véi x>0 va x#4. Tim gia tri cua

A tai x=14+6+5.
b) Tinh gi4 trj biéu thitc A = \/ 12-+/80-32+/3 — \/12 +4/80-324/3 .
Cau 73. (Chuyén Bic Giang 2018)

x+4\/;+4+x+\/; :[ 1 1 J(véix>0;><¢1)-
x+x -2 1-x Pxrl 1-4x

a) Rut gon biéu thuce A.

Cho biéu thirc A = (

1+2018
J2018

b) Co bao nhiéu gia tri nguyén ctia x dé A>

Cau 74. (Chuyén Quang Nam 2018)

Ja+1 +ab++a IJ'[Za\/BJFZ\/EJ'

Cho biéu thirc A = +
1-ab

+
\/E+1 1—@

voia>0;b>0 vaab=1.

Rat gon biéu thic A va tim gid tri 1on nhat caa A khi Ja+vb=+/ab.
Cau 75. (Chuyén Ba Ria Viing Tau 2018)

3
Rat gon biéu thic: P:£1+J?—+1—£],/L\EH (a>1)
a— a

Cau 76. (Chuyén Dién Bién 2018)

VX+2 Vx+3  3x+4Jx-5
x+1 5-Yx  x-4Vx-5

a) Rut gon P. Tim céc s6 thuc X d€ P>-2.

Cho biéu thirc P =

,(x=0;x#25).

b) Tim cac s0 tu nhién X la s6 chinh phwong sao cho P 1a sd nguyén.
Cau 77. (Chuyén Ba Ning 2018)
Z(X—l) N x* —\/; B 2x+\/;
Ix-1  x++/x+1 Jx

Chting minh rang: A > %

Cho biéu thitc A = voi X>0,x=1

Cau 78. (Chuyén Ba Ning 2018)



o X X y ..
Cho biéu thttc: Q =———=-| 1+ : voi x>y >0.
lxz_yz { ,XZ}’Z] X — lxz_yz
1. Ratgon Q.
2. X&c dinh gia tri cia Q khi X =3y.
Cau 79. (HSG TP. Hdi Phong 2018)

3
(&—\/;) +2X\/;+y\/§+3\/;_3y
XVX + y\/§ X-y
Chitng minh rang gia tri ctia biéu thitc A khong phu thuodc gid tri cia bién.
Cau 80. (HSG Qudn Hong Bang 2018)

Cho biéu thuc A=

voi x,y=20 va x=zy.

Cho biéu thiic P = X _ y B Xy

(Ve (1= ) (Vxrfy ) (Vx+1) (Vx+1)(1-4y )

a) Tim diéu kién cua x, y d€ biéu thirc P xac dinh va rat gon P;

b) Tim x, y nguyén thoa man phuwong trinh P =2.
Cau 81. (HSG Qudin Lé Chian 2018)

Cho biéu th1’rcP={ (a >b>0)

Ja-b N a-b ~a’+b’

Ja+b+va-b a?-b?-a+b) a?-b?
Chting minh ring khia—b =Tthi P >2/2 +2.

Cau 82. (HSG Qudn Ngb Quyén 2018)

Cho biéu thtic P = &+ﬁ+&—ﬁ -(1+MJ,
1—\/; 1+\/g 1-xy

a) Rat gon biéu thic P;

2
2+\/§.

Cau 83. (HSG Qudn Thity Nguyén 2018)

x+3«/;+2 x+x/;J

b) Tinh gia tri cia P vdi x =

(1 1

'(\/Z+1+&—1

J. (voi x>0;x=1)

Cho biéu thitc P = -
{x+\/;—2 x—1

a) Rat gon biéu thic P;

b) Véi gid tri ctia x ta co %_\/;8+1 >1.

Cau 84. (HSG Thanh Héa 2017)



x=20x  Wx+l 1+2x-2x
x\/;—1+x\/;+x+\/;+ x? —~/x
va tim tat ca cac gid tri ctia X sao cho gia tri cua P la mot s6 nguyén.
Cau 85. (HSG Hdi Dwong 2017)
Cho bicu thite A= XX, X9 g, gon B=1-2A —4/x +1 (0<x<—)
x+x+1 x—/x+1
Cau 86. (HSG Hai Phong 2017)

Cho a:\/3+\/5+2\/§ +J3—\/5+2J§ . Chitng minh a> —2a—-2=0.

Cho biéu thirc P =

,voi X>0,x#1. Rat gon P

Cau 87. (HSG Hai Dwong 2016)

Cho biéu thric: Pz\/l—x+(1—x)\/1—x2 +\/1—x—(1—x)\/1—xz (v6i —1<x<1).

Tinh gid tri cua biéu thiec P khi x = L
2019

Cau 88. (HSG Thdi Binh 2011)
87 1 1 88

<_
89 2\/_ 32 012010 45

Cau 89. (HSG Chuyén Hung Yeén 2019-2020)

Rat gon biéu thie A =2 ( 5 ) +~20 - 20\/7

Chting minh rang: —

HUONG DAN GIAI
Caul.
oo i e ssk R[5 )5 R) 5-54%)
CUX+5 5-4x x-25 (\/;_,_5)(5_\/;)
(58X —x)—(x+8Yx+5)+(5-9VX)  ax-a0fx  _ 2X(Vx+5) ok
B (Vx +5)(5-x) (Vx+5)(5-x) (Vx+5)(5-vx) Vx-5
24 2Jx 2x - (Vx - ) \/§+5
b)P<1©ﬂ<1©ﬂ_l<O® x5 \/_ c <0

<:>x/;—5<0<:>x/§<5<:>0£x<25
Vay 0<x<25

Cau 2.



N2 44345 242 35 =8-26-25 +26+25 95

=8—2\/(\/§—1)2 +2\/(\/§+1)2 —2=6-2V5+2+25+2=10.

V2(35)(292 3 =5 | =43+ V5~ (3-+ V5 V6 - 245 = 4(3-+5)— (3+5) (5 -1)
=12+445-2/5-2=10+25.

V2(35)[242 + V345 | = 4(3-5)+ (35 Vo + 245 = 4(3-5) +(3-V5)(+5 +1)
=12—-4/5+2J5-2=10-25.

2.

