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LOI NOI DAU

Trong nhing nim gin day, ki thi Olympic Toan qudc té (International
Mathematical Olympiad - IMO), cling nhu ki thi todn v6 dich cta cac nude, hinh
hoc phéng duoc dénh gid cao, trong mdi dé thi déu xudt hién bai hinh hoc phéng.
Trang web cua ki thi Olympic Toan (IMO-official.org) con cong khai ghi 13 bbn
chii d& s& ra trong ki thi: Pai s6, Hinh hoc phing, S6 hoc va T3 hop. Pac diém
chung cac dé Hinh hoc phing kh(‘)ng‘qué kho, doi hoi tir duy cao, tinh séng tao,
biét phan tich tdng hop, ki ning v& hinh. Trong mdi bai hinh phéng han ché tinh
toan phirc tap, bai ra du kho dén dau (ching han ki thi IMO-52 nam 2011) song
van tim duoc 1o giai hoan toan st dung nhitng kién thirc co ban trong chuong
trinh phd théng. Ngoai ra, cac vi du trong séch con st dung mot sb dinh li, tinh
chit ma sach gido khoa khong dé cép.

Tir nhitng suy nghi d6, tac gia bién soan va gidi thiéu cubn Nhitng dinh Ii chon
loc trong hinh hoc phdng va cdc bai todn dp dung. Phén 16n céc dinh 1i ¢6 trong
sach gido khoa, cling nhu mdt s6 dinh Ii nhiéu ngudi da biét nhung duge viét dudi
dang m& rong hodc dang bai tap. Trong cudn sich nay, tac gia khong thé dua tit
ca cac dinh li trong hinh hoc phéng ma chi chon loc nhitng dinh Ii thudng xuyén
van dung trong cdc ki thi dé gi6i thiéu véi ban doc. Sau mdi dinh li, ngoai noi
dung, cdch ching minh va ¢6 céc vi du minh hoa, cudi mdi phén con ¢6 cac bai
tép d8 ban doc tu giai. |
' Ngoai gidi thidu cc dinh 1i, cic dudng thing, cac diém mang tén cac nhéikhoa
hoc, tdc gia con bd sung céc khai niém méi va nhitng tinh chit quen thudc ma
ching ta thudng ap dyng nhu: Duong dbi trung, tir gidc didu hoa, tinh chét cia
tAm dudng tron noi tiép, bang tiép trong tam gidc. ..

Khi viét cubn sach nay, tic gia ton trong ndi dung céac dinh li ban doc da biét,
nay dugc bd sung thém céc cach chimg minh khac don gian va c6 tinh y tudng
cao, ddng thoi néu xudt x{, ngudi chimg minh dinh li. Ching han nhu dinh li
Pythagoras, tir ¢cb xwa dén nay c6 dén trén 100 cach chiing minh, tac gia chon lo¢
giGi thiéu cach chitng minh “ddc biét” nhu cta danh hoa Leonardo da Vinci nbi
tiéng voi cach td mau va cit ghép, hay Téng thdng thir 20 cia Mi A. Garfield
(1831-1881) ¢6 10i giai ngén gon, d& hiéu.




Cé6 dinh li trong dach gido khoa tir trude thita nhan khong ching minh nhu
dinh li Thales, nay tac gia ldy y tudng cta thoi Euclid va tham khao mot sb thiy
da nhidu nam giang day dé chimg minh. Lam rd mot sb dinh 1f ma tir xua chung ta
nhédm 14n ghép sai tén nha toan hoc hpac nam ra doi cta dinh 1i.

Cubn sach ndy tac gia khong dua vao do dai dai sb, goc c6 hudng... dé chung
ta nhin bai toan ding nghia hinh hoc “nguyén so”, vi thé bai toan phu thudc vao
cach v& hinh, 1oi giai ¢6 dai hon.

Pdc biét cac hinh v chudn, chinh x4c khéng cam tinh, hinh vé trong cubn sach
- dung nghia tinh thin “dyng hinh béng thude va compa?’.

Quan trong hon, tac gia da tuyén chon gin 300 bai toan hinh hoc phing trong
céc ki thi toan qubc t& va c4c ki thi vo dich toan cta nhiéu nuéc, ddy chinh 14 ndi
dung chinh cta cudn sach mudn gi6i thidu véi ban doc. Cac vi du minh hoa van
dyng cdc dinh Ii vao giai todn hinh hoc, day la phé‘l'n khé nhét, céc vi du duge chon
ngoai gin véi ndi dung dinh 1i, con ¢6 thém 1&i binh. Nhitng vi du minh hoa trong
cudn sach khong thé noi 1a d&, doi hoi ban doc phai ndm chic ndi dung tinh chét
mdi dinh 1i d& van dung, thdy 18 “stirc manh”, “vé dep” va su két hop linh hoat
nhidu dinh Ii trong mot bai toén. ‘ _

Cubn séch nay nhu mot tai liéu gitp cho gido vién trong qué trinh day hoc,
ning cao trinh d6 chuyén mon, bdi dudng hoc sinh gioi, ngoai khoéa cho hoc sinh,
bd sung cho hoc sinh, sinh vién thém nhidu kién thirc vé hinh hoc phing d& van
dung vao giai toan hinh.

Cubn sach con gitip ban doc phét trién tu duy, tinh séng tao, huéng giai mdi
khi giip bai toan hinh hoc phéng.

Tuy nhién, qué trinh bién soan cling khé tranh khoi con han ché, rAt mong ban
doc gép ¥ chén thanh cho tic gia va ban bién tap dé cudn sach dugce hoan thlen
hon trong nhiing 14n xuét ban sau. '

Téc gia xin chin thanh cam on PGS.TS Nguyén Ding Phit, Nha gido Nhan
dan Vii Hitu Binh, TS. Nguyén Minh Ha, ddc biét mot s6 ban tré “ngoai dao”
nhung rdt yéu thich hinh hoc d& cung cip nhidu tu liéu quy nhu Cu nhén
NguyénVan Linh (PH Ngoai thuong), Ki su Dao Thanh Oai, K1 su Nguyen Lé
Phude (DH Béach khoa).
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PINH Li THALES

Thales la nha toan hoc dau tién cla Hi Lap, 6ng sinh vao khoang nam
624 - 547 trudc Cong nguyén tai thanh phd Miletus trén bd bién Dia Trung
Hai. Ong cdn 1a nha triét hoc, thién vén hoc, 6ng hudng dan cac xac dinh
hudng di bi€n theo chim sao Tiéu Hung Tinh trong mdt cudn sach vé
hang hai. Ong 1a mdt trong bay nha hién triét ndi danh clia Hi Lap ¢8 dai,
chinh 6ng la ngudi gidi bai todn do chiéu cao Kim Ty thap bang phudng
phap déng dang. Céc tac phdm cla dng phan Idn déu bi thét lac. Thales I3
nguGi dua ra ndm dinh i ¢ ban ctia hinh hoc.

1. GOc chdn nira dudng tron thi bang mot vudng.

2. Budng kinh chia dudng tron thanh hai phan bang nhau.

3. Hai géc day cla tam gidc can thi bang nhau. |

‘4. Hai tam gidc néu cd hai cdp goc va mot cdp canh bang nhau thi
~ béng nhau.

5. Hai géc déi dinh thi b&ng nhau.

Binh If Thales nhu mét nén tang cho sy ra ddi clia ddng dang, tir dé

ngudi ta nhin thdy ban chét cla hinh hoc Vit thé, su bat bién clia phép
chiéu song song.
Thales qua ddi mot cach dot ngdt khi dang xem mot th& van hdi.
Trén mb 6ng cd khac dong chit: “N&m md ndy nhd bé 1am sao! Nhung
quang vinh clia con ngudi nay - 6ng vua clia cac nha thién van mdi vi
dai lam sao!”.




I. DINH Li THALES

1. Dinh li Thales thuén

Dinh Ii, Nhidu duong thing song song cit hai cat tuyén (duong thing) d, d thi

tao ra trén d, d “cac doan thing tuong Ung ti 1€
Nghia la

dna=A4,dnb=B,dnc=C

dna=4,d nb=B,d ne=C = AB _ BC

A

allblic .
* Tir h¢ thire trén ta con viét dudi dang céc hé thire:
AB _AB AB _AB . BC_ BC
BC BC cA CA CA 4
Chirng minh:
(Cdch chzi'ng minh nay ra doi thoi Euclid)

Tir 4 ké dudng thing song song v&i d cét b va ¢
AA’B’B’’, AA'C'C’ 14 hinh binh hanh

AB  BC

CA

tai B va C = cac tlr giac

M \

= AB =AB, AC " =4C . a A/ \A’
Theo tinh chit ti s& dién tich hai tam giac ta c6:

~ " b

‘S/mﬁ' - AB Sm/s = AB"

SA('B‘ A c’ SA/:( AC
Mit khic BB //CC =S, = S s

B AB _AB

=S =g AB 4 ;!

‘ R — > = .
ACH ABC AC AC AC AC

Euclid sinh ra ¢ thanh Athena (khodng ndm 330-275 truéc Cong nguyén),
via Ai Cdp moi 6ng vé lam viée & chon kinh ki Alexandria. Ong dwoc ménh danh
la "cha dé ciia Hinh hoc" bé sach “Co s6” cua ong da ddt nén moéng cho
mon hinh hoc cimg nhu toam b todn hoc c6 dai. B sdch go”‘m 13 cudn: séu cuén
dau gém cdc kién thirc vé hinh hoc phdng, ba cudn tiép theo c6 ndi dung s6 hoc




duoc trinh bay dudi dang hinh hoc, cuon thie mudi gom cdc phép dwng hinh co
lién quan dén dai s6, 3 cudn cudi cimg ndi vé hinh hoc khong gian. Euclid da dua

ra 5 tién d@é lam co sé phat trién hinh hoc ngdy nay. A

¢ qud. Néu dudng thing d song song véi canh
BC cuia tam glac ABC (khdng qua dinh A) cat cac

duong thing 4B, AC tai M, Nthi A AN _ MV MN
4B T acT BC

aM N

2. Pinh li Thales dao

Dinh li. Ba dudng thing a, b, ¢ trong d6 a//b, cit hai duong théng d d, dinhra
trén d, d nhing doan thing twong tmg ti 1¢ thi a//c.

Taela {a,b,c; alp; A8 _ BC _ 4
A8 BC C4

= a//c}.

Chitng minh:

Gia st @ khong song song véi ¢, tit C dung dudng thang ¢ song song v6i a cét

d tai C” theo dinh li Thales thudn = ﬂ = —lig—
AB BC
Két hop gia thiét suy ra £ = —Bi BC =BC = C' =C = allk.
BC BC

3. Cac duong thing ddng quy ciit hai duwong thfl'ng song song |

Dinh Ii. Néu ba duong thing a, b, ¢ ddng quy tai O 0
cét hai dudng thing song song d, d’ khéng di qua O /\C
thi chting dinh ra trén d, d’ hai bd ba doan thing ti 1&. d ALB
Néu a, b, ¢ ddng quy tai O va d/d ' A B .
AB _BC _CA . O4_OB_OC / \ N

= ——=———>=—— hoidc
AB  BC CA4 o4 OB ~oC

Chii y: Sach gido khoa 16p 8 d4 dua ddy du dinh 1i Thales trong tam gi4c, tinh
chét dudng phéan gidc clia tam gidc va cac trudong hop ddng dang cua hai tam giéc,
chiing ta 4p dung dé giai quyét cac vi du va bai tap trong cubn sach nay.




4. Cac vidu

Vi du 1. Cho tam gidc 4BC, O la diém trong tam gidc. 40, BO, CO ct cac
‘canh BC, CA, AB 14n lugt tai D, E, F. Qua O ké dudng thing song song véi BC
- cét DE, DF tai N va M. Chting minh ring OM = ON,

Gidi:

Qua 4 ké dudong thdng song song
v6i BC ¢t BO, CO, DE, DF lan lugt @
tai P, Q, I H.

Theo dinh li Thales ta co:

AQ _AH BC _DC
BC BD AP Al

AQ _AH DC

AP  BD Al

| Mitkhic A2 - DC _, 40 _DC _AH DC
AP DB AP DB BD Al

Nhén hai déng thirc =

Al =1 = AH = Al , ADHI ¢6 DA 1a trung tuyén = OM =ON.’
Vi du 2. Cho tam gidc 4BC, M 1 diém trén canh BC. Qua B, C dung cic
duong thing song song véi AM cit AC, AB 1an luot tai P, Q.

Chting minh rang ——1—-— L —_—t— L
AM PB QC’

Gidi: .
Theo gia thiét AM/PB//QC, theo dinh li Thales
AM CM _ AM _BM
= = V -
rPB - CB QoC BC'
AM AM M N BM BM+MC BC
PB QC CB BC = BC BC
1 1 1

AM “PB T QC’

, cOng hai vé ta co:
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Vi du 3. Cho ba doan thing c6 d6 dai la a, b, c. Dyng doan thang x thoa méan

1 1. 1 1
—_—=—t—t—.
x a b ¢
Gidi:
. 1 1 1
Ap dung Vi du2ta dung doan thangythoa man—=—+3,
y a

V6i doan thing BC tuy ¥, tir B va C.dung hai doan
thdng song song thoad man BP = a va CQ = b;
- PC v& QB cét nhau tai 4, tir 4 ké AM//PB
1 11
UM a b’
- Nla diém tuy y trén BC, qua N dung
dudng thing ND/PB va ND = c;
- AN c&t DM tai E, tix E k& EK//PB
Theo Vidu 2 = EK = x.

(Ban doc ty chiing minh)

Vi du 4. Cho tam giac ABC (AB = AC), kéo dai BC vé phia C ldy diém M.
Dudng thing d qua M cht canh AB, AC l4n lugt tai P va Q. Ching minh ring
M , _M khong phuy thude vao vi trf ciia M va dudng théng d
BP CQ o

Gidi:

Qua 4 dyng duong théng song song véi d
cit BC tai N, theo dinh li Thales ta co:
BM _BN . CM _CN
BP B4 CQ C4
- BM CM BN CN _ BC

BP CN BA CA AB’

, trir hai vé ta c6:

B khong phy thude vi tri M va dudng thing d :EM———% khong phu
AB BP CQ

" thude vi tri M va dudng thing d.




Vi dy 5. Trén duong trung tuyen AD cha tam gidc ABC, lay diém E bat k1
dudng thing BE cit AC tai M va duodng thang CE cit AB tai N.

Ching minh ring MN/BC.
Gidi:
T E dung dudng thing song song véi BC cét AB,
AC lan luot tai P va Q. Theo dinh Ii Thales suy ra:
AP _AE _PE . AE_AQ _EQ
AB AD BD AD  AC DC’
B

= — PE FQ » BD=DC=PE=EQ

BD  DC’

NP NE PE ME MQ EQ NE _ME
= — — va — =

NB  NC BC MB - MC  BC NC  MB

= MN/BC.

Tir ké1 qua nay ta suy ra bai todn: Chirng minh ring trong mot hinh thang,
trung diém hai canh day, giao diém hai dudng chéo, giao diém hai dudng thing
chira hai canh bén ndm trén mot dudng thing, .
Két qua nay nhu mot he qua dugc sir dung chitng minh.cho nhiéu bai
todn khac. '

Vi du 6. Cho tam gi4dc ABC (4B>AC), D 1a trung diém BC, phan gidc goc A4 cit
canh BC tai E. T C ké dudng thing vudng goc v6i AE cit AE, AD 14n luot tai I
va G. Ching minh ring DF song song v&i AB, GE song song v6i AC. T d6 suy
ra DI di qua trung diém cta GE. (Toan vd dich Nga 1980).

Gidi:

Kéo dai DI cit AC tai M, CF cét AB tai N, AE la
phan gide goc A, CN L AE = ACN 1a tam gidc con M

= AN = AC = IFC = FN.

CF_cD B o c
FN DB

= DM//AB = MA = MC , DF// AB = DM 1 trung tuyén ctiia AADC.
Theo Vidy 5 = GE//AC=> DF di qua trung diém EG.

Theo gia thiét DB = DC =

10




Vi du 7. Cho tir gidc ABCD, duong chéo AC, BD cét nhau tai 0. Chirng minh
ring ABCD 1 hinh thang khi va chi khi O4.0D = 0B.OC.

Gidi: A B
ABCD 1a thang, gia st AB/CD
0

= — 04 _ OB = 0A0D=0B0OC

ocC OD
Nguoc lai: Gia sttta cé6 O40D=0BOC  pl__ c
= — 04 _ 0B ;1'073 DOC => AAOB va ACOD dbng dang

ocC "o’

= 1370 =DCO = AB//CD => ABCD la hinh thang,

Vi du 8. Cho tam giéc nhon ABC, dudng phén giac 4D, goi M va N 14 hinh
chiéu caa D trén AC va AB. Giao diém cta BM va CN 1a P. Chimg minh rang AP

vudng goc voi BC.

Gidi:

DH |

Qua 4 ké dudng thdng d song song v6i BC, dudng thing BM, CN cit d lal Eva
F, goi H 14 giao dlcm cta AP va BC. Theo dinh li Thales ta ¢6:

HC _AF AM _ AE AECM AN _AF AF.BN
— =AM =——— — = AN = ;
HB AE’ CM  BC BC ' BN BC BC

DM L AC,DN 1 AB, BAD =CAD => AAMD = AAND = AN = AM

CM _AF _, HC Hc _cMm
BN  AE HB BN

= AECM = AF.BN = *)

Ké AK 1 BC = ADMC va AAKC 13 hai tam gidc vudng c6 goc C chung.

11




. e CD CM
= hai tam gidc dong dang = — =—— twong ty — =—"— .
C4 CK AB  BK
ADldphdng,lac:> EQ:—B—Q@ Q/I_:B_NS M _CK , két hop (*)
CA AB CK BK BN BK’

= K tring v6i H=> AP 1 BC.

! Vi dy 9. Cho tt gidc ABCD, O la giao diém hai dudng chéo AC, BD. Goi M, N
i 1a trung diém cta BD va AC, H 1a diém dbi ximg ctia O qua MN, dudng thing qua
H va song song v6i MN cit AD, BC, BD, AC 14n luot ta1 P,QEF

Chtmg minh ring PE = QF.

Gidi:

Theo.gia thiét 17 dbi xung véi O qua MN = OM = ME va MB = MD

= OB = ED, tuong ‘u,x FC =04,

Qua O ké LJ//MN, theo dinh li Thales = PE = ﬂj— OB —=PE= OB’OI.
Ol DO DO DO
0A.0J
Tuong tu QF = R
gtu Q o

MN cit AD va BC tai Kva G
_ kM _ DM _ BD KN AN _ AC

10 DO 2D0 10 A0 240

Trlr hai ding thic = 2N _1AC_BD,
10" 240 DO

MN 1 BD AC
Tuong ty —— = —(—-=—=).
JO 2°BO CO

OBOI _OAOQJ _ OBMN _ OAMN
DO~ CO ~ DOOJ COOI

o OB (@_ﬁ) 04 AC_BD . BD OBAC _AC_OABD
“ 5080 ¢’ " c040 00’ Do DoCO CO CO.DO
BD  OABD _AC OBAC | . . . AC.BD

— , hai vé cho két qua
DO CODO CO DOCO’ 0.CO

Dé chimg minh PE = OF &

Vi du nay ngodi van dung dinh li Thales con doi héi bién doi va ké thém hinh,
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Vi du 10. Cho tam gidc ABC. Qua dinh 4 b& AB ké tia Ax va tia Ay thod mén
Ax//BC v tia Ax ndm trong géc LCAy, tir C ké dudng thing d cit Ax tai D va Ay
tai £, dudng thdng BD cit AC tai F. Chimg minh rang dudng thing EF di qua
diém cb dinh khéng phu thudc dudng thing d.

Gidgi:

" "Kéo dai tia Ay cht BC tai P, EF ckt AD tai M
va BC tai N. , - : _ y
Theo gié thi¢t Ax//BC, theo dinh li Thales ta cd:
MA_NP . M4 _NC
MD NC =~ MD NB s M/ o
NP _NC_ NP NC \
NC NB NP+ NC NC+NB
— NI’ZKZ> CP—CN:_]\_/E_ p
..CP BC cpP BC
Ne | NC
BC CpP
_ BCce
- BC+CP

=1= NC(—1—+L) =1
BC CP
, tia Ay ¢b dinh = P ¢b dinh = CP khong dbi
= bidu thic %C—P c6 gia tri khong d6i = CN khéng dbi
+

cpP o
. : ) \
= duong thang ludn di qua diém c6 dinh N, khong phu thudc dudng thing d.

* Vidy 11. Cho tam gidc ABC, M 1 diém trén canh BC,
Chimng minh tiing MA.BC < MB.CA + MC.AB. |
Giii: S |
TU M ké cac dudng thing song song véi AB, AC cht
canh AC, AB 1dn luot tai D va E = t&r gidc AEMD 1a

hinh binh hanh = MD = AFE. 8
" Theodinh Ii Thales 28 - ME _ 1 BOME e tw pac = ZEMP.
| BC 4 " c4 | AB

Thay MB va MC vio bidu thirc MB.CA + MC.AB ta c6:

13°




BC.ME BC.MD

MBCA+MC.AB = CA+ B AB

= BC(ME + MD) = BC(ME + AE)
ME + AE > M4 => MBCA+MC.AB> BC.MA.

Vi dy 12. Cho b ba diém thing hang theo thi ty (4,, 42 43) va (By, Bz Bj)

thoa min ij— - 21—11;2 — k. Trén A;B), 4:B, A3B; lan luot WAy céc didm Cy, Ca, Cs
1473 173 .

CIAI — CZA?_ —_ C3A3 ]

thoad mén =
B (B, (B

SN cC,
Chirng minh ring C;, C,, C3 théng hang va ——2=k%.

C,-
Gidgi:
Tw Cy ké dL.r(‘mg théng song song v&i A;4; trén d6 1dy cac diém M, N sao cho
A>M va A;3N song song v6i A;C, twong tw B, B3 //C1Q va PBy/C By, QB3y/C B
= A,C,MA; 1a hinh binh hanh = 4,4, = C;M va 4,43 = C\N ‘
= Aad _CM k

44, CN
2
Hoan toan tuong tu gLL:ﬂj-l:k
. CQ BB
» I
GM _GP L vip o,
CN CQ

Vi cach dyung trén = A4,C; = AoM = A3N va B,C,
= BoP = B3Q, A>M //B,P.

K&t hop gid thiét = AM Gy , LC2AsM = ZCoBoP = AMA3C, va APB,C,
o B,P C,B,
ddng dang = £4,CoM = £B,CoP = M, Cj, P thing hang.
Hoan toan tuong ty = AN _ —43—9—:> N, Cs, Q thing hang va GM _GN
B  BG GP GO

= C), Cy, Cs thing hang va &&= Ay _
C|C3 AI A3

k.




vi du 13. Cho da gidc ABCDE, thoa min ZBAC =/ZCAD=/LDAE va
JABC = LACD = ZADE . Pudng thing BD cét CE tai M. Ching minh rang AM
di qua trung diém CD. (IMO Shortlist).

Gigi: . , . R
Theo gia thiét ZBAC = £CAD= £DAE
va ZABC = ZACD = ZADE

— AABC, AMCD, AADE dbng dang (g.g) E

AB _AC _AD B /
= - ap Y = =

C [

Gia st BD it AC tai P, CE cit AD tai Q.
Tir gia thiét ZBAD = Z/BAC + ZCAD = ZCAD+ £DAE = ZCAE
= /BAD = LCAE = AABD va AACE déng dang (c.g.c).

AB _ AP

. AP 14 phéan gidc cia £ZBAD, AQ la phan giac LCAE = —
phén g Qlaphéng AC 4D

Kéthop (1) = AL 2 AC AP _AQ "o dinh Thales dao = PO/CD.

AQ AD AC AD’

= PQDC 1a hinh thang = theo tinh chét hinh thang AM di qua trung diém CD

= IC = ID. . %

Vi du 14. Cho tam gidc ABC ndi tiép dudng tron (0), AD la phén gidc clia tam
gidc, M 1a didm thay ddi trén AD, P va Q 14 hinh chiéu cha M trén AB va AC, I 1a
trung diém BC, I 12 hinh chiéu cia I trén PQ. Chimg minh ring MH luén di qua

diém cb dinh khi M thay ddi trén AD. ’ P
Gidi:
AD cit dudng tron (O) tai E = EC = EB D¢

= EI 1a dudng thing chira mot dudng kinh cia

(0]
dudmg tron (0) ¢b dinh, dudng kinh nay cét (O) tai F B 1
= Fladiém cb dinh. | & /

(@)

E




Gia st MF cit PQ tai J. Theo gia thiét ta c6 LPAM = LQAM, MPL1AB,
MQ1AC = AM1PQ.

Goi K 14 giao diém AM va PQ, EF 14 dudng kinh

= LECF=90°, ZEFC = ZEAC (chén cung CE)

FI_ 4K
= AOM AFCEdon dan = —=—
OM va g dang (2.2) 7 KM()
Mt khic £ 12 duong kinh nén AELAF = AFIPQ = = = I 5y
*T KM UM

Ty () vaR) = % = §-A/7 theo dinh li Thales dao = IJ//AD

= [JLPQ = J = H = MH luén di qua F 13 diém ¢b dinh.

Vi du 15. Cho tir gidc ABCD, AB khdng song song véi CD. Dudng tron (C)
qua 4, B va tiép xvc véi CD tai P, dudng tron (Cy) qua C, D va tiép xuc v6i AB tai
0, (C)) va (Cy) cit nhau tai E va F. Ching minh ring EF di qua trung diém cia
PQ khi va chi khi BC song song v6i AD.

Gidi: o

Goi I 1a giao diém EF va PQ,
dudmg thing PQ cét dudng tron (Cy)
va dudng tron (Cy) tha ty tai K va G.
M

Theo gia thiét AB khéng song
song véi CD nén'AB’ va CD giao
nhau goi gld() dlcm 1a M

Theo hé thuc dudng tron = MP2 A/Z/IW va MQ? = MC.MD [€))

Mt Khic ta o6 IEIF = IP.JK = IQ.IG = IP(IQ+QK)=IQ(IP+ PG)

= IPQK =1Q.PG, suyra IP=1Q < QK = PG < PQQOK = PQ.PG

& QA0B=PD.PC (2) |

Tac6 AQ = MQ- M4, OB=MB-MQ, DP = MP—MDyaPC =MC—MP.




{

Tu(2) va két hop (1) suy ra: (MB— MQ)(MQ — MA) = (MP — MD)(MC — MP)
e MB.MQ — MAMB — MQ?* + MQ.MA = MP.MC — MP> — MD.MC + MD.MP

& MB.MQ+MQ.MA = MP.MC + MD.MP

o MO(MB+MA) = MP(MC + MD) < MQ*(MB+ MA)Y: = MP* (MC + MDY’

o MD.MC(MB + MA)? = MAMB(MC.+ MD)’

MA _ MD

& (MAMC - MD.MB)* =0 < MAMC = MDMB < — =—— BC// AD.
MB  MC

Vi du 16. Cho tam giac nhon ABC, goi (Q,), (0,) 1a tdm dudng tron bang tiép
clia tam gidc ing V('):i goc B va C. Buong tron (O,) tiép xtic v6i canh BC, AB, CA
'1:;_11‘/\/1, N, E duong tron (0,) liép xtc véi canh BC, AC, AB ai P, Q, I, dudng
jthéng MN va PQ c¢it nhau tai D. Chimg minh ring AD vudng goc véi BC.

Gidi:

Theo gia thiét duong tron (0)) tiép xtc AC tai E AB tai N suy ra
ON L AB, OF L AC = LOAN = L0, AL ;

Pudng tron (0,) tiép xtic AB tai I va AC tai Q suy ra 0,Q L AC, O,F 1L AB

= £0,AQ = LO,AF = LOAN = LO,AF = O,, 4, O, thinghang |
D

= A0,04 vi AONA dbng dang (g.0) :;% = g'j (1)
Theo gia thiét O,M L BC, O,P 1 BC
PII _ diDPH _ DPsin ZPDH 0,
MIT — diDMH DM sin ZMDH 4
Mt khac, dp dung dinh i sin cho AABC: P 5 m = M

DP sinZDMP  cos ZOMN _sin ZMNA sin ZDNA
DM sinZDPM  cos ZO,PQ - sinZPQA  sin £ZDQA
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i

Ap dung tiép dinh Ii sin cho ADNA va ADQA
PH  sin /DNAsin ZPDH _ sin ZDNA sin ZPDH
Ml sinZDQAsin ZMDH  sin ZMDH sin ZDQA

sm ZDNA sin AQDA D4 AQ AQ
* sin ZNDA sin £ZDQA " AN DA AN

Kéthop (1) = ~-= %4 0 p//pH 110,M = DHLBC.
MH O

II. PINH LI MENELAUS

Menelaus 1a nha todn hoc ¢ dai & thé ki I sau Cong nguyén. Tudng
truyén 6ng dudc sinh vao khoang ndm 70 thdi dai Alexandria va mat vao
khodng nim 130. Cic quy&n sich cla Menelaus chi con lai quyén
Sphaerica. Ong nhic dén tam gidc cdu va cac dinh Ii Menelaus. Cudn
"Hinh hoc co bén'" dugc Thabit Ibn Qurra dich sang tiéng A Rap "Sdch viét
vé cdc tam gidc", trong d6 cé dinh If Menelaus ngay nay.

1. Dinh li Menelaus

Dinh Ii, Cho tam gidc ABC va ba diém M, N, P trén cic duong thing chira cac

i
canh BC, CA, AB. Khi d6 M, N, P thing hang khi va chi khi MB —]\E 4 _

MC NA PB

Chitng minh:
Gia st M, N, P thing hang. Tir 4 ké dudng thing
song véi BC ¢t MN tai D.
D
lheo dinh li Thales = M AD LB _BM
NC MC’ PA AD

Nhan hai déng thirc v6i nhau ta duge:

NA I’B AD BM:"> MB NC P4
NC'PA MC AD  MC NA PB




D
Nguoc lai tr —Aﬁ —]\E A =1, lay diém E trén 4B sao cho M, N, E thing
MC " NA PB
han &:%EKFA :>PA=_E£:>P5E.
MC NA EB PB  EB
2. Cac vidu

Vi du 1. Cho tam giac ABC, M trén canh AB thod man AM =%MB, N trén

canh BC thod min CN = 2NB, goi I 1a giao diém AN va CM. Tinh dién tich cta

tam gidc BEC biét dién tich ABC bang 1.
Gidi:

Ap dung dinh Ii- Menelaus v&i AABN va cét tuyén CME.

_AﬂCB .[g_]\l_l:MA CB EN 1_3__1_31\7__ =1 A,
MB CN A MB CN EA 22 EA
M
EN 4 . 4 4
id = 5 = S/;/;'N = ESABI{’ S(‘NE = ESAI:'C
= Spue = (SAB/ +Sye) == (SAB(: = Spc) B 4 C
7 4 4
= ESI}('H =§S/m(' = SB('I;‘ =7- . . 1

Vi duy 2. Cho tam giac ABC, tryc tam H di qua trung diém cta dudng cao ké tir
dinh 4. Chimg minh ring cos4 = cosB.cosC.

Gidi:

Theo gia thiét // di qua trung diém caa dudng cao ké tir dinh 4

= [ ndm trong A4BC A
= AABC nhon, do tinh chét ba dudng cao
ddng quy tai /1. y <
Ap dung dinh 1f Menclaus di v&i A4ABD,
cat tuyén CHE: B ] ¢
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HACDEB | CDEB _
[ID CB EA CB EA
EA _CD EB

AC AC BC®

= cosC.cosB.

Vi du 3. Cho tam gidc ABC va tam gidc 4 B'C. Ching minh ring 44, BB,
CC ddng quy khi va chi khi céc giao diém cta BC va BC, CA va C'A, AB va
A B thiing hang. (Pinh Ii Desargues)

Girard Desargues (1391-1661) la nha todn hoc nguoz Phap dugc tén vinh la
“Ong 16 ciia hinh hoe xa anh” nhung éng lai theo hoc kT sur qudn gioi.

Gidai:

Goi M, N, P lan luot 1a cac giao
diém cha BCvA BC, CAvVACA, AB
vaA B,

Phén thugn: Gia st AA’, BB va
CC  c¢at nhau tai O, theo dinh li
Menclaus  voi  AQAB  cat  tuyén

N A=A BB AQ
NB BQ 44
, C A4 C
Tuong ty véi AQBC va AQAC, ta cé: M@_ cc BQ =1, E———Q—:l
MC C'Q BB P4 AQ CC
NA MB rc

Nhan ba déng thic véi nhau = ——. ——
NB MC PA

Phan dao: Gia st A4 va CC cit nhau tai 0, 4p dung dinh li Menclaus dél véi
cdc ACC P, ACPM, AMPC ta c6:

=1=>MN,P lh'fmg hang.

QC AC AP _| BC NM AP . BM AC NP _
QC AP AC T BM NP AC < BC AP NM
OC' BC BM
OC 'BM BC
thiing hang = 44, CC va BB ddng quy.

Nhan ba déng thirc v6i nhau 2 =1, v6i AMCC= Q, B B
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Vi du 4. Cho 6 diém 4, B, C. D, E, F ndm trén duodng tron, AE cit DF tai M,
BE it CItal [ va AC cit BD tai N. Chimg minh ring M, I, N thing hang.