Do dé:
V2(3435)(242 35 |+ V2 (3-5)(2V2 V3435 ) 105 B i10-245 20
A= = 2
(2\/5+\/3+\/§)(2\/§—\/ —ﬁ) 10 10
Vay 4=2.
Céch khéc:
o V2(3445) 64245 6+245 __6+2y5_, 4

22+ 3+\5_4+\/6+2ﬁ:4+ /(\EH)Z R R

\/5(3—\5) 6—25 6-245  6-25 4

22—

2\/5—\/3—«/524—\/6—%/3:4_ /(ﬁ_l)z IR N

Dodé:A:4—[ 4 + 4 J:4—20_4\/§+20+4\/§:4_ﬂ:2,
5445 5-45 25-5 20
Vay 4=2.

Cau 3.

B =(13-443)(7+443) _ 820+ 243+ 2443

- 914523283 —48—8\/(\/13—4\@ 7+ 4J§)2

_ 43+24J§—8(J13—4J§+J7+4J§)



_ 43+ 24@—8(\/(2\@—1)2 +\/(2+@)2]
- 43+2443-8(2/3-1+2++3)

=35
Cau 4.

Pit a=3¥x;b=3/y (a,b>0), taco

P=va’+a’+a% +y/b°+b’ +ab> +a+b+1
=(a+b+1)va+b+1 '

%/E:a+b+1:§/§+3/y+1--
Cau 5.

Ta c6 x—2=\/§:>(x—2)2 =3= x> —4x+1=0.

X —4X+5 =IX? —4x+1+4=2..

x*—2x% +3x%? -38x +5

-5
:(x4—4x3+x2)+(2x3—8x2 +2x)+(10x2—40x+10)—5:—5 = A= -

Cau 6.
1-5 145 [145) (15 1-2J5+5-1-2.5-5
a_liyB 145 _ (1+5)(1-+5) _ 1-5 _ 4B,
J5 V5 V5 NG
Cau?’.

a) Bién doéi duoc

1 21 2k
Jx=1 x/x+4/x=x-1 fx-1 (Vx=1)(x+1)

Bién doi duoc

2x X +1—2x

1
Jx-1 (ﬁ—l)(x +1) (\/;—1)(x+1)



ZJ_ x+1—2J§

Xx+1 X+1

1

Ix-1

P=

! Z_J;zo
Jx =1 Jx -1

2-Jx>0 [Jx<2 {xs4
THI: N N
Jx-1>0  |[Jx>1 ([x>1

2-x<0 X2 X4
TH2:{ Vx @{\/_ <:>{ (khong xay ra).

>l

b)

=Slwx<4

Jx-1<0  |[Jx<1  [x<1
Vay cacgid tri x cantimla 1< x<4.

Céu 8.

JX’$TI7F Jxfa(x-1) .
\/X— X— 1 ( X j
A:\/X—Z\/XT+\/X+2\/E.(X_2)
N
|\/7 1‘+1+\/7 y
[x-2| (x—lj
2
1-x
2

Néu 1l<x<2 thi A=

Néu x>2 thi A=

a

b) - Néu 1< x < 2thi khong c6 gid tri nguyén.

-Néu x>2 thi A= 2

+Xx-1=1cx=2 (l)
+Vx-1=25x=5 (n)

Cau 9.

a

biéu kién: a>0,a #1.

(1, svass |(Ya1)  a(a+1) (Ja-1)
a-1 (a—n(JE—g '

W (a-n(Va-1) 4



1

-

Cau 10.

3z ++16z -7 \/;+1 z -3

e 42z -3 Jo+3 Jr-1
:3$+4\/;_7_(\/;+1)(\/;—1)+(\/;—3)(\/;+3)
:1:+2\/;—3 (\/;+3)(\/;—1)
_ 3:v+4\/;—7 oz -1l+4z-9
_(\/;—1)(\/;+3) (\/;+3)(\/;—1)
C Be+dz-7  22-10
_(\/;—1)(\/;+3) (Va +3)(Vo -1)
rx+4 :(:+3

es)ley

) o)
V)]

R

Jo -1
Cau 11.

_a-4 a-afars (a-2)ar2) (Va-2) o
P e T T 5 .2(\5_2)_(\/5—2).
Cau 12.

2 2 2
A= (B4 4B+t
=J3+1++/5— 1+f+f
_ 3454+ 205-V3)
2

=25




Cau 13.
a).Diéu kién: x>0; y>0; x =y, x =1

MZB\/;(«/;—\/?)—SX+X+ Xy +y 2(x+\/x—y+y).
SN )

M = X—2Xy +Y 2(X+ Xy+Y)

_(\/;—\/y)(x+ xy+y)'(x—1)(\&—\/§)

Mo 2
x-1

b).Dé M c6 gia tri nguyén khi x-1 1a wdc cta 2.
Cécudcnguyéncuaa2la +1,+2.

x-1=1 X=2
x-1=-1 x=0
X=3

Do do ta ¢cé =
X-1=2

X—1=-2 x=-1
Vi x>0; x#1néncox=0; x=2;, x=3thoéa man bai ra.

Cau 14.
1. Rt gon biéu thire A.

L X+24 [(\/;+3)(\/;—3)—(\/;+2)(\/;—2)+ x+2}
x—Vx-2 (Vr-2)(Vx 3]

o xt24 (x=9)—(x—4)+ x+2]
(Vren)(e-2) | (Vx-2)(Va-3)

4o x+24 _— Jx -3 }
(J;H)(J;—z)'_(\/;—z) J}_s)

e

2) Tim x d€ A dat gia tri nho nhat.
M:X+24_X—1+25:&_1+i:&+1+i_2

«/;+1_ \/§+1 \/§+1 \/§+1

Ap dung bat ding thirc Cauchy cho 2 s6 ta c6 /X +1+

25

\/§+l

>10

Dodo M >8 .



’ 2
Déng thirc xay ra khi (Vx+1) =25 < Jx +1=5< x=16

Vay gia tri nho nhat ctia M bang 8, dat dwoc khi x = 16.
Cau 15.

1 A =43 — 227 + 12
— 4363 +23

=0
2. B= \/;+1+ 2 : voia > 0,a =1
Ja—-1 a++a) a1
\/g—l—l 2a

JE—1+\/Z(x/E+1) fo1

_ («/5+1)2 +2\/;(\/;—1)‘(a_1)
a —1D(a +1)

=3a+1

Cau 16.

Xx>1
1..DK: {
X#2

2.B=10/3-3/3=73
a>0

3.PK: { .C=+Ja+1-1=+a
a=l

Cau 17.
1).Diéukién a>0 vaa=1
A 3(a++a-1) _\/5_2+ 1
Na+2)a-1) +Ja-1 Ja+2
3(a+\/5—1)—(\/5—2)(\/5+2)+\/5—1—(\/§+2)(\/§—1)
A=
Va+2)(va-1)

1

Ja+1
N

Natl e o Na+l
2).|A|_—|\/5_1| deé A|_2c>—|\/a_1|_2



Hoc sinh gidi phwong trinh va tim ra gid tri ctia

Ol W

Cau 18.
A=(5-3)(/5+3)+6=5-9+6=2

Cau 19.