Gii: y

Gia st duomg thing AE cit duong thing CF va B
BD 14n luot tai P, Q. Pudng théng BD cit CI tai G. N

Ap dung dinh 1 Menelaus trong APQG véi céc cat D ¢
tuyén MFD, 11B, NAC ta co: 1 ' ‘

'L‘P_.DG.MQZI _, Mg _rG D

FG DQ MP MP FP DG Q
SGEQ P I _BOER NG AQCP_,  NG_APCG

BQ EP IG IG  BG EQ NQ AP CG NQ AQ CP

Nhan ba dédng thirc v&i nhau ta ¢é:

MQ IP NG_FG DQ BQ EP AP CG

Mit khéac cat ulyén AE, CF cit nhau tai P = PA.PE = PC.PF;
Tuong tw OD.OB = QE.QA va GF.GC = GD.GB, thay vao dang iliiic (*)

10 IP NG ,
A/——Q—.—. T 1 = M, I, N thing hang.
MP IG NQ

. Vidu 5. Cho tam gide vudng ABC ( £4=90°), D l1a diém trén canh BC ke ﬁép
tuyén DE v6i dudng tron tdm C, ban kinh CA. Pudng thing qua 4 Vuéng g(’)(j: voi
BC cat duong thing CE tai I, duong thang BF cat DE tai M, qua B ké dirdong
thdng song song véi CM cit DE tai N. Ching minh ring M 1a trung diém NE. '

Gidi:

EC cit dudng tron tdm C, ban kinh CA4 tai J,
dung dudng tron duong kinh DC cét AC tai 1.

Theo gia thiét DE L CE = £DIC =90°

= LEIC = /EDC, AF 1L.CD
= JAFC = ZEDC = LEIC = LAFC

= {0 gidc AIFE nodi tiép.
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Mit khic CA=CE = LCEA= LCAE = ZLCIF

EF _ Al IC_DC

= [I'//AE = , LA=90° = AB/DI= = =—"2, CF=CI.
C A DB

EC
Ap dung dinh 1{ Menelaus trong ABFC, cat tuyén DME:
MF EC DB |

MB Al IC . __MB _AC _CJ

L =l = =—— = BJJ/CM = ME = MN.
MIr AC 14 MF IC CF

Vi du 6. Goi 7 1a tdm dudng tron noi tiép tam giac ABC, dudng thing A7 cit
dudng tron ngoai tiép tam gidc ABC tai D, E 1a diém trén cung BDC, F trén canh

¥ BC thod mén £BAF = LCAE <%ABAC, goi G la trung diém IF. Chtng minh

ring giao diém cta DG va EI ndm trén dudng tron ngoai tiép tam gidc ABC.

| Giii:

i c o1 .2 . L \ \ Y+
;;I‘@; Goi P 1a giao diém cua EI cdt dudng tron ngoai tiép
[ Iy \ 2 .: :

i tam gidc ABC, dudng thiang 4/ cat BC tai J;

| . : A 3 <

[ AF ¢t dudng tron ngoai tiep A4BC tai K, cit DP

- tai Q. Theo gia thiét ZBAF = ZCAE < %LBAC

|

‘ | = Cl= BK = CE=BK = BC/KE;

l /I AD la phén giac goc 4 = LKAD = £LDPE :
= APQINGI tp = LAQI = ZAPI = LAKE =5 QU/KE = QI/KE//BC

|

L

o I’ I . ) P Y4 .

’J = Q—I:—JL, Al cit BC tai J, I'1a tdm dudng tron ndi tiep = £=—C—{;
. o4 I S A C4
ZBCD = £BAD = £CAD = ADCJ va ADAC ddng dang (g.8)

& D€ yingp pr=pe = 2012

(. AC
FQ_JI_CJ_DC_ID
4 Al AC AD AD

DA AD

™




Theo Menclaus véi AALF cét tuyén POD, gia sit POD cat FItai G ta co:
o4 G I DI
oF G1 DA
— DG va EI cét nhau trén dudng tron ngoai tiép A4BC.

—=] kthop(*)z%———lsGF GI= G=G

Vi du 7. Cho tir gidc ABCD va I, J trung diém cta 4D va BC. Goi G, E 1a trong
tam tam gidc ABC va ABD. Chimg minh rang DG, CE, IJ ddng quy, tir d6 suy ra
GE song song véi CD.

Gidi:
G la trong tAm cta AMABC = AG =2GJ

Ap dung dinh 1i Menelaus v&i AALJ, dudng thing

D(‘cat[/th:Béﬂ_G_{
DI MJ GA

IN=1D = DA=2D] = Zﬂlzl.
MJ 2
= MI = MJ , IZ 1a trong tdm AABD, hoan toan tuong ty
= CFE di qua trung diém ctia IJ = ba duong thing DG, CE, IJ ddng quy.

» Ap dung dinh li Menelaus v6i AADG, ting v6i ba diém M, I J thdng hang

u MD JG MD 1 MD MC
=] > ——.—=1=> —=3,tuongty —=3
D MG JA MG 3 MG ME

= — MD _ MC , theo dinh Ii Thales thi EG song song v&i CD. ?
MG ME’ »

Vi du 8. Cho tam glac ABC, goi I 1a trung dlem ctia BC. Qua I ké dudng thing
d, cit CA, AB tai M, N va duong théng d, cit canh CA, AB tai P, Q. Pudng -

théng PN cét canh BC tal E va dudng thang OM ciét canh BC tai F.
Chtmg minh /£ = IF. '
Giii: . _
Ap dung dinh i '—Menelaﬁ‘s trong AABC véi cat tuyén MNI ta cé:

1B MC NA _ MC N4
I(, "MA'NB MA'NB
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H Vi cat tuyén PQI ta co:
> B PA
1C 9B r4a = oB P4 _

. A

1B 04 PC 04’ PC
b MC N/I QB PA
= M
2 MA NB o1 ]’
i B g C

PC NA ()B MA E 1 F

= — —(*)
PANB ()/1 "MC

Tuong wr ddi véi cat tuyén NEP va QMI: N
EB PC NA | va I'C QB MA

—_— va

LEC PA NB T FB A MC
B PC N. ‘C QB MA .

= ! l?.l(” .AA :iQ_L két hop véi (*) ta co:
EC PA NB  FB Q4 MC

LB IC _ EB - FC - EB _FC
EC FB EB+EC  FB+IFC BC BC

= EB=IC = [E=1IF.

Vi du 9. Cho hai doan thing AC v BD cit nhau tai £. M trén doan AB va N
trén doan CD sao cho M, E, N thing hang. Chirng minh MN < max{AC, BD}.
} Giii: |
Truong hop AB/CD.
Tir M ké duong thing song song véi BD cét CD tai p
P va dudng thiing song song véi AC cit CD tai Q.
= (0 gidc MPDB va MACQ la hinh binh hanh
= BD=MP va AC = MQ. |
Ta chimg minh: MN < max{MP,MQ}.
g NeCD = MN < max{MP, MQ}
= MN < max{AC, BD} .

Trudng hop AB khong song song vai CD.
“Giast A+ D>180° = B+C <180°
Tir D ké duong thing song song véi AB cét MN, AC tai G va K.




Ap dung dinh li Menelaus ddi voi ADKC véi ba
GK ND EC

gidm E G N=> 2L NP BC
diem £, & GD NC K

GK ND EK GK NC
= =<1 5> —<— (1)
GD NC  EC GD ~ND
ABDK = CE _MA o
GD  MB

K& COVAB va MOWAC, DP/AB va MP/BD.

= 0 giac AMQC va BMPD 1a hinh binh hanh

= AC=MQ, AM =CQ, va BD=MP, BM =DP = CQ/AB/DP, goi I 1a
giao diém cta I’Q voi CD »
= DI > DN, giao diém MN cit PQ tai F = MN < MF

= MN <max{MP,MQ}=max{BD, AC}.

Vi du 10. Cho hinh thang ABCD (AB//CD,AB<CD). M, N trén AB va CD
AM DN

MB ~ NC’
ZAQB = ZBCD . Ching minh ring P, O, B, C nam trén mét dudng tron.

sao cho P va Q trén MN sao cho ZDPC=/ZABC . vi

i
i

Gidi: : : o)
Goi £ 1a giao didm 4Q va DP, va I 1a giao diém BQ

va CP = LEPEF = ZABC va LIFQFE = £BCD. A 5
Tacd ZABC + ZBCD =180° = PFQE 1a tr gidc ndi ',

liép. /\p dung dinh li Menelaus dbi véi ADOP véi dudng Q

thang AQ va ACOP voi dudng thing BO: b N ¢

4D QO P, BC QO FP_,  AD QO EP _KC QO FP
AO QP ED T BO QP FC A0 QP ED BO QP FC’
AD  BC  EP FP

0 ——= = =
A0 BO ~ ED FC

= EF//CD//AB.
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B = LABC = ZABQ+ ZQBC = ZEFQ+ LQBC = LEPQ + ZOBC
| ZABC = £DPC = ZEPQ+ ZQPC = LQBC = ZQPC

=P QCB nim trén mot dudng tron.

Vi du 11. Cho tir giac ABCD, dwdng thing d cit AB, BC, CA, AD lan luot tai
NB
M, N, P, Q. Chiing minh @~—~£92=1
‘MB NC PD QA4

Gii: o ‘

Tir 4, B ké cac dudng thing song song véi CD ¢t MN tai E va I, theo dinh 1
Thales ta co: '

MA _AE NB Bl QD _PD

W55 NG CP oA AF
MA NB QD _AE BI PD _PD.

MBNC 04 IB CP AE CP

_ MANB PC QD _,
MB NC PD Q4

Chut y, dp dung cho it gidc chi c6 chiéu thudn.

Vi du 12. Cho tam gidc ABC (AC > AB),
dudng phan gidc goc 4 va dudng trung truc
BC c¢ét nhau tai D, goi H, K 1a hinh chidu coa
D trén AC va AB. Ching minh ring canh BC,
dudng trung true BC va HK dong quy.

Gidi: "
AD l1a phan giac goéc L4 = DK = DH, D
ndm trén trung true BC = DB = DC , D

= ADIIC = ADKB béng nhau = CH = BK va AH = AK.
1 Goi giao diém ctia HK va BC1a 1 ap dung dinh li Menelaus

llil_lgﬁ/l_ =1=IB = IC = (dpcm).
IC HA KB~

20




Vi du 13. Cho tam giac vudng ABC (vuong tai 4), duong tron tdm B ban kinh
BA va dudng tron tdm C ban kinh CA4 ct nhau tai D (D khac 4), BC cit ducmg
{ron tam (B) tai E, I va cit duong tron tim (C) tai M, N. Pudng théng DM cét AE
tai P, DQ cht AN tai Q. Kéo dai DM cat dudng tron (B) tai [, DF cét dudng tron
P HF 4B
IM HQ AC’

©) lai H. Chimg minh

Gidi:

. T
JAEN + ZANE = %(LB +£C)=45 ’F? R
AL\

LAEF = ZADF, ZANM = ZADM E B M
= LIDF =£IDA + LADF = 45° U
= JBF = 90"= IBLEF = ZIAE = 45° D

= [ A, N thing hang, tuong tu E, A, H thing hang
= /EAN = 135" = ti gidc APDQ ndi tiép

&

AP _ AE
AQ AN’
IP NM AE

Ap dung dinh i Menelaus v6i APEM cét tuyén IAN: — =1.
IM NE AP

= APQ = ADQ =£AEC = PQ//EN =

Tuong tw véi AQFN = HF 4Q EN =1. Nhan hai déng thirc trén ta dugc:
HQ AN EF
IP HF NM.AE.AQ 1o P IP HF _EF _AB

IM 1IQ AP.LF.AN - IM HQ “NM  AC’

III. PINH LI CEVA

Giovanni Ceva sinh ngay 7/12/1647 tai Milan, mat ngay 15/6/1734 tai
‘Mantua nudc Y. N8m 1686, 6ng dugc bd nhiém lam gido su’ toan tai
trudng Dai hoc Mantua. Phan 16n cudc ddi, Giovanni Ceva gianh cho
viéc nghién c(u hinh hoc. Pinh Ii mang tén dng dugc in trong cudn “De
lineis rectis’ ndm 1678 - mdt trong nhitng két qua quan trong vé tam
gidc béng phudng phap hinh hoc téng hop. Ong cling phat hién ra dinh
Ii Menelaus va dugc viét lai, ngoai ra dng con nghién clfu (ng dung hinh
hoc, cd hoc va tinh hoc. ‘
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1. Dinh li Ceva

Dinh Ii. Ba dudng thing di qua dinh 4, B, C cta tam giac ABC ddng quy hodc
ctng song song v&i nhau va cét cac canh BC, CA, AB hay dudng kéo dai lan lugt
B CA BC

1a1/1 B, C thi ta ludn c6:
BC AB CA

Chirng minh:

Qua 4 ké dudng thing song song véi BC cit BB,
CCC lanluottai Pva Q.
AB AP BC BC

Theo dinh i Thales = ——=
BC BC’ CA QA

A
va (./ = —19 nhéan ba déng thirc
AB AP

L AB CA BC

CBCABCA

'I'ru'()'ngr hop AA /BB //CC ta cb:

AB°_AB BC_BC C4 _CA

BC BC'CA CA AB AB
AB CA BC _
BC ABC 4

2. Dinh 1i Ceva dado

Dinl i, \‘w cdc diém 4, B, C ldn luot ndm trén céc canh BC, CA, AB hay

AB CA BC
, . BC A BCA
BB, CC cit nhau tai mot diém hay song song v&i nhau.

dudng kéo dai cta cht’mg thod mén =1 thi cédc duong lhz‘mg A4

C/M’n o minh:
(na st dmmgj 1hdng, AA, BB ¢dit nhau tai 7, dudng thing CC khong di qua 7; CI
cit AB tai C .

28




_AB C4' BC

, "BCABCA
K&t hop aid thidt ta co: 4B.C4 BC _
PE ST BCABCA
_ BC _BC
A CA

D& dang suy ra néu 44 // BB = AA Y/ BB /CC.

Nam 1678, nguor ta déi cong bé dinh 1i Ceva dudi dang:

“Ba diém 4, B, C 1in lugt ndm trén bd canh BC, CA, AB cua tam gidc ABC,
didu kién cdn va du dé cac dudng thing 44, BB, CC 'dbng quy hay song song véi
A AB a4 A B(‘ _1”

BCABCA
Chu p: TUr dinh 1i Ceva ta suy ra cdc tinh chét ctia tam giac I ba duong trung
tuyén, ba dudmg phén giac, ba dudng cao ddng quy.

nhau l¢

3. Cacvidy

Vi du 1. Chimg minh rang ba dudng thing ndi cdc dinh v6i tiép diém cta
dudng tron ndi ti¢p tam gide dong quy (diém nay c6 tén la diém Gergaune).

Gidi:

Goi D, E, F l1a cac tiép diém cua duong

tron ndi tiép A4BC véi cac canh

= Al =Al, BFF=BDvaCD = CE
Al CD /)’1'

-
EC DB FA
Theo dinh 1i Ceva thi 4D, BE, CF ddng quy. B

c.

Gergaune Id nha todn hoc ngudi Phdp, ndm 1818 éng dd dua ra hai bai todn
mé ngdy nay qud quen thuge véi ching ta.
Néu cdc dwong thing AD, BE, CF xudt phdt tir cée dinh tam gidc ABC cdt
nhau tai O ndm trong tam gidc thi
OL. OF OF . AO BO CO _
+ —=1va —+
AD  BE CF AD BE CF
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Vi du 2. Goi M la diém trong tam giéc 4BC, duong thang AM, BM, CM cét céc
AE  AF

canh dbi dién tai D, £, F. Ching minh AM = (Dinh li Van Aubel).
MD LC F B

Giii:

Qua A ké dudng thing song song véi BC cit
dudng thing BM va CM tai P va O

AM _AQ AP
MD  DC  BD

ﬁAM:AQ+AP:AQ+AI’, AQ+ AP AQ+AP AF AE
MD  DC+BD BC BC BC BC FB EC

AM  Als AF
== —.
MD  EC FB

Chit y:

+ Trong truomg hop dédc biét M 1a trong tim = % =2;

=-_——~ tacd thé suy ra

N R IR .. AM
+ M 14 tAm dudng tron ndi ti€p tam giac D =
a

¢ b c+b
a a
duge nhicu gid tri khac tuy theo vi tri ctia M.

Vi du 3. Cho tam gidc ABC, M 1a diém trong tam giac, AM, BM, CM cét cac
A « . ;. . M , 2 A BM s
canh ddi dién tai D, E, F. Chirng minh rang trong céc ti s6 ﬂ, _— C—M- ch it
MD ME  MF
nhit mot ti sé khong 16n hon 2 va it nhét mot ti s6 khong nhé hon 2.

Gidi:

Ba trung tuyén 41, BK, CP cla tam gidc ABC chia
tam gidc ABC thanh 6 tam gidc BGIl, CGI, CGK,
AGK, AGP, BGP => diém M s& nim & mdt trong 6
tam gide do k& ca trén canh, gid st M thude AAGK,
theo dinh 1i Van Aubel ta co:

AM_ﬂ+A1' AF AE

MD FB EC PB KC
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BM  BF BD _ BF BD
Mit khdc —— = ——+——>——+—2>2.

ME A DC PA ID

r
Véy v6i diém P ta d4 chi ra c6 AM <2 va M >2, ddu bang khi M tring
MD MD
véi G. »
Vi du 4. Cho tam gidc ABC, M l1a diém trong tam gidc AM, BM, CM cit cac
canh déi dién tai 4,, B), C), duong théng BC cit B,Cj tai A,. Goi Ay la trung diém
A4, twong tu ta ¢d By, Cp. Chitng minh ring Ay, By, Cp thing hang.

Gidi: '
A
Theo dinh li Ceva ta cé: AC BA CB c
C\B AC B4 .
, B
Ap dung Mecnelaus voi AABC va cat I
. ; R N 3
uybn 43,0y R G8 BA | A
AZB C]A B,C B A C Ao 2
Nhén hai déng thic = ﬁ/—l'— 4C 1= Ba 4B
C A,B 4C  AC
o AB B+ AB 24 A+ AB)  AB va AB  A,B-AB A4
4C  AC+AC 24,4, A4 AC A4,C-A4C AC
4B AB BC BC* CA CA
= —— , hoan toan tuong tu ==, =——
4,C AC? B4 BA” CB CB
AB B,C CoA _(B,C C,4 A,B)2 1 (do BC CA 4B -1
A4,C B, A C,B "BA CB AC BACB AC

= Ay, By, Co thing hang.

Vi du 5. Cho tir gidc ABCD ndi tiép dudng tron (0). Goi M, N, P, Q lan luot 12
trong tdm céc tam gidc ABC, BCD, CDA, DAB. Ching minh ring céc dudng
théng AN, BP, CQ, DM ddng quy.

Giai:

Goi I J latrung diém cta AC va BD, G 1a giao diém ctia AN va BP;

Ap dung dinh 1i Ceva dao dbi véi AACJ ta co: ﬂE—Q—J— =1 z—l— =1.
IC NJ QA 12
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T

= IJ, AN, (Q dong quy tai G

Ap dung dinh |i Menelaus v&i ACLJ cét tuyén AGN:

GINJAC_GI12 o)
GJ NC Al GJ21
Ap dung dinh li Menelaus v6i ABIJ:

7 2 .
MB GI DT _ 211 = D; G, M thang hang,.
ML GJ DB 112
Tuong tw cho ADIJ= P, G, B théng hang

= AN, BP, CQ, DM ddng quy.

Vi du 6. Cho tam gidc ABC (AB # AC). Goi D, I 1a chén dudng phén giac,
duong cao ké tir 4 dén canh BC, duomg tron ngoai tiép tam gidc ADH cit canh

AC, AB tai £ va I, Chirng minh ring AH, BE, CF dong quy.

Gidi:

Theo gia thit 4, F, I, D, E nim trén mot duong
tron, AIILBC = AD 1a dudng kinh cia duong tron
(AIIDY = DE1AC, DIF1LAB. ’

ZBAD = £DAC =ZADE =ZADF = AE = AF

Ta 6 ABFD, ABIA dbng dang = 2 = 811
° 7 BD BF
ACHA, ACED déng dang = A< = ST
CD CE

.. AB _AC __ BH _CH

AD 1a phan gidc = ——= = —=—
BD CD BF CE

BI EC FA_ BH.EC

[HC EA FB HC.FB

Vi du 7. Cho tam gidc ABC, cdc diém D, E, I trén cac canh tuong Gng BC, CA4,

=1 = AH, BE, CF ddng quy.

AB. Ba dudng thang AD, BE, CF ddng quy khi va chi khi

sin ZABI sin LBCF sin £LCAD
sin ZCBE sinZACF sin £ZBAD

=1 (Dinh li Ceva dudi dang sin).




Gidi:
AE S, _ABsinZABE
CE S., BCsinZCBE E B

CD ACsinZCAD
Tuwong ty —=——7"—"——, 0
BD ABsin ZBAD

BF _ BCsin ZBCF B c
AF  ACsin ZACF ‘

sin ZABE sin ZBCF sin ZCAD -1

sin ZCBE sinZACF sin ZBAD

Nhan ba ding thire ta dugc:

Vi du 8. Cho da gidc ABCDE, M 14 didm bét ki trong da gidc, cac dudng thing
AM, BM, CM, DM, EM cét c4c canh CD, DE, EA, AB, BC 1an luot tai 4;, B;, C|,
AD, BE C4 DB, EC, _,

DB EC AD BE C,A

D;, E;. Chitng minh

Gidi:
i 0 S
X6t AMMB ta o6 22 MAsin £AMD, (= s
DB~ MBsin ZBMD, Sur>
BE, _ MBsin ZBME,
Tuong tw =

EC  MCsin ZCME,’

CA,  MCsin ZCMA, DB, _MDsin ZDMB,
AD MDsin /DMA, " BE MEsin ZEMB,’

EC, MEsin ZEMC,
CA  MAsin ZAMC,’
ZAMD, = ZDMA,; ... ; ZAMC, = ZCMA,

nhin cac ding thic v6i nhau va st dung

AD, BE, C4 DB, EC, _,
DB EC AD BE CA

Dinh li nay con cé tén la dinh Ii Ceva mé& rong, né dung cho da gidc co 1é
canh. Dinh Ii nay c6 céng cua nha todn hoc nguoi Phdp Poncelet (1788-1867) -
- nguoi sang Idp ra hinh hoc xa dnh.
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|} Vi dy 9. Cho tam gidc ABC, céc diém D, E, F & phia ngoai tam giac thoa
min £BAF = ZCAE=«a, ZABF =ZCBD=/f, ZBCD = /ZACE =y .
Chimg minh réng AD, BE, CF ddng quy (Diém J c6 tén 1a diém Jacobi).
Gidi:
Ta ¢6 AD, BD, CD ddng quy tai D.
Ap dung dinh Ii Ceva dudi dang sin:
sin ZCBD.sin £ZBAD.sin LZACD 1
sin ZABD.sin ZCAD.sin ZBCD J

N sin B.sin ZBAD.sin(C +7) _1 BW
sin(B + f3).sin LCAD.siny )

‘ | Tuong ty ta ¢6 51'11 y.sin AC"BE.sm(A-.k Q) -1,

i sin(C+ y).sin ZABE . sinex -

sina.sin ZACF .sin(B+ f8) 1

sin(4+a).sin ZBCF.sinf

A

sin ZBAD.sin ZACF .sin ZCBE _ |
sin ZCAD.sin ZBCF .sin ZABE

i A s Al T
1 ' Nhan céc dang thic voi nhau =
|

= AD, BE CF df’)ng quy.

Carl Gustav Jacobi (1804-1851), nha todn hoc nguoi Dikc, ong da cd
nhiing phdt minh trong li thuyét so, dai so, phép tinh vi phdn va li thuyét
i phuong trinh vi phdn. .
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BAI TAP CHUGNG 1

Cho tam giac nhon ABC ndi tiép dudng tron tim O, dudng thing qua O cht
canh AB, AC tai M va N. Goi I P, Q 14n luot 13 trung diém MN, BN, CM.
Chtmng minh rdng bén diém O, I, P, 0] ndm trén mot duong tron.
Cho tam gidc ABC, dudng tron ndi tiép tim 1. Goi D va E 14 hai tiép diém cta
dudng tron bang tiép goc 4 va géc B trén hai canh twong tng BC, CA. Pudng
thdng BD va CE ct nhau tai P, va G 14 trong tim tam gidc ABC. Chimg minh
ring P, G, I thing hang,
Cho tam gidc nhon ABC, D 1a chin dudng cao ké tir 4 va H 1a truc tdm. Goi ],
Jihtt ty 1a trung diém BH va CH, duong thing DI va DJ cét canh AB, AC tai
P va Q, dudng thing PQ cit BH va CH tai M va N. Chimg minh ring H, M,
N, D ndm trén mét dudng tron. (M§ 2014). \
Cho tam gidc ABC, AD la phin gidc goc A M rén canh 4B thod mén
MDA = ABC , N trén canh AC thoa mén NDA = ACB. AD va MN cét nhau tai
P. Chimng minh ring AD* = AB.AC.AP . (Indonesia 2014).
Cho tam gidc nhon ABC, truc tdm H, diém P trong tam gidc thod man
BPC =BIIC . Duorng thing qua B va vudng goc v6i AB cét PC tai M, dq(‘mg
thing qua C va vuong goc voi AC cht PB tai N. Chung minh ring MN luon di
qua mot diém cb dinh.
Cho tam gidc ABC. M, N trén AB, AC, va P trén canh BC sao cho tir gidc
AMPN 14 hinh binh hanh (MN khéng song véi BC). Buong thing MN cét
duong tron ngoai tiép tam gide ABC tai D va E. Chimg minh ring BC la tiép
tuyén duong tron ngoai tiép tam giac DPE.
Cho tam gidc ABC (AB # AC), dudng tron dudng kinh BC cit AB, AC tai M
va N, goi O 1a trung diém canh BC. Dudng phan gidc goéc BAC va goc

" MON ¢ét nhau tai P. Chimg minh ring c4c dudng tron ngoai tiép tam gidc
PMB va PNC giao nhau trén canh BC. (IMO 2004).
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e 8. Cac diém P va Q duoc ldy trén BC cla tam gidc nhon ABC sao cho

E PAB = BCA, OAC = ABC. Céc diém M, N 1Ay trén AP va AQ sao cho P 1a

" trung diém AM, va Q 1a trung diém AN. Ching minh ring giao diém ctia BM

i vi AN ndm trén dudng tron ngoai tiep tam gidc ABC. (IMO 2014).

9. Cho nira dudng tron dudng kinh 4B va O 1a trung diém 4B, C va D 14 hai
diém trén cung 4B . Goi P va Q 1a tim dudng tron ngoai tiép tam gidc ACO
va BDO. Chimg minh rang CP.CQ=DP.DQ .

" 10. Cho tam gidic ABC. V6i mBi diém M ta ki higu 4, (M), dy(M), d,(M) 1an
LAt luot 1a khoang céch tit M dén BC, C4, AB. Tim tép hop cac diém M bén trong
tam gidc ABC hogc trén canh tam giac thoa mén d,(M)=d,(M)+d.(M).

11, Cho tit gidc ABCD, I, J trung diém AD va BC. Goi G, E 1a trong tam tam gide
ABC va ABD. Ching minh rang DG, CE, IJ ddng quy; tir d6 suy ra GI song
song vai CD.
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DINH Li PYTHAGORAS

Pythagoras sinh trudng trong mot gia dinh quy téc & dao Samos ven
bién Pia Trung Hai (580 - 500 TrCN). N3m 16 tudi, Pythagoras néi tiéng
théng minh, da tirng theo hoc nha toan hoc Thales, chinh Thales phai kinh
ngac vé tai ndng cla Pythagoras. ,

Pythagoras dd nhiéu nim sdng & An D, Babylon, Ai Cap nhd dé trd
nén uyén bac, Pythagoras trd v& nudc khi dd sang tudi 50, 6ng md
trudng hoc day 4 bd mén: Hinh hoc, S8 hoc, Thién van, Am nhac. Trudng
phéi Pythagoras d3 ra ddi, moi ngudi tham gia t6 chirc clia Pythagoras tu
goi minh la Mathematikoi (nha todn hoc). Ho s6hg khdng cé sd hitu ¢
nhan va budc phai &n chay. Cac mén dd Pythagoras tién hanh cac nghi 1&
nh3m tu 1dm trong sach, tudn theo nhigu quy dinh kh3t khe khién ¢ho
- tAm hdn ho ti€n 1én mirc cao gan vdi thugng dé. M4t trong cac gido Ii clia
thuyét nay la nghiém cdm dung cham hay dn hat ddu dudi moi hinh thirc.
Truyén k& lai r&ng hat dau 13 nguydn nhan din dén céi chét cla
Pythagoras: bi mdt b&ng nhém t&n céng rugt dudi, Pythagoras vo tinh
chay d&n mdt canh dong trong toan ddu, nhung 6ng da quyét dinh tha
chét con hon budc chan vao cdnh ddng nay. Chinh vi vay, bon ngudi tan
cdng d3 cit cd 6ng ngay tic khdc.

Pythagoras d& ching minh t6ng 3 gdc clia mdt tam giac bang 180° va
ndi tiéng nhat nhd dinh Ii todn hoc mang tén dng. Dinh If Pythagoras mgt
- trong nhitng dinh Ii 1du d&i nhét trong lich sir toan hoc Ia dinh li cg ban va
quan trong clia hinh hoc Euclid.
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Thesi Al Cap <8 dai ngudi néng dan can tinh toén dién tich cac thira
rudng mdi khi ¢d tran hong thuy, ddy 13 co s d€ dinh If Pythagoras ra ddi,
dinh I d& ¢ nhigu cach chiing minh khac nhau, trong dé ¢ cach chiing
minh kh& dep clia Pythagoras. Moi ngudi cho rdng nha todn hoc An Db
Baudhayana ¢ tim ra dinh Ii Pythagoras vao khoang nam 800 TrCN.

1. Pinh Ii Pythagoras

Pinh Ii. Trong mdt tam gidc vudng, binh phuong’ cia canh huyén bing tong
binh phuong ctia hai canh goéc vudng.

(Tor khi dinh li ra doi c6 nhiéu cdch chitng minh, nhét la phicong phdp cdt
ghép, sau nay bdng phirong phdp déng dang, toa dé, vecto, vi phdn... Xin gidi
thiéu mot vai cdch chimg minh gilip ching ta c6 thém tw liéu, trong do ¢o hai
cdch 6 nhét néim trong quyén “Chu bé todn kinh” va cua Euclid khoang 300 ndm
TrCN).

atb
1. Hinh vudng l6n ¢6 canh ld a + b, bén géc 1a bén
tam giac vubng canh g, b, & gitta 1 hinh vubng canh ¢
: 1
= (a+b)’ = 4.—2—a.b+c2 = ad*+b =c".
a-b
2. Hinh vudéng nam trong c6 canh a — b b ¢

= 4.—;—a.b+(a—b)2=c2:> a’+b*=c. -

3. Céch chung minh ctia nha danh hoa Leonardo da Vinei.
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4. Céch ching minh cta Téng thé(lg thir 20 cia M¥, James A. Garfield (1831-
» 1881). Nam 1876, Garfield d& tim ra cach ching minh dinh li Pythagoras dep va
don gian.

Dung cOng thirc tinh dién tich hinh thang:

Mﬁzﬂ b+ 1 C' = q +b2 -—-c b
2 » 2 a
5. Céch ching minh ding tam gidc dong dang, | a b
Trén BC 14y hai diém M, N thod mén BM = BN = AB
= /BNA = ZBAN =90° —%LABC A

ZNAC =90° — ZBAN = 5 AABC

LAMB = —1— ZABC.

= AMCA, AACN ddng dang (gg) = Mg—=% AB+BC = AC
AC CN AC BC—-AB

= BC*=AB* + AC*.

2. Dinh li Pythagoras ddo

Dinh li. Tam gi4c ABC thoa man BC* = AB? + AC? thi tam gidc ABC vudng

tai 4.
(Trong mgt tam gzac ¢6 binh phuong ciia mét canh bang tong cdc binh pfau’ong
cua hai canh kia thi tam gidc doé la tam gidc vuong).

Chirng minh: ;

Gia sir A4BC khong phai 1a tam gidc vudng, tix B
ké duomg thing vudng goc voi AC cit AC tai D,

Theo dinh li Pythagoras ta c6: '

BC® =DB*+DC?. o A
Theo gia thiét BC* = AB® + AC? o '
= AB*~DB* = DC* — AC* = AD* = AD(DC + AC) N

= AD = DC + AC = mau thun
- = AABC vudng tai 4. ‘
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t6i két qua ta dit: AB = AC =1, A=90°=> BC =~/2.

phén giéc ta cé:

40

Sau nay, nhidu tai lidu viét dinh i Pythagoras duéi dang:
Tam gidc ABC vudng tai A khi v chi khi BC* = AB* + AC*.
Gidi: (ding vecto) BC = AC — AB

Ta ¢6 BC? = AC*+ AB* -2AC.AB

Suy ra BC? = AB* + AC* < AB.AC =0 < ABLAC,

. Cacvidu

Vi du 1. Tinh sin22°30", cos22°30", tan22°30",

Gidi:
Dung tam gi4c vudng cin ABC, khong anh hudng 3

Goi AD 1a phan gi4c goc B, theo tinh chit duong

AD _AB_ AD __AB
DC BC  AC BC+AB A .