Lﬂ 2+3 )

a-1 La'+l 2a ( .

a_1j2+3 "a®-1 a-1 (a—1)2+3 a+1)2 ' (a—l)(a2+a+1) a-1
( 2

a) Ta co Pz(

a+1

4(a’-a+1) (a+1)’ (a—l)(a2+a+1)_ 2a _a+l 2a 1-a_
4(a2+a+1)'(a—1)2'(a+1)(a2—a+1) a-1 a-1 a-1 a-1

Vay p=-1.

b) Dt s=3x* va t=3fy’ thi déng thitc dé bai c6 thé viét lai thanh v/s* + st + £ + s =a.
Do s,t>0 nén mst,MﬂM.

Tu dé tacod (s+t)/s+t=a hay (s+t)’ =a’.

Suy ra s+t=<%/a’ . Day la két qua can ching minh.

Cau 20.

2P os| D@D Jx@Vx-Dx+D | (X -D)
A-Vx)A+Vx)  @A=-VX)x+x+1) ) 2x-1

P:1+(—J§+2i£gigi

X+ X+1

(A=) X D) + XWX +)

P
X++/X+1
C@A-VOx+1-xFxx+x x+1
X++X+1 X++X+1
b) p_A__x+1 _4
5  X+4X+1 5

Xx=7-43 (thda man)

= X—4/x+1=0
X=7+43 (thda man)



Vay dé P:g thi Xx=7+43

Cau 21.

o__ 1 . x43
x—\/§+1'x—\/;+1’

!

Jx+3”

P> 1. >1<:)\/_<2<:>x<4

\/——|-3

Vay 0<x <4 thdéa man bai toan..

Cau 22.
a)TacéA:\/Qa:—l—lS—S\/Qa:— :\/2x—1—2.4.v2x—1+16
—\/ 2:(:—1—4 ‘\/2:1:— —4‘

, , - o s 1
Biéu thitc A cé nghia khi va chi khi 2:1:—120<:>x25.

N2x—1—-—4=3 N2z —1=7
A:3<:>‘\/2 — —4‘:3<:> &
! N2z —1—4=-3 N2z —1=1
Tz =25
= .
Cau 23.

Tacoz=1+2+1 & \/7—1x— \/5—1)(1—1—%/54-%/1)
c@2-Nr=10¥u=0+1es" -3 -32-1=0.
Khido A = 2" — 42" +2° —2° — 22 — 1+ 2020

= (2" —z +1)(z° — 32" — 32 — 1) 4 2020 = 2020.

Cau 24.

a) Didu kién ctia x dé&bicu thirc = ; conghiala x—3=0.
x J—

Sx=3.



b).Chitng minh ding thitc |1 ‘Fi J_*C] 1-a (a>0,a=1)..
Tacs |12y f]: 1—ﬁ(ﬁ+1) 1—J;<\/;_1> .
f+1 \/E—l Ja+1 Ja-1
o)
=1—a.
Cau 25.
1) Khong dung mdy tinh cam tay, hay tinh gia trji biéu thic P = ° _\/\/_5(3\;\/5)
i

J3-5.(3+45)2(\5 1]

N 8
_m.(3\/§+5—3—\/§) (x/g—l)z-(2\/3+2)
- 8 N 8

(V5-1)2(V5+1)

B 8

:2.(58—1):1

2x—3x -2

2) Rut gon roi tinh gia tri cuia biéu thic Q = \/_— tai x =2020—2+/2019
x—2

Ta co x=2020—2+/2019 =2019—-2+2019 +1= (\/201 1)2

= Jx =+/2019 -1
Q_2x_3&_2_(2\/5+1)(\/§—2)

o2 k2
Q=2x+1

= Q=2(2019 1) +1=22019 -1

Cau 26.



a). V4+3=2+3=5
b). V/5+4/(6-+/5)? =x/§+‘6—«/§‘
=J5+6-5=6

Cau 27.

a)H_2x2+2x+ 1 1 2x(x+)H 1 1 _2x, 1 1
=1 Jx+1 x-1 x=D@+x) Jx+1 x-1 x-1 /x+1 Jx-1

3 2x+\/§—1—(\/§+1) _2x-2
x—1 - ox-1

_2(x=1)
===

2

b).Tacd VXx—H <0 x-2<0ax <2< x<4

Ma x>0;x#1,suy ra: 0<x<4; x=1
Vay: Véi 0<x<4; x=1 thi Jx+H <0

Cau 28.

Tinh duoc y13-443 =24/3-1

va V19+6y2 =32 -1

Dua dugc vé dang T = {(2\/5)2 —12}[(3\/5)2 —12}
Tinh dting két qua T = 187

Cau 29.

x>0

Biéu thite xac dinh khi {+/x =30 .

X#9
{XZO
& .
X#9.
Cau 30.

a2+a\/5_a\/5
Ja+1 -

1).Voi a>0, a#1 tacd



Ja+l Ja-1 4J—_(Ja+1f—(JE—Q2+4JE(J§—Q(J5+Q.

Va a
Ja1 Ja+l (Va-1)(Va+1)
_4aya
a-1
Dodsp_ddVa 1 _ 4
a-1 af a-1
a-1=-4
a-1=-2
. A 1y A e s g1y a—l=-1
2).Vdi a nguyén thi P nhan gia tri la s nguyén khi va chi khi 411
a-1=2
la-1=4
a=-3
a=-1
a=0 o e 1 . s
= a2 Da6i chiéu véi diéu kién ta c6 a=2,a=3,a=5 (thoa man)..
a=3
a=>5
Cau 31.

+C6 X2 =(\/3+\/5+2J§ +\/3—\/5+2J§j2 :6+2\/32—(5+2J§) =6+24-23

—6+2@f- ) 4+gf'(¢§+95
+Do x>0 nén X=+/3+1.
+ Suy ra (X—1)2:3 hay X*—2Xx=2,dod6 P=-2.

Cau 32.

Xx-3>0

Biéu thitc xac dinh khi {
X#9

{x>3
= )
X#9.

Cau 33.