=\2-1.
\/—+ =V2-

Ap dung dinh li Pythagoras = BD? = AB* + AD?
= BD? =1+ (V2 —1)* =4—-22 = BD =4/2(2-2)

4D \2-1 _\/ 2= _2-42
BD \/2(2 J2) 22(\2-1) 2‘ '
AB _ 1, 2442
BD Jz(z NE
sin 22°30" \/- 1

cos €0522°30"
(TWr vi du nay ta s& ra dugc nhidu bai todn vé tinh gia tri luong gidc khac).

= 4D =

= 5in22°30'=

c0s22°30"'=

tan22°30'=

Vi dy 2. Ching minh ring trong tam gidc ABC:
4 =60° khi va chi khi a® =b* +c* —bc.
A =120° khi va chi khi &* =b* +¢* +bc.




Gidi:

Ha BH vudng géc véi AC, 4 =60° <> LABH =30°

@AH:l_AB=lc,BH=£§£=E‘/—§. A c
27 2 2 2 H
Xét ABHC, 4p dung dinh li Pythagoras: ' B

: |
o = BC* = BH* + HC? =3%+(b——;—)" — b+ —be.

Truomg hop géc A =120° chimg minh tuong ty. " . c

- Vidy3. Tinh d¢ dai cac dwdng trung tuyén tam gidc, biéu thi qua ba canh tam
gidc ay.
Giai: A
Goi 4D 1a trung tuyén tuong g véi canh BC
= DB=DC
Ké AH L BC, 4p dung dinh li Pythagoras
= AD* = AH* + HD?
= AD? = AB* — BH* + HD? ) B H D ¢
Tuong ty AD* = AC* —~CH* + HD? )
Cong (1) va (2) = 24D* = AB* + AC* - BH* —-CH’ +2HD’
24D* = AB* + AC* = (BH + CHY? + 2BH.HC + 2 HD? .
24D* = AB* + AC* - BC? +2(BD— HD)(DC + HD) +2HD® .
24D = AB*+ AC? — BC? +2(BD* — HD*)+2HD’

24D = AB* + AC* - BC? +%BC2 = AB* + AC? —%BC2
=>m = %(c2 + bz)—%a2 ; hoan toan tuong tu ta co:

m; =%(a2 +cz)—;1‘—b2; m’ =%(a2 +b2)—%cz.

 Tir do ta suy ra: Trong mdt hinh binh hanh, n
*~dd dai cac canh la a, b va hai dudng chéo m, n. 2

Ta ludn c6 m* +n* =2(a® +b%).
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Vi du 4. Cho tam gisc ABC (BC=a,CA=b,AB=c). Trung tuyén 4D, dudng
cao BH va phan giac CE ddng quy.
Chimg minh déng thirc: (a+ b)(a* +b* —c*)=2ab’. B

Giii: . E 4
Xét tam gidc vudng BHC: ,
CH? = BC* - BH? = BC* —(AB* - AH?) A

= BC? ~ AB® + AH* = BC? - AB* +(CA-CHY’

BC? +CA? - AB?

2C4
| Tuong ty AH = CA+4B°-BC* _ CH _ BC22 + CAj —ABz o
2CA AH CA*+ AB*-BC
CE 13 phan giac cua tam gidc ABC, AD, BH, CE ddng quy = CO 1a dudng
OD CD _BC

phan gidc cia AADC = —=——=—" (2)
04 CA 204
HC

Tir D ké dudng théing DK L AC = BH// DK = HK ==~

= BC*+CA* - AB* =2CACH = CH =

oD HK CH

SN e P 3)
04 HA 2HA

BC’+CA*-4B* _BC
CA*+AB*-BC*  CA
— BC*CA+CA® — AB*CA=CA4 BC+ AB*BC - BC®
= (BC®+CA®)+ BC*CA+CA*BC — AB*CA— AB*BC =2BCCA’
— (BC +CAYBC? +CA* — AB*) = 2BC.CA* = (a+b)(a’ +b* ~c*) = 2ab”.

A

Tir (1), (2) va (3) =

Vi du 5. Cho tam gidc déu ABC, P 14 diém trong tam giac
déu thoa min PA=5, PB=4, PC=3. Tinh canh tam giac
déu ABC.

Gidi:
Dung tam gidc déu PCQ c6 canh PC;
= PC=PQ=0C, PCO=60° 8

= ACB=60° = ACP=BCQ N/
| Q
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= tam gidc ACP va tam gidc BCQ bing nhau (c.g.c) = PA=0B=5.
ABPQ ¢6*BQ* = PB* + PQ”.

Theo dinh 1i Pythagoras déo = ZBPQ =90’

— BPC = BPQ+QPC =90° +60° = 150°

= BC? = PB* + PC* —2PB.PCcos15(° |

= BC?=16+9+1243 =25+123 = BC =25+1243 .

,Cho hinh vudng ABCD. Géc @ =45" quay quanh dinh 4, canh
Ax, Ay <at canh BC va CD th tu tai P va Q, ké PM song song AQ, ON song song

voi AP, dudng thing MN cét AP tai E va AQ tai F. Ching minh réng ME, EF, FN
12 d dai 3 canh tam gidc vudng.
Gidi:
Theo gia thiét PM song song v6i AQ, ON song song véi AP
= m = PA/\Q = ]@ =45° . P
— A B C
= PAB =NQD => AAPB va AQND dong dang M K
) E .
ND_BP _ \n BPDO Q
DO  AB AB

goc BPM = DAQ => ABPM ddng dang ADAQ
ME_OD _, - 9PBP Q) A A N D
T BP DA DA
T (1)va(2)= ND=MB = AM;=AN .
Goi K 1a didm d6i xtmg v6i M qua AP = AK = AM = AN , MAP = KAP
Miit khéc MAP+OAN = KAP+0AK =45°= OAK =0AN = K, N déi xing
nhau qua AQ = LM = EK, FK = FN.

— KEF + KFE =180° — KEM +180° — KFN = 360° —2(MEP + NFQ) = 90°

= EKI =90".
Theo dinh li Pythagoras ta c6: EF® = KE* + KF* = ME* + NF”,
Theo dinh 1i Pythagoras dao thi ME, EF, FN 1a d6 dai 3 canh tam giac vudng.
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Vi du 7. Cho tam gidc vudng ABC (A=90°), AH L1BC,MeAH,
P e BM sao cho CP=CA4, Q€ CM sao choBQ=BA, CP cit BQ tai E. Chung
" minh EP = EQ.(IMO 2012).
Gidi:
Theo gia thiét BQ? = BA* = BH.BC = BQ la tiép
tuyén dudng tron (QHC)
‘ = E@?f = Q/\CB Trén AH lay diém I sao
il ‘cho HM .HI = HC.HB
i — HB _HM 1 | Be = AIBH, ACMH déng dang
HI HC ,
= BIIl = MCI ,
— BOH = BIH = QHBI ndi tiép = BQ L OI.
Ap dung dinh 1i Pythagoras = QI = BI* - BQ* = BI* - BA®.

! Tt CP? = CA® = CH.CB, tuong tu tt gidc IPCH ndi tiép = CP L IP
— IP*=CI*~CP*=CI*-CA4*, AH 1. BC = BI* - B4> =CI* -CA’
& (BI? - BH*)—(BA® - BH*) = (CI* =CH?)—(CA* -CH?)

=QI =PI, EQI = EPI
i - = AEQI, AEPI bing nhau = EP=EQ.

| |
Vi du 8. Cho tam giac ABC. Dyng hinh binh hanh BCMN clng phia v6i dinh
b A, dung ra phia ngoai hinh binh hanh ACPQ va ABEF sao cho N trén canh EF, M
: frén canh PQ. Ching minh dién tich hinh binh hanh BCMN béng tong dién tich
. ctia hai hinh binh hanh ACPQ va ABEF. (Hinh binh hanh BCMN ra phia ngoai
ol van cho cing két qua). ‘

i Gidi:
1{ Kéo dai PQ va EF cit nhau tai S
f => SMN = ACB,SNM = 4BC , BC = MN
i = AABC vi ASNM bing nhau
, = SM = AC, SN = 4B
=> ACMS vi ABNS 14 hinh binh hanh.

44




= Saero = Sacns V& Saper =S gpns-

Kéo dai S4 cit MN, BC tai I va H = [HCM, IHBN 14 hinh binh hanh.

Ta c6 JHCM va SACM 14 hai hinh binh hanh c6 ciing day va chidu cao

= Suem = Ssacn

Tuong tw Sy = Sein- ‘

= Syeam = Ssacar ¥ Ssamv =S acro TS v .

(C6 sdch cho ring ddy 1a Y twong khdi diém dé chiing minh dinh li Pythagoras).
Vi dg 9.)Goi / 1a tim dudng tron ndi tiép tam gidc ABC. Chimg minh ring tam

giac ABC vudng fai A khi va chi khi BLCI = %BD.CE.‘ |

(D, Ela tht tu giao di€ém BI va CI v6i canh AC, AB).

Gidi: ‘ ,

114 tam dudng trdn ndi tiép = BD, CE 1a hai dudng phan gidc ciia AABC

DA_BA _ . ACBA '

> —= = = (D

DC BC BC + B4 A
14 tam dudng tron ndi tiép AABC
= Al'la phén gidc AABD

B AB IB AB

R = @

= = =
ID AD BD AB+ AD
B BC+ AB

Thay (1) vio (2) = —= = BC¢+4B
ay (Dvde @) = o= e e

IC  BC+AC 325_(BC+AB)(BC+AC)
CE AB+BC+CA _ BD'CE  (AB+BC+CAY

Tuong tu

Taco BI.CI = %BD.CE & 2(BC + ABY(BC + AC) = (AB + BC + CA)*

< 2(BC* + BC.AC + AB.BC + AB.AC) = AB* + BC* + CA* +

+ 2(AB.BC+BCCA+CAAB) < BC* = AB* +CA* & 4=90".
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Vi du 10. Cho tam giac nhon ABC ndi tiép dudng tron (O; R) va H 1a tryc tdm

IR cua tam giac. Goi [ 1a trung diém BC, dudng tron tdm J bén kinh IH cit canh BC

il . tai Mva N. Tuong ty nhu dudng tron trén cit canh C4 tai P, O, cit canh 4B tai G,
5 S. Chimg minh ring M, N, P, O, G, § nam trén mo6t dudng tron. (IMO 2008).

Gidai:

O 12 tAm dudng tron ngoai tiép AABC

= 0I 1. BC = AOIM la tam giic vudng
Theo dinh li Pythagoras = OM” = Ol +MI°
= OM* =0I* +IH?

AABC nhon (ta luén'cé AH =20I)

| Goi K 1a trung diém AH = KH =0I

= [IOK 13 hinh binh hanh

= 2(0I* + IH*) = OH* + IK?

= OM? =%(0HZ +IK?).

Mt khdc, tér gidc AKIO 12 hinh hinh hanh = IK = 04 = R

2 R? +‘ 2
= OM? =%(1e2 +OH?) :>0M=————V(RZOH).
Twong ty tasuyra M, N, P, O, G, S ndm trén dudng tron tdm O, ban kinh

| J2(R? +OH?)

2

i Vi du 11. Cho tam gidc ABC. Goi I, O 1a tim dudng ndi tiép va ngoai tiép tam
il ! gidc ABC, M1 trung diém ctia BC, dudng thing AM vudng goc véi Ol

2 1 l
BC AB AC
Gidi: . O
»L ii" Goi ban kinh dudng tron ndi tiép va ngoai
-l tiép AABC1a 7, R. Djt BC=a,CA=b,AB=c

Chung minh ldng

atb+c
= p = ; H
2 \A
Gia thiét AM 1 OI , giao diém AM va OI'a H. B v c
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Ap dung dinh li Pythagoras v&i cac tam giac vudng ATH, OMH, AOH, IMH
= AI* = IH* + AH?, OM? = OH* + HM?
AO* =0H* + AH?, IM* = IH? + HM.
= AP +OM? = AC* + IM? (1)
Ha IDLAB = AD=p-a ,
= AADI vudng = AI’ = AD*+DI* = AI* =(p-a)’+r*, theo gia thiét
MB = MC.
2 2
= OM’ = OB* ~ BM? = R? -iZ— = IM?* =7 +(%—(p—b)) =r? +%(b—c)2
Thay vao (1) ta dugc

(p—a)l +r’+R? _Zliaz =R +r? +%(b—c)2

<:>l(a2+b2+c’2)+l(bc—ca—-ab)—-la2 =l(b2+02)——l-bc
4 2 4 4 2

& ab+ac =2be
2 1 1
S =,
BC AB AC .

Vi du 12. Cho tam gidc ABC, dudng phan gidc 4D. Ching minh ring
1 1 2

5 +——= =——= khi va chi khi tam gidc 4BC vudng tai 4. ,
BD* CD* 4D . |

Gidgi:
AD kéo dai cht dudng tron ngoai tiép AABC tai E, goi I 1a trung didm BC
= EI 1 BC. ‘ ,

BAE = BCE <> AADB déng dang v6i ACDE. R
N % = gﬁ & AD.DE =BD.DC.
2 __ 1, 1 _CD'+BD* CD'+BD’ LN ¢
AD*  BD* CD* BD*CD*  AD.DE?
< 2DE* = BD* +CD”. ’ E

Mgt khée BD? +CD? = (BI - DI)? +(BI + ID)* = 2(BI* + DI?).
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e DE? = BI* + DI, theo dinh li Pythagoras = DE* = DI’ +EI’

& BI*=EI’ & BI=El & EI=BI=CI

& ABEC 14 tam giac vudng < BC la duong kinh < 4B L AC.

Vi dy 13. Cho tam gidc ABC va dudng tron ndi tiép tdm I, tiép xuc voi céc
canh BC, CA, AB lan luot tai D, E, F. Dudng thdng qua A va song song voi EF cat
duomg cic duong théng DE va DF tai P va Q. Chimg minh géc ZPIQ <90°

(IMO).
Gidi:
D, E, F 1a céc tiép djém ctia cdc canh vdi dudng tron
ndi tiép AABC = /EFD = LCED , ZFED = ZBFD A P
EF/PQ = LEFD=ZLAQF , LZFED = ZAPE. Q
| Mit khac £PEA = ZCED, ZAFQ = ZBFD \ S
— AFQA, APEA ddng dang (g.g) = o4 _AF
| EA AP 5 c
| — AE.AF = AP.AQ=> AE? =AP.AQ. P -
Cé Al LEF = AI L PQ.

Ap dyng dinh 1i Pythagoras ddi vé6i tam giac AIP va AEI ta c6:
| IP? = PA2 + AP = PA? + IE? + AE* > PA* +AE? = IP* > PA* + AE?;

1 Tuong tu 107 > AQ? + AE? '

| IP?+ IQ? > PA? + AE? + AQ? + AE? = PA* + 24F° +AQ? .
= PA? + AQ? + 24P.AQ = PQ/

= /PIQ <90°:

Vi du 14, Tinh dién tich tam gidc ¢6 cac dudmg cao 12, 15, 20.
Gidgi:

Goi ba canh tam giac la g, b, c = 12a=15b=20c =

b_c
4 3

v

—a =5k, b=4k, c =3k voik 14 s thuc
o a? =25k, B =167, ¢ =9k = a® =B+’
Theo dinh 1i Pythagoras déo thi tam gidc dé cho 13 tam gidc vudng.

= hai duong cao lon nhét chinh 14 canh géc vudng = S = %;15.20 =150.
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Vi du 15. Cho tam gidc ABC. Trén canh BC, CA, AB 1an luot léy cac diém D,

(E, F, qua D dung dudng thing d; vudng goéc véi BC, qua E dung dudng thing d»
vudng goéc v6i AC, qua F dung dudng thing ds vudng géc véi AB. Ching minh
rdng d,, d,, d, déng quy khi va chi khi DB’+EC’+FA* = DC*+ EA* + FB’
(Pinh li Carnot). ‘

Gidi: : A

Thudn: Gia st d,, d,, d, ddng quy tai f;

Theo dinh 1i Pythagoras ta cé: Y E

DB’ =IB*-ID’ EC* =IC*-IE’ FA* = I4* - IF }

Cong céc ddng thire ta duge: B
DB + EC* + FA* = IB* - ID? +IC* — IE* + I4* - IF*
=(IC? = ID*)+ (IA* ~ IE*)+ (IB* = IF*)= DC* + EA* + FB’

= DB+ EC* + FA2 =DC* + EA* + FB?

Déo: Gia st D, E, F thod mian DB + EC? +FA? =DC? + EA +FR?,

Goi J 1a giao diém cla d,,d, va H 13 hinh chiéu cta J trén 4B

= DB*+EC* + HA* = DC* + EA* + HB® = FA? - FB* = HA* ~HB*= H =F.

Héu twéc Carnot (1753-1823) 1a nha todn hoc, ki suw, chinh tri gia, nha chi huy
qudn sw nguoi Phdp. Ong 1o cha cuia Nicolas Léonard Sadi Carnot - nhd vat If ndi
tiéng. Lazare Carnot 1 nguci dhea ra dinh li Carnot, trong dé 6ng phdt biéu ija°ng
téng cdc khodng cdch tir tdm cia dwong tron ngogi tiép mot tam gide nhon dén
cdc canh cua tam gide dé bang téng cdc bdn kinh ciia dwong tron ngogi tiép va
dwong trom ndi tiép tam gide do.

Vi dy 16. Cho hinh thang vudng ABCD (AB//CD, AD 1 DC) vA hai dudng
chéo vudng géc v6i nhau. Chimg minh rdng AD* = AB.CD.
Gidi:

AC L BD = S, =%AC.BD :

Ap dung dinh i Pythagoras cho AADC, AABD ta c6:

Shoen = %ACZBDZ = %(ADZ +DC*)(AB* + AD?). .
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AABE va APAD 13 hai tam gidc vudng c6 ADB = AEB

S = [AD4 + AD*(AB* + DC?)+ AB*CD” |.

Mit khac S e = AD(AB +CD)= Shpen = 2 Lip? (AB+CD)’
= AD* + ADz(ABz +DC?)+ AB*CD? = AD* (4B +CD)’

& 24BCD.AD? = AD* + AB* CD*

& (AD2 —ABCD)? =0 = AD* = ABCD.

Vi dy 17. Cho diém P trong dudng tron O, Trong tAt ca cac tir gidc ndi tiép

dudng tron c6 hai duomg chéo AC va BD vudng goc véi nhau tai P. Xac dinh t&
giac ¢6 chu vi nhod nhét. (VMO 1997).

Gidi:

BE 14 dudng kinh dudng tron.
bat p=AB+BC+CD+DA.

= hai tam gi4c.ddng dang ::>—4—€ = BE = ABAD=2R.PA
PA AD

Tuwong tw ACBE va APCD dbng dang = CB.CD =2R.PC

= AB.AD+CB.CD=2R(PA+PC)=2RAC

Theo gia thiét AC L BD = AE=CD, AD=CE.

Ap dung dinh li Pythagoras v6i AABE ta c6: " ‘

AB +CD* = AB® + AE* =4R*, AD* + BC* =CE* + BC” = 4R,

Goi M, N1 trung diém AC va BD = OM L AC, ON L BD

— AC? 4+ BD>=4AM? +4BN* =4(R* —OM*) + 4(R*> —-ON*)=8R* - 40P’

" Pit OP = d = d khong dbi, mt khéc:

ACZBD2 —16AM?BN? =16(R? ~OM*)(R* —=ON*)=16(R" ~ R*d* + OM*ON®)

Binh phuong p ta c6:
p = AB> +CD" + AD” + BC* +2(AB.AD + BC. CD) +2(4B. BC +AD.DC)+
+2(AB.CD + AD.BC) =8R* +2AC.BD+4R(AC + BD) =

—§R? +2AC.BD+4R8R* —4d> +2AC.BD .
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Thay AC.BD = 4R - R*d* + OMPON? ta duge:

—8R2 + 8 R — R?d* + OM>ON? + 4R\/8R2 ~ 44 +8J R - R*d® + OM*ON?
p phu thude vao OM>.ON? = p nhé nhét khi OM ON* =0
= AC hodc BD 14 dwdng kinh cta dudng tron = gia tri nhé nhét cta

Cp= \/81{2 +8JR —Rd? +4RV8R? — R*d* +8JR' — R
= \ﬂ;RZ +8VR' = R*d* + 4R\/4R2 +4(R*—d*)+8R R —d*
= \/SRZ +8VR' =R’ +4R(2R +24/R? —d?) = 4\/R2 +RIR: ~d”.

Nhirng di€u ban chua biét:
B§ ba s6 Pythagoras trong tip cdc s6 tu’ nhién nho hon 100

Mot bd ba s8 nguyén dudng a, b, ¢ thod man &’ +b* =¢*> dudc goi 1a
bd s& Pythagoras. Khi dd, ta viét bo ba do la (a, b, ¢). Néu (a, b, ) 1a bd
ba s6 Pythagoras, thi ca b0 ba (ka, kb, kc) véi s6 nguyén duong k bat ki
cling Ia bo sG Pythagoras. MGt bd ba sG Pythagoras dugc goi 1a bo ba s
Pythagoras nguyén t8 néu a, b va c 1a cac s6 nguyén t6 cling nhau.

Tén goi cla cac by ba s6 nay xudt phat tlr dinh Ii Pythagoras. Cac bd ba
sd Pythagoras ¢ thé 18y lam dd dai cdc canh cla tam gidc vudng vdi 2
canh gdc vudng la a, b va canh huyén Ia c. Tuy nhién, d6 dai cac canh kﬁa
mdt tam gidc vuéng khéng tao thanh bd ba s6 Pythagoras néu ching
khéng 13 cac s§ nguyén. Chéng han, tam gidc véi cdc canha=b=1
va c=+2 13 tam gidc vudng, nhung (1,1,+/2) khéng 1& bd ba s8

Pythagoras vi +/2 khdng [a s& nguyén.
Khdng c6 bd ba s Pythagoras ndo ¢d 2 s6 chin va ciing khong c6 bd
s§ Pythagoras nao c6 3 s8 lién nhau (trlr 3, 4 va 5).
Cé 16 bd ba sd Pythagoras nguyén t6 vdi ¢ < 100 la:
(3, 4, 5); (5,12, 13); (7, 24, 25); (8, 15, 17); (9, 40, 41); (11, 60, 61);
(12, 35, 37); (13, 84, 85); (16, 63, 65); (20, 21, 29); (28, 45, 53);
(33, 56, 65); (36, 77, 85); (39, 80, 89); (48, 55, 73); (65, 72, 97).
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BAI TAP CHUONG 2

Cho tam gi4c vudng ABC (:'1 =90°%) c6 dién tich bang 1. Dyng ra phia ngoai
c4c hinh vudng c6 canh 1a 4B, AC, BC, goi tam cic hinh vudng 18 D, E, F.
Chirng minh r3ng dién tich tam gidc DEF khong nho hon 2. (Kvan 6-2006).
Cho tam gi4c nhon ABC ndi _tiép dudng tron O, goi H 1a hinh chiu cua 4 trén
canh BC. Gia st B/Cﬁ > ABC +30°. Chimg minh ring CAB+COH <90°.
Cho tam gidc cdn ABC (AB=AC, A<60°). Trén canh AC ldy diém D sao

cho DBC A E 1a giao diém ctia ducmg trung truc BD va dudng thang qua
A song song v6i BC. Kéo dai AC vé phia 4, 14y didm P sao cho PA=2AC.
Chirng minh ring dudng thing qua E vudng goc véi AC, duong thing qua P
vudng goc voi AB va duong thing BD ddng quy.

Cho tam giac ABC, goi J 1a tdm dudng tron bang tiép goc Aval D, Elacéc
tiép diém cta (J) voi BC, AC, 4B, duong thing BJ ct ID tai M va dudng
thdng CJ cét EI tai N, duong théng JC cht IE tai N. Du(mg théng AM, AN cht
canh BC tai P va Q. Ching minh /P =1Q. (IMO 2012).




[fChu’o’ngg J

DPINH LI PTOLEMY

Ptolemy Claudius (khoadng 100-178) la nha toan hoc ¢8 Hi Lap, nha
thién vén hoc. Ong 13 tac gid clia “Cd s& toan hoc to 16n cta thién vén
hoc”' gdm 13 tap. Trong céc tac phdm, 6ng d3 trinh bay Iugng giac phang

-va lugng gidc cau. Pdc biét dinh Ii Ptolemy mang tén 6ng néu ra dang
thirc lién hé gilta dudng.chéo va cac canh cla t{r gidc ‘n_éi ti€p.

Thdi gian dé Ptolemy la ngudi Ung hd thuyét trai dat hinh cau va xdy

§ dung nén md hinh thai dudng hé theo thuyét nay, theo quan niém cii lai
tin rang trai dat Ia tdm cla v try, mat trdi, mat trdng va cac ngdi sao
khdc déu quay quanh cai tam nay theo quy dao hinh trdon hoan hdo. |

I. PINH LI PTOLEMY

1. Pinh li. Cho tir gidc ABCD ndi tiép trong dudng tron, khi d6 ta c6 déng thire:

ABCD+ AD.BC = AC.BD.

. Chirng minh:

- Tai dinh 4 dyng ra phia ngoai géc £BAx = LCAD, tia Ax cét canh BC tai E, tir

gidc ABCD ndi tiép '
= LEBA=/ADC.
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= AABE, AADC dbng dang (g.g)
EB _AB _ ABCD

= ——= = [ 1
o ap = EB=p M
ZADB = /ACB = AEAC, ABAD dbng dang (g.g) 2

D D
L EC_AC | g BDAC

BD  AD - AD
Mit khic EC = EB + BC thay (1), (2) vao

~ E
_, BDAC _ABCD .
AD AD .

= BD.AC = AB.CD+ BC.AD.

Trong trudng hop tir gidc ABCD khong 1a tbr
gidc ndi tiép, khi d6 gia sit C khong thudc duong
tron. Goi £ 1a diém thod mén

. LEAB= ZCAD, LAEB=ZADC = E ¢ BC
= EC < EB + BC.

Ta ¢ AABE, AADC ddng dang va AEAC,
ABAD ddng dang, thay (i) va (2) vao bit dang
thirc trén ta duoc: '

AB.CD + AD.BC > AC.BD (goi 14 bdt déing thirc Ptolemy).

Nhiin xét: Tam gidc ABC vudng tai 4. Dyng hinh chit nhit ABDC, theo dinh I{
Ptolemy ta cé: ‘ '

AC.BD + AB.CD = BC.AD = AC* + AB’ = BC*

=> dinh li Pythagoras la trudng hop dic biét cua dinh li Ptolemy..
. 2. Cacvidy
Vi du 1. Cho tam gidc ABC vudng tai 4 (4B < AC). Goi D 1a diém trén canh
" BC, E 1a diém trén canh kéo dai cta 4B sao cho BD = BE = AC, dudng tron ngoai

tiép tam giac BDE ciit canh AC tai M, BM ct dudng tron ngoai tiép tam gidc ABC
tai N. Chiing minh ring AN + NC = BM.
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. Gidi:
¢ Tt gidc BEMD va tit gidc ABCN ndi tiép
> /CBN = ZCAN, ZDBM=/DEM
— /CBN =/CAN = ZDEM,
- Mt khéc ZANC = 180° - ZABC = LEMD . b
AN _NC _AC _,

— AANC, AEMD dbng da )= == =
ong dang (g.g) - D ED

i =2y N pp A€
k k k

' Ap dung dinh 1i Ptolemy cho tir gidc BEMD:
BM .ED = BE.MD + BD.ME = BM.AC = BE.NC + BD.AN.
Theo gié thiét BD = BE = AC = AN + NC = BM.

- Viduy 2. Cho tam gi4c nhon 4BC, ban kinh dudng tron ni tiép va ngoai tiép 1a
" r, R. Goi khoang céch tir tim dudng tron ngoai tiép tam gidc ABC dén cac canh
BC, AC, AB 12, y, z. Chimg minh ring: x+ y+z=r+R.
Gidgi:
Goi O 1a tAm dudng tron ngoai tiép tam giac ABC,
va D, E, I 1a hinh chiéu cta O trén BC, C4, AB
= DB = DC, EC = EA, EA = EB

— DE=LuB, EF =ch', DF=Yac.
2 2 2

04 =0B=0C=R.
Céc tr gidc DOEC, EOFA, FODB la céc tir gidc ndi tiép, 4p dung dinh li
" Ptolemy ta co: R.E:x.é-i-y.ﬁ, R.£=Z.2+y.£, R.£=x.£+z.fl-.
2 272 2 2 2 2 2 2
at+b+c  xa yb  zc
e F =+,
2 2 2 2

'Cong bdn dang thirc trén ta duge: x+y+z=r+R.

Lai ¢6: S 45 =Sopc +Spca +Sous <

(Péng thie ndy dugc goi 1a Djnk Ii Carnot).
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Trong trudng hop tam gidc co gbce tu, gia sir goc A tu thi —x+ y+z=r+R, tir

. . ' r
~d6 ta suy ra trong moi tam gidc cos A+cosB+cosC =1+ s

Vi dy 3. Cho tam gidc 4BC ndi tiép dudng tron (O) va AC = 24B, tiép
tuyén tai 4, C cét nhau tai M. Chimg minh ring MB di qua diém chinh giita

cua cung BAC .

 Gidi:
Goi /14 giao didm cua MB v6i dudng tron (O), tiép tuyén tai 4, C cit nhau tai
M= ZMCI= ZMBC
MC cCI

= AMCI, AMBC ddng dang (g.g) = — = ——, B
ong dang (g.2) VB BC
MA M
Twong tw AMAI, AMBA ddng dang = —— = ﬂ
MB BA

Do MA = MC = 2=£I_ = CIl.BA=AI.BC.
. BC BA

IB.AC = AI.BC + AB.CI => IB.AC =2A4B.CI , theo gia thiét AC = 24B

Ap dung dinh Ii Ptolemy v6i t&t gidc AICB ta c6:

= 2IB.AB=24BCI= IC=1IB = OILBC

= I di qua diém chinh gitta cung BAC .

Vi du 4. Cho t gidc ABCD ni tiép trong mdt dudmg tron. Chimg minh ring
CD*.S,,, +AD*S,., = BD*.S ..., (HE thitc Feuerbach).

Giii:
Ta st dung cong thirc dién tich tam giac s=%. Ta giac ABCD noi tiép

duong tron, theo dinh li Ptolemy ta ¢6: AB.CD+ AD.BC = AC.BD.
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‘ Nhén hai vé voi BD+1€CQ ta duoc:

CD'AB.BD.AD _AD*.BD.BCCD _ BD*.ADCD.AC
4R 4R 4R '

Thuc ra bai todn t6ng qudt hon: Ti gide ABCD ngi tiép duong tron, M la diém
bdt ki trong mdt phdng tit gide ta luén cé. ‘

MA*BC.CD.DB + MC?DA.AB.BD = MB*CD.DA.AC + MD* AB.BC.CA
Dinh li nay mang tén hai 6ng Feuerbach — Luchterhand.

Vi du 5. Cho tr gidc ABCD ndi tiép duong tron. Tinh d6 dai duong chéo AC,
BD khi biét do dai céc canh cua tr gidc ABCD.

Gidi:

DitAB=a, BC=b,CD=c¢, DA=d, AC=x, BD=y.

Trén dudng tron ta liy diém M thod mén
BM =DA=d = DM =AB=a.

Ap dung dinh li Ptolemy cho tir gidc MBCD ta c6:

MC.BD=MB.CD+ BC.DM = MCy=cd+ba

Tuong tw, l&y N trén duong tron thod mén
AN = BC =b.

= AC.DN = AN.CD + NC.DA

= x.DN =bc+ad

Mt khéc MC = DN, suy ra = = 2440 1& hop xy = ac +bd
y ab+cd
LAC= \/(ad+bc)(ac+bd)
ab+dc
BD = (ab+dc)(ac+bd)
ad +bc ’
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Cach khac:
Tir gige ABCD ndi tiép dudng tron bén kinh R, ta ludn ¢6 céc tam gide ABC,
" BCD, CDA, DAB cing chung ban kinh dudng tron ngoai tiép R va:

A . b ‘
S e +Spea = Sy + Scap » 4 dung cong thire S= % ta co:

AB.BC.CA + CD.DA.AC' _ AB.BD.DA + BC.CD.DB
4R 4R 4R - 4R

= AC(AB.BC +CD.DA)= BD(AB.DA+ BC.CD)

_ AC ABAD+CBCD _ad+bc , 1
BD BABC+DADC ab+dc '
Theo dinh 1i Ptolemy thi AC.BD = AB.CD+ BC.DA=ac+ bd (2

(ad + bc)ac +bd) — AC = ’(ad+bc)(ac+bd)'
ab+dc ab+dc

Nhén (1) v6i (2) = AC? =

Chia (2) cho (1) = BD = (ab+dc)(ac +b4) — BD= ’(ab+ dc)(ac+bd) .
' o ad +bc ad +bc
Vi du 6. Cho tam gidc ABC ndi tiép duodng tron (0), cac dudng phén gidc goc
B, C cht (O) tai D; E, F. Ching minh 4D+ BE+CF > AB+BC+CA4.

B

Gidi:
Tir gidc ABDC ndi tidp, theo dinh 1i Ptolemy
— ABCD+ AC.DB = AD.BC .

Theo gia thiét AD 14 phan gidc = DB = DC
’ AB+AC DB+DC  AB+AC BC _ AB+4C
2  BC - 2 ‘BC 2

Tuong tw BE > .BA ;BC , CF > CA+CB

= AD =

, cdng ba bét déng thirc ta dugc:

AD+BE+CF > AB+BC+CA.
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Vi du 7. Cho tam gidc 4BC khong du, goi 7 va O lan luot 13 tm dudmg tron
ndi tiép va ngoai tiép tam gidc.
Ching minh ring 410 <90° khi va chi khi 4B+ AC 22BC.
Giii: ‘ »
Kéo dai AI | cit dwong tron ngoai tiép tam gidc
ABC tai D. Khi d6 BAD = DAC = DB=DC.
112 tAm duong tron ndi tiép tam gidc ABC, suy ra v

BID = IBA+ BAI = —(B+ 4);
2( o \/

D

@zﬁcm’ﬁ;:%@m — ADIB cAn=> DI = DB.

Ap dung dinh If Ptolemy véi ttt gidc ABDC ta c6:
- AD.BC = AB.CD+ AC.BD = BD(AB + AC)=DI(AB+ AC).
AAOD cin: AIO<90° < AI> ID <> AI+ID>2ID <> AD22ID

e 2<AD _AB+AC o pe< aB+ AC.

ID BC

Vi du 8. Cho lyc gidc ABCDEF ¢6 AB=BC,CD=DE, EF = FA. Ching
BC  DE FA

minh ring —— + —+——
.~ BE DA FC

> % dAu bing xay ra khi nao? (IMO 2001). . |
Gidi:

Theo bét déng thiic Ptolemy trong tir gidc ACEF

= AC.EF + AF.CE > AE.FC o

Theo gia thiét AF = FE

A

‘ B

= FA(AC +CE)> AE.FC = fA, AE E C

. FC ~ AC+CE :

Hoan toan tuong tu ta co: ‘

DE EC . BC_ AC , D :

— 2 Vi —— 22—, :

DA AE+AC ~— BE EC+AE _ ,
5




Cong ba bt ding thic lai ta dugc:

FA DE BC AE EC AC

i —+ +—2 + +

" FC DA BE AC+CE AE+AC EC+AE

i

il AE EC

i H?

* T ACTCE AR+ AC EC+AE o) (M“L”

" DAu bing xay ra khi 4C =CE = EA va t& giac ACEF, ACDE, ABCE ni tiép
i & AC =CE = EA va 4, B, C, D, E, F nim trén mot dudng tron.

Vi dy 9. Cho tt gidc ABCD nbi tiép mot duong tron (C). M ndm trén duong
" théng kéo dai cta dudmg chéo DB, sao cho MA, MC 1a tiép tuyén cua dudng tron
i (C). Tiép tuyén tai B v6i duong tron (C) cit MC tai N va CD tai P, ND cat duong
I tron (C) tai E. Ching minh ring 4, E, P thing hang. (APMO).

Gidi:
MC 14 tiép tuyén véi (C) = NCB=BDC

= AMCB va AMDC dong dang = E =— ( )
MD DC

MA 1a tiép tuyén véi (C), tuong tu
: MA  AB

;:‘ = =,

. MD DA

it

J ' CB _AB

s Do MA=MCnén — ="Z
1l DC DA

@

i = DACB = AB.DC
Ap dung dinh li Ptolemy véi tir gidc ABCD
= ABCD+ BC.DA= AC.BD

= BC.DA = lAC.BD ﬁ(_? = ———2BC 3)
DA DB
NB, NC la t1ep tuyen v6i duong tron (C) = ANBE, ANDB dong dang, ANCE,
ANDC dong dang
E
NB BF NC CE k“thop NB=NC = ££=£—
ND DB ND DC DB DC
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= BE.DC =CE.DB
Ap dung dinh li Ptolemy véi ti gidc BECD ta c6:
BE.DC +CE.DB = BC.DE

— BE.DC=CE.DB= lBC DE = BC _2CE 4
2 BD DE
- PBlatiép tuyén véi (C) = EC— —Ijg B = PC.PD = PB*.
PB PD BD
» 2 2
Mat khac E=£P2—D (PBJ =(2) (5)
rD PD PD BD
2 2
Tir (4) va (5) = £C = (9 - ﬁ) 6)
PD \ BD DE
Gia st AE cit CD tai Q = AQEC va AQDA ddng dang :>£ = E
Q4 DA’
Mit khic AQDE va AQAC dbng dang :QB _DE
g4 AC

oc Qb _EC DE
QA4 QA4 DA AC

(N

QC _EC.AC _EC 2BC _ EC 4EC (2ECT @® |

OD DEDA DE DB DE DE \ DE.
CTr(6)va(8) => — PC_2C_, pe Q
PD QD

= 4, E, P thing hang.

- Vi du 10. Cho da gidc déu ABCDEFGHI. Chiing
minh ring AE — AC = AB.

Gidi: .
Pa gidc ABCDEFGHI d8u nén ndi tiép mot
dudng tron = BH = BE = HE vA AH = AC.
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Theo dinh li Ptolemy voi tir gidc ABEH ta co:

AE.BH = AB.HE + AH.BE = AE.BE = AB.BE + AC.BE

= AE=AB+AC = AE-AC=AB ’

Nhin xét: Véi da gidc ABCDEF GHI chung ta 4p dung dinh lf Ptolemy c6

nhiéu ding thirc khac.

Vi du 11. Cho tam gidc ddu 4BC c6 canh 14 a, P 12 diém bét ki trén dudng tron

‘ngoai tiép tam giac ABC. Chimg minh réng PA’ + PB* + PC 2 khéng phu thudc

vao vi tri cta diém P.

Giii: , A
P 1a diém trén cung BC = ABPC la tir gide ndi

tiép, ap dung dinh li Ptolemy

= AP.BC = AB.PC + AC.PB

AABC 1a tam gidc déu = BC = BA = AC B c
= PA=PB+PC (1) \Qp j

Mit khéc ZBPA = ZAPC = 60°
— ABY = PB*+ PA> - PB.PA, AC* = PA* + PC* - PA.PC

= 2PA* + PB> + PC? = PA(PB+ PC)=2A4B".

Str dung két qua (1) = PA* + PB* + PC? =2 AB* = khong phy thudc vao vi tri

cha P.

Vi dy 12. Cho hinh binh hanh 4BCD, P va Q la hai diém trén canh 4B, AD. »

Pudng tron ngoai tip tam gidc APQ cit AC tai E. Ching minh ring
AE.AC = AP.AB+ AQ.AD.
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Gidi:

APEQ 14 tir gidic ndi tip = LPOE = ZPAE = ZBAC,
ZEPQ = LEAQ = LACB ' : E
= AABC, AQEP ddng dang (g.2)

AB_4C _BC _ A o
o or O N




Ap dung dinh li Ptolemy = AE.PQ = AP.QE + AQ.PE thay (1) vao ta dugc:

%AE.AC = %AP.AB + %AQ.BC = AE.AC =AP.AB+ AQ.AD.

Vi du 13. Cho hinh vudng ABCD c6 canh bing 1, M 1 diém trén cung 4B cua
durong tron ngoai tiép ABCD. Chimg minh ring MC.MD > 33MAMB.

Gidi:

Pit MA=a, MB=b,MC =c,MD =d. Ap dung dinh Ii Ptolemy cho t& gi4c

' M
AMBD=> AM.BD+ MB.AD = ABMD <> a2 +b=d . 5

Tuong tu véi tr gibc AMBC ta c6: a+by2 =c.

Nhén hai déng thirc v6i nhau ta dugc:

cd =3ab+~J2(a® +b%) 2 3ab+22ab

= cd > ab(3+242). C
(D& dang chitg minh 3+2+/2 >3+/3 bing cach binh phuong hai vé)

= MC.MD > 33MA.MB.

Vi dy 14. Cho hai diém M, N nim trong tam gidc ABC sao cho ZMAB = ZNAC,

AM.AN BMBN CM.CN .. |
+ + khéng phu
AB.AC  BABC CACB ;

ZMBA = ZNBC. Chiimg minh biu thirc

thude vao vi tri M, N. IMO Shortlist). -
Gidi:
Kéo dai BN cét dudng tron ngoai tiép AANC
tai D= /NAC = ZNDC = ZCDB = /MAB
= ADCB, AAMB ddng dang (g.g)
L CD_BC . BCMA i
MA MB MB B ¢
Ap dung dinh 1i Ptolemy cho tir gidc ANCD ta c6:

ND.AC = AN.CD + AD.NC.
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o et I

= (BD=BN)AC = ANCD+ AD.NC = AC.BD = AC.BN + AN.CD + AD.NC.

Ta ¢ ZLMAB = ZNAC, ZMBA = ZNBC = /ABD = £MBC, ZNCB =£MCA

) AB BD 4D
= AABD, AMBC d6ng dang (8.8) > —=—=—+
g dang (8) MB BC MC

_, pp=ABBC p,_ ABMC
MB MB

AB.BC BC.1
MA LN AB.MC

MB MB

_, AM.AN . BM .BN N CM.CN 1
ABAC BABC CACB

AC = AC.BN + AN

Vi dy 15. Cho hinh thang ABCD (AD//BC), thod man AB = AC, BC = BD =1,
CD < 1va ZBAC + ZBDC = 180°. Tinh CD.

Gidi:

Goi E 1a diém dbi xtimg v6i D qua canh BC

— /BEC = /BDC = £BAC + ZBEC = 180"

= tir gidc ABEC ndi tiép.
Goi I 1a giao didm cta AE va BC, AD//BC .
= Al = IE, gia thiét AB = AC = ZBEA = L/AEC.
Theo tinh chét du‘ongb phéan gie’ic ta co: c_ CE _
IB BE

Ap dung dinh 1i Ptolemy ta ¢6: AE.BC = AC.BE + AB.CE
= 24I= AC(1 + CD)

2 _AC _BE _BC _BI+IC EC

- e e T —— — ———=1+EC=1+CD
CD+1 4l BI BI  BI T |

= (1+CD)* =2 = CD=+2-1.

Vi du 16. Cho hai dudmg tron (O) va (O') cét nhau tai 4, B. Tiép tuyén tai 4
v6i duong tron (O) cit 00 tai E. Goi D 1a diém trén (O), dudng thing DA, DB
¢4t (O) tai M va N. Ching minh ring DE di qua trung diém MN.
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Gidi:
- Puong thing DE cét dudng tron (O)
tai K va MN tai L.

Theo gia thiét 4AE 1a tiép tuyén véi
(0) tai A = LEAK = ZADK (chén cung
AK) = AAEK, ADEA ddng dang (g.g)

_ AE_AK _EK

DE DA EA

Do tinh chit di xtmng = EB 1a tiép tuyén ctia dudng tron (O) tai B

=/EBK = /ZBDK (chén cung BK) = AEBK va AEDB ddng dang (g.g)

_, BB _EK _BK -

ED EB DB
Ta ¢6 EA, EB tiép tuyén véi (O) = EA = EB
= ﬁli:ﬁ[i: AK.DB = BK.DA
DA DB .
Ap dung dinh li Ptolemy véi tt gidc DAKB = AK.BD+ DA.BK = AB.DK
BD DK -

'— 2AK.BD = AB.DK =2BJ.DK = AK.BD=BJ.DK = —="—
‘ "7 BJ AK

C6 £DBA =/DKA = ABDJ va AKDA ddng dang (c.g.c).

= /BDJ=/KD4A (1)

Miit khéc ZAMN = ZABN (chén cung AN) = ADMN va ADBA dong dang (g.g).
Két hop (1), J 1a trung diém 4B = I 12 trung diém MN. - ‘

Vi dy 17. Cho hinh binh hanh ABCD, M 1a diém bét ki trong hinh binh hanh.
Chitng minh ring MA.MC + MB.MD < AB.AD.

 Gidi: |
Dung hinh binh hanh ADME = ME = AD, ME//AD = ME = BC, ME/BC
— MCBE ciing 12 hinh binh hanh. N A b
Apdung bat déing thirc Ptolemy ddi véi tt giéc AMBE v
= MA.BE+ AE.MB-2 AB.ME ‘
o - E
= MA.MC + MB.MD < AB.AD. A
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. Vi du 18. Cho da gidc déu 44,44, A 44, .
’ 1) Chirng minh réng: A AL+ A Ad, = AA va AL+ A4 A4 = AAL.
?- 2) M 13 diém bét ki trong da gidc.

Chirng minh réng: MA, + MA, + MA; + MA, > MA, + MA, + MA,.

Gidi: -

; 1) AA,AA4,4,4,4, 1a da gide déu = ndi tiép

! ‘m{)t duong tron = A4, = A4, = A4, =...= 4, 4; .

Ady = A Ay Ad, = A A,
| Ap dung dinh Ii Ptolemy véi cic tu
gidc A A, 4,A,, AA,A4

= A A+ A Ay A, = A4, AL+ AA AL = A4
2) Dit 44, =a, A4, =b, A4, =c

Ap dung bit déng thirc Ptolemy cho:

Tt gidc A1 A24sM = a(MA, + MA) > bMA, 1)
Tt gidic AsdgAsM = a(MAs + MA,) > bMA, @)
T gidc ArAsdeM = b(MA, + MA;) 2 cMA,

= (b+O)(MAy + MA;) = c(MA, + MA, + M)

=> My + MA, 2~ (MAy + MA, + M) ®

Cong (1) va (2) = a(Md, + M, + MA, + MA) > b(MA, + MA).

Két hop v6i (3) = a(MA, + MA, + MA; + MA,) z;bf;(mv+m4 +MA4,).
Ap dung dinh Ii Ptolemy cho ti gidc 44,4, 4, fa 06: -

ab+ac=bc>a= be
b+c

= MA, + MA; + MA; + MA, 2 MA, + MA, + M4,
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I1. PINH Li CASEY

binh Ii Casey dugc ddt theo tén nha toan hoc John Casey (1820 -1891)
ngudi Ailen. N&m 1869, 8ng 13 thanh vién Vién han 1am hoang gia Ailen,
thanh vién Hoi toan hoc London, 6ng tirng giang day nhiéu trudng dai hoc
c6 tiéng & chau Au. Ong con 13 'thanh vién bién tdp cta Oxford,
Cambridge... vé mdn Toan. Ong tu hoc va danh thdi gian nghién citu sau
mdn hinh hoc phang va dinh Ii Casey dugc ra ddi chinh 1a sy déng gop
ctia ng vdi toan hoc.
~ Binh Ii Casey cdn ¢4 tén 1a dinh Ii Ptolemy mg rong.

1. })i‘nh li Casey

Cho dudng tron tdm (O) va bén dudng tron tam (0y) (i = 1,4), cing tiép xvc voi

(O) trong (hodc ngoai). Dt ¢;1a d6 dai tiep tuyen cua hai dudng tron tdm (O, ), thm

(0,)(i=L4,j=14,i# j)khi do tacd: tty, +tyty =l3hy.

Pé ching minh dinh li, truée hét ta chimg minh bd dé:
Bé dé. Cho dudmg tron (O, R), hai dudmg tron (O, 11) va (O, 12) cling tiép xuc
) , : kg ' 4B
trong lan luot tai 4, B. Khi d6 d6 dai tiép tuyén chung ¢, = T‘I(R -h)(R-1r) ,

(h>r).




Chirng minh:

Gia sir dudng tron (Oy, 1)) va (O, 1) c6 tiép
tuyén chung 1a MN, dudng thing AM cét (O) tai P
= O/M//OP v& O\ M1MN = OPIMN = P, N, B A 0, ©
théng hang. MN cét (0) tai D, Q T

1 _ 1 _ D M ] Q
= INMP = LAMP = ZAOM =— ZAOP = LABP P4

= APMN va APBA dbng dang (g.g)

_, MN _PM _PN \/PM PN _ |00, 00,
BA " PB P4 \PaPB \o4 OB

AB AB
= MN =1, ;&‘/00‘002 =—R—,/(R—r,)(1e—r2). :

Chii y: Néu hai dudng tron (Oy, 11) va (Os, 12) ciing tiép xtic ngoai véi (0), khi

dbétacod: MN =t, = A w/(R+r1)(R+r2),

Néu duérng tron (O,, 1) tiép xuc ngoal v6i (0) va (s, 1) tiép xvic trong vé6i -

(O) thi: MN =1, =£ (R+r)(R=7).

- Tro lai chting minh dlnh li (ta chimg minh cho trudng hop ca bon dudng tron
tlep xuc trong). :
Goi 4, B, C, D 1a cac didm tiép xuc véi duomg tron (O, R), 4p dung bd dé va
két hop str dung dinh li Ptolemy cho t& giac ABCD noi tiép du(‘mg tron (O)
' AB. CD J

:>t12t34+t23t4l (R- r,(R BINR=7)(R- r4)+

BCDAJ(R )R- rg)\/(R WR-7)

BDCA\/(R r])(R r;)\/(R rz)(R 'k)—tzzitla

Khi bén dwong tron tam (O)) (i=l,4 ) bién thanh bén diém ta dwoc dinh li
Ptolemy. : ‘
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2. Cac vidu

Vi du 1. Cho tam gidc ABC vudng tai 4, goi D la hinh chiéu coa 4 trén BC.
Puodng tron tlcp xuc vcn canh BC, BA lan luot tai M, N, ddng thdi ndm trong tam
gidc ABD va tlep xtic voi dudng tron ngoai tiép tam giac ACD.

Chitng minh rang CD.AN + AC.DM = AD.CM.
Gidi:
Goi (0') a dudng tron tiép xtic véi BC, AB
tai M, N va tiép xuc véi duong tron ngoai tiép
AACD tai P,
Theo dinh Ii Casey, ba diém 4, C, D bién thanh diém
= t(_.,; =CD,t . =AN,t. =CA,t . =DM

> A40) > 'D0)

AD,t, . =CM = CD.AN + AC.DM = AD.CM.

tAl) = ((())

Vi du 2. Cho tam gidc ABC ndi tiép duong tron (0). Goi tdm céc dudng tron
tiép xtic v6i (O) va tidp xtc tai didm chinh gitta cung nhé BC, CA, AB lin luot 1
(0a), (Op), (O¢). Goi t,.1a 46 dai tiép tuyén chung ngoai ctia (Op), (Oc), twong tr ta

cO ¢ Chirng minh ring tye =leg =lap

ca?’ al)
Gidi: ‘ 1|
Theo gia thibt tam cac dudng tron tiép xic véi |
(0) va tiép xtc tai diém chinh gifta cung nhé BC,
CA, AB = (0y), (Oy), (O.) 14n lugt tiép xic tai trung
diém BC, C4, AB.
Goi BC=a, CA=b, AB=c; Khoang cich tiép

tuyén tir B, C dén dudng tron (O,) bing g—.

Ap dung dinh li Casey cho 4, C, (O,), B ta cé:

a, a b+c b+c
t.a=—b+—c=a =1, =—.
2 2 2

a
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c+a a+b
, 1= .

Tuong ty cho (Op), (O.): ¢, = 5 o e >

Ap dyng dinh 1i Casey cho (Oa), (Oc), 4, Ctaco: 1,1, = %%zm.b

g _ac (bre)ath) ac
== 4 4 4 =a+b+c.
© b b | 4

a+b+c

be = tca = tab .

Hoan toan tuong tu ¢, =t, =

Vi du 3. Cho dudng tron dudng kinh 4B, P va Q 13 hai diém trén dudng tron
khong cung phia véi AB va PQ khong vudng gbéc v6i AB. Goi I 1a hinh chibu coa
Q trén AB. Dung dudng tron (Oy), (02) dudng kinh 13 A IB, tir P ké tiép tuyén
PC v6i (0y) va tip tuyén PD véi (05).

Chimg minh ring PC + PD = PQ.

Gigi: : o

Ap dung dinh I Casey véi P, 0, (O), (Oy):

PC.QI+ PD.QI = PQ.t1;

Ap dung cong thire tinh £,:

AB AB Al B
I, =—R— (R=rn)YR-r), R=—-n =—2-, ry =—

2

=1, = 2\/(AB;AI)(AB;IB) =+/IB.AI.

Theo gid thiét 4B 1a dudng kinh = A4QB 13 tam gidc vudng.
QILAB = QI* = ALIB

= QI(PC + PD) = PQt,, < \JALIB(PC + PD) = PQO~JAI.IB

= PC + PD = PQ.
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Vi du 4. Cho tam gidc ABC ndi tiép dudng tron (0), dudng trdn (O)) tiép xuc
trong v6i (O) tai M (M thudc cung AB khong chua C). T 4, B, C ké céc tiép
tuyén AD, BE, CIvéi (O).

Chimg minh ring AB.CI = AC.BE + BC.DA.

Giii: -

‘Ap dung dinh li Casey v6i (O1), 4, C, B:
dyoy = BE, deo,) =Cl, dyg, = AD

Thay véo = AB.CI = AC.BE+ BC.AD.

Nhdn xét: Bai nay khong phu thude vao vi tri dudng tron (Oy), ndu khong 4p
dung dinh'li Casey, dung tinh chét tiép tuyén va ddng dang khong hé dé.

Vi 'dl_l 5. Cho hai duong tron (Oy), (O,) tiép xtic trong véi dudng tron (0), tiép
tuyén chung ngoai cta (Oy), (Oy) cét (O) tai P va Q, tiép tuyén chung trong (O1),
(0y) cit duong tron (O) (cing phia véi P, Q) tai B, C. Chimg minh réng BC va PQ
song song.

Gidgi:

Goi DH 1a tiép tuyén ngoai ctia (Oy), (O2), hai
tiép tuyén chung trong ctia (0y), (02) cb céc tiép
diém 1, J va K, G, goi M va N la tiép diém cta (O)),
(0y) v6i (O). | ’

| Goidla didm chinh gitta cung PQ, ké céc tip
tuyén AE v6i (0)), AF v6i (02) = 4, D, M thing
hang va 4, H, N thing hang

= AE? = AD.AM = AH AN = AF* = AE = AF

Ap dung vi du 4 ta c6:

BC.AE =BG.AC+CILAB, AF.BC = BK.AC+CJ.AB

= BG.AC+ClL.AB=BK.AC+CJ.AB

= AC(BK - BG)= AB(CI-CJ)

= AC.GK = AB.IJ = AB = AC = BC//PQ.
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Vi du 6. Cho tam gidc ABC ndi tiép dudng tron (0), / 1a tiép tuyén bét ki coa
(0). Goi 1, I,, I, 14n luot 1a dudng thing dbi ximg véi I qua ba canh BC, CA4, AB.
' Ba duodng [, /,, [, tao thanh tam gidc. Chitng minh ring dudng tron (O) tiép xuc
v6i dudng tron ngoai tiép tam giac tao boi ba dudng l,, 1,1 .(IMO 2011).

Nhdn xét: Mot sb nude danh gia day 14 bai hinh phing khoé nhét trong céc bai
hinh phing thi toan qubc té tir truée dén nay. Chow - ngudi Hong Kong c6 161 giai
vén dung dinh li Casey. Sau day 1a 1oi giai Chow.
- Gidgi:

Goi / 1a tiép tuyén vo6i dudng tron (O) tai T,

goi h,, h,, h. 1a hinh chiéu cia 4, B, C trén /.

Ching minh' \/IZ sin A+ \/74;sin B= \/E sinC'. B
Theo dinh 1i Ptolemy: AT.BC +CA4.BT = ABCT.

Q,
A
h
. : . AN ’ ' ’
Thay BC =2Rsin 4, CA=2RsinB, CA=2RsinC !

= ATsinA+ BTsin B=CTsinC

h AT
AT =—4— sinag=—=AT =,/2RhA, .
sino — 2R : 4

Tuong tw BT =./2RA, , CT = |2RAh,. = (dpcm).

Trd lai bai toan: Taddt: [, xI=4, [,xI=B,

ILxl=Cvalxl,=C,l,xl,=4,1 xl,=58
= A4 B'C" 14 tam gi4c tao béi 1, 1, L.
LACB =ZABA-/C' AB

=2/CB A —(180°—2£CAB)

=180°—2/C, tuong tw: ZAB'C =180°—2/B va LB AC =180° =24
= A'B 1a phén gi4c cia ZB'A'B va C'B 1a phan giac ZAC'B'. Do d6 B'B 1a
phén gidc ZABC". '
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Tuong tw, A 4 1a phan gidc £ZB'A'C’, C'C 14 phan gidc ZBC A = I1a tim
dudng tron ndi tiép A4 B'C'.
Tix d6 LIAB = AAAfC' +ZAC A = %(AB'A"C' +ZBCA)= %AA'B'C"

Tuong ty ZIBA= l ZBAC

4A13—180° ZIA B —ZIBA —180° ———(AC AB +2CB4)
=180° - ZACB

= I thudc dudng tron ngoai tiép AABC.

Ké IDLA"B” => ID 1a bén kinh dudmg tron ndi tiép A4 B'C'.

BELL, BFLl= BE=BF =h,. |

Goi d(B") 12 a5 dai tiép tuyén tir B" &n duorng tron ngoai tiép A4BC.

d(BY=BBBI \/ D hyr

in(90° - B) sin(90° — B) " cosB

o JByr , .
=d(B)C' A = —”BzR sin(180° —2B) = 4R [h,r sin B
COS .

‘= d(4).BC +d(BYC' 4 =d(C").4' B = dpem.
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BAI TAP CHUGNG 3

Cho tir gidc ABCD ndi tiép mot dudng trdn (C). M ndm trén dudng thing kéo
dai ctia dudng chéo DB, sao cho MA, MC 14 tiép tuyén cﬁa‘duc‘mg tron (C).
Tiép tuyén tai B v6i dudmg tron (C) cht MC tai N va CD tai P, ND cét dudng
tron (C) tai E. Chémg minh ring 4, E, P thing hang (APMO).

.- Cho tir gidc ABCD néi tiép dudng tron (0), dudng tron (I) tiép xtc v6i BC,

BD, CA, dudng tron (J) tiép xtc v6i ngodi véi AB, BC, CD. Chimg minh ring
1J di qua diém chinh gitra cung BC.

Cho tir gidc ABCD ndi tiép dudng tron (0), hai dudng chéo gip nhau tai P.
Goi (0)), (0,), (0,), (0,) 14n luot 14 tim duodng tron ndi tiép cac tam gide
PAB, PBC, PCD, PDA,; ggi [ J E, Fthity la diém chinh gitta cung 4B, BC,
CD, DA. Chimg minh ring 10,, JO,, EO,, FO, ddng quy.

Cho tam gidc d&u 4BC ndi tiép dudng tron (0), dudng tron () tiép xtc ngoai
voi (O) trén cung nhé BC, tir 4, B, C ké tiép tuyén véi (1), cac tiép diém 1an
lwot 14 D, E, F. Ching minh rdng AD = BE + CF.

Goi P 1a diém trong dudng trdn qua P dung cac dudng thing cit dudng tron
tai 4, B, C, D, E, F. Chiing minh ring AB.CD.EF = FA.BC.DE.




[ Chu’dng4 ]

~ CAC PINH Li LIEN QUAN DEN
PUONG TRON MIXTILINEAR

- Tam gidc ABC ndi ti€p dudng tron (O), dudng tron ti€p xic trong

(ngodi) v&i dudng tron (0), va ti€p xtc vdi hai canh AB, AC clia tam gidc
ABC dudc goi la duong tron Mixtilinear (ing vdi goc A cla tam giac ABC.

Dudng tron mixtilinear cé nhiéu bi 8n ma chua dugc khai thac. O Nhat
Ban, nhiéu dén chlia khic dudng tron nay cling nhu hinh Sangaku trén
tudng. Trong nhitng ndm gan day, nhiéu ki thi cia cac nudc cling nhu
IMO d3 dua dudng tron nay vao dé thi, cd nhidu bai viét dugc dua trén
cac tap chi va sach. Trudc hét chling ta lam quen vdi bai toén cd ban.

1. Bai todn ' |

Duong tron tam (J) tiép xuc v6i dudng tron ngoai tiép ABC tai P va tiép xic
v6i canh 4B, AC 14n luot tai M va N..Chimng minh rang trung diém MN 13 tim
dudng tron ndi tiép tam gidc ABC.

Chirng minh:

Pudng tfon tam (J) tiép xuc v6i canh 4B, AC 14n luot tai M, N va tiép xuc véi
dudng tron ngoai tiép tam gidc ABC tai P, goi O la tdm dudng tron ngoai tiép
AABC = 0, J, P thiang hang; ‘ '

Puong thing PN ct dudng tron O tai E = AOPE vi AJPN 1a cén

= LOPE = ZOEP = ZJPN = £JNP = OFE//JN.
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N 1a tidp diém cta (J) voi canh 4C =JN L AC
= OE 1 AC = Ela diém chinh gitta cung AC
= BE 13 phén giéc goc ZABC
' - /CPE = ZACE = ACEN va APEC dong dang
EC _EN _, pc?=EN.EP (1).
T EP EC
* Gia sir duong thing BE cht MN tai [ P 1a tiép
diém cta duong tron (J) va (0)
(xy tiép tuyén véi (O) va (J) tai P)
— /IMP = /NMP = ZNPy=LEPy , ZEBP = LEPy = £ZIMP = ZIBP

— tit gide BMIP ni tiép = £BMP = ZBIP (chén cung BP).
Mit khic ZMPx = ZPMB = ZMNP (chin cung MP) = £BIP = ZMNP
— /EIP = ZENI => AENIva AEIP dong dang (.8)

= EI _EN _, pp - EN.EP (2)
EP EI

Tir (1) va 2) = EC? = EI'=> EC = EI=> EA = EB = EI

— AEIC c6 goe dinh LIEC = L4 = LEIC = 90° —%AA .
Tuong tw ZEIA=90° —-12-4c

— JAIC = ZAIE + ZEIC =180° —%(AC + £A4)=90° +%43

— 14 tam duong tron ndi tiép AABC = IM = IN.

Trén tap chi ciia My "Sawayama and Thébault's theorem" va ciion sdch "An
Introduction to the Modern Geometry of the Triangle and the Circle" cia Nathan
AltshilLer-Court, ¢d hai déu viét vé tinh chdt ndy 'cﬁa‘dwdng tron mixtilinear la
ciia Randal Charles Jonn, (Nixon R. C. J. Nixon, 1863-1918, trén tap chi
FEducational Times, London). Nhu vdy, Nixon 1& nguoi da ching minh tinh chdt

néy sém hon ca.

76



2. B6 dé Sawayama - Thebault

B& dé. Cho tam gidc ABC ndi tiép dudng tron (0), M 1a diém trén canh BC.
Pudng tron tam (J) tiép xtic M4 va MC l4n luot tai E va F, déng thoi tiép xic véi
du’orng tron (O) tai P. Ching minh rang tdm dudng tron n01 tiép tam giac ABC

ndm trén dudng thing EF. C\/ovg h \,(L 20 [6“> (b/@‘
Chitng minh:
Dudng thing PF cét dudng tron ngoai tiép AABC .
tai D. Dudng trdn (J) tiép xtic v6i duong tron (O) tai
P = P, J, O thing hang;

APJF va APOD la tam gidc can = ODP = JFP
= OD/IJF, JF L BC= OD 1 BC= DC=DB

= AD la phén giac g(’)qk BAC .

Goi I1a giao diém AD va EF = IAP = FPx
FEP = FPx = IEP = IAP => IEAP ndi tiép
— AEP = AIP, EFP = AEP = AIP = EFP = DIP = DF]

' = ADIF va ADPI déng dang (g. o= 2L DF _ pr - ppDF ;
DP DI
Vi DC = DB = ACDF va APDC ddng dang
‘= DC? =DF.DP = DI =DC

Theo chung minh trén = /13 tim duorng tron ndi tiép A4BC.

3. Dinh Ii Sawayama-Thebault’

Cho tam gidc ndi ti‘ép,dtr(‘mg tron tAm (O), ngoai tiép dudng tron tam I D 1a
didm bét ki trén canh BC, goi (O) 1a dudng tron tiép xtic véi 4D, BC va duong
tron (0), (Oy) 1a cac dudng tron tiép xtc voi AD BC va duodng tron (0). Chimg
minh O}, O; thing hang. g

Chirng minh:

G01 E, F1atiép diém cta (O) v6i BD, AD, va P, QOla tiép diém cta (0y) véi
ADvaDC.
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Theo tinh chit da dugce ching minh trén = giao
diém ctia EF va PQ chinh 14 7 tim dudng tron ndi
tiép AABC . ‘

Goi H 1a giao diém cua DO, véi EF, K 1a giao
diém DO, v6i PQ => DO, LEF, DO;1DO;

= DO,/ EF, twong tw PQ // DO; = IHDK 1a
hinh chit nhit.

i . IH KD OH . .
Theo dinh 1i Thales = 0,D = 0,D = 0D = 0, I, O, thang hang.

Dac biét, khi D la chan dudng phan gidc goc 4 = dudng tron (0), (O2) tiép
xtc nhau tai 1. ! :

Ong Sawayama la gido vién Trung hoc tai Nhét Ban, ndm 1905 éng da chirng
minh duoc bé dé irén. Ong Vicctor Thebault, nguoi Phdp (1882-1960), ndm 1938
ong da dwa ra cdch chitng minh nay, vi vdy nhiéu tap chi ding bai viét va thiong
goi la dinh Ii Sawayama-Thebault. '

Ngodi ra, Thebault c6 nhiéu bai todn néi tiéng mang tén ong, chdng han:

1) Cho mét hinh binh hanh, dung trén cdc canh ciia né bén hinh vudng ra'phia
ngodi. Tir gidc ldp tir cdc tdm cua bén hinh vuéng dé la mét hinh vudng.