Jar1 a1, o (Vari) -(Ya-y) +4da(va-1)(Va+1)
Ja 1 Na+1 o (Va-1)(Va+1) |

1).V6i a>0,a#1 tacod

~ a+2«/5+1—a+2\/5—1+4«/5(a—1)

a-1

_4aVa

a-1

daa 1 4
ala\/—al'

2).Ta c6 a=~/9+42 =«/(2\/§+1)2 — 2241, .

Do dé P=4/2. .

Do do P =

Cau 34.

(Vx =3)(Vx +3)+(2vx +9) _x-9+2JX +9
Vx(Vx+3) Vx(Vx+3)

B=

_ x+2Jx _\/;(\/;+2)_\/§+2
_&(&+3)_ XX +3) x+37

Véi v 20 tacs AsB e 2++/% 2+f 5 &+3>5
O1 > a COo: — —= > .
B 37 N &+3 37 X 3

& 3X+9>5Vx (vi 3Vx >0 VX>O)<:>2\/;<9<:>O<X<%.

Cau 35.

5\/6\/7—\/33+ J128 -1 5\/6\/7—\/(4\/§+1) -1

Ta cod:C=

3-42 3-42
_5Y6y6-442-1 5\/6 Je—2) 1
3-2 3-2

_5V11-6vV2  5{(3-2)’
3- f - 3-2




5(3-42)
—

Cau 36.

5. .

a) Rat gon biéu thirc A.
biéu kién: x>0,x#4,x#9-

Ta co:

\/;+3 \/;+2 \/;+2 \/;+3 \/§+2 \/;+2

Tx—2 3-dx  x—5dx+6 =&—2+3—&+(&—2)(&—3)

(\/;+3)(\/§—3)—(\/§+2)(«/;—2)+(\/§+2)
-2

X—2 _1_x—2—(x—\/;—2)_ JX B Jx
x—x-2 X—X—2 _x—\/§—2_(\/§+1)(\/§—2)
Do dé A—__L Jx _x+1

b) Tim x dé P = 2A—l dat gia tri 16n nhat.
X

2dx+2 1 2 1

N IX X

:_%_@1%3_

1
Dau “=" xayrakhi ——==1< x=1.
y \/;

Vay maxP =3 < x=1.

Taco P

Cau 37.

Piéu kién: a>0 va a=1. Ta co:

(JE +1)2 —(JE—l)Z = (a+1+ 2\/5)—(a+1—2«/5) =4a



va

<\/2a+1+\/a+1)(\/2a+1—\/a+1)=(2a+1)—(a+1)=

1
Do d6, phuwong trinh da cho cé thé dwoc viét lai thanh - =
phmons Ja-1 Ja+1

(Va+1)-(va-1) )

Phuong trinh nay twong duong voéi

Nhu thé, ta c6 a-1=2 hay a =3 (thdéa man).
Vay c6 duy nhat mot gid tri a thoa man yéu cau dé baila a=3.
Cau 38.

Voi x>0, ta co:

A x+2  2Jx+8) X' -xx+yx -1
lx=x+1 x4+l Jx+3

i (Vx+2)(Vx +1)-2dx =8 x/x(Vx=1)+(v/x 1)

(\/;+1)(x—\/;+1) ' Jx +3
xr3x+2-2x -8 (xx+1)(Vx-1)
- XX +1 \/;+3

= (x+3Vx—2x - )

(Vx-2)(vx +3) f
= (Vx-2)(vx-1)
X—3VX +2

A=6X-3/x+2=6=x-3/x-4=0

<:>x+\/;—4\/;—4:0<:>(\/;—4)(\/;+1)=0
e x-4=0 (v‘lx/;+1>0 VXZO)

00

< x =16 (TMPK)
Vay v6i X =16 thi A=6.

Cau 39.

(Va+1)(va-1) a-1



2X+3 xfl X2 ++/x 2x+3+(\/;_1)(X+\/;+1)_\/;(X\/;+1)
\/_ x—Jx  xx+x  x &(&—1) x(«/;+1)

2x+3+x+\/—+1 (X\/_”) _2x+3+x+\/§+1_(\/;+1 (X—x/;+1)
VO W) KR

)
(
2x+3+x+\/_+1 (X\/_”) :2x+3+x+\/§+1_(\/§+1)(x—\/;+1)
W W) N

P=

243 X+x+1 x=~/x+1_ 2x+2x+3 3
= + - = :2\/;4-—
Yoo Ux Jx Vx Vx
Ap dung bat dang thiic Cauchy, ta c6 2+/x +T22f =P>2+2J6

+2

D&u bang xay ra khi x = %(tmdk)

Cau 40.

s () (2 ()
i) (reers) (e

:(1—5\/;)(\/;+2>:1_5\/;
(\/;+1)(\/§+2) \/;+1 '

1-5x 6

b A== YX_ 5, 0 Véimoi x20tach: VX+1>1nén —O <6

Jx+1 Ix+1 ' Yx+1"

a). A=

DodéA=-54+—0  <1.Giatri16n nhat ctia A 1a 1 dat dwoc khi x = 0.

X+1

Cau 41.

a) A=|1- Jx \/§+3 \/§+2 IX+2
A1) K22 X—3 x—5Jx+6

1 _(\/;+3)(\/§—3)—(\/§+2)(&—2)+ X +2

}Vc’ri X>0:x#4:x#9.

N T )
A 1 _x—9—x+4+\/;+2: 1 . Jx -3
P+l (Vx-2)(Vx-3)  Vx+1 (Vx-2)(vx-3)

Al 1 _Vx-2
Jx+1 Wx-2 Jx+1




b) Ta co
3/10+6\/§:§/(1+\@)3 =1++/3
V214445 = /(245 +1)2 =245 +1

C(W3-DW3+y 2
- 2\/§+4 _2\/§+4_

Neén X

Vay B = (X° +4x—2)%° = (1) = -1

Cau 42.

1. Ta co:

oo 2 1 1) Py(x+y)-xy
Sy Xy xx+yy

_2yxy+y+x \/W(XW—\/XT’)

J5-2

O N wmy

(VW) ey
xy  x+ily
_x+y

Xy
Xy
N

Vay P voi x> 0;y >0.

2.Ap dung bat dang thirc Co-si, ta co:

X4y 22y = 2/V16 = 4

4
:Pzﬁzl
Dau “=" xayra <> xX=y =4
Vay minP =1 tai x=y=4.
Cau 43.

Ta co:



x = 370+ /4901 + /70 — V4901

— x* =140+ 33/(70 +/4901)(70 - /4901 (3/70 /4901 + 370 \/4901)
< x3=140-3x

< x3+3x-140=0

& (x=5)(x* +5x+28)=0

2
& x=5 [do x2+5x+28:(x+gj +877>OVXERJ

Vivay x la sd nguyén t6..