2) Cho m¢t hinh vuéng ABCD, dung cdc tam gidc déu CBE va CDF sao cho
cde tam gide duge dung ciing & phia trong hodc phia ngodi hinh vudng. Khi do,
tam gidc AEF 1 tam gidc déu.
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4, Cac vidu

Vi dy 1. Cho tam gidc ABC ndi tiép dudng tron (O). Pudng tron (K;) tiép xic
v6i AB, AC tai M), N, ddng thoi tiép xtc dudng tron (O), tuong tw c6 dudng tron
(K2), (K3) v6i hai-dudng MyN; M;Ns. Ching minh ring céc doan thing M;N,,
M,Nj, MsN; cét nhau tai trung diém ctia mdi doan (TST 1999 VN).

Gidi:

Day hoan toan 14 tinh chét d& chimg minh & trén.

Céc dudng tron (K)), (Ka), (K3) tiép xuc véi
céc canh cla tam gidc ABC va ddng thoi tiép xic
voi duong tron (O) tao ra cac doan thing M)N,,
M>N,, M3N;.
~ Theo Bdi fodn = tam dudng tron ndi tiép
AABC 14 trung diém céc doan thing M;N;, MyN,,
M;N; (Ching minh & dinh 1)

= Cac doan théng MN;, MoN,, M3N; déng quy tai 7.

Vi dy 2. Cho tam gidc ABC ndi tiép du'(‘mg tron (0), dudng tron (K) tiép xuc
véi AB, AC ddng thdi tiép xtc véi dudng tron (O) tai P, 114 tam dudng tron ndi
tiép tam giac ABC. Ching minh ring PI di qua diém giita cung BAC. |

Gidi: | | B

Goi D va E 1a tiép didm cua dudng tron (K) tiép
xtc voi AB, AC; CI cét dudng tron (O) tai F, PI cét
(O) tai Q. Theo Bai todn, trung diém DE 1a tdm
dudng tron ndi tiép AABC, '

= LFPB=/DPB=/DIB= %AC

= (i gidc DBPI ndi tiép = £BPQ = ZADE.
Tuong tw, tit giac IPCE ndi tiép = LIPC = LAED
= /BPQ = ZCPQ = (1 diém chinh gitta cung BAC,
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Vi du 3. Cho tam gidc ABC ndi tiép dudng tron tdm (O), dudng trdn tdm (J)
tiép xic véi canh 4B, AC thir ty tai M, N ddng thoi tiép xuc trong véi dudng
* tron (O) tai P. Goi Q 1a tiép diém cua tiép tuyén véi duomg tron (J) va song

song v&i BC. Chitng minh ring BAP = C/';Ib
Giai:
Pudng tron tm (J) tiép xtic véi dudng tron tim

(O) tai P = O, J, P thing hang, dudng thing PM,
PN cét dudng tron (O) tai DVA E;

= APJM va APOD 1a céc tam giac cén
= PMJ =PDO=JM/OD
AB tiép xuc v6i (J) tai M= JM L AB

' = OD L1 AB = DA=DB.

Tuong tu EA=EC. ‘
_ Tiép tuyén coa (J) tai Q song §or_1g v6i BC
= 0J 1 BC= OK 1 BC= KB=KC
= 5D+ DR = KB+ BC = DA+ DK =KE+ A
= 2Di+R=2KE+ 4R = Di=KE;
- Goi F 12 giao diém cﬁa‘AP %i 0)y=> MF=NQ = MF =NQ;
Tu .AM = AN — AAMF va AANQ bing nhau (c.g.c)
. AT = A = FAP=CiD.
Vi dy 4. Cho tam giéé ABC ndi tiép du‘c‘mg‘trbri (0), duong tron mixtilinear
tmg véi goc A tiép diém véi dudng tron (O) tai S. Ching minh ring hai dudng

tron ndi tiép tam gide ABS va tam gide ACS tiép xiic nhau.

.
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* | dudng tron mixtilinear v&i canh AC va 4B,

Gidi:
Goi 1), I, 1a tam duong tron ndi tiép
AABS va ACS, E va F 13 tiép didm coa

| SE va SF ct duong tron (O) tai P va Q,
"dudng thing qua I; va vudng gbc v6i A1) cét
duong thdng qua > va vudng goc véi Al cét
nhau tai G, BI; va CI, ¢t dudng tron (O) tai
MvaN.

Puong thing PN cit OM nhau tai L, PN
cht AL tai K, QM cét Al tai J.
Tudotacd Q4=0I va MA=MI, .

= QM 14 trung tryc A1,

= QM1 Al = QM//I;G, twong ty PN/L,G.

Goi R 1a giao diém dudng tron mixtilinear ing véi goc 4 véi SA.

=>.qua phép vi tytdm St gidc AQSP ¢6 anh 1a tir gidc RFSE, mit khéc t gidc
RFSE 1a tir gide didu hoa => oL _o4_Pd4_P,

. oS 0SS PS PS

= PO/ = S, G, L thing hang. - ,

Miit khac JK 1a dudng truhg binh cta A4l;l; = JK// 111, , hai ALKJ va A ];GI ]

ddng dang = 12J, LK, GL cét nhau tai 4 = 4, L, G théng hang = 4, G, S théng

hang = hai dudng tron ndi tiép tam gidc ABS va tam gidc ACS tiép xtic nhau.

Vi du 5. Cho tam gidc ABC ndi tiép dudng tron (0), cac duong cao BE, CF.
Tiép tuyén tai B, C cit nhau tai D, goi M, N 1a giao diém cta DB, DC véi EF.
Chimg minh ring dudng tron ngoai tiép tam gidc DMN tiép xtc v6i dudng tron
(0) AMO). '

Gidi:

Goi 12 trung diém canh BC, theo gia thiét BELAC,CF1AB

‘= tr gidc BCEF ni tiép.
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duong tron ndi tiép ABDC.

— [1a tam dudng tron ngoai tiép tir gide BCEF
= [E=IC.

Ta c6 DB, DC 1a tip tuyén cta (0)

— /ECN = ZABC = ZNEC = ANCE cén

= NC = NE

— AIEN = AICN = £ENI= ZCNI

= NI 'la phéan gide goc ZMND.
Mt khac DI 1a phén gidc goc ZMDN => I 1a tam dudng tron ndi tiép AMDN.
Theo Bé dé = dudng trdn (O) 1a dudng tron mixtilinear cia ADMN.

Vi du 6. Goi H 1a tryc tm ctia tam gidc nhon ABC ndi tiép "duimg tron (O).
Pudng tron (1) tiép xuc voi HB, HC va ddng thoi tiép xtc voi dudng tron (0).

3\

Chtmg minh ring trung diém cua HI 1a tdm dudng tron tiép xac voi dudng tron
ndi tiép tam gidc BHC. D '

AN

Goi P, O 1a céc tiép diém coa duong tron (I) tiép P ,
xtic v6i HB, HC va duong tron (0), va J 1a tdm \

Gidi:
Kéo dai CH cét dudng tron (O) tai D, do H 14 truc
tam AABC = D va H dbi xtmg qua canh AB.

[ 13 tAm dudng tron ndi tiép ABHC, theo Bb d& Sawayama - Thebault = J, P,
QO thang hang va J, E, C thing hang. ' ‘
— /BEJ = 180° — ZBEC =180° - (90° +£BHE)
—90° — Z/BHE= LHPQ = £JPB

= tir gide BJPE ndi tiép.
/HPE =180° — Z/BPE =180° = ZBJD = 90° —%LBDC

=90° —-;-413/10 = /BHE .
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Theo gia thiét = IP1BH => AIPH 1 tam gi4c vudng
= EH = EI = E 14 trung diém HE.
Vi du 7. Ba dudng tron mixtilinear tiép xtic véi 4B, AC, tiép xtc véi AB, BC,

tiép xuc voi BC, CA va dudng tron ngoai tiép tam gide ABC tai P, O, R. Chiing
minh ring AP, BQ, CR ddng quy.

Giii: 2
Tir két qué ctia bai toan trung diém 1 cua EF
1a tAm duong tron ndi tiép = PF 1a phan gidc
goc LAPB '
PB_PA_PA_PC_ PB_BF s c
- BF  AF AE CE PC CE ; £

ZAIB =90° +%AC

LFIB = LAIB— ZAIF = LAIB-90° = %ZC = /ECI
va ZBFI = Z/CEI = ABIF va AICE dbng dang (g.g)
BI BF IF
= —=——=—
IC. IE CE
BF BFIF BI* PB_BI’

Mit khdc, tf —=——=—o= —=—s>.
CE IECE IC PC IC

LABP + ZACP =180°
BM _S,, ABBPsinZAPB _ ABBP _ AB BI’

= - = = .
CM S,, ACCPsinZACP ACCP AC IC?

s CN BCCI* AK CA4 Al
Hoan toan tuong tit; —=———, —=———+—
AM BA AI" KB (B BI

BM CN AK AB BI* BC CI* CA AI*

= = el =
MC NA KB AC IC* BA AI’ CB BI’
Theo dinh li Ceva = AP, BQ, CR thing hang.
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Vi dy 8. Cho tam gidc ABC ndi tiép dudng tron (O). Pudng tron tam (J) tiép
xtc véi AB, AC va dudng tron (O), goi ban kinh dudng tron ndi ti€p tam giac ABC

‘1a r, ban kinh dudng tron (J) 1a p. Ching minh p = ! (L4=«).
cos® — ¥

Gidi: ‘

Puong tron (J) tiép xtac voi AB, AC tai F va E, A
tiép xuc voi dudng tron (O) tai P = O, J, P thing
hang, ké JHLOK; F

Theo tinh cbét ctia duong tron mixtilinear = JA4
di qua trung diém cua EF: h

1 o B C
= LINE=+s4= 4E=pcotZ ALY
2 2 - P

Ké OK14AC = AK=—12—b=RsinB, OK =RcosB, OJ=R—-p.

'KéJHLOK => KE = AE—AK = pCot%—RsinB,

OH = OK — HK = OK —JE = p~Rcos B
AOJH vudng tai H=> OJ* = OH* + HJ*

= (R-p)? =(p—1'acos,13)2+(pc<>t9‘2——1esinB)2

o o o B cosgcosé B
= p=2Rtan’=| cot—sin B~1+cos B | = 4R tan’ —sin—| —=—=—sin—
' 2 2 . 2 2 . -2
sin—
(do sinB:ZSinE-cosﬁ va 1-cosB=2sin2£)
2 2 ‘ 2
singsing
= p=4R-—2——2—[cosgcos£—singsin£]=
Y 2 02 T
o . a . B.C
sin —sin o+ B sin = sin =sin = ,
4R—2 cos =4R = —
a 2 : o 2a
coS— cOS — cos” —

2 2 2
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Vi du 9. Cho tam gidc ABC ndi tiép duong tron (O), dudng tron tam (J) tiép
xtic v6i canh AB, AC tai P va Q va tiép xiic ngodi véi dudng trdn ngoai tiép tam
gisc BOC. Chimg minh PQ di qua trung diém A1

Gidi: _
Goi E 12 giao diém AC v6i dudng tron ngoai tiép ABOC

= ZAEB =180°— ZBEC = 180° — ZBOC = 180° - 2£BAC
= ZABE =180° — ZBAE — ZAEB = /BAE => AAEB cn
= EO14B, EO cht cung AB tai M = M 1a diém

|

;t chinh gifta cung AB = dudng tron tim (J) 1a dudng
E tron Thebault ctia ABEC tng v6i AB va M 1a tAm
- duodng tron bang tiép géc C cua ABEC = M, P, O
{ thdng hang. Twong tw N 1a diém chinh gitra cung AC

= N, P, Q thing hang = MN 1a trung tryc A/

= PQ chia d6i AL

Vi du 10. Cho tam gide ABC ndi tiép duong tron (O), dudng trdn tdm J tiép
xtic v&i canh AC tai E va AB tai F ddng thoi tiép xuc véi dudng tron (O) tai P, AP
cit EF tai D. Chimg minh ring tam gidc BDF va tam gidc CDE ddng dang.

Gidai: x
Pudmg thing PE, PF cit dudng tron (O) tai M va N,
AC va AB tiép xtic dudng tron tm J = EF//MN.

AP 13 dudmg dbi trung ctia APFE (tinh chit cta
DF PF?

dudng dbi trung) = ~—="—"—(1
g doi trung) DF PEZ()
. BF FEN
ABFN va APFA dbng d g = —==
v ng dang (g.g) P A
Twong tw ACEM va APEA ddng dang S CE_EM (3)

PE E4




FN EA FN
Te(2)va(3) = — BE PE = ——
PF CE FA EM EM

FN PF  BF PF?

Mit khac EF/MN = ——=—— = ——=—3.
EM PE CE PE

FD FB

Két hop (1 £
Shop (D= 5 =%

" ZAFE = ZAEF = /BFD =/CDE = ABDF va ACDE dong dang.
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BAI TAP CHUONG 4

Cho tam gide ABC ndi tiép dudmg tron (O), dudng trdn tm (J) tiép xuc voi
canh 4B, AC 14n luot tai £ va F, ddng thoi tiép xic trong véi dudng tron (O).
Goi M, N 1a trung diém cta AE, AF. Chimg minh ring dudng thing EF di qua
diém chinh gitta cung 4B, AC. ' ’

Cho tam gidc ABC ndi tiép dudng tron (O), dudng tron tim (J) tip xtic véi
canh 4B, AC, ddng thoi tiép xuc trong véi dudng tron (O) tai P. Goi D la tiép
diém ctia dudng tron ndi tiép tam gidc ABC v6i canh BC.

Chtng minh ring ZABC = £BPD va ZACB = ZCPD.

Cho tam gisc ABC ndi tiép dudmg trdn (0), dudng trdn tam (J) tiép xtc véi
canh AB, AC, dbng thoi tiép xuc trong véi dudng tron (O) tai P. Goi 1 1 tAm
duong tron ndi tiép tam gidc ABC. Chimg minh ring £BPI= ZCPI.

™ 4

.. Cho tam gidc ABC noi tiép dudng tron (O), dudng tron tam (J) tiép xic véi

~canh 4B, AC, ddng thdi tiép xuc trong v&i dudng trdn (O) tai P. Goi D 12 tiép
diém ctia dudng tron bang tiép goéc A cta tam gisc ABC véi canh BC. Chimg
minh rang £ZBAD = ZCAP.

Cho dudng tron (O) va hai day 4B, CD. Hai dwdng tron oN(0,) tiép xtc
voi AB, CD ddng thoi tidp xitc voi duong tron (O), dudmg tron (0,) tiép ki
ngodi véi (0,),(0,) cit AB, CD tai M, N, P, Q. Chimg minh ring M, N, P, O

nam trén mot duong tron.
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| [Cthdng5J |

DINH Li EULER

Leonhard Euler (1707-1783), nha toan hoc thién tai ngudi Thuy Si. Ndm
20 tudi, 6ng lam viéc tai Vién han I1&m Berlin, ddng thdi I3 cdng tac vién
Vién han 18m Peterburg. Ngoai Toan hoc, dng con nghién clru Thién vén,
V4t Ii, Hod hoc. Ong dé lai 30.000 trang séach viét béng bt 16ng va 25.000
l& thu hoan toan 1a nhitng dé tai khoa hoc va nhifng cong trinh nghién
clfu clia 6ng. Ong 1 ngudi dua ra ki hiéu ngdy nay van thudng dung nhu:
s8 &, sO &0 i’= -1, s6 e, cos, sin, tan... dng dugc nhiéu nudc vinh danh 13

.nha todn hoc xudt sdc nhat thé ki XVIII.

Euler d3 dua ra dinh nghia diém Euler, ndm 1765 tai Peterburg éng da
cho ddng cach chiing minh dinh Ii trong Ki y&u cda Vién han 1am. Ong
sdng nhidu ndm & Peterburg, ndm 60 tudi dng bi mu hai mét.

I. PINH LI EULER

1. PDinh li Euler

Pinh nghia. Trung didm ca cic doan thing thudc dudng cao tir dinh dén truc
tAm tam gi4c goi 1a diém Euler.

Pinh Ii. Trung diém céc canh, hinh chiéu cua tryc tdm dén céc canh va cac
diém Euler ndm trén mot dudng tron, goi 13 duong tron chin diém hay duwong
tron Euler.
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Chirng minh: A

Goi D, E, I 1a trung diém cac canh BC, C4, 4B;
cac duong cao AM, CN va H 1a tryc tdim AABC suy | p E
ra IE//BC, DI/IAC, AM1BC; N 0

:>ME:%AC,DI=%AC:>ME=DI B s c

= JEDM 1a hinh thang cén

= I, E, D, M thudc mdt dudmg trdn, d6 1a dudng tron ngoai tiép ADEL

Goi X 1a trung diém CH = KE 15 duong trung binh cia AACH

= EKI//AH = IE1 EK, KD//HB = KD1ID

= I E K D, M nim trén dudng tron ngoai tiép ADEI, tuong ty chimg minh
cho céc diém con lai. ’

Nhgn xét: Puong théng IK 14 dudng kinh cla ctia dudng tron chin diém, Op 1a
trung diém cta /K = Oy la tdm dudng tron do.

Goi O 13 tam dudng tron ngoai tiép AABC

= ODLBC = OD/IAH _

" N&i D v6i O cit AH tai J = J4 = JH
= AOyOD, AOoHJ béng nhau (g.c.g)
= OD = JH = AJ = AJDO la hinh binh hanh

= 04=DJ= O,J = %R (R 12 ban kinh dudng tron ngoai iép).

Goi giao diém 4D véi OH tai G, theo dinh 1i Thales = AG_4H _,
GD OD

= G la trong tdm AABC
= 0, G, Oy, H ndm trén mdt dudng th{’mg va HG = 2G0, O¢H = 0,0.
Puong thing di qua tryc tdm va tm dudng tron ngoai tiép tam gidc c6 tén 1a

dwong thing Euler.
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Puong thing Euler ¢6 nhiéu tinh chat ma ngay nay chung ta vAn chua khai thac
hét, nam 2006 kién tric su ngudi Hi Lap Rostas Vittasko dd dua ra tinh chat

Tik gidc ABCD néi 1iép duong tron va co hai duong chéo cdt nhau tai E. Khi

~do cac duong thang Euler ctia cdc tam gidc AEB, EBC, ECD, EDA dong quy.

2. Pinh li Hamilton

Goi H 1a tryc tdm cua tam gidc ABC, cac tam gidc BCH, CAH, ABH chung
nhau duong tron 9 diém.

Hamilton (1805 - 1865) — Nha todn hoc, vt Ii nguoi Ireland, nam 1861 éng da
chirng minh dinh Ii trén, 6ng cé cong lon trong Ii thuyét do thi nhiéu ngudi biét
dén, dé 1o chu trinh Hamilton. '

3. Pinh li Feuc¢rbach
Puong tron chin diém tiép xtic véi dudmg tron ndi tiép.

* Karl Feuerback (1800 - 1834) 1a nha todn hoc nguoi Dikc.

Chitng minh: ' N
Goi O, I, E 1a tim dudng tron ngoai tiép, ndi tiép,
va dudng tron chin diém ciia AABC. F
Pudng thing 41 cit dudng tron (O) tai M, ké N\
dudng kinh MN, I 1a hinh chiéu cta 4 trén MN; J 1a N
giao diém MN va BC = FJ = AK. B\ c
Goi K, P, Q 12 hinh chiéu cta H, I, E trén BC va /
D13 giao diém coa AMv&i BC = JB = JC. M

T giac HOJK 1a hinh thang = 2EQ = HK + OJ
FO =FJ—-0J=AK—-0J=AH + HK-0J

—20J + HK - OJ=0J + HK=2EQ = EQ ==
AAFN, AIPD 12 hai tam gidc vuong c6 ZPID =£DMN = ZNAF

= hai tam gi4c ddng dang = — AL
PD IP
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= FN.IP=AF.PD=KJPD (1)
MD MB

AMBD, AMAB dbn dan = — =,
g dang (g-g) MB MA

MD Ml
Ml MA

Thay MD, MI, MA bang hinh chiéu trén canh BC :>—J—D— i
: JP JK

I1a tAm dudng tron ndi tiép = MI = MB = MC = ——

= JP? =JDJK = JP.JK -JP*=JP.JK - JD.JK

= JP(JK —JP)=JK(JP-JD)= JP.PK = JK.DP

Két hop (1) = JP.PK = FN.IP. o

Ap dung dinh li Pythagoras ta c6: EI” = (IP— EQ)’ +(JP - JQ)*
= EI* =(IP _225)2 + (JP—'—]2£)2

= EI*=1IP? +%0F2 —IPOF +JP* + %JKZ - JP.JK

2 _ %(01?2 + JK)+ IP? - JP(JK — JP)— IP.OF

= %RZ +IP*~JP.PK ~ IP.OF = %Rz +r?—IP(OF + FN) = %RZ +r2 =R

|

, |
S = (g—;~)2:> IE =§~r (do R=>2r).

= dudng tron ndi tiép va dudong tron chin didm tiép xuc nhau (ban kinh duc‘mé

~ tron chin diém 12_e)_

Puong tron chin diém tiép xic ngoai véi mdi dudng tron bang tiép tam gidc.
. | A 2 R N 4t A <R \ ’
Ching minh tuong tu cho ta két qua EM =E+r" (M 14 tiép diém, r, 1a ban

kinh dudng tron bang tiép g v6i goc A4).
Cac tiép diém cta dudng tron chin diém véi dudng tron ndi t1ep va bang tiép
goi 14 diém Feuerbach.
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4.

H¢ thirc Euler

Pinh Ii, Trong tam gi4c, ban kinh dudng tron ndi, ngoai tiép va khoang céch

gitta hai tdm c6 hé thirc d* = R* —2Rvr.

tAm dudng tron ndi tiép, A7 cét dudng tron (O) tai D.

va

92

Chitng minh:
Cdch 1.

Goi O 13 tim dudng tron ngoai tiép tam gidc, 7 1a

Qua I k& dudng kinh PQ, dit d = Ol

= ALID = IP.JQ = (OP-OI)0Q+O0I)= R* -d*;

Ké IH L AC = IH =r, DE la dudng kinh = ECL CD
= AAHI v& AECD 12 hai tam gi4c vudng c6 £LDAC = LDEC

= hai tam gi4c dong dang = q_ 9'2
‘ Al ED
DC =DI = AI.DI = ED.JH =2Rr
= R*-d*=2Rr
Cch 2.
DO ¢t (0) tai E, H 1a hinh chiéu ctia I trén DE.
Trong AOID: OI* = ID* + OD* -20D.DH
Dit Ol =d = d’ =ID* +R* ~2RDH,
112 tAm dwong tron ndi tiép = DI = DC
DCLCE = DC? = DK.DE = DK.2R = DI’
= d*=DK2R+R*-2R.DH
= d® = R ~2R(DH - DK) = R* ~2R.HK = R* - 2R

H¢ qud. Trong tam gidc R > 2r (d4u bing xéy ra khi tam gic déu). |
Dinh Ii. Trong tam gidc, ban kinh dudng tron ngoai tiép, dudng tron bang tiép
khoéng céch gita hai tim ¢6 hé thiuc d,> = R> +2R7,.




5. Cacvidy

Vi du 1. Cho hai diém 4, B ¢6 dinh (4 khéc B). Mot diém C di dong trén mét
- phing sao cho ZACB = o (0° < o <180°%). Pudng tron tdm I ndi tiép tam gidc ABC
" tibp xtic v6i AB, BC, CA 14n luot tai D, E, F. Cac dudng thing A BI ct EF lan
luot tai M, N. )
1)Chig minh ring MN c6 d¢ dai khong d6i.
2)Chimg minh ring dudng tron ngoai tiép tam gidc DMN ludn di qua diém cb
dinh.
(VMO 2009).
Gidi:
1) Theo gia thiét IELBC, IFLAC, I 12 tdm dudng tron ndi tiép AABC
— ZAIB=90° + %

E va F1a tiép didm = ZCFN =90° —%
= LAIB+ ZCFN =180°
= {0t gidc AFNI ndi tiép =LANB=90°
- Tuong tw ZAMB = 90° = ANMB 1a tir gisc ndi
tiép c6 dudng kinh AB.

= /MIN=2/MBN=2/NEI=2/ICF=ZACB=u
. = MN=4B sin—‘;’—: MN c6 d¢ dai khong dbi.

2)AN cit BM tai H, theo chimg minh trén = AMLBH, BN1AH = I 1a tryc
tAm AAHB => dudng trdn ngoai tiép ADMN l1a dudng tron Euler ciia AAHB
= dudng tron ndy qua trung didm 4B = ludn di qua J.

Vi dy 2. Cho tam gidc nhon ABC, céc dudmg phén giac trong ciia géc 4, B, C
cit duong tron ngoai tiép tam gic tai D, E, F. Pudng phan gidc ngoai goc B, C
cit AD tai M, dudng phan gidc ngodi goc C, 4 cht BE tai N, dudng phén gidc.
ngoai goc 4, B cit CF tai P. Chimg minh ring dién tich tam gidc MNP ghp hai lan
dién tich AECDBF. o _ v




Gidgi:
Goi I 1a giao diém cdc dwong phan gidc ciia A4BC.
Theo gia thiét AP la phén gidc ngoai cua goc 4 P
= AP1AM
Tuwong tw NBLMP, PCLMN
= dudng tron ngoai tiép A4ABC la dudng tron
Euler cia AMNP. '
" = I tryc tAm = D, E, F'1a trung diém céc doan IM, IN, IP M

= Spmp = Sppr va Scup = Scoi.
Tuong tw Seve = Scen Sane = Saes Sapr = Sart , Sepr = Spri.
Cong cac vé déng thire lai = dpem.

Vi du 3. Cho tam gidc nhon ABC, cac dudng cao 4D, BE, CF. Ching minh
réng cac dudng thing Euler cia cdc tam gide AEF, BDF, CDE ddng quy.

Gidgi:

Goi Oy, Oy, O 1a tdm cic tam gide AEF, BDF, CED, AHLBC, BELCA,
CF1AB = 0,, Oy, O, 12 trung diém cta AH, BH, CH. Goi Hy,, Hy, H 1a tryc tim
céc tam giac AEF, BDF, CED. Goi P la giao diém cua H,0, véi H,O, va H 14 tryc
tdm AABC. ' \

AAEF va AABC ddng dang = £AO,H, = ZAOH ;

Twong tw ZBO,H, = ZBOH, ZCOH, = ZCOH ;

Xét th gidac O,POLH : -

£20.P0, =360° — ZPO,H — LPO,H — £O,HO,

=360' - £40,H, - £BO,H,~ ZAHB

«a a

=360" - ZAOH — ZBOH ~ LAHB
=360° — ZAOB - ZDHE =180° — £C.
Mt khic £0,0,0, = ZC = tit gihc PO,0.0y ndi tiép

a

=> P thude dudng tron Euler cia A4BC.
Goi O 1a giao diém H,0, véi H.O. hoan tuong tu Q thudc dugce tron Euler cia
AABC = P =0 = dpem.
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Vi du 4. Chimg minh ring trong moi tam gidc ta ludn c6:
1 N 1 N 1
RP-d* d*-R* d}-R* d’-FR°
Trong d6 R, d, d,, dy, d. theo thir tw 12 ban kinh dudng tron ngoai tiép, khoang
cach gitra tdm dudng tron ndi tiép va ngoai tiép, khoang céch giita tim dudng tron
ngoai tiép va bang tiép ting véi céc géc 4, B, C.

Gidi:
1

£ \ s 1 1 1 Ry .
Trudce hét ta chitng minh hé thite —=—+—+— (#, 74 73, ¥ 12 bdn kinh dudng
. roF n

a 4

tron ndi tiép va bang tiép tmg véi cac goc 4, B, C).
Ty S= pi—(p ay, =(p-by,=(p-co),, 2p=a+b+c

= pr—(p ay,= —— pza =L —l—(p—a+p—b+p—c)=p(—1—+—+l)
r a o ra b rc
I 1 1 1
= — =t —t—.
r r‘l r[) r()
. . 2 - p2 1 2R
Theo h¢ thiic Euler d° = R* -2rR = —=———,
‘ : r R'-d
d?=R'+2Rr, = i=————22R 5
. - r, d;—R ,
2R 1 2R 3
Tuong tu — va — , cOng céc déng thirc lai: ‘
g T dz " d2 g g a
2R 2R 2R 2R

B-d i -F g g e

Vi du 5. Cho tam gidc ABC, D trén AB va E trén AC sao cho B, D, E, C nim
trén mdt dudng trdn, BE va CD cét nhau tai P. Goi H 14 hinh chiéu cta P trén AC,
va M, N thir tu 1a trung diém AP va BC. Chung minh ring tam gidc MHN va tam
gic ADC ddng dang. :

Giai:

Goi 1, J thir tw 12 trung diém ctta AC va PC; I4 = IC, JP = JC.

= IJ//AP, NI//AB, NB = NC = NJ//BP = ZJNC = ZEBC, ZLINC = ZABC.
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1S
i

JINJ = /BNJ — ZBNI = (180° ~ ZJNC)—(180° - ZINC)
= /INC — ZJNC = ZABC — LEBC = ZABE = ZDCE

MA = MP = MJ/AC, /AP = ZDCE = ZPIM=2IMI
— ZINJ = ZIMJ => MIJN ndi tiép.

Mzt khac M, I J ndm trén dudng tron Euler ctia

AAPC, theo gié thiét PHLAC'
‘= M, H, I, J, N nim trén dudng tron Euler. '

= LHMN = £NIC = LCAD, %
JHNM = 2 HIM = ZPIM= ZACD (Do MJ 1a phéan gidc ZPJH)
— AMFIN va AADC dbng dang (g.g).

Vi.du 6. Cho tam gidc nhon ABC ndi tiép duomg tron (O) va ¢6 tryc tdm H.
Puong cao AD, BE, CF, dudng thing AH cht (O) tai P, PE cét (O) tai O, duong

A

théng BE cét dudng (O) tai G, BQ cat EF tai J, goi [ trung didm OH. Ching minh
ring 1J song song voi OA4.
Gidi: : ‘
Pudng thing EF cit () tai M, N, BE va CF cit (0) tai G, K
— /GKC = £/GBC = LEBC = LEFC => KGI/MN

ZBFC =90° = %(?17<+ BC)= £BEC = %(ZF; +BC)

— 4K = AG = 04 1KG = OALMN.
Xét hai tam gidc BFE va-DHE ¢&:
/BFE = ZPHE (cing b véi ZACB),
£FEB=/HED (cing bing ZBCH) = hai tam giéc dong da_ng
ABFJ va APHE ddng dang (LABQ =ZAPQ).

Mt khac A4BC nhon ta ludn c6 HD = DP.

V6i chc tam gidc ddng dang trén ta c6:
%’_:I;IZSFJ:BF.HE. HD _BF _ . 2BFHE

~ PH ' HE EF PH
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= EF=2JF = JF=JE.
Theo tinh chét caa duong tron Euler cia A4BC ¢6 tam 1a trung diém OH

= IJLEF = IJ song song v&i OA.

Vi du 7. Cho tam gidc 4BC gbc 4 khong vudng. Goi D 1a diém thoa mén
ZDBA = £BAC = £DCA,
Ching minh ring duong thing Euler ctia tam gidc ABC di qua diém D.
Gidi:
Goi P 1a giao diém cua AC va BD, Q la giao diém
ABva CD, va M, N thi ty 1a trung diém AC, AB
0, G 1a tAm va trong tdm tam giac.
5 Theo gia thiét ZABP = ZABD = Z/BAC

= AABP la tam giac cén

= P, O, N thing hang.
Twong tw AAQC can = Q, O, M thing hang.
Ap dung dinh 1{ Desargues = D, O, G théng hang

— dudng thing Euler cha tam gide ABC di qua diém D.

Vi du 8. Cho tam gidc ABC, dudng tron bang tiép goc A4 ¢6 tim J. Chitng minh
ring duong thing Euler ctia tam gidc ABC di qua diém J. !
Gidi:
Goi céc tiép didm véi canh BC, CA, AB 14n luot
tai D, E, F, dudng ting JA cét dudng tron ngoai tiép
"AABC tai K va EF tai H, duong thing JB, JC cét
duong tron ngoai tiép AABC tai M va N, dudng
thing DE va JC cét nhau tai P, DF cét.JB tai Q
=JELAC, JFLAB, JALEF, DF1.JB, DE1JC
= JHJA=JP.JC=JQ.JB
vaJK.JA = JN.JC = JM.JB.
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JH _JP _JQ
JK JIN  JM

= J va tam dudng tron ngoai tiép cac tam giac MKN, PQH thing hang

Chia céc dang thire cho nhau ta dugc:

=> dudmg thing Euler ctia tam gidc 4BC di qua diém J.

Vi du 9. Cho tam gidc ABC, I'1a diém trong tam gidc thoa méin

ZBIC = ZLCIA = ZAIB. '

Chimg minh ring ba dudng thﬁng Euler cua ba tam giac IBC, ICA, IAB
doéng quy.

Gidi:

Theo gia thiét ZBIC = LCIA = LAIB = £CI4 = 120°, dung dudng tron ngoai
tiép AAIC, dwong thang BI cit dwong tron tai D.

= £ADC = 60°, ZAIB = 120° = £A4ID = 60°

= ZACD = 60° = A4DC 1 tam gidc déu.

Goi O, 14 tdm ctia dudng tron AIC, ké DO,LAC,
cdt AC tai £'= EA = EC = IE 1a trung tuyén AA4IC,
BE la trung tuyén ctia AABC. Tlr O4 ké dudng thing
song song DB cit BE tai K, cat El tai G.

Theo dinh 1i Thales = E=E £0, 1
KB GI DO, D)

=> G, K'1a trong tdm clia AIAC, AABC.

Mit khac O4 1a tAm cua du’orng tron ngoai tiép AIAC = OAG la du(mg théng
Euler ctia AIAC.

Chimg minh hoan toan tuong ty dudng thing Euler cua A4IB, ABIC di qua K
= ba dudng théng Euler ctia ba tam giac IBC, ICA, IAB ddng quy.

Vi dy 10. Cho tam gidc ABC khdng vudng cé cac dudng cao AD, BE, CF va
tAm duong tron noi tip 1. Goi d,, d,, d;1a cic dudng thing Euler cia cac tam
gide AEF, BFD, CDE, goi d,, d,, d,tuong tmg 1a céc dudng thing déi xtmg ctia
d,, d,, d,qua Al, BI, CI. Chimg minh ring d,, d,, d, song song v6i nhau,
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Gidgi: . A
T E, F ké dudng thing vudng géc voi Al cht
canh AB, AC 14n luot tai M, N. I 1a tim dwong tron v
nfi tiép AABC = LFAI = LEAI = céc tam gide
- AME, ANF 14 céc tam gi4dc cAn = M, E va N, F d6i
xing qua A7 = AAMN db6i xting v&i AAEF qua Al B c
= dudng thing Euler cia AAMN dbi xtmg véi duong Euler ctia AAEF qua AL
Néu d, 4 duong thing Euler cia AAEF = d, 1 dudng thing Euler cia AAMN.

BE1AC, CFLAB = AAEF va AABC ddng dang
AE  AF AM AN
= = = =
AB - AC AB AC
Theo dinh li Thales ddo = MN/BC = dudng thing Euler ctia AAMN va
dudng thing Euler cia AdBC song song vdi nhau

= d,, d,, d, song song v&i nhau.

II. PINH LI STEWART

Bai todn. Cho ba diém 4, B, C thing hang theo thi tw d6. M la didm bét ki, ta
ludn 6 hé thite: MA>.BC + MC?.AB - MB*.AC = AC.AB.BC. |

Ching minh: M

* Goi H 13 hinh chiéu ctia M trén AC = MHLAC

_ Ap dung h¢ thirc lugng cho hai tam gidc MAB va MBC
MA® = AB® + MB* -2 AB.HB,
MC? = MB* + BC* +2BC.HB ’ A H R
= MA*.BC +MC?.AB = MB*(AB + BC)+ AB.BC(AB + BC)

= MA*.BC +MC* AB— MB’.AC = AC.AB.BC

Dinh li mang tén nha todn hoc nguoi Scotland - Matthew Stewart, 6ng la nguoi
ddu tién chitng minh dinh li nay vao ndm 1746.
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1. Pinh li Stewart

 Dladiém trén canh BC ciia tam giac ABC. Chia canh BC thanh hai doan BD va
DC ta c6 déng thirc: AB*.DC + AC*.BD— AD*.BC = BC.BD.DC

H§¢ qud. Tix dinh 1i trén ta suy ra cong thiec tinh dudng trung tuyén trong mot

2 2

p+c’ a8 , d+a® B, a+b ¢

s —_——

_’mb_—-—— mc—
2 4 2 4 2 4

s 2
tam giac: m, =

| Khodng cdch giita cdc diém diic bigt trong tam gidc.
1. Khodang céch giita tm dudng tron ngoai tiép va trong tam.
Goi O, G 1a tm va trong tAm tam gidc va D 13 trung diém ctia BC, ACOD

2
vubng = OD* =0C* - DC* = R —i;—: OD=%\/4R2 -a’.

b’ +c* a?

4
= m, =%\/2(b2 +ch)-a’.

Ap dung hé thirc Stewart véi AAOD:
OA> GD +O0D* AG - O0G*.AD = AD.AG.GD

T AD? =m’ =

2 2
= d’=0G" = R 'GD+OD 'AG—AG.GD, AG=—2—ma, GDz—l—ma
AD AD 3 3
2 2 2 2, 2y 2 27, 712 2
:>d?=£—+4R a 20 -/f-C) a_m_ +b°+c
3 6 18 9
jd_\/Rz_aubucz
9 .

2. Khoang cach tir trong tdm dén tdm dudng tron ndi tiép.

1
Tacé m, = 5\/2(1)7‘ +c?)-a*.
Goi E, F 1a tiép diém ctia dudng tron ndi tiép tam I tiép xuc véi cac canh BC
va AC.
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c—b A
2

AV
— D= /r%ﬂ:l 4r? +(c -b)’ :
4 2 7L
AAIFvudng => IA=-[r’ +(p—a)® B D E C

Ap dung dinh 1i cho A4ID:
IA’GD + ID* AG ~ IG*AD = AG.AD.GD

142.GD . ID*. AG
AD

= ED=§—(p—c)=

= d' =G = -AG.GD

e r*+(p-a)’ . 4’ +(c=b) 200°+c*)-d® 9’ -3p’+2(a’ +b* +*)
- 3 6 18 - 9

d %sz —3p% +2a? +b% +¢2).

. Cac viduy
Vi duy 1. Cho tam gidc ABC, M 14 diém trong mit phing. Xéc dinh vi tri ctia M
a8 MA* + MB® + MC? dat gi4 tri nho nhét.

" Gidi:

|
|

Trude hét ban doc chimg minh MA? + MB? + MC? = GA* + GB* + GC? + 3MG*
GA2=§mj:> MA2+m2+Mc2=g(mj_;m,f+m3)+3MGz. |
Cong ba cong thitc dudmg trung tuyén trong mét tam gidc ta co:
vmj+m,f+mf=%(a2+b2+c2) |

= MA*+ MB* + MC? = %(a2 +b2 + ¢2 )+3MG?

MA? + MB* + MC? dat gi4 tri nhé nhat khi MG*=0 = M =G.
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Vi du 2. Ching minh ring trong tim tam giéc nim trén dudng tron ndi tiép

tam gidc ta c6 déng thic 5(a” + b +¢*) = 6(ab+bc +ca).

Giagi:

Tir déng thioe d =—;-\/9r2 —3p* +2(a* +b* +c*), khi G nim trén dudng tron

ndi tidp = 7 = %\/91”2 230 +2(@ + 57 +¢). Tir d6 bién dbi ta duoc dpem.

Vi du 3. Cho hai didm 4, B cb dinh. Tim quy tich M thod man
MA® + MB* = k? (k12 sb duong cho trudc).

Giii:

Goi I 1a trung'didm AB ta c6: MA> + MB* =2MI” +?12—ABZ

2k2__ 2

= 2MI =k2—%ABZ = MI* = 2 ¢ (UB=a)
i : A 2k2_ 2
- Néu k> f’—z‘/—_z: thi quy tich M 1a dudng trdn tam J, ban kinh R = —2—“

. 2 .
-Néu k < 3-2‘/: bai todn khéng c6 nghiém.
Vi du 4. Cho tam gidc ABC khong can. Cac dudng trung tuyén ké tr 4, B, C
cit dudng tron ngoai tiép lan luot tai D, E, 1 Gia st DE = DI khi d6
2BC? = AB* + AC?.
Gidgi:
Goi G 1a trong tdm => AIGD va AAGC ddng dang N D
. AC  GC
Tuong tu Q:G_D’ theo giéthiétDE =DI=> ﬁ=§§-
AB  GB AC CG
Ap dung cong thirc dwong trung tuyén:
AB®  2AB*+2BC? - AC?
AC*  24C*+2BC* - 4B

= (AC? - AB*)2BC? - AB* — AC*) = 2BC* = AB* + AC*.
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111. PUONG TRON APOLLONIUS

1. Bai todn. Cho doan thing AB =a, k 1a s cho trude (0 <k <1), M la diém
chuyén dong trOng miit phing sao cho —A_JA% =k . Tim quy tich coa diém M.

Gidi:

Phén thudn: Dung MD, ME 12 phan giéc cha AMAB => DME = 90°

Theo tinh cht dudng phan gidc va gia thiét ta c6: Iy
DA _EA_MA PN D4k
DB LB MB DA+DB  k+1
ak ak E
= DA=——, tuong ty AE=—+ (1 4 D
er e AE= ) 5

= D, E ¢b dinh, DME = 90°
= M thudc dudng tron duong kinh DE.
Phdn déo: Lay M’ trén dudng tron dudng kinh DE, qua B ké dudng vudng gbéc
DM’ ¢t M’D va MA tai Hva K
BK AB k-1 BH _DB
EM AE k ' EM DE’ v

ak  ak _ 2ak
k-1 k+1 k-1

= BK/ME =

DE = AE - AD =

Tir (1) = DB=—2—
ok+1
BH DB _ a K -1 _k-1_  BH _BK
=— = 2 =
EM _DE  k+1 2ak 2k EM EM

= BK = 2BH => HB = HK = AMBK 14 tam gidc cdn = M’D la phén giac

———

AM B=>ME 1'1 phan gi4c ngodi AM B.

Chii y: Dy 1a quy tich co ban dwoc goi 1a duong tron Apollonius, mang tén
nha toan hoc Apollonius.
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Apollonius ¢ xit Perga (khodng 262 - 190 truéc CN) — Nha todn hoc Hi Lap,
mét trong nhitng nguoi theo truong phdi Alexandria. Cong trinh cua 6ng co anh
hudng lon dén sy phat trién cia cde nha khoa hoc thoi dai méi: Thién van hoc, co
hoc, quang hoc. Ong dwa ra khdi nigm thudt ngit cdc duong conic

9

“hyperbol”, "parabol”, “elip” ,”dwong tiém cdn”.

2. Cacvidu

" Vi dy 1. Cho dudng tron (O; R), va diém M cb dinh. Mot goc vudng quay
quanh diém M cit dudng tron tai 4 va B. Tim quy tich trung diém cta AB.

Gidi:

Phan thuén: Tam gidc MAB 1a tam giac vubng, D llé trung diém AB

= MD=DB = DO*=0B’~BD* =R’ - DM" :

= DO’ +DM* =R*.

Goi I 1a trung diém OM, theo cong thic duong
trung tuyén ta co:

. A H D B
DO? + DM? —%OM2 =2DI* ‘ \/

=2DI* = R? %OM?, didu kién RV2 > OM — DI = %\/2132 -OM?*.

I ¢ dinh = D nim trén dudng tron tdm [ ban kinh DI = %\/ZRZ_ -OM*.

Phén déo: Ly diém D’ trén dudng tron (J; -;-\/2132 —OM*), qua D’ ké dudng
thing vubng géc véi OD' cét dudng tron (O) tai 4, B’
Ta chang minh M4 L MB'.

D e(l)= DO+ DM = R* » ‘\}
| )

va DO? + D'M? —%OMz =2D1*. R

H 12 hinh chidu cia M trén 4°B’ = HM? = MD"~ HD"?;
HD™ = HO* ~OD” = HO" = R* + MD" = HM? + HO" = R’.
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Chii $: Quy tich hinh chiéu H ctia M trén AB va trung diém 4B déu la dudomg
tron (1; %Jzkz —OM?) (ban doc ty ching minh).

Vi du 2. Cho tam gidc ABC khong cén. Didm M thay ddi trong tam giac thoa
min ZAMC — ZABC = ZAMB~ ZACB . Ching minh ring M thudc dudng tron
c¢b dinh. ,

Gidi: ' R D

Dung ra phia ngoai tam gidc ABC tam gidc
ADC dong dang v6i AAMB

= AD _AC s /BaC=zMAD

AM  AB
.= AAMD va AABC dbng dang (c.g.c)

= LAMD = ZABC = ZAMC — LABC = ZAMB - LACB = ZCMD.

Miit khac ZADC = ZAMB va ZADM = ZACB

= LAMB - /ACB = LADC — ZADM = ZMDC

- /CMD = ZCDM => CD = CM |

MB_CD_CM _ BM _ AB

- — = —= —————kh(”)ngdél
AB AC AC CM AC

o]
o

= M thudc duomg tron Apollonius dyng trén canh BC ti sb % . J'

Vi du 3. Cho tam gidc ABC ndi tiép dwong tron (O). Pidm M thay dbi trén
cung BC (khéng chira 4) cia dudng trdn (0). Goi 1 J 1a tim dudng tron ndi tiép
tam giac ABM, CAM. Ching minh rang dudng tron ngoai tiép tam gidc MIJ ludn
di qua diém c6 dinh. (Iran 1997). ‘ :

Giii: '

Goi N'1a giao diém cta dudng tron ngoai tiép

" AMIJ v6i (0), MI cht duomg tron (O) tai E, MJ cét
duong tron (O) tai D = EA=EB, DA=DC.

Mt khéc A = EB = EI, DA=DC=DJ .




Xét ANIE va ANJD cb6:

ZNEI = £ NDJ (chén cung MN)

ZEIN = ZDJN (cung bu véi ZNIM = £ZNJM)
NE EI AE

= hai tam gi4c ddng dang = ——
ND DJ AD

. ..oz AE
= N thudc dudng tron Apollonius dung trén doan £D vo6i ti s6 =D
" = N la giao diém cta dudng tron (O) va dudmg tron Apollonius.

Vi dy 4. Cho bén diém 4, B, C, D théng hang theo tht tw d6, 4B # CD. Diém
M thay dbi sao cho LAMB = ZCMD (M khong thudc 4B). Chimg minh ring M
thudc duorng tron ¢b dinh.

Gidai:

Goi P va O 1 giao diém cta MA, MD v6i dudng tron ngoai tiép AMBC.

Theo gia thiét LAMB = ZCMD = PB = QC M

= PQ// BC, theo dinh 1i Thales
AP DQ :

=AM 25% M | N N/ \

Theo hé thirc dudng tron = AP.AM = AB.AC

= AM2 AP
AM

=AB.AC (2)

DQ.DM = DC.DB = DM’ Bl)% =DC.DB (3)

AM?  AB.AC
DM? DC.DB’

4B C Dobdinh= 224 (nong asi = AL [ABAC
~ DC.DB oM \DC.DB

=>M thu(f)é dudng tron Apollonius c6 ti sb | AB.AC trén doan AD.
| \DC.DB

Két hop (1), 2), 3) =
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Vi du 5. Cho dudng tron (O) va hai diém M, N ndm phia trong dudng tron sao
cho O thudc doan MN (OM # ON). Tim diém 4 thudc (O) sao cho AM, AN lan
luot cat (O) tai B, C thod mén AB = AC.

Giii: "

Gid st didm 4 trén dudng tron (O) thoa mén AB = AC

= A0 12 phén gidc cta gbc LBAC = LMAN. '

Goi I'la diém chia ngoai doan MN theo ti )
M _OM
N ON

= Al'la phan giac ngodi cia goc LMAN

= 04 LAl = xac dinh duoc vi tri ciia diém 1

Dung dudng tron dwong kinh OI cét‘ duodng
tron (O) tai hai diém 4 v 4" = c6 hai vi trf trén
(O) thoa mén bai toén.
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Chiing minh ring trong moi tam giéc ta ludn c6:

a) d*+d’+d’ +d’ =12R%.

b) HA? + HB* + HC? =12R* = (a® +b* +¢?), H la tryc tAm tam gidc ABC. -
Ching minh OI* = R(R+2R,), I 12 tdm dudng tron ndi tip, R 12 béan kinh
dudng tron bang tiép géc 4.

Cho dudng tron ©) va day cung BC ¢b dinh. Diém A thay déi trén (O).

Duong tron ndi tiép tam gidc ABC tiép xiic v6i céc canh tai M, N, P. Ching
minh ring duomg théng Euler ctia tam gidc MNP di qua diém cb dinh.
Cho tam gidc ABC, diém M thay dbi trén 4B, diém N thay dbi trén tia dbi CA4

sao cho CN = 2BM. Chung minh ring dudng tron ngoai tiép tam glac AMN cé
tAm nim trén dudng tron ¢b dinh.




(Ch uong 6 J

'CAC DINH Li IEN QUAN DEN
PUONG TRON NOI TIEP, BANG TIEP

L. PUONG TRON NOI TIEP, BANG TIEP

1. Tinh chit

1.

Cho tam giac ABC, cac diéu kién sau 13 tvong dwong:

I1a tim duong tron ndi tiép tam gidc ABC.
A
I thudc dudng phan gidc ciia goc trong clia goc 4 va LBIC = 90° +—2—_.

I ndm trong tam gi4c 4ABC thoa man:
ZBIC=90°+ 2, 2410 =90 +2

2 2
Cho tam giac ABC, céac didu kién sau la
tuong duong:
J 12 tim dudng tron bang tiép goc 4 cua tam
giac ABC.
J thudc dudng phén giac trong cta goc 4,

ndm ngoai tam giac ABC va £ZBJC =90’ —g. J

. A
J thude dudmg phén gide ngoai goc B va £LBJC =90° -5




Goi 4, B, C, 14 tiép diém ctia dudng tron bang tiép géc 4 véi cac canh BC, C4,

AB. Khi d6 BC, = BA,, AB, = AC,, C4, =CB,

Bai todn 1. Goi I 12 tim dudng tron ni tiép tam giac ABC, duong thing A7 cit

dudng tron ngoai tiép tam giac ABC tai D.

Chimg minh réing DI = DB =DC.

Chitng minh:

~ Ila tAm dudng tron ndi tiép tam gidc ABC

e — — , A
= BAD=CAD = BD=CD = BD=DC.
Xét ADBI ¢6 1&73:1747%173?1:%2%2?:%(2@),
' B c

1737)=H3’E+5ﬁ)=%1§+542‘=%(§+2)
= ADBIcin = DB=DI= DI=DB=DC.

Bai todn 2. Goi 1, J 13 tAm dudng tron ndi va bang tiép clia tam giéc ABC, IJ

cét duong tron ngoai tiép tam gidc ABC tai D.
Chimg minh ring DA = DI = DJ.

Chitng minh:

J 1a tm dudng tron bang tiép A4BC img
véi goc A4

= Jnidm trén dwong phén giac BI va phan
gidc ngoai cua géc 4 hodc C = ALLAJ.

Puong thing BI cit duong tron ngoai tiép
AABC tai D = DA = DI =/DAI = Z/DIA;

ZI4J=90° = £DAJ = /DJA

= DA =DJ = DI,
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2. Cacvidu

Vi du 1. Cho tam gidc ABC, I 1a tAm dudng tron ndi tiép, Ju, Jp, Jc la tdm céc
duong tron bang tiép cta goc 4, B, C ciia tam gidc ABC. Ching minh 7 12 truc tAm

. tam gidc JuJpJc.

Gidi:
Trude hét ta chimg minh dwdng phan' gide trong ciia goc 4 va hai dudng phan
gidc ngoai B, C ddng quy.

Gia st dudng phén gidc trong ctia goc 4 va

A Iy Neoo 4 4 . J
phan gi4c ngodi goc B cét nhau tai Jy ¢

= /BJ ] =180° — ZABI -90° — ZBAI = %40

Mit khac ZICB = %LC = 4BJ,I=/ZICB

= IBJ,4C ndi tiép = J,CLIC.
Hoan toan tuong tw = A4J,, BJp, CJc ddng quy

= I1a truc tdm A JuJpJc. o Ja

Vi du 2. Cho tam gidc 4BC, D la diém trén canh BC sao cho béan kinh dudng
tron ndi tiép tam gidc ABD va tam gidc ADC bang nhau.

Chting minh ring AD =+/p(p—a).

Gidi:

|
I

Goi dudng tron ndi tiép AABC 1a (I; r). Dudng tron ndi tiép AABD, AADC 14
(O;31), (Oy;1,) . Ha céc dudng thing IH, O,E,O,K vudng géc véi canh BC.
= H=r,0EL=n,0,K=r,. A
Theo gia thiét ban kinh dudng tron ndi tiép tam
gidc ABD va ADC bang nhau = r =r,=> ti giac

0,0,KE 12 hinh chir nhat. | O TN
= 0,0, /BC va 0,0, = EK B L \D ! c




_, 00, _IH-OF _
BC IH

i)
r
1 1 1
biat p,=5(c+BD+AD), p2=5(b+CD+AD), p=§(a+b+c).
= 0,0,=EK =ED+DK =(p,~c)+(p,—-b)=p+AD-b-c (2)

Tir (1) va 2) =

r—r, p+AD-b-c AD+a-p 3)
roo . a

Theo cong thire dién tich S = pr =(p, + p,)1,

P+ D, :-;-(a+b+c+:2AD)=p+AD

S 8 yo 9 \iénddis AD = p(p-a)
p p+AD AD+a-p ‘

Thay vao 3) = ﬁ:(
. P
= AD=\/p(p—a).

Vi du 3. Goi 7 1a tAm dudng tron ndi tiép tam gidc ABC. Dudng théng A1 BI,
CI ct dudng tron ngoai tiép tam gisc ABC tai D, E va F. Dudng thing DE cét
canh AC tai M, dudong théng -DF cit canh 4B tai N. Chirmg minh ring MN song
song véi canh BC.

- Gidi:
Theo gi4 thiét BE 13 phén gidc géc ABC => AE = EC = ADE = EDC

XétAADCcéM=£Q, ) AN AD.
MC DC NB DB

Theo gié thist 4D 13 phan gidc géc 4 => DB = DC
AD_AD _ AM _ AN
DB DC MC NB

Theo dinh 1i Thales ddo => MN // BC,

Vi du 4. Cho tam gidc ABC, A <60°. P la diém trong tam gi4c, H, K 1a hinh
chiéu cta P 14n luot trén canh 4B va canh AC thoa man AC + AH = BC + BH va

AB+ AK = BC+CK . Chimg minh géc BPC <120°. (APMO).
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Gidai:
Goi O 1a tam dudng tron ngoai tiép tam gidc ABC; M va N 14 trung diém AB va
AC = OM L AB, ON 1 AC. ‘
~ Goi /12 thm dudng tron ndi tiép tam gidc 4BC va
"D, E 1a cée tiép diém cia duong tron ndi tiép véi
canh AB, AC = ID 1 AB, IE 1 AC

CA+AB—-BC
2

= AD=AE=

o BD= AB—AD = 4~ CA¥AB-BC _ AB+BC-C4

2 2
Tu AC+AH=BC+BH = AC+2AH = BC+ AH + BH
jAf]:M_
BC+CA-AB

Tuong tw AB+AK = BC+CK = AK = 5

= BD=AH = MH =MD, tuong ty NE = NK .
O 1a tm dudng tron ngoai tiép = BOC =2BAC ;

[12 tim dudng tron ndi tiép = BIC = 90° +%T4.
Theo gia thiét 4 <60° = 2?1<9o°+%74 = BOC < BIC
= BPC < BOC =24 <120°.

Vi du 5. Cho tam giac ABC‘. Goi I O 1a tAm dudng tron ndi, ngoai tiép tam
gidc ABC. Chimg minh ring AIO =90° khi va chi khi IG song song véi BC.
(G 1a trong tAm tam giac ABC).

Gidi:

Pudng théng 47 cét BC tai D va dudng tron ngoai tiép AABC tai E

3517;:%@2;),@:@
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PN [737?:113/2‘+@7:%(2+]§) = AEBI cén=> EB=EI.

AI0=90" < O L AE < IA=IE.

Mit khac AABE va ABDE ddng dang
AB _AE £_2 ABI=18D o A _A4B _
BD BE IE ID BD

G 1a trong tdm tam gidc ABC, AG cit BC tai M < % =2

Al AG
D GM

IG//BC

Vi dy 6. Cho tam giac vudng 4BC (2 =90°, AB< AC ), H 1a chan dudng cao
ke tir A, goi 7 va J 1a tm dudng trdn ndi tiép tam gidc ABH va ACH, va O 13 tam
dudng tron ngoai tiép tam gidc A1J, duong tron nay cit canh 4B, AC tai D va E
Duong thing DI cét canh BC kéo dai tai K. Chimg minh ring / 14 tim dudng tlon :
ndi tiép tam gisc OKH, va J 13 tam duong tron bang tiép tam gidc OKH.

Gidi:

BAC =90° = DE la dudng kinh dudng tron ngoai tiép tam giac A1)
= O 1a giao diém cta AH va DE

1, J 1 tAm dudng tron ndi tiép AABH va AAHC = 14J = 450 = IOJ 90°.
AH 1 BC = THI =90° = tt gidc OIHJ 1a tr giac noi tiép

= OHJ =OlIJ =45° = AHJ

DOI =2DA41I = 2J4H =IOH => 14 tam dudmg tron ndi tiép AOKH,
Tuong ty EOJ = JOH va OHJ = JHC = 45°

= J 1 tm duong tron bang tiép goc K ctia tam giac OHK. -
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Vi du 7. Cho tam gidc 4BC nbi tiép dudng tron (O), dudng phén gidc goe B
va C cht duong tron (O) tai D, E. Dyng dudng tron tim D tiép xuc canh AC,
duong tron tam E tiép xuc canh 4B. Chiing minh ring tAm ctia duong tron ndi tiép
‘tam gidc ABC nim trén tiép tuyén chung cta dudng hai tron (D) va (E). (V6 dich
Nga2002). - :

Cdch 1. Goi I 1a tdm dudng tron n(f)i‘ tiép
.tam giac ABC;

T J ké tiép tuyén IH véi dudng tron (E) va
tiép tuyén IK véi duong tron (D) = B, [, D
théng hang; C, I, I thing hang.

Goi cac tiép diém H, G, K nhu hinh v&.

Ta cod fm:ﬁ*+@=@+@=5§4+@:1ﬁ

= tam giac EBI cdn = EA=EI

Xét hai AEGB va AEHT 14 hai tam giac vudng ¢6 EH =EG va EA=FEI

= hai tam gi4c bing nhau = EIH = EBG = ECA=ECB = IH//BC.

Twong tu; ta chitng minh dwge IK//BC = H, I K thing hang.

Cdch 2. Tl A ké tip tuyén voi AP, AQ véi dudng tron tAm (E) va tam (D)

= LPAB=ZCva LQAC=LC

= P, 4, O thing hang, 4 va I d6i xfrhg qua DE 4 §

= HK déi xtmg PQ qua DE = HK 14 tiép tuyén di qua 1. “ '

Vi du 8. Cho tam giéc ABC, I 1 tAm dudng tron ndi tip tam gidc ABC, D va E
1a cac tiép diém cta dudng tron (I) véi canh AC, AB. Goi O la tdm dudng trén
ngoai tiép tam gidc BIC. Ching minh ting £Z0DC = ZOEB. (EGMO 2012).

Gidi: A

Al 1a phén gidc cha goc 4, cit dudng tron ngoai
tiép tam gidc ABC tai K.

Theo Bai todn 1 => KB = KC = KI= K =0.

D, E tiép didm = 4D = AE.
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Mit khic ZBAO = ZCAO = AEAO va ADAO bing nhau (c.g.c)

= LADO = LAEO= LODC = LOEB.

Vi dy 9. Cho dudmg tron (O) va tiép tuyén d, M 1a diém trén d. Hai diém 4 va
B thay dbi trén d sao cho M 1a trung didm 4B, céc tiép tuyén qua 4, B (khéc d) véi
dudng tron (O) cét nhau tai C. Chitng minh C thudc mdt dudng thng cb dinh.

Gidi:

© Goi D 1a tiép diém ctia dudng thing d véi (O) = dudng tron (O) 12 dudng tron

ndi tiép hodc bang tiép tam gidc ABC.

Truong hop 1: (0) 1a dudng tron ndi tiép A4BC.
Goi E 12 didm dbi xtng véi D qua M
= [ 14 tiép diém cha duong tron (J) bang
tiép cua goc C.
Goi F1a diém dbi xtng v6i D qua O. Qua
F dung tiép tuyén cat AC, BC tai P-va Q
= PO//AB
cP _CQ PQ PQ+CP-CQ PF
CA~CB 4B AB+CA-CB AE
= C, F, E thing hang = C thudc dudng thing cb dinh EF.

Truong hop 2: (O) 1a dudng tron bang tiép goc C clia tam
giac ABC. Tuong tu ta cling c6 diém C thudc dudng thing EF.

Vi du 10. Cho tam gidc 4ABC ndi tiép dwodng tron (0), I 12 tim clia dudng tron

. ) , \ . DI  BC
noi tiép, dudng thing A7 cét (O) tai D. Ching minh ring —— = ———,
o1 tiép ‘Ofng dng AI cat (O) ta g minh rdng —= =—5r s
Gidi: ' : ' A
Theo Béi todn I ta cé DB = DC = DI,
: Ap dung dinh 1i Ptolemy véi tir gidc ndi tiép
‘ABDC ta cé: AB.CD + AC.BD = AD.BC
. . B g C
D
= DIAB + AC) = DA. BC = ——I-=B—C. N/
: DA  AB+ AC i
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Vi du 11. Cho & gidc ABCD ndi tiép trong dudng tron. Goi M, N, P, Q thir tw
la tim dudng tron ndi tiép céc tam gidc DAB, ABC, BCD, CDA. Chiing minh r.':ing
MNPQ 14 hinh chit nhat. ‘

Giai:

Theo tinh chit tAm dwong tron ndi tiép tam gidc

= /AMB =90° +-;—4ADB =90° +-;-4ACB = ZANB

= tr gidc AMNB ndi tiép.

Hoan toan tuong tu ta ¢6 cac tir giac BNPC,

CPOD, DOMA ndi tiép dudng tron \

= ZOMN =360° —(LOMD + ZDMA + ZAMB + ZBMN) \
=360° — (LQAD + £ZDMA + ZAMB + ZBAN)

~360° - % +9o°+%4DBA+9o°+%4ADB+%ABAC)

=180° —%(ADAC + /DBA+ ZADB+ ZBAC) =180° -90° = 90°

= ZOMN =90°
Hoan todn tuong tu ta c6 ZMNP = ZNPQ =90°.
= tir gidc MNPQ 14 hinh chit nhat.

%
Vi du 12. Cho tam gidc ABC, I la tAm duong tron ndi tiép. Goi D, E, F 1a cac

tiép diém cta duong tron bang tiép goc 4 cla tam gidc ABC véi cac canh tam

giac. Chirng minh ring S, > %S/)m---/

Gidi:
Tir gia thiét = AD = AF, BD = BE
= /EDF = ZADF — /BDE

= (90° —%4/1) ~(90 —%AEBD)

, =%(4CBD—4A):%(180°—LB—AA)=AICB
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Tuwong ty ZEFD = ZIBC = AIBC va AEFD dbng dang (g.g)

Sy BC?

S _ FD*
' 1
Miit khac BC=%(BD+BE+EC+CF)>%(DE+EF)>5DF

- BC? 1 1
':> DF? >Z:> Sinc >ZSD/5F~

Vi du 13. Cho tam gidc 4BC ndi tiép duong tron (O) va ngoai tiép dudng tron
(). AL BI, CI cit dudmg tron (O) 14n luot tai D, E, F va DE cét CF tai M, DF cét
BE tai N, AD cit EF tai P. Goi J 1a tim dudng tron ngoai tiép tam gidac DMN.
Ching minh M, N;J, P nim trén mot dudng tron. '

Gidi:

Theo tinh chét tim dudng tron ndi tiép tam gidc
ta co: '

£LNIM + ZMDN = £BIC + LFDE

=90° + % /BAC + LFDA+ ZADE

=90° + % /BAC + Z/FCA+ ZEBC

=90° +—;-(ABAC+AABC+ABCA) =180°

= Tt gide INDM ndi tiép = ZINM = ZIDM = ZEBC

= MN/BC, hoan toan twong tw PN/AB, PM//AC

—/NPM= /BAC.

J 1a tm duong tron ngoai tiép AMDN => ZNJM =2/NDM = ZABC + LACB
= ZNJM + ZNPM = ZABC + ZACB + /BAC =180°

= P, M, J, N ndm trén mot dudng tron.
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Vi du 14. Cho tam gidc nhon ABC c6 cac dudng cao AD, BE, CF. Goi M, N la
tam duong tron nodi tiép tam gidc BFD, CDE va P, Q 14 tm dudng tron ngoai tiép
tam giac ABM, ACN.

Ching minh ring MN song song v6i PQ. (IMO Shortlist 2012).

Gidi:

AD, BE, CF 1a céc dudng cao

=> /FBD = £ZDEC va ZBFD=ZECD

= ABFD ddng dang AECD, theo gia thiét
M. N 1a tam dudng tron ndi tiép hai tam giac d6

= EIZ:—Q—M, ZMDN = £LFDC
CD DN

= ADMN va ADFC ddng dang (c.g.c)
= LDMN = ZDFC = ZDAC

= ZBMN = ZBMD + ZDMN = 90° +—;—ZBFD + ZDFC

=90° +%.4ACB+90° - ZACB =180° —%AACB"

~180° — /NCB = tit gidc BMNC ndi tiép.

Goi K 1a tdm dudng tron ndi tiép AAEF, twong ty = céc tir gidc BMKA, AI{NC
1a cac tir gidc nodi tiép = AK la day chung cta hai duong tron (BMKA) va
(AKNC), theo gia thiét P, Q la tdm cuia dudng tron ngoai tiép tam gidc ABM, ACN

=> P, O chinh 13 tAm ctia hai dudng tron (BMKA) va (AKNC) = AKLPQ.