Cau 44.

Tacd A>0= A2 =8+2\/(4+\/10+2\/§)(4—\/10+2\/§).

A =8+2\/16—(10+2\/§) —8+2/6—25 =8+2 (\/5—1)2 .

Ix =8+2(J§—1)=6+2J§=(J§+1)2.

= A=+5+1..

Cau 45.
x=Y2+203+Y2-23 -1 o x+1=Y2+ 23 +Y2-23

:>(x+1)3:4—6(x+1):>x3+3x2+9x:—3

P:x3(x2+3x+9)3=(x3+3x2+9x)3
P=-27
Cau 4e.
1 1 1 1
+ + +ot
1+43 V3+45 B+47 20197 — 2 +/2019?
=1—@+@—£+£—ﬁ+ +J20192—2—\/20192

1-3 3-5 5-7 7 2019°-2-2019°

1-VB+B8=/B+5 -7 +..+20197 -2 —/2019?

2

Tacd: S =

=S

=S

=1009

1-4/20192 1-2019
=3= 2 2



Vay S =1009
Cau 47.

(@—2\/5)(61—1)

Rat gon biéu thic T = voia>0,a#4.
a—\/;—2

(V2a-2v2)(a-1) =2 (Va-2)(a-1)
-l
a-a-2=(Ja+1)(Va-2)

Vay 7=v2(Va-1).

Cau 48.

a) Diéu kién: x>0; x=1.

-] Jx+1 ={ 1 1 }(&_1)2

WL xR (] (et () e

o 1+4x (*/;_1)2_«/;—1
RO

P:lcﬁzlcz.(\/}—i):&@&:z@x:4(théa dieu kién).
2 Ix 2

Vay gid tri can tim la x=4.

b)

346561 = g/(2\/§)3 —3.(2\/5)2 143245.12 -1 = i/(Z\/g—l)s ~2J5-1.

J69-285 :\/49—2.7.2\/§+(2\/§)2 =\/(7—2\/§)2 _7_25.

A= 346+/5 —61++/69—28\5 = 2/5 -1+ 725 6.

Cau 49.

A=(1+ﬁ 2 JZ_(l—ﬁ_ 2 JZ

2 _1+\/§ 2 1—\/5



) 2\/5 2 ) _2\/5 2
T 2(1+48) ) | 2(1-43)
3 3 3 3

(1++3) _(1_@)2 T 4423 4-23

_12-6V3-12-6V3 _ 123,

16-12 4

Vay A=-3.3.
Cach khéc:

(1+ﬁ 2 j(1+ﬁ)2—4 23 B

2 1+43) 2(1+3) _2(1+ﬁ):1+\/§

2 1-43

2(1-+3) _2(1—@)__1—\@'

(1—@ 2 ]=(1\/§)24_ 23 3

OA:(ﬁz_(_ 3]: 3 3
0] ) Ty

3 3 12-6J3-12-6V3 123

T4123 4-2y3  16-12 4
Vay A=-33.
Cau 50.

A=(3v5-v27 -/20)\5+3J15.
~(3v5-3v3-25)v5+3/15.
=(V5-3v3)\5+3V15.
=5-315+3.15 =5.

Cau 51.

a) Rut gon bi€u thirc A .



x>0
X#9

biéu kién: {
Ta co:
_ XA/X —3—2X+12/X =18 — X —4/x -3 _ XA/X —3X +8/x — 24
(\/;4-1)(\/;—3) (\/;+1)(\/;—3)
:x(J§—3}H{J§—3):(J?—3ﬂx+8): <18
(] (o) e

A

b)Tinh gia tri ctia biéu thiic A khi x = 4-24/3.

Tacd:

x=4-23=3-23+1=(3-1) = Vx =[3-1=13-1

A_4—2J§+8_12—2J§=4J§_2

C J3-1+1 4B
Cau 52.
a) Ta co:
5221£:§:J§_3
X +1
X X+8—x—2J§+4
JX+2
x-1 x+1 -4l
Jx+1 Jx-1 0 x-1
P=x-5J/x+1

b) Tim tat ca s6 nguyén td x dé P <1
P<le0<4/x<5

X=2,X=3,X=5x=7,Xx=11,x=13,x=17,x =19, x = 23.
Cau 53

a) M=\&(\/§+l)

X—+/X+1

kag;—iéli:@Jiag—dJi—g



24X 2x=+Ix  2x=2

+ — =X++x+1
X—+X+1 J§ J§+1
P_X+J;+l

X—+/X+1

b).P<3< x+\/§+1s3(x—\/§+1)

& 2(vx-1) >0.
Cau 54.

A:XJ;—D+X+VQ—2J;
=x+x-2=(x-1)(/x +2)
WX-D)E/x+2) <0 x-1<0<0<x<1,
Dai chiéu diéu kién gia tri can tim 0< x <1,
Cau 55.

Piéu kién: X >0,x #1.Ta cé

C3x+3x =3— (Vx +D)(VXx -1) - (Vx + 2)(/x - 2)
) (Vx-1)(Vx +2)

O X+3Ux+2 __@&#&XJ;+2)_J;+y
S WX-DEX+2) (IX-DEX+2) Jx-1

J§+1_
Ix-1

P

P=3<

3odx=2ox=4 (thoa man diéu kién).

Cau 56.

biéu kién: x> 0.

([ X1t

A_( J?)[x— X +1 V§+1J
(o) AT ) {0
\/; ' (X—\/;+l)(\/;+l)

(xx#1) [(x-2 ) x-2
Ix ) xx +1 - J;




Jx-2 2

1

Suy ra A nhén gia tri nguyén khi va chi khi JX 1a uée nguyén cua 2.

2.Tacd A=

Hay v/x € {-11,-2;2}.

Ta c6: /X =-1 (V6 nghiém).
Jx=1ox=1 (thoa man).
JX =2 < x=4 (thoa man)
JX = =2 (V6 nghiém).

Vay d& A nguyén thi x € {1,4}.

Cau 57.

Dit s=3/x* va t=3[y? thi ding thtrc dé bai c6 thé viét lai thanh s* + s+ +t%s =a.
Do s,t>0 nén mzsm,MﬂM.

Tl d6 ta 6 (s+t)Vs+t=a hay (s+t)’ =a’.

Suy ra s+t==3a’ . Day la két qua cn chting minh.

Cau 58. a) Diéu kién: x #-y;x# -1y =1.

X +x =y +y’ =X’y =Xy X —xy+y+x—y—xy’

(x+y)1-y)(1+x) (1-y)(1+x)
X2 +xXly+x-y
- 1+x
=X+Xy-—y.
b) Dat Sz\/1+l2+i2+\/1+l2+l2+...+\/1+ 1 —+ 1 —.
1~ 2 2° 3 2017° 2018

2
Ta c6 1+i2+ L — =1+ L (neN")
n~ (n+1) n n+l n(n+1)

Ap dung dang thtc trén ta dugc S = 1+1—l + 1+l—l ot 1-|—L—L
1 2 2 3 2017 2018



1

= 2018 - <2018. (diéu phai chitng minh)
2018

Cau 59.
Tt gia thiét da cho ta co:
1 1 1
—+—=—&XZ+yz=Xy < 2Xy —2xz—2yz =0
X 'y z

:>\/x2+y2+zz :\/x2+y2+zz+2Xy—2XZ—2yz:m:|x+y_z|
= +y° +2z° 1la mdt s6 hiru ti

Vay ta c6 diéu phai chitng minh
Cau 60.
a) Rat gon T:
Vé6i a#b,a>0,b>0, ta co:

_a+b—x/£'\/a73+a\/g—b\/g—\/b73—\/a73+x/b73 :a+b—\/£ (\/g_‘/g)(‘/;”/g):aw—@

TR T (V) (Ve b) Felb Jb(h—b) b
Véy:T:%,véiaib,a>0,b>O.

b) Chimng t6 T > 1

:M,Vc’yi a=b,a>0,b>0. (kétqua cau l.a)

Taco: T
Jab
(Va-vb) +vab (va-vb)
oT= - +1>1(vi vab > 0,4/a =+/b =0 véi
Jab b ‘
a#b,a>0,b>0)
Vay T>1
Cau 61. ,
Ta co ngay:

A = 420 — /45 + 34125 — 2/405
—8y5-3v5+15v5-18y5 =245

B=9-4y2 +9+42
_ \/(2&)2 222141 +\/(2JE)2 +2.242.1+1

_ \/(2\5—1)2 +\/(2ﬁ+1)2
:‘2ﬁ_1‘+‘2ﬁ+1‘=2\5—1+2\5+1=4ﬁ (do2+/2-1>0)




Cau 62. Ta co: 1+2=3=£:>in
2 1+2 23

3.4 1 2
= =—
2 1+2+3 34

14243442018 = 2018:2019 1 __ 2
142+3+....42018 20182019

pof1-Z|1-2 | 12—
2.3 34 2018.2019

~23-234-2 2018.2019-2

23 34 2018.2019
410 4074340
T 0155015
14 2536 20162019 2017.2020
T 23734745 77772017.2018 2018.2019
B (1.2......2017).(4.5......2020) 12020 2020 1010

(2.3......2018).(3.4.5......2019)  2018.3 6054 3027

Cau 63.

a) Diéu kién x>0;x#1

Ix+1 -1 Wx+d (2 -%)
X x+x+\/; —x2+\/; \/;(x+ x+1)

= \/;+1 X[ XVX —
") Y

_ L (1) =V 1) (3R -1) =1

X+vx+1
b) Tacd: T=B-2A°
= x* —5x* ~8x+2025-2(x 1)’
=x* —5x* —8x+2025-2x> +4x -2
=x* —7x* —4x+2023
=x" —8x* +16+ x> —4x +4+2003
=(x* ~4) +(x~2)" +2023

A=

Vi (3 ~4) 20,(x~2)" 0= T>2003

2 40 x=2
T Vs x=2ox=2
-2=0

~ 2 X
Dau “="” xay ra <

X

x=2

Vay véi T =2003 < x=2



Cau 64.

. p o 1
a) Ruat gon biéu thtrc P.(\/ng\/B)(aij)
biéukién: a>0,b>0
Jab.(ya-b)+(Va-+b) (va-+b)(1++ab)
- 1+\/£ - 1+\/% :\/E—\/B
: ! = + +
jp.(\/g+\/6)(a+b)_P.(\/a \/B)(a b)

:(\5_\/5)(\/5+\@)(a+b):(a—b)(a+b):a2—b2
b) Ta co:
a=2019+ 22018 - a= (V 2018 +1)2 _ Ja=+2018 +1
b=2020+212019 b - (2019 +1) Jb =+/2019 +1
= P =+/a-b =/2018 +1- (/2019 +1) = /2018 - /2019

Cau 65. 1) Diéu kién 0<a <1

e

= +
[x/1+a ~-Jl-a +1-a’-1+a

- Vitra (1-a) 1-a° 1) 5~
. \/l+—a—\/1——a+\/1_a(\/1_a_\/1+a)}( a’ ajm
_ m l1-a 1-a’ 1 >

BT e o

a a
p— p— 2_
:VJi%ZfFVi_Z. L : Li-a) (o o<a<y

) (J1+a +\/1—a)(\/1+a —\/1—8.) Ji-a? -1

(1-a)

(Vi+a-+1-a) - a
— J— 2_
_ l+a-1+a | 1-a 1.(1—a)
1+a+l-a—-2v1-a’ a
— 2_
2a . l-a 1(1—a)

) 2-241-a’ a



=—(l-a)=a-1
2) biéukién 0<a<l
Ta cé: Q° =(a—1)
Xét hiéu :
Q'-Q=(a-1)'~(a-1)
~(a-1)(a-1)"~1]=(a-1)(a-1-1)(a-1+1) =a@-D(a-2)
Ma
a>0

O<a<l=<a-1<0=a(a-1)(a-2)>0
a-2<0

=0Q°-Q>0=0*>Q

Vay Q°>Q
Cau 66.