Mit khac M, N, K 1a tAm cua dudng tron ndi tiép cac tam gidc BDF, CDE, AEF

= M, N, K ndm trén BI, CL AI

1

- = LIKN = ZNCH4 =—;—4ACB va ZLIMN = LNCB=—2—LACB

= ZIKN = ZIMN, tuong tu ZIMK = £ INK, ZIKM = /ZINM
= [1a tryc tAm AKMN
= KI1L MN = PQ//MN.




Vi du 15. Cho tam giéc nhon ABC c6 £4 = 60° (4B > AC). Goi I, H 1a tam
dudng tron ndi tiép va tryc tAm tam gidc ABC.
" Chuing minh ring 2Z4HI = 3ZABC (APMO 2007).

Gidi: A
N _ea ¥4 ’ 0 A 0
Tur gia thiét ta c6 £BIC =90 +—2— =120";
E
H 14 truc tam, ¢6 £4 = 60°
= /BHC = 180° - 60° = 120° E
= tr gidc BIHC ndi tiép. 5 L N

Z/IHA=180° — ZIHD =180° — ZIHB— ZBHD -
=180° — ZICB— Z/AHE =180° ——;-AACB—AACB

'=180° —%LACB =180° —%(1200 — ZABC) =%LABC

= 2/IHA=3ZA4BC.

Vi du 16. Cho tam gisc ABC ¢6 AB + BC = 3AC. Duong tron tdm / noi tiép tam
gidc tidp xtc voi 4B, BC tai D va E. Goi P, Q 1a diém déi ximg ctia D va E qua L
Chung minh tr gidc AQPC ndi tiép mot dudmg tron. (IMO shortlist 2005).

Gidi:

D.va E 14 tiép didm = BD = BE va AD + CE = AC,
theo gié thiét AB + BC = 34C '

= AB + BC=2BD + AD + CE

' =2BD + AC=34C
= BD = BE=A4C.
Duong thing:AQ cét BC tai M, dudng thing CP
cit AB tai N. OF, DP 1a dudng kinh, theo tinh chét
= AN = BD = AC vaCM = BE = AC

w

= AACN 13 tam giéc can tai 4 = ZACN =90° ~%ABAC 1)
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ZMQP = ZMQE + LEQP =90° — ZOME + LEQP

=90° - (90° - 5 AACB) + ZABI

= %(_AABC +ZACB) =90° —%ABAC )
Tix (1) va (2) = ZACN = ZMQP = tit gidc AQPC ndi tiép dudng tron.

Nhn xét: Manh hon ta c6 thé chimg minh 5 diém 4, Q, I, P, C nim trén mot
dudng tron. ‘

Vi du 17. Cho tam gidc ABC ndi tiép duong tron (O) va ngoai tiép du(‘mg' tron
(D). Hl1atryec tdim va D 1a tiép didm cua (I) v6i canh BC. Gia sir Of song song v6i
canh BC ching minh ring A0 song song véi HD.

Gidgi:

Goi K 13 diém déi‘x(mg cia D qua I va M 1a trung
diém canh BC, AK ct canh BC tai E theo tinh chét

ctia dudng tron ndi tiép => MD = ME = IM1a uwc
~ dudng trung binh ciia AKDE = IM//AE.

Theo gié thiét OI/BC = IOMD 12 hinh chit nhat = IO = ME= IOEM 1a hinh
binh hanh = IM//OE = O thudc dudng thing AE va KD = 20M; .

AHLBC = AH/KD, O 12 tim dudng trdn ngoai tiép | !

= AH=20M = AH = KD => AKDH 13 hinh binh hanh |

= HD//AK = HD//AO.

I

Vi du 18. Cho tam giac ABC, D la trung diém BC. Goi 1, J1a tdm dudng tron
ndi tiép tam giac ABD va ADC, P, Q 1 tAm duong tron bang tiép cia D dbi véi

© - tam gidc ABD va ADC. Chimg minh rang bbn dlem A J P, O nim trén mot

duong tron.

Gidi:
11atAm duorng tron noi t1ep tam glac ABD P 13 tdm dudng tron bang tlep cua

goc ADB.




= I va P nim trén dudng phan gidc cia
goc ADB = IDA= lﬁ, PB 1a phén giac

hgoéi ctia gbéc ABC
= PBD =90" +—%—A’I@

PBD =90° +(90° — I4AD— IDB)

=180° — IAD - IDB = AID G \ .
=> ADIA ddng dang voi ADBP = DI _ D4

DB DP
= DI.DP=DADB (1) |
Hodn toén tworig ty DJ.DQ=DADC  (2) ,
- Miit khéc DB =DC, kéthop (1) va (2) = DI.DP=DJ.DQ
= bbn diém 1, P, Q ndm trén mét dudng tron.

- A
,‘ / —
Vi du 19. Cho tam gidc ABC, I 1a tAm duodng tron - .

ndi tiép. Cac dudng thing AL BI, CI cit dudng tron
ngoai tiép tam gidc ABC thir tyr tai D, E, F.
Chimg minh AD + BE + CF> AB + BC + CA.

B T C

Gigi: : P
Theo Bai todn 1 = DB = DC = DI, EA = EC = EI FA = FB = FI
AD + BE + CF = (AI + ID) + (BI + IE) + (CI + IF) |

5(IB+IC+IC+IA+[A+IB)+%(DB+DC+EC+EA+FA+FB)

>5(13C+CA+AB)+%(BC+CA+.AB)=AB+BC'+CA.

~ Vidu 20. Cho tam giac 4BC, dudng phan gidc goc 2 cét dudng tron ngoai
tiép tam gidc ABC tai D. Chitng minh réng AD > %(AB+ AC). (MMO XIX).
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Gidi:

A
Tir C ké dudong thing song song v&i AD cat =
duong tron tai L. ‘
= AC = DE va DC=4E = DAC = ACE,AD 1
1a phan gisc BAD=DAC= BAD=ADE= AB =~  B— c
song song DE = AD=BE . W

Goi giao diém ctia AD va BE1a 1

= IA+IB>AB, ID+IE >DE

Cong hai bit dang thitc = I4+IB+ID+IE > AB+DE
= AD+BE > AB+DE = 24D > AB+ AC

= AD>%(AB+AC).

Vi du 21. Cho tam gidc ABC khong d8u, goi 7 va O 14n luot 14 tAm dudng tron
ndi va ngoai tiép tam gidc. Chimg minh ring A4I0<90° khi va chi khi
AB+ AC>2BC.

Giii: |

Kéo dai AI cht dudng tron ngoai tiép tam gide
ABC tai D. |

BAD = DAC = DB=DC.

I1a tam dudng tron ndi tiép => ADIB cén

= DI =DB. ' _

Ap dung dinh li Ptolemy véi t& gidc ABDC ta co:

AD.BC = AB.CD+ AC.BD = BD(AB+ AC) = DI(AB + AC)

AOD cin: AT <90° <> Al > ID <> AI+ID22ID < AD>2ID

& 2BC < AB+ AC.
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Vi du 22. Cho tam gidc 4BC v6i tdm dudng tron ndi tiép 1a L P 1a mdt diém

“trong tam gidc thoa mén PBA+PCA=PBC + PCB. Chitng minh ring AP > Al .

Ding thitc xy ra khi va chi khi P =1. (IMO 2006).
Gidi: |
Theo gid thiét PBA + PCA = PBC + PCB
— PBA+PCA+PBC+PCB=B+C
" = 2(PBC+PCB)=B+C=180°-4

:IT]E‘+ITC\B=9O°—§

= IS/I’\C’=]80'°—17§E—1”?,‘73=90°+§ *)

~

113 tAm dudng tron ndi tiép AABC = BIC=4+ %(ﬁq&) =90° +§

[ (*)=>B,P, I C ndm trén mot dudng tron. .
Theo Bai fodn 1 = DB = DI = DC = D 1a tim dutmg trdn qua céc diém B, P,
I C. Xét AAPD cb: AP + PD>AD = Al + ID = AP 2 Al
Déu biing xay rakhi P € AD = P =1 '

Vi du 23. Cho tam gidc ABC, goi 4, B, C| 14n luot 1a cac tiép diém ctia duodng
tron bang tiép v6i céc canh BC, CA, AB. Chimg minh ring néu tam dudng tron
ngoai tiép tam giac 4B,C, nim trén dudng tron ngoai tiép tam gidc ABC thi ABC
14 tam gidc vudng. (IMO 2013). | :

Giii: =0
Goi O 1a tim dudng tron ngoaf tiép tam
gidc 4,B,C,, theo gia thiét O ndm trén dudng tron

ngoai tiép tam giac ABC.

Theo gia thiét4,, B,,C,1a cac tiép diém cta -

dudng tron bang tiép tam gidc ABC.




= BC, =CB,, AB, = B4,, C4, = AC,.

Gia sit AC 2 AB, goi I'1a diém chinh giita cung BC chira 4

= IB = IC = £ABI = ZACI (chén cung AI)

= tam gi4c IBC; va ICB, bing nilau (c.g.0)

= IC, = IB,, theo gia thiét = I = 0.

Trén OB 1y diém Mva trén OC kéo dai l&y diém N sao cho BM =CN = OA.
T gide OABC ndi tip = ZNC4, = LOAB.

Lai ¢ C4, = AC,= ACNA,; = AAOC, (c.g.c).

Tacd LOBA, = LOBC = LOAC va AB, = B4

= ABMA; = AAOB, (c.g.c)

= N4, = OC, = 04, = OB, = M4,

= ZCAN = ZAC,0 =180° — £BC,0 = 180° = LOB,C = LAB,O = LBAM
= M, 4;, N thing hang,

Do N4, = 04, = M4, = AMON la tam gi4c vudng

= ZMON =90° = ZBAC =90° = tam gidc ABC vudng.

|

Vi dy 24. Cho tam giac ABC (£B < £C < 90%, D la didm trén canh BC sao
cho 4D = AC, dudng tron noi tiép tam giac ABC tip xtc canh BC, CA tai Eva F.
Goi J 14 tm duong tron ndi tiép tam gidc ABD. Chimg minh ring EF di qua trung
diém cta CJ. (IMO Shortlist 2006). : :

Gidi:

Goi P 1a giao diém cua EF va CJ. Tir J ké
duong thdng song song v6i EF c4t canh BC tai
M. D4t Z/BCA =2a, theo gia thiét AC = 4D, E
va F 14 cac tiép didm cta dudng tron ndi tiép
AABC = CE=CF.




T T IR

= LCEF = ZCFE=90" -«

Duong tron tdm J ndi tiép A4BD = DJ la phan giéc goc ZADB
= /BDJ =%(l80° — ZADC) =90° —ax(1)

Do JM/EF = /DMJ = /CEF =90° - (2)

= £JDM = LJMD => AJMD can => JD = JM.

Goi N 13 tiép diém cta dudng trdn (J) véi canh BC = JNLMD => MN = ND.
Ap dung cong thirc tinh d6 dai tir dinh t6i diém tiép xuc cémh tam giéc:

DM =2DN = AD + BD~ AB |

= CM =CD+ DM =CD+(AD+ BD - AB)
=CD+AD+DB-AB=BC+CA-AB=2CE

= CJ=2CP = PJ=PC.

Vi du 25. Cho tam gidc ABC, £A4=70°va C4 + AI = BC. Tinh goc ZB.

Gidi: . |

Ha IELAB, kéo dai AB 14y diém D sao cho
AD = Al

Goi do dai ba canh AABC'14 BC = a,CA = b,
AB=c.

Theo gid thiét CA + Al = BC = Al = a—b;

+ ]
Pt 5= 9F2*C

=>BE=s-b,AE=5—a.

DE=DA+AE=AlI+AE=a-b+s—a=s~-b
= DE = BE, két hop IELAB => AIBD cén = IB = ID.
= ZIBE=/IDE.
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. - 1
112 tdm dudng tron noi tiép AABC, AIDA can = £ADI = %ABAI = ZLA

= AABI=%AA

:413:%4/1 = /B=35".

Vi du 26. Cho tam giac nhon 4BC ndi tiép dwong tron (0), H 1a tryc tAm tam
giac, goi D, E, I 1a trung diém-céac canh BC, CA, AB. Dudng tron tdm D ban kinh
' DH cét canh BC tai4,, 4, Tuong ty, trén CA ta c6 B,,B, va trén AB ta ¢6
C,, C,. Ching minh rang 4,,4,,B,B,,C,,C, nim trén mdt dudng tron. (IMO
Shortlist 2008). ’

Gidi:

D, E 1a trung diém coa BC, CA = ODLBC,
OF1.CA = OD//AH, OE/BH

=> AODE va AHAB dong dang (g.g)

= AH =20D va BH=20E.

Goi K 1a trung diém AH = HK = OD va
HK//OD = tlr gidc KODH 14 hinh binh hanh
= OK = DH.

AK = OD = tit gidc AKDO 1a hinh binh
hanh = DK = O4 = R (R 1a béan kinh duong
tron ngoai tiép AABC). -

Theo gia thiét DH = DA; = AODA, 14 tam giéc vudng

= 04? = OD? + DA* = OD* + DH®.

Theo cong thitc dudng trung tuyén tam gide, cdng thirc canh va dudng chéo
hinh binh hanh ta co: |

OD* + DI’ =-;—(OH2 +DK?)= %(OHZ +04%) = %(OHZ +R?).
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= 04’ = %(0}12 +R?).

Tuong tw 047 = 04; = OB} = 0B} = 0C} = OC; = %(OHZ +R?).

Vay Ay, As, By, By, Ci, 2 ndm trén duong tron tdm O, ban kinh
%,/2(0}12 +R?).

" Vi dy 27. Cho tam gi4c cin ABC (AB = AC), D 1a trung diém canh AC, dudng
phén gidc géc ZBAC cht .cung BDC tai E. Pudng thing BD cét cung AEB tai F,
dudng thing AF va BE.cét nhau tai 7, vd CI cit BD tai K. Chuing minh ring J 13
tam dudng tron ndi tiép tam gide ABK (IMO Shortlist 2011).

Gidgi: :
A

Goi G 14 giao diém cta cung BDC véi canh

AB va M la trung diém cta BC => 4, E M E

théng hang. ‘ S R
AABC ¢in = ED = EG = ZGBE = ZEBD -~ .
= ZLABI = ZIBK. ’ - B —

.= BI'la phén giac cta gbc LABK
1

ZDFA=180° — /BFA=180° — Z/BEA = /MEB = %LBEC =2 4BDC

= ZDFA = /BEM. B ,
Miit khic ZEBF = ZFAE (cin cung cung EF)

= LBEM = £BAM + LABE = ZMAC + £FAE = ZFAD
= LIFAD = ZAFD = ADAF 1a tam giéc cdn = 4D = DF.

, , CA KD IF
Ap dung dinh If Menelaus véi AADF c4t tuyén IKC = —= 225y,
P ung mnli enelaus vol cat tuyen CD KF M
"AD = DC, BI'a phén gic géc £4BD = 1L - BE
| U B4

|_, KDBF _KDBF _ BF_KF

s D =t ()

"KIF BA KF AD ~ AD KD
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BD BF+FD BF

Miit khic ——=———""=""—+1, kéthop (1
at khac D D D &t hop (1) suy ra:
BD _BF = _ISE _KF+KD DF _AD
AD  AD KD’ KD KD )

=> ABDA va AADK (c.g.c) = £DAK = ZDBA

Ap dung tinh chét géc ngoai tam gidc ABF ta co:

LIAB = LAFD — £ABD = Z/DAF — ZDAK = LKAl

= AI'la phan gidc ZBAK = I1a tam duong tron ndi tiép tam giac 4ABK.

- Vidu28. Cho hai duodng tron (Oy, Ry) va (02, R2), (R) # Ry) khong c4t nhau.
Goi 4, B, C nim trén hai tiép tuyén chung ngoai ctia (01, R)) va (O,, R), sao

cho AB = AC ddng thoi AB, AC theo thir tu 13 tiép tuyén clia dudng tron (O)) va

(0y), goi H 14 trung didm BC. Chiing minh ring AH =R +R,.

Giai:

Goi S 1a giao diém cua hai tiép
tuyén chung ngoai (O, Ry) va (02, Ry)
=S, 01, O théng hang va nim trén
dudng phén gidc tao boi hai tiép tuyén
ngodi ciia (Or, Ry) va (Oa, Ry). s B H KCD

Puong tron ngoai tiép ASAC cht SO, tai M, SO, 1a phén gidc ZASC suy ra
MA = MC = MO,. Pudng tron ngoai tiép ASBA cét SO, tai N => NA = NB = NO,
(do tinh chét dudng phén giac cét dudng tron ngoai tiép tam giac).

Theo gia thiét AB = AC va LZASB + LANB = £LASC + ZAMC = 180°

= ZANB = ZAMC = AANB va AAMC 14 hai tam gic cén bing nhau (g.c.g)
= NO| = MO,.

Goi 14 trung diém ctia 0,0, = IM = IN, AI cét BC tai D = AI = ID.

‘Goi X 12 hinh chiéu ciia I trén CD = AH = 2IK.

1
Mgt khdc IK = (R +Ry) = AH =R +R,.

9 PL HINH HOC 129 -




II. PUONG THANG SIMSON

Robert Simson la nha toan hoc ngudi Scotland (1687-1768).- Luc dau
ong ¢ y dinh lam viéc trong nha thd nhung sy dam mé da dua 6ng sang
todn hoc, ndm 1711 8ng dugc bd nhiém gido su todn hoc cla dai hoc
Glasgow. ‘

1. Pudng thing Simson

Bai todn 1. Cho tam giéc ABC ni tiép dudng tron (0). M 1a diém tiy y trén
(0), goi D, E, H 1a hinh chiéu cia trén BC, C4, AB. Chimg minh ring D, E, H
théng hang.

Chirng minh:

Khéng mét tinh tng quat gia st M thudc cung BC.
MD 1 BC, ME 1. AC = MDEC nbi tiép

= EMC=EDC (1)

MH 1 AB, MD L BC = tir gidc MHBD ni tiép
— FIMB = FIDB (2) |

ABMC ndi tiép = MBH = MCA

= MBH + HMB = MCA + EMC =90°

= EMC=HMB (3)

Tt (1), (2), (3) = ADB=EDC = H, D, E thing hang.

Pudng thing qua D, H, E c6 tén la'dwdng théing Simson cia tam gidc ABC ting
v6i diém M (hay duong thing Wallace, dé khéi trimg véi nhé todn hoc nguoi Anh
Thomas Simpson, 1710-1 761).

Bai todn 2. Cho tam giadc ABC, M 13 diém trong mit phing chira tam giac ABC.
Goi D, E, H 1a hinh chiéu ctia M lan luot trén céc canh BC, C4, ABvA D, E, H
théng hang. Ching minh M n3m trén dudng trdn ngoai tiép tam gidc ABC.
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Chirng minh:
Theo gia thiét MD 1L BC,ME | CA,MH L AB va D, H, E thing hang.

= tit gide MDBH ndi tiép = HMB = HDB A

(chén cung < HB), HDB=EDC (d6i dinh),

ﬁ'=lﬁ7€(chéncung Z?Z’):> HMB = EMC. \E
Tt gihe AEMH ndi tiép = A+ EMEH =180° Y — c
. i+ EVIT = -+ FTWB + BAE. W

A+ HMB + BME = A+ EMC + BME = A+ BMC =180°
= ¥ gidc ABMC 13 ttr gide noi tiép

= M ndm trén dudng tron ngoai tiép A4BC.

Tt hai bai toén trén ta thiy “Cho tam gidc ABC, M l& diém trong mdt phéing
chita tam gidc va khong tring véi cdc dinh, goi D, E, H la hinh chiéu ciia M trén
ba canh cia tam gide ABC. Diéu kién cdn va @i dé diém M ndm trén duong tron
ngogqi _lié}) tam gidc ABC la D, E, H thing hang”.

Nhu véy, voi mdi didm M c6 mot duong thing Simson dbi voi tam gidc ABC
cho trude.

2. Cacvidu 1

|
Vi du 1. Dudng théng Simson ctia dinh 4 ciia tam giac 12 dudng cao ha tir dinh
d6 va duong thing Simson cia diém D dbi xtmg v6i dinh 4 qua tdm O 1a canh BC
clia tam giéc. '4
Gidi:

Déi véi dinh 4 dudng thing Simson tring voi ' A

~ dudng cao AH.
" D la diém dbi ximg ctia 4 qua tim O = 4D la ‘
. B\ c
=y
: D

duong kinh. _
= DB L AB,DC L AC = dudng thing Simson
chinh 14 dudng thing BC. '
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Vi dy 2. Néu M va N 1a céc didm thude (O), thi céc géc gifta hai duong thing
Simson cfia M va N bing nia sb do cung MN. Dic biét néu M va N dbi
xtmg nhau qua tdm O, thi c4c dudng thang Simson cta chiing vudng goc vGi nhau
tai mot diém trén duong tron Euler. t

Gidi:

AEMH ndi tidp = AEH = AMH =90° -MAC (1)

BFNK ndi tiép = BFK =BNK =90°~-CBN ()

Cong (1) va (2) = AEH + BFK =180° - MAC -~ CBN

— MAC +CBN =180° —(AEH + BFK) = EPF

= dudng thang ED va duong thing FI tao v6i nhau ‘béng nira sé do cung MN.

(Trudng hop dic biét ban doc twr chitng minh).

Vi du. 3. Cho duodng tron (O) duong kinh 4B, C la didm trén duodng tron.
Pudng phan gidc cla gbc ACB cht dudng tron (O) tai M, goi H va K 1a hinh
chiéu ciia M trén BC va CA.

Chting minh ring O, K, H thing hang.

Gidi: ’

CM phén gisc goc ACB=> MA=MB = MO L AB

Theo gia thiét MH L BC,MK L CA.

Theo bai toan 1 = H, O, K thing hang.

Vi du 4. Cho tam gidc 4BC, M la didm trén dudng tron ngoai tiép tam gidc
ABC. Goi K, P, Q l&n luot 13 cac diém dbi xtmg ctia M qua BC, C4, AB. Ching
minh P, K, Q ndm trén mot dudng théng va ludn di qua mot diém c¢b dinh, khong
phu thude vao diém M thay ddi trén dudong tron ngoai tiép tam gidc 4BC.
. (Olimpia Japan 1996).

Gidi:

Goi D, E, F 14n luot 12 giao diém ctia MK, MP, MQ véi BC, CA, AB
= MD L BC,ME 1L AC,MQ 1L AB

= D, E, F thing hang,
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Mit khac MD = DK, ME = EP, MF = FQ A I

(K S7

7

= EF 14 dudng trung binh cia AMPQ

= EF/PQ va P, K, Q théng hang.

Goi H 1a truc tim AABC va I, J 1a diém dbi
xting cua H qua AC va 4B

= I J thudc dudng tron ngoai tiép AABC

= MHIP, MHJQ 14 hinh thang can = QHJ = MJH = MAC .
Tuong tw PHI = MIH = MAB

— OHJ + PHI + IHJ = MAC + MAB + IHJ = A+ IHJ =180°
= P, Q, H théing hang

= dudng thing PQ ludn di qua tryc tAm cia AABC.

Duong thing nay cé tén la dwong thing Steiner, Steiner (1796-1863) - nha
todn hoc Thuy St, Vién st Vién han ldm Berlin (1834).

Vi du 5. Cho tam gidc ABC, M 1a diém thudc cung BC khong chita dinh A4.

Goi D, E, H1a hinh chiéu cta M 14n luot trén cac canh BC, CA, AB. '
. BC (A B
Ching minh rang ——=—— +—/-1—. (USA nam 1979). :
MD ME MH |

Gidi: '

Theo bai fodn 1 = H, D, E thing hang, céc ti
gitc MEBD, MDEC ndi tiép = MEH = MCB (chén
cung BM ), MBC = MHE

= AMEH ddng dang AMCB.
Ke M L HE = 2 - FE 1)
MD M
MHD = MBC = MAC , MDH = MBH = MCA
= AMHD ddng dang v&i AMAC = AC _HD ()
- ME MI
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e

MED = MCB = MAB, MDE + MCA =180° = MBA + MCA => MDE = MBA

AB ED
= AMED dong, dang véi AMAB = VH =— (3)

' B
Cdng hdl ve(Q)vad) = £+ AB _HD+DE HE
ME MH Ml M

BC CA' AB
Kéthop (1) = 2o =4, 45
sthop (= V=0 um

@f rong ki thi hoc sinh gidi Quéc gia Viét Nam ra truong hgp A4ABC déu:
Chotam gide déu ABC ni tiep duong tron (0), M la diém trén cung nhé BC,

Chitng minh rdng

. Cho tam gidc nhon ABC, M 14 diém thudc cung BC khong chira dinh
A. Goi D, H 14 hinh chiéu ctia M 14n lugt trén cac canh AC, 4B. Xac dinh vi tri cla

M d& DH ngén nhét.
Giii:
Ha ME 1 BC = D, E, H thing hang.

TG gide MIIBE ndi tidp = CBM =DHM, tt gidc A
MCDE ndi tibp = BCM = HDM = AHDM va ABCM
ddng dang
7\
HD M MH HD B — c
= — =" MH<MB=>"—<1= =<1 %~
BC BM’ MB BC ¢ !/

= HD < BC => HD 16n nhit khi HD = BC .
= MH = MB = MB L AB = AM 13 dudng kinh

= M dbi ximg 4 qua tdm O.
Vi du 7. Cho goéc x/O\y liy diém A cb dinh thudc phan gisc J@ Dung

dudng tron tam (1) qua O va 4 cét Ox, Oy tai Bva C; dung hinh binh hanh OBMC.
Chirng minh M 1huoc mdt dudmg thing cb dinh.
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Gidi:
Goi E 1a giao diém cua AJ va BC, diém 4 trén
phén gidc cua goc x/O\y = AC=A4B
= I41 BC,ké AH 1.Ox, AK 1Oy

— K, H c¢b dinh va K, E, H thing hang

— dudng thing Simson cta 4 dbi véi dudng
tron (1) ¢b dinh. , ‘

Hinh binh hanh OBMC ¢6 OM =20E => M thudc dudng thing d song song
v6i dudng thing Simson va cach O mot khoang khong déi.

Vi dy'8. Cho ba diém 4, B, C thugc mét dudng thing va M khong thude dudng
théng d6. Chimg minh ring tim dudng tron ngoai tiép cac tam giac MAB, MBC,
MCA va M thudc mdt duong tron.

Gidgi:

Goi 0,,0,,0, lan luot 14 tdim dudng tron ngoai
tiép cac tam gidc MAB, MBC, MCA va D, E, F 1a
hinh chiéu ctia M trén céc canh ctia AO,0,0,

= MF 1.0,0,, MD 1 0,0,, ME 1 0,0, = D, E, F thing hang.

Theo bai toan ngugce lai = 0,,0,,0,,M ndm trén mdt dudng tron.

Vi du 9. Cho tam gidc ABC va duong phén giac AD. Goi P, Q 14n luot 1a hinh
chiéu cta D trén AB, AC, tir D ké dudng thing vudng goc v6i BC cit PQ tai M.

Chtng minh ring M thudc trung tuyén ké tir 4
* cta tam gidc ABC.
Gidgi:
Goi I 1a giao didm cia dudng phan giac AD véi
dudng tron ngoai tiép AABC.
TuIké IK 1 AB,IH 1. AC ,nbi Ivéi O cét BC tai E
= EB=EC va IE 1L BC - 1
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Theo Bai todn 1 = K, E, H thing hang.
AP AD AQ AD AP AQ
DP/IK va DQUIH = ——=— vd ——="— = —="S = PO/KH.
= VAP e = " = = ak a2

MD 1 BC, IE 1. BC = DMV//IE = 4, M, E thing hang

= M thudc trung tuyén AE.

Vi dy 10. Cho tir gidc ABCD ndi tiép duong tron, d,,d,,d,,d, 1a cdc dudng
thang Simson ctia 4, B, C, D twong (g dbi v6i céc tam gidc BCD, CDA, DAB,
ABC. Chung minh réng d,,d,,d,,d, dongquy.

Gidi: |

Goi H,,H,,H,,H, 1n luot 13 truc tdm cua c4c
tam giac BCD, CDA, DAB, ABC.

= duong théng Steiner cua diém 4, B, C, D dbi
v6i cdc tam gidc BCD, CDA, DAB, ABC d&i qua
H,,HZ,H;,H4 = d,d,,d.,d, di qua trung diém
cta AH,, BH,,CH,, DH, .

Goi M 4 trung diém cta AB = CH, =20M, DH, =20M
= CDH,H, 12 hinh binh hanh

=> DH,,CH,cit nhau tai trung diém cta mdi dudng.
Tuong tw AH,, BH, cét nhau tai trung diém ctia mdi duong.
= d,,d,,d.,d, ddng quy.

Vi dy 11. Cho t& gidc ABCD ndi tiép trong dudng tron. Goi H, K 14 hirih chidu
cta B trén AC va CD, M, N la trung diém cta 4D va HK. Chiing minh tam gidc

BMN 14 tam giac vudng. . D
Gidi: y“\'/ﬁr
N3
Tt Bké BE L AD, theo bai todn 1 => dinh B v6i tam ”// S

gidc ADC ¢6 BH 1L AC,BK 1 CD = E, H, K thing hang.
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Tt gidc BEDK ndi tiép = EDB = EKB.

Tt giac BHKC ndi tiép = BHK + BCD =180".

Miit khic BAD + BCD =180°= BAD = BHK => ABHK vi ABAD dbng dang,
MA = MD va NH = NK = ABNK va ABMD ddng dang.

Xét ABMD: AMB = MDB + MBD; tuong ty ABNK: BNE = NKB + NBK
= AMB = BNE => tit gidc BEMN ndi tiép, BE L AD = BN L MN
= BMN la tam gidc vudng.

Vi du 12. Goi 4D, BE, CK 14 dudng cao cua tam gidc ABC. P, Q 14 hinh chiéu
cta E trén BC va CK. Chimg minh PQ di qua trung diém ctia KE.

Gidi:
. Tt E ha EHL1AB, theo gia thiét
EP 1 BC,EQ L CK , tir gidc BKEC ndi tiép

Theo bai todn 1 = P, Q, H thing hang.

Ta gide KHEQ c6: EHK = HKQ = KQE =90°

= KHEQ 1a hinh chi¥ nhét, KE va HQ la duong chéo

= ct nhau tai trung diém ctia m3i dudng = PQ di qua trung diém KE.

Vi dy 13. Cho t gidc ABCD ndi tiép. Goi P, O, R 14 hinh chiéu cta D trén BC,
CA, AB. Chémg minh PQ = QR khi va chi khi dudng phan gidc ABC va ADC cht
nhau trén AC. '

Gidi:

Theo gia thiét ta c6 P, O, R thing hang;

DPCQ 1a tir giéc ndi tiép = DCA = DPR.

Tuong tw DAC = DRP = ADCA v ADPR déng

dang, ADAB va ADQP ddng dang, ADBC va ADRQ
déng dang.




pp R

_,DA_DR DR_QR DP_PQ_ DA_""pc OR BA
= bc DP DB BC'DB B4 DC pP@ PO BC
, BA

DA B4
P R khi hi khi —=—
=>P0=0 i va chi IDC BC

&> dudng phén giac ABC va ADC cét nhau trén AC.

Vi dy 14. Cho hai dudng trdn (O,), (0,) chit nhau tai 4 va B. Mot duong thing
d thay ddi qua 4 cét (0,), (0,) tai C, D (4 nam gitta C va D). Tiép tuyén tai C
clia-(0,) va tai D ciia’(0,) cit nhau tai M. Goi P, Q lan luot 12 hinh chiéu vudng
goc cia B xudng hai tiép tuyén. Chiing minh PO tiép xtic v6i dudng tron c¢b dinh.

Gidi: ‘

MC, MD 12 tiép tuyén cta (0,), (0,)
= ABC = MCA, ABD = MDA

= CBD = MCD + MDC =180° —~CMD
= CBD+CMD =180°

= tir gidc MCBD ndi tiép.

Ha BH 1 CD,khido6 P, H, Q thing hang.

A, B ¢b dinh = H nim trén dudng tron dudng kinh 4B. -

Ta ¢6 PHB=PCB=CAB= PQ 1a tiép tuyén cua dudng tron
duong kinh 4B. A ’

= PQ ludn tiép xtc véi dudng tron dudng kinh AB.

Vi du 15. Cho tam gidc nhon ABC ndi tiép dudng tron (O) cb truc tdm 1a H, D
1a didm trén cung nhé BC, 14y E sao cho CE song song va bing 4D, va K 14 truc

tdm clia tam gidc ACE. Goi P, Q 1a hinh chiéu cta K trén BC va AB. Chiing minh
ring PQ di qua trung diém ctia HK. (VMO 2004).
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Gidi:

Theo gi4 thiét = ADCE 14 hinh binh hanh = ADC = 4EC, K 14 tryc tam
AEC = EK 1 AC.

Ta c6 AKC + AEC =180° = AKC + ADC =180°

= tr gidc ADCK ndi tiép = K e (0).

EK c&t AC tai [ = P, Q, I thing hang (Simson).

AH ¢t (O) tai M va cét PQ tai N = MN/KP,
KQ L AB,KP 1 BC = BOKP 14 ti gic ndi tiép.

— OBK = AMK =0PK => MPKN 1 tir gidc noi
tiép = MPKN 14 hinh thang cAn = KN = PM.

Miit khdc PH = PM = PH = KN = HPKN 14 hinh binh hanh

= NP cit HK tai truhg diém = PQ di qua trung diém HK.