A:(4+Jﬁ)(\/ﬁ—£)\/4—ﬁ =\/4+Jﬁ.x/§.(\/§—\/§)\/(4+\/ﬁ)(4—x/ﬁ)

o245 (45 3615 = [ VB + 5] (V5 -5).1
~(\5++3).(J5-V3)=5-3=2

Cau 67.
a) Diéu kién a >0

P:( a_ a+J_ J4—a
Ja+2 a+3Ja+2) Va

a Va. f+1
Ja+2 (J_+1 Jh+2
_ a_ Jg ]4 a
Ja+2 a+2) Va
Jata (2-4a)(2+4R) Va(Va+1)(2-Va)
NACRNA A
=(J5+1ﬂ2—v5)=—a+ a+2

b) biéukién @ >0 Ta co:

2
1 9 9
P=-a++va+2=—|Ja—=| +=<~
( 2} 4 4

Dau “=" mwrac;J_—Ez ¢3J§=%¢3a=ium)



Vay MaxP =2khi a= 1
4 4

Cau 68.
biéu kién a>0;x =1

x=a+1- [1+a’*+ a’ >
(a+1)

Catl a’+2a+1+a*+2a’+2a?
(a+1)°

a*+2a’+a’+2a+1+2a?
a+1- 5
(a+1)

) (a2+a+1)2

=a+1— S ——
(a+1)2

Caile a’+a+1

2 2
=a+1_a +a+1 do a +a+1>0
a+1 a+1

a+l

_a’+2a+l-a’-a-1_ a
a+1 a+1

=0<x<1 Va>0

P \/;+\/x—2\/;+1 +1 _ \/;“L\/(\/;_l)z +1
Vx® =2x+1 [(X_l)z

:\/;+‘\/;_1‘+1:\/;+1—\/;+1 __ 2 _2(a+1)

|x—1| 1-x 1_i_a+1—a
a+1

<1Va>0

=2a+2

Vay P=2a+2
Cau 69.

e [ v » J
(\/;+\/§)(\/;—\/§)+2(x+2y) \/;(\/;Jr\/;) &(Jhﬁ)
<:>x+y+2\/;+x+y—2\/;jL y y+xx/;
X—y+2x+4y \/;(\/;jL\/;)
 20cry) ey =)
30cty) ay (V)

@M:l

N

_>
3

_o
3

_>
3



o x+y—xy =y

<:>x=y:>§=1
y
vay 2=1
y
2 2 2 2 4 21n2
Cau70. P = a++va +b _a—\/a +b :4\/8. —Zab | |a|>|b|>0
a—+va?+b? a++a’+h? b

2

(a0 | -(a )
(a+\/a2+b2)(a—\/a2+b2) '4\/a2(a2—b2)
a2+a2+b2+2a\/a2+b2—(a2+a2+b2—2a\/a2+b2) b2

az—(az—bz) '4.|a|.\/a2—b2

b “4la|a?-b® [a]a®-b?

2 2
3D hi a0
_JVai-p?
2 2
_NaHD hi aco
a2_b2
Cau 71.
2 2
A_\/a+x2—2x\/g+\/a+x2+2x\/g =\/(X—\/g) +\/(X+\/g)
X X X X
‘x—\/g‘+x+\/g
_ N ,

+) Véi x>+a thi ‘X—JE‘:x—JE nén A== a”“@:z—x:z&.

Jx Jx
+) Voi 0<x<+a thi ‘x—\/g‘:—(x—\/g):\/g—x

\/;—x+x+\/; :2\/5
Jx Ix

nén A=

Cau 72.



a) Vi x> 0;x =4, ta co:

A:(x+3\/;+2 1 J 1 x+3vx +2 x+23x +4 Jx.

Wx-8 x-2)Ix (\/;—2)(x+2\/;+4)_(\/;—2)(x+2\/;+4)

I S M~ .
(\/;—2)(x+2\/;+4) x+2\/;+4.
Ta c6 x=14+6\/§=9+2.3.J§+5=(3+\/§)2: x—,/3+f ‘3+\/_‘ 3+45.
3+\/_ 3+\/— 3+\/_

Khi d9, ta co: A = =

1
14+6J§+2(3+J—)+4 T24185 8(3+J‘) 8

b) Ta cé A? =24-84+24/3 =(2\/§—2)2

:>A:J_r(2\/5—2)

Do A <0 nén A=2—2\/§.
Cau 73.

x+4\/;+4 x+\/__ (\/;+2)2 ) \/;(\/;+1)
-2 1o (Yx-1)(Vx2) (V=) (V)

a) + Bién d6i

_Wx+2 X2
-1 Wx-1 Wx-1
a1 1 24x
+ Bién doi - =
Jx+1 1-+x (Vx+1)(vx-1)
+Taco A= 2. 2Jx -2 (\/;Jrl)(\/;_l)
&—1’(&+1)(&—1) -1 2dx
+Vay A:\/;Jrl,véidiéukién x>0, x#1.
Jx
b) Ta co:
A_1+\/2018 TR NS
2018 \f J2018  Wx 2018
Jx <2018 = 0 < x <2018

Vi x>0, x#1va x nguyénnén x € {2; 34;..; 2018} . Suy ra c6 2017 gia tri nguyén cta
X thoa man bai toan.

Cau 74. Ta co:



2+2a 2avb +2+ab

1-ab 1-ab

_ 21+va) 1
24ab(1++a) +ab

Khi a>0;b>0, Ja++b=

A=

Vatdb 1 11
R i A

2
Do dé A=L( L l—(i—lj Sl.DEA{u”=”xéyra <b=4;a=4.Vay gia

NERN
tri 106n nhat ctia Alé% khi a=b=4

Cau 75.

Ta co:

P- 1:f +1J§]1/a_2f”(a>1)

(o) ) [
U S
1-Va+a Ja-1
P= N +1- J_J I (Do a>1=+a>1=+a-1>0)
1 \/g+a+\/_ 1- a+\/_\/— 1
Va-1 Va
Va_ Na-1_,
R
Cau 76
a) P_\/;+2 \/;+3 3x+4«/_ 5 \/;+2 \/;+3 3x+4\/;—5

Jx+1 5-Yx  x-4dx-5 \/§+1_5—J§_(&+1)(&—5)
_ (x+2)(x =5)+ (x +3)(Wx +1) = (3x+ 4/x - 5)
(Vx +1)(/x = 5)
_ x=3x-2
(Jx +1)(+/x - 5)

_ (\/;+1)(x/;+2) Jx +2
(W Wx-5  Jx-5




\/;+2 \/;+2 «/§<5

202-——>0

_—>_ .
Jx -5 Jx -5 Jx>12
+V6i VX <5 0<x<25.

V6 X >12 < x> 144 .
Cau 77.

Tacd P>2<

biéu kién :x>0,x =1

A:Z(X_1)+ % —Ix _2x+\/;
\/;—1 x+\/;+1 \/;

\/; xx/;—l
=2(&—1)+M—2&—1

X+Vx+1

2
1 3 1Y 3.3

:1+&.(&_1):X_&+Z+T(&_5j 3,3
A 3 ~ ll_ll 2 1 ].
Vay AZZ.Dau = xay ra QI—E:O(:)X:Z (tm)

Cau 78.

X" -y X" -y
X x> =x* +y?
\/X2—y2 y\/X _yz
_ X y

B \/x+y.\/x—y B \/x+y
. JX-y
\Y4 =NT
ey
b) Ta co6:
Thay x =3y (thoa man DK) vao biéu thirc Q, ta duoc:
Q¥ Y 2y 2
Py+ry iy 2

Vay Q=g khi x=3y.

voi x>y >0.




Cau 79.
(Vx—y) +2xx+y Y 3y -3y
X +y4fy x-y

i3y + 3y salkeyy Y ()
N N g

) 3Vx (x—xy +y) 3l

) oy

3k 3y

\/;+\/§ \/;+\/§

:3\/§+3\/§:3
Ix+1y

Vay gia tri ctia biéu thiee A khong phu thudc vao gid tri ctia bién véi x,y 20 va

voi X,y 20 va x#y

X#Y.
Cau 80.
a) DKXD: x>0,y >0,y #1,x+y #0.

x(\/;+1)—y(1—\/§)—xy(\/;+\/§)
g
_(\/;+\/§)(\/;—\/§+X—\/;+y—xy)_ = o
B I
b)  P=2oVx+y —fy =2 Vx(L+y)-(Jy +1) =1 (Vx-1)(1+y ) =1

Ta co: 1+ y21:>\/;—1S1:>\/;S2<:>x£4.

P=

Két hop v6i diéu kién x>0=0<x <4 < xe{0;1;2;3;4}
Thay vao phuong trinh trén P =2
Ta duoc (x; y) IS {(4;0);(2;2)}

Cau 81.



-b a-b a’+b?
P= a + . a>b>0
(\/a+b+\/a—b \/a2—b2—a+bJ ( )

_ a-b a-b _a’+b’
Ja+b++Ja-b \/a—b(\/a+b—\/a—b) Ja? -b?
_(a-b)(Varb—va-b)+(a-b)(Varb+va-b) 24
x/a—b(x/a+b+\/a—b).(\/a+b—\/a—b) a’-b’
2(a-b)Na+b  2Pib?  a?+b?
~ 2bva-b  Ja—bia+b b
Via-b=1=a=b+1khi dé6 theo BDT AM - GM:

2
2.p2 (b+1) +b? 2 | N
p_ath :( ) _22bHl s Lioso bt ioood2 a2
b b b b b

Cau 82.
a) bKXD: x>0;y>0,xy #1.

P=(J;+Jyx3“ﬁ&»%J;—J§xl‘$&)(1—W+x+y+2wj

1-xy 1-xy
:J;+XJ§+J§+yJ§+ X=Xy -y +yvx  1-xy
1—xy 1+ X+ Y+ Xy

_2xayVx) adx(ary) 2k
(1+x)(1+y) (1+x)(1+y) 1+x

2 22 3)
2443 (2-+\ﬂ§)(2-—\ﬂ§)

&=./(J5—1)2 =5-1|=+3-1

2(\/5—1) 2M3-2 6342
1+(\/5—1)2_5—2\/5_ 3

b) Véi x =

=4—2\/§=(\/§—1)2.

Cau 83.



a) P= x+3«/;+2 x+«/7
x+dx-2  x-1 J\Jx+1 f1

&
h x+3&+z ] [I 1+¢;+1]

x+1

x+2

x+3&+2 x— 2\/_ +1)
(Vxe2)(vx-1) 2k

B Jx +2 (*/;Jrl)(\/;_l)_\/;ﬂ

C(xr)(Wx-1) 2k 2k

) \/7 , x>0;x=1
+
b) —- X8 >Te9 2% Wx+1

d \/;+1_ 8 > (*)

163 - (Vx +1)2

>1 <:>(x/;—3)2£0<:>x=9 (tm)

()=

8(&+1)
Vay x=9 thi %_&;1 >1
Cau 84.
Véi diéu kién x >0,x#1, ta co:
b x — 24/x Jx+1 2x —2+/x +1

(Ve 1){xe 1) x(xor1) SR (-1 (x o]

~ \/;(X—Z\/;)+(\/;+l)(«/;—l)+2x—2\/;+1
- \/;(\/;—1)(x+\/;+1)

) &(x+&—2)
_&(&—1)(x+ x+1)

~ (\/;—1)(\/;+2) ~ \/;Jrz
_(\/;—1)(x+ x+1)_X+ x+1
Ta co voi diéu kiénx >0, Xx#1=x+Ux+1>Vx+1>1

\/;+2 \/;+2 1 ’

:>0<P— =l+—<
x+1 \/;+1 \/;+1

\/;+2

X+4x+1

=1< x=1 (loai).

DoPnguyénnénsuyra P=1<



Vay khong c6 gia tri cua x d€ P nhan gia tri nguyén.
Cau 85.

Taco A= 0 XPC_ ((E 1) (VR 1) = 2x

X+4Vx+1 x—\/;+1
Do d6 le—\/ZA—4\/;+1:1—‘2\/;—1‘=1—(1—2\/;)=2\/;.

Cau 86.

Ta co:

a2 =345+ 2v3 +3-5+2V3 +2 /9—(5+2ﬁ)

—6+24-243
_6+2 (\/5—1)2 =6+2(\/5—1)4+2\/§=(1+J5)2

Via>0 nén a=+/3+1.Do d6 (a—l)2 =3hay a’-2a-2=0.

Cau 87.

P=\/§(\/1+x/§ +\/1—\/§j

:>P2=(1—x)(2+2,/1—(1—x2))=2(1—x)(1+|x|)
Ma Pz\/l—x+ 1—x)m+\/1—x—(1—x)\/§ >0=P=+2(1-x)

1 ~ 2019 2019 >

Véi x=—
2019 2018

Cau 88.
V6i n la s6 nguyén duong ta co:

1 \/Hz*/g(l 1]_1\/5 11

(n+1)\/;:(n+1)n n n+l ~Jn n+l \/— Jn+1
Suy ra: A = L + L +.ot L >1_L+L_L+m+ 11
21 3v2 7201132010 1 N2 N2 VB30T Y2010 V2011
o 42 8
J2011~ 89 89
2 2 2

.. 1 < _ 3
Lai co: (n+1)\/; \/E(\/EJM/;)\/; \/; \/n+1

SA<p- 2,2 2, 2 2 22(1_Lj<z(1_i]:§
V2 2 \f \/2010 J2011 J2011 45) 45



Cau 89.

Ta cod

AZZMJr@‘ZO-\E=2‘2—\E‘+2£—20.§
=2(\/g—2)+2\/§—4\/§=2\/§_4+2\/§_4\/_=_4
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