Vi du 16. Cho dudng tron (O) va dudng thing d khong cit (O). Didm M thay
ddi trén d. Tir M ké hai tiép tuyén M4, MB véi (O). Goi H 14 hinh chiéu ciia O
trén-d va E, I 1an lwot 13 hinh chiéu cua H trén MA, MB. Chitng minh 4B ludn di
qua mot diém c¢b dinh tir d6 suy ra EF ciing di qua didm cb dinh.

Gidi: o o

MA, MB 1a tiép tuyén véi (O)

= OA L MA,OB L. MB,OH L MH

= niam diém O, 4, M, H, B nim trén dudng tron
duomg kinh MO. AB cét OH tai I

OM L ABil,J4d=JB = Ol.OH =0J.OM = R’

= J ¢b dinh. K& HK L AB = E, F, K nam trén
duong thing Simson ctia H d6i voi AAMB.
AIKD 13 tam giac can => D 1a trung diém IH = D ¢b dinh = EF di qua diém

¢0 dinh.
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Vi dy 17. Cho tir gidc ABCD ndi tiép dudmg tron (O), £ 1a diém bét ki trén (O).
Goi K, L, M, H lan luot 13 hinh chiéu ctia M trén DA, AB, BC, CD. Chimg minh
rémg H 14 tryc tdm cua tam gidc KLM khi va chi khi ABCD 14 hinh chir nhit.
(Rumani 2001).

Gidgi:

Theo gia thiét EK14D, EL1AB, EMLBC, EHLCD, tx M ké MGLAC,
MFLBD. ’

Theo dinh 1i dudng théng Simson = céc by ba (X, L, F),
(M, F, H), (K, H, G), (M, L, G) théng hang;

Goi P va Q la giao diém ctia EG, EF voi duong
tron (O) = LABE=£AQE, ZLFE= ZLBE

= LLFE = ZAQE = KLIIAQ.

Tuong tw MG//BP, DP//KH, CQ//MH. ' ' Q

KF1MH <> AQ1.QC, MG1KH <> BP1PD. P

Miit khéc AQLQC < LAQC = 90° »

:<:> AC 1a du(‘)rrig kinh clia dudng tron (O), twong tu BP1DP < BD la dudng
kinh ctia dudng tron (O).

AC, BD dong thdi 1a dudng kinh ctia dudng tron (O) > ABCD 14 hinh chit nhat

< Ha trye tAm cia AKLM, :

K
A A\\

AN/
’l

Vi dy 18. Cho nim diém 4, B, C, D, E thoa min ABCD 13 hinh binh hanh,
BCED 1a tr gidc ndi tiép dudng tron. Puong thing / qua 4 cit DC va BC tai F va
G thod mén EF = EG = EC. Chitng minh ring / 1 phan gidc géc 4. (IMO
Shortlist 2007).

Gidi: ' ,

Goi M, N lin luet 1a trung didm CF, CG.
Theo gia thiét EF = EG = EC = EMLCF,
ENL1CG. ‘

Goi P 1a giao diém cua BD va AC, theo gia
thiét BCDA 1a hinh binh hanh = CP = P4,
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=> PN la dudng trung binh ciia ACAG
=P MN théng hang.
" Tacé ENLCG, EMLCD, theo dinh li duong thing Simson dbi véi dudng tron
(BDEC) suy ra EPLBD, lai c6 PB = PD = AEBD cén.
" = ED=EB=> £ DBE = ZBDE.
Miit khac ZDBE = /DCE ( cing chén cung DE).
T gidc BCED ndi tiép = ZBDE = LECG = £DCE = LECG
= ACFE, ACGE bing nhau (c.g.c) => CF = CG = ACFG cén
= /CGF = LCFG, ZCFG = £BAG (dbng vi).
ZBGA = ZGAD (so le) = ZBAG = LGAD
= AG la phén giac clia goéc £LBAD.
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BAI TAP CHUGONG 6

Cho tam giac 4BC ngoai tiép dudng tron bén kinh R. Goi Jy, Js, Je 12 ba
tam dudng tron bang tiép tam gidc 4BC. Tinh ban kinh dwong tron di quo
Ja I Je. -

Cho tam gidc ABC vudng tai 4, dubrng cao AH. Goi 0,,0; 14n luot 12 tAm céc
dudng tron ndi tiép tam glac ABH va ACH, dudng thing 0,0, cit 4B, AC 14n
luot tai M, N. Chimg minh ring AM = AN.

. Cho tam gidc ABC vudng tai 4, dudng cao AH. Goi I, J 1 tim dudng tron ndi
tiép tam gidc ABH va ACH; P, Q 1a tdm dudng tron ngoai tiép tam giac IAB

va JAC. Chiing minh ring PQ song song véi 1.

Cho tam gidc ABC dudng tron ndi tip tam / tiép xuc véi BC, CA tai D va E.
P va Q 13 hai diém trén BC va CA sao cho CP = BD va CQ =A4E. Goi M 1a
giao didm AP va BQ, dudng tron (J) cit AP tai N.

Ching minh AN = PM. (IMO 2001).

Cho tam gidc ABC dudng tron ndi tiép tam J tiép xic véi BC, CA, AB 1an luot
tai D, £, . Goi M 13 trung diém BC, chimg minh ring DI, AM, EF dong quy.




=

[ Chuong 7J

CAC DINH Li LIEN QUAN DEN
DU'ONG PANG GIAC, PUONG POI TRUNG

I. PUONG PANG GIAC
1. Dinh nghia

Hai dudng thang di qua dinh cia mot géc va tao véi dudng phén gidc clia goc
d6 nhitng goc bang nhau dugc goi 14 cic duong diing gidc dbi véi cac canh cua
goc do.

Hai diém goi 1a ddng gide ndu ndi mdi dinh tam
giac voi hai didm d6 1a nhimg cip dudng dang giac.

Vi dy. Tam gidc ABC ndi tiép dudng tron (O),
dudng cao AH va ban kinh 4O 1a hai dudng dang
gidc cla tam giac ABC. '

2. Dinh i

Hai didm M, N & trén hai dudng théng xut phat tir mt dinh ctia mét géc, hinh
chidu hai diém d6 1én hai canh ciia géc 13 M), M, va Nj, N», hai dudng thing d6
duoge goi 1a cac dudng thing déng gidc khi va chi khi MM;.NN; = MM;.NN.

Chitng minh:

Thudn: MM;10x, NN;1LOx va MM,1 Oy, NN>1Oy

Gia thiét ZMOM, = ZNON; = AOMM; va AONN,; dong dang.

143 -




AOMM, va AONN, dong dang (g.8)
MM, OM MM,
NN, ON NN,

= MM,.NN, = MM,.NN,

Ddo: ‘
MM, NN, = MM, NN, = s _ MM,
- NN, NN,

MM, //NN,;, MM>//NNs=> ZM;MM; =ZN;NN;

= AM;MM; va AN,NN, ddng dang

= /MM,M;= ZNNN,.

Tit gidc OM; MM, va ON;NN; la céc tir gide ndi tiép

= /MMoM,; = ZMOM), ZNON;= £NNN; => ZMOM, = ZNON.

3. Tl'nh' chit

1.Bbn diém M,, M,, N, N> nim trén mdt dudng tron.

- 2.M,M>10ON, N;N,LOM.
3.Cho tam gidc ABC, AM, AN 12 hai dudng déng gidc
BM.BN _AB’
CNCM  AC?

(Dinh Ii Steiner).

Chitng minh:

Suw _BM . Sy _ABAM . BM _ AB.AM
S CN ~ S,, ACAN =~ CN ACAN’

BN _ AB.AN
Tuong ty — =
CM  AC.AM

BM BN _ AB’

S>———= :
CN CM AC?

ACN
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4, Cacvidu

Vi du 1. Cho tam gidc ABC, M va N 1 hai diém ding gidc, M), My, M3, Ny, N3,
N; 14 hinh chiéu ctia M, N trén ba canh. Chimg minh séu diém M), My, Ms, Ny, N,
N;nim trén mot dwong tron va MM, MM;. MM3 = NN;.NN,.NN;.

Gidi:

Tw dinh li va tinh chét cta duong ding gidc
M, M, N;, N> ndm trén mot duong tron;

Tuong tw M, Ms N N3 nim trén mot
dudng tron

= sau didm M), My, M3, N; Ny, N3 n3m trén
mdt duodng tron va O 13 trung diém MN 1a tAm
dudng tron di qua sau didm do.

Chimng minh tich MM;. MM, MM; khong ddi (ban doc ty chimg minh).

Vi dy 2. Cho tam giac {IBC khong cén, dudng tron qua B, C cit ’CA, AB tai D
va E. Goi M, N 14 trung diém cta CE va BD. Goi H va K 1 hinh chiéu ctia M trén
BC, C4, va P, Q la hinh chiéu coa N trén BC, AB, I 1a trung diém MN. Chimg
minh ring tam gidc IHP va IKQ cén.

Gidi:

Theo gia thiét MH1BC, NP1BC = NP//MH

—» tit gidc MHPN 14 hinh thang vudng.

Do IM = IN = I n3m trén trung truc hinh thang
MHPN = I nam trén trung truc PH

= [H = IP = AIHP cén.

Theo gia thiét dudng tron qua B, C cét canh AC,
ABtai D, E = £DCE = ZDBE (chén cung DE).

=> AACE va AABD c6 gbc £A chung.

= hai tam giac ddng dang (g.g), M va N 13 trung diém cia CE va BD.

= AM, AN la cac dudng trung tuyén ctia AACE va AABD.

= LCAM = ZBAN = AM, AN 1a dudng déng gidc clia AABC.
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~ TU MKLCA, NQL1AB, dung NG1AC, MF1A4B, theo tinh chit duong déng giac
trong tam gidc = K, G, F, Q nim trén mot dudng tron.
" Theo phén trén = IK = IG va IQ = IF = IK = IQ = AIKQ cén.

Vi du 3. Cho tam gidc ABC va M la diém déng gidc cia tam gidc. Xéc dinh
didm déng gidc thir hai ctia tam gidc ABC.

Gidi: ‘

Bai nay thuc chat 1a bai cing ¢b dinh nghia vé
dudng ding gidc cla tam giac. E

Duyng dudng thing AD dbi xtmg v6i dudng thing
AM qua dudng phan gidc géc. Dung dudng thing - i
CE d6i xtmg voi CM qua dudng phéan gidc goc ACB, B - c
giao diém ctia AD va CE 1a N.

Ban doc tu ching minh N 13 diém déing gi4c thit hai cta tam gidc ABC.

Vi dy 4. Cho dudng tron (O) v hai didm B, C ¢ dinh, 4 1a diém trén (O) sao
cho tam giac ABC 14 tam gidc nhon, H 14 tryc tdm tam gidc ABC. Goi I 12 trung
diém doan AH, dudng phan gidc goc ABH va phan gidc gbc ACH c4t nhau tai D.
Chimng minh ring dudng thdng DI di qua diém cb dinh.

Gidi:
Theo gia thiét H 1a tryc tim AABC = BHLAC,
CHLAB = /HBC = 90° -

— /ABH= /B~ /HBC=/B+ 2£C—-90°
=90°—

= /DBH = %(90° —/A), ZDBC= /DBH + ZHBC

— /DBC =45 —-;-LA +90° — £C =135° —40—%44

Tuong ty ZDCB =135 —AB—%AA

= /DBC+/DCB=270" - £B-£C~£A=90° = ZBDC = 90° .
Tt O ha OELBC = EB = EC, I1a trung diém cta AH = IH = OE = OAIE 13
hinh binh hanh = Z0AI = ZEIH.
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Kéo dai 40 cit duong tron ngoai tiép A4BC tai P

= ABLBP vi ZAPB= /ACB

= LBAP = ZCAH, tuong ty ZACH = ZBCO = O v& H 14 hai diém déng giac
cua AABC. ‘

= LOAH = ZBAC - 2£BAO = /4 - 2(90° — ZC) = LEIH

= LIEC=90° — ZEIH =90° — (LA —180° +2£C) =270° - 2/C - 24

ABDC 1a tam gidc vudng, EB = EC = /DEC =2/DBC=270°-2.C - £A

= I, D, E thing hang = DI ludn di qua trung diém BC.

Vidu 5. Cho 4, B, C, D trén mot dudng thing theo the ty d6, P 1a diém thoa
min LAPB = ZCPD, goi PG la phén gidc goc £BPC.

Chimg minh ring — + L = 1 + L . (IberoAmerican 2015).
G4 GC GB GD '

- Gidi: P
Nhgn xét PB, PC la duong dc‘z:ng gidc ciia APAD,
do do coi vi dy nay nhw la tinh chdt cia duong ddng
gidc trong tam gidc.
bat AB=a, BG=b,CG=¢,CD=d
t r_r,t 1 1 1.1 :
GA GC GB GD a+b ¢ b c+d % ° ¢ P
< (a+b+e)e+d)b=(c+b+d)a+b)c.

Bién d6i rit gon ding thirc & bd(a+b) = ac(c +d). A

B3 dé. Trén canh BC ctia tam gide ABC 14y didm D
~. . BD _sinZBAD.sin ZACB '

Talubn c6 —=- - .

DC . sin ZADC.sin ZABC

Chirng minh: B D C

BD _ di(ABD) _ AB.ADsin ZBAD _ sin ZBAD.sin ZACB

DC di(ADC) AD.ACsin ZDAC sin ZADC.sin ZABC'

bit Z4PB=/ZCPD=a, ZBPG = ZGPC = p.

" LPAD=¢, LPDA=y, ZPGA=.
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Tr6 lai bai toan: APAG, APDG, APAD theo bd dé:
a _sinasind ¢ _sinfsiny c+d _sin(a+f)sing _sing
b sinfsing’ d sindsina’ a+b sin(a + B)siny  siny
ac(c+d) _ s?nas§n§s1.nﬂs.1nysl.n¢ —1e bd(a+b) = ac(c+d).
|  bd(a+b) sinfsingsindsinesiny

'Vidu 6. Cho tam gidc 4BC, dudng phan gidc AD (D thudc BC), P va Q trén
AD théa mén £PBA = ZQBC = £BAD. Goi M, N 12 hinh chiéu cta P trén AB, AC

vi H 12 hinh chiéu ctia Q trén BC, E 1a hinh chidu ctia H trén MN. Ching minh
ring AH, BN, CM déng quy.

Gidi: N

Theo gia thiét ZPBA = Z/QBC = /BAD

= BP, BQ 14 dudng ding gidc cua tam N
gidc ABD, theo dinh li Steiner ta c6: E

M|
QD PD _ BD?
QA PA  AB* Q
AD 12 phén giac goc £A, ta co: %=%§ B 5 C

2 ..
= %% - -_gjz => theo dinh Ii Steiner déo CQ, CP 1a dudng ding gide cia

ACAD =5/DCQ = LPCA = BH CN AM _ cot ZOBC cot ZPCA cot LPAB

= =1.
HC NA MB  cot ZQCB cot LPAC cot £LPBA
_ Theo dinh li Ceva thi 4H, BN, CM dng quy.

II. PUONG POI TRUNG
1. Pinh nghia
7 Dudng fhéng va duong trung tuyén coa tam gidc xuét phét tir mot dinh, d6i

ximg v6i nhau qua dudng phén gidc cia goc d6, dugc goi 1a dueong doi trung.

(Pudng dbi trung 14 trudng hop dic biét ctia dudng déng gide).

148:




Vi dy. Tam gitc ABC vudng tai 4, duong cao AH 1a dudng dbi trung.

Chitng minh: A

AHIBC = /BAH= ZACB;

AD 14 trung tuyén = DB = DC = AD

= LDAC= /DCA => Z/BAH= /CAD ; .
H D

= AH va AD d6i xting qua phén giac goc 4.

2. Pinh Ii
M 1a diém trén canh BC cla tam gidc ABC, AM 1a dudng dbi trung khi va chi
2
kni B_c
MC b
Chirng minh: " A

AM 12 duong dbi trang = /BAD = ZCAM

SA/;/) = AB.AD m %4t khéc SABI) =£

Siw  AC.AM’ Siew  MC

ABAD _ DB |, 2 bwmC
AC.AM ~ MC

£BAD = LCAM => ZBAM= ZCAD S

Sums _ ABAM . Sy, _MB | AB.AM _ MB o
Sep ACAD — S,, DC ~ AC.AD DC

AB> MB __MB ¢

7 = =27
ACT MC  MC b

" Ddo lai. Gia sit AM khong 1a du'ong d6i trung, ta ké duong dbi trung AN, theo

~ chimg minh trcn ta co:

NB ¢ ~MB NB - MB.+MC NB+NC

NC b = MC NC =~ -~ MC NC

BC_BC_ .y

MC NC

Nhén hai vé ctia 4 (D)2 2) v6i nhau =

149




Pinh li ndy mang tén nha todn hoc Steiner Jakob (1796-1863)- Nha todn hoc
Thuy s, Vién st Vién han ldm khoa hoc Berlin 1834. Ndam 1832 Ong xudt ban
tdc phdm “Nghién ciru mot cdch hé thé'ng sw phu thugc lén nhau cua cée anh

~ hinh hoc”.

3. Tinh chét

Tinh chdt 1. Pudng ddi trung cta tam gi4c 1a quy tich clia nhimg diém ma
khoang cach tir d6 dén hai canh tam gidc ti 1¢ v6i hai canh dy.

Chitng minh:

Phén thudn: Goi M 1a diém trén duong
thing AE, k¢ MH1AB, MK1AC = MH va MK
14 khoang cach tir M dén hai canh 4B va AC.

Theo gi thiét: @=_’i§_f_
MK AC b

Tir didm N bit ki trén trung tuyén AD ké
NP1AB, NQIAC, AD la trung tuyén

.
= S =S

NP _NQ NP AB:>MH NP

AB AC NQ AC MK NQ

= MH.NQ = MK.NP
= AE 13 dudng dbi trung ctia AABC.
Phdn déo: Ly M trén AEké M H 14AB, MK 1AC, N trén AD’

= MH.NQ=MK NP = MH _ P =< = (dpem).
MK NQ b
Tinh chit 2. Trong mdt tam gidc cac dudng dbi trung cit nhau tai mot diém.
(Diém d6 dugc goi 12 diém Lemoine). ' -
Lemoine (1840-1912) - Nha todn hoc Phdp. Tinh chat nay Lemoine chu'ng
minh ndm 1873,
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Chirng minh:
Gia st AE, BF 14 hai duong dbi trung cét nhau tai
M, tr M ha MH1BC, MK1CA, MG1AB.

Theo tink chdt 1 = MG _ ﬁ MH _BC
MK AC ' MG Bd’

Nhan hai déng thirc v6i nhau ta duoc:

MH —Q:> CM la duong dbi trung clia tam

MK C4
giac ABC.

4. Cac vi du

Vi du 1. Cho tam gidc 4BC, trung tuyén AD va dudng dbi trung AE. Ching

; beyJ2(b° +
AF— 24B.AC T d6 suy ra AD = 2B+ -a”

AD  AB*+4C* b2 +¢>

minh réng

Gidi: _

AE 13 duong dbi trung = ZBAE =/CAD
Sy _ BE _ AB.AE '
S, CD AC.AD

:>AE AC BE _2AC.BE
AD~ ABCD ABBC

BE AB2 BE AB? BE

Miit khac — 5 =— > =—
CE AC BE +CE AB*+AC*® BC
AE _ 2AB.AC s AE = AD. 24AB.AC

AD  AB+ AC? ABY+ AC?’
' AB’ +AC* _BC*
2 4

Theo cong thirc dudng trung tuyén ta cé: 4D* =

22
o AD= bcw/ R g

b +c?
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Vi dy 2. Cho tam gidc ABC ndi tiép duong tron (O), tiép tuyén tai B, C v6i
duwdng tron (O) cét nhau tai D. Ching minh ring AD la dudong dbi trung cua tam
gidc ABC.

Gidi:

Dyng dudng tron-tdm D ban kinh DB, dudng thing AB, AC c4t duomg tron nay
tai P va O = tir gise BCOP ndi tiép = LPBC + LPQC =180°.

/PDB + Z/BDC + £CDQ = (180° — 2£PBD) +
(180° - 2/DBC) + (180° —2£DQC)

=540° - 2(£LPBD + £DBC + £DQC) = 180°

= P, D, O thing hang, AABC va AAQP dbng
dang (g.g)

— /CAM =/PAD (Duong thing dbi ximg véi
AD qua dudng phén giac gbc 4 cat canh BC tai M);

Mit khac DP = DQ => AD la trung tuyén AAPQ

= AM 1a trung tuyén AACB => AD 1a dudng d6i trung.

Nhén xét: Vi dy nhu mot tinh chét nhung khéng dua vao phén tinh chét, vi khi
" 1am bai hoc sinh phai chimg minh. Gitp cich xdy dung dudng tron ngoai tiép @é
tao ra dudmg dbi trung.

Vi dy 3. Cho tam gide 4BC ndi tiép dudng tron (O), tip tuyén tai 4 cit canh -
BC tai D. Chung minh ring be = —IZ;
DB ¢
Gidi: : ‘
AD 12 tiép tuyén = £LABC = ZDAC (chén cung AC)
= ADAC va ADBA dbng dang (g.g).'

D4 _AC__ DA b

- = > 3

DB 4B DB ¢

Matkhac 24 -2€ ., pcoB=D# @ \_ ° /°
DB DA
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DCDB _b _ DC_b*
2

T () va2 =y =,
(DVva @) =p e DB? c? DB ¢
EC b __EC_DC
AE 13 dut dbit AMBC = —=—=>—
a dudng doi trung cha C EB 02 78 DB

— D va E chia trong va ngoai doan BC nhimg doan théng ti 1&.
Do d6, 4D con goi 1a duwong dbi trung ngoadi clia tam giac ABC.
Vi dy 4. Cho tam giéc ABC ndi tlep dudng tron (0), tiép tuyén tal A cat canh

. BC tai E. Pudng tron qua 4, E, O c4t dudmg tron (O) tai D. Chimg minh ring AD
1a dudng dbi trung cia tam giée ABC.

- Gidi: o
AE 12 tiép tuyén cua (O) = OA1AE, dudng tron qua 4, E, O c4t (O) tai D
= LEDO=90° = ODLDE
— DI 1a tiép tuyén cia dudng tron (O)
= DE1a duérng dbi trung cia ADBC .
= AD 1a dudng dbi trung cia AABC.

Chii y: Vi du >tuy dcn_rgién nhung thufyhg

xuyén dugc dp dung dé dua v& xac dinh
duong dbi trung dé giai.

Vi du 5. Chting minh ring trong tam gidc vuéng, diém Lemoine 1a trung diém
cta dudng cao ké tir dinh gbc vudng.” '

Gidi: 7

Theo tinh chit AHLBC => AH 1a dudng dbi
trung cua tam gidc vudng 4BC. Goi I la _diém
Lemoine trén AH.

T I ha IMJ_AB INLAC theo tinh chit cta .

IH- BC IH _BC

du'orng dbi trung = —=—, —="—
' : ]M AB’ IN C4’
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_ H _IM_IN _IHBC_IMAB_IN.AC
BC 4B 4AC BC*  4B*  4C? ,
[HBC IM.AB _IN.AC _IH.BC+IM.AB+INAC

BC*  AB*  AC? BC? +CA* + AB?
2SA,,(2, _ AH.BZC _AH _ o AH
2BC* 2BC*  2BC T2

Vi du 6. Cho tam gidc 4ABC, G la diém Lemoine
cta tam giac. Goi D, E, F 1a hinh chiéu cua G trén
ba canh tam gigc. Ching minh rdng G 1a trong tdm

-~
il

tam gidc DEF
Gidi:
Kéo dai FG 14y diém K sao cho GK = GF.
GF1A4B, GELAC = tit gidc AFGE ndi tiép = LFAE = ZEGK.
G 14 diém Lemoine cta tam gidc = —F= gli:>~G—F— = 48, GK = 4B
: . AB AC = GE AC ~ GE AC
— AGKE vi AABC ddng dang (c.g.c) ' S
= LGKE= /ABC, GD1BC = ttt gidc BFGD noi tiép
‘= /DGK = ZABC = ZGKE = £DGK = GD//EK.
GF = »GK = DG di qua trung diém EF, twong tw EG di qua trung diém ciia DF
= G la trong tdm ADEF. ,

- - Vidu 7. Cho hai Vdux‘mg tron (0y) va (O,) cét nhau tai 4 va B, tiép tuyén tai 4,
B v6i dudmg tron (O,) cét nhau tai D, M 1a diém tiy y trén dudng tron (O1), M4,
MB cit dudng tron (O) tai P va Q. Chimg minh ring MD di qua trung diém cia
PQ. (Russian 1997). ’
Gidi: o
Tir gia thiét = DM 1a dudong déi trung
clia AMAB; goi 1 1a trung diém ctia 4B
= AI'la dudng trung tuyén coa AMAB
= LAMI = £BMD.
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Theo gia thit, APQOB 1a tit gi4c ndi tiép = LMAB = ZBQP = LMQP

= AMAB vi AMQB dbng dang (g.g)

Pudng thing MD cét PQ tai E, MI 1 trung tuyén clia AMAB.

Do tinh cht ciia tam gidc ddng dang = ME 1a trung tuyén ctia AMOB

= [ 1 trung didm PQ. :

Vi du 8. Cho tam gidc ABC va dudng tron ndi tiép tam gidc tiép xic véi cac
canh BC, C4, AB lan luot tai D, E, F, AD cat EF tai P. TU P ké cac duong thing
song song DE cit D tai M, song song v&i FD cét DE tai N. Chirng minh tr gi4c
MNEF ni ticp.

Gidi:

Tam giac DEF ¢6 canh AE, AF 1a tiép voi duong tron ngoai tiép va cét nhau tai
A theo Vi du 2 = DA 1a dudng dbi trung cua ADEF.

PE DE’ ) )

Theo tinh chét duong d6i trung = —— = PE DF* = PF.DE" (1)
PF DF?

Véi gié thidt PM/DE, PN//DF, theo dinh li Thales ta c6:

bM _ EP — DM .EF = EP.DF

DF LF

P 2
= DM.DF = EP.DE" _EP e

EF  EF

Tuong tv DN.DE =— P pg? .
EF

Kéthop (1) = DM.DF = DN.DE = t& gidc MNEF noi tiép.

V1 du 9. Cho tam giac ABC khong cén, M la trung didm BC. Trén AM 14y hai
diém D va E sao cho AD = BD va AE = CE, duong thang CE cit BD tai K.
Duong tron qua B, C cit canh AB, AC tai P va Q Chumg minh ring 4K di qua
trung diém PQ.

Gidi:

Ap dung dinh Ii sin cho AKAB va AKAC:

AB  sinZAKB AC sin ZAKC

—_—_——, ——

AK  sinZABK ' AK sin ZACK'
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AB _ sin ZAKB.sin ZACK "
AC ~ sin ZABK.sin ZAKC

Ap dung dinh 1i sin cho ABAM va ACAM:

AB _sinZAMB AC _ sin ZAMC
BM  sinZBAM’ CM  sin ZCAM
4B _sinZCAM @
AC  sin ZBAM

sin ZAKB.sin LACK _ sin ZCAM
sin ZABK.sin ZAKC  sin ZBAM

Goi I, J1a trung didm 4B, AC = DILAB va EJLAC = AADB vi AAEC cin

= LABK = ZBAM, ZCAM = ZACK. '

Két hop (3) = sin ZAKB =sin ZAKC = ZAKB = LAKC

= LABK + £BAK = LACK + LCAK.

= £LBAK + LKAD+ £BAK = ZCAD + £LCAD+ LKAD = ZBAK = LCAM

= AK 12 dudng d6i trung ctia AABC = LCAM = LBAK (4)

Dudng tron qua B, C cit 4B, AC tai P va Q = AABC va AAQP ddng dang
(g.2). Tr (4) = trung tuyén ctia AAQP nim trén AK, _

= AK di qua trung diém PQ. |

CTa(D)vaR) =

€)

Vi du 10. Cho tam gi4c can ABC (4B = AC), M 13 trung diém canh BC. P 1a
diém trong tam giéc sao cho ZPBC = /PCA. _ :
Chimg minh ring ZBPM + £APC =180°. (Poland 2000).

A

Gidi: _
Theo gid thiét ZPBC = ZPCA = P nim trén
cung tron qua B, C va AC 12 tiép tuyén.

Dung cung tron tdm O 1a giad diém cua trung
truc BC véi duong théng vudng géc v6i AC tai C,
AABC can = AC, AB 14 tiép tuyén cla cung tron

= AP 13 dudng dbi trung ctia ABPC. ‘
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PA cit BC tai D = PD 14 dudng dbi trung cia ABPC
= /BPD=/CPM = /BPM= /CPD
= /BPM+ ZAPC = ZCPD + £LAPC = 180°.

Nhin xét. Déy llé bai ap dung duong dbi trung qué hay véi cach giai don gian,
song dé c6 duoc nhu vy phai biét dung dudng tron (O; OB), d6 chinh 1a cdi
ngudn cta Vi du 2.

Vi dy 11. Cho tam gidc ABC ngoai tiép dudng tron (0), qua B va C ké tiép
tuyén v6i dudng tron (O) cét nhau tai D, AD cét BC tai E. Pudng tron ngoai tiép
tam gidc ABE cét canh AC tai Q, dudng tron ngoai tiép tam giac AEC cét canh 4B
tai P. Chimg minh ring EP = EQ.

Gidi:

Theo Vi du 2 = AE 1a dudng d6i trung ctia A4BC.

T giac APEC 14 tir gidc ndi tiép

= /ZBPE=ZACB

= ABPE va ABCA ddng dang (g.g)

= BE_PE = PE=91-BE )

BA C4 BA
Twong tw ACEQ, ACAB ddng dang

BA
= QF=" CE @

@ °

CE AC?

2 2 2
Tir (1), (), (3)=> PE_CABE CA _CA'BE_CA PA
OFE B4 CEBA BA*CE BA*CA

2
Miit khac, AE 12 duong dbi trung = BE _ = A8

= PE = QF.

Vi du 12. Cho 4, B, C thing hang va theo thit d6. Qua 4, C dung dudng tron
(O) tiép tuyén tai 4 va C véi duorng tron (O) cét nhau tai P, doan thing PB cht
dudng tron (O) tai Q. Ching minh ring phén gidc géc AQC luén di qua diém cb
dinh khi duong tron (O) thay dbi. (IMO Shortlist 2003).
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Gidi:

Theo Vi dy 2 dudng tron (0) di qua 4, C va tiép
tuyén tai 4, C ciit nhau tai P, doan PB cét 0) tai O
= OB la dudng dbi trung ctia AQAC.

2
Tt tinh (.hclt cta dudng don trung = —= o4 >
C ocC
Q B4 — (1), dudng phén giac AAQC cét
~ oc Ve &P | \
AC tai E, theo' tinh chit ctia dwong phén gidc _ A ¢
= L4 _o4 =(2), tr (1) va (2) :Eﬁ= ﬂ,
EC QC EC \BC

P
‘BE '

Vl du 13. Cho tam gic ABC ndi tlep dudng tron (0), tiép tuyen tai 4 cat canh
BC tai D, dudmg tron ngoai tiép tam gidc ACD cét canh AB kéo dai tai E. Chung
minh .rcmg tam giac ADE cén.

theo gia thiét 4, B, C thing hang = % khong dbi

= [ 1a diém ¢b dinh = phén gidc géc LAQC ludn
di qua diém E cé dinh khi dudng tron (O) thay déi.

Gidi:

Tiép tuyén tai 4 véi dudng tron ngoai tiép
AABC cét canh BC kéo dai tai D = AD 1a dudng
DB'. A32
“AD1a tiép‘ tuyén ctia dudng tron (O) ‘

= LABC = £ZDAC

déi trung ngoai cia AABC = —

BA
= ABAD, AACD dbn dan :>———=—
ong g(g.g) C - CD @

Dudmg tron ngoai tiép AACD cét canh AB tai E = tix gidc ACDE ndi tiép
= £BAC = £ CDE => AABC va ADBE dbng dang (g.g)
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AB DB AB* ADDB
== ="_03),ttQR)va3) = = » ket hop (1

T oE W@V = S5 =mr kéthop (1)
_, DB _ADDB _ DA _\ . 14— DE=> ADAE cén,

CD CD.DE  DE _

Vi dy 14. Cho déy 4B thugc dudng tron (O) va hai diém M, N thay ddi trén do,

dudng trdon qua M, N ddng thoi tiép xuc.véi dudng tron (O) tai P. Chimg minh
“ring phén gidc gbc MPN ludn &i qua diém cb dinh.

Gidgi:

Goi dudng tron (O)) thay dbi di qua M, N trén AB
va ludn tiép xic voi (0). Goi P 1a diém tiép xic cua
hai dudng tron, tir P ké tiép tuyén véi dudng tron
(O) cit AB tai S = PS ciing 1a tiép tuyén cta (O))

= PS la dudong dbi trung ngoai clia APAB va
| S4 DA 3
APMN = — =——, trong d6 D. va trung diém I ctia
SB DB '
“AB d6i xtmg qua phén giac ZAPB

= D, I c¢b dinh = dudng phan gi4c ludn di qua diém gifra cung AB

= phian giac géc MPN di qua diém cb dinh.

Vi du 15. Cho tam gidc nhon ABC ndi tiép duong tron (O). P 1a diém 1L12°1m
-~ trong tam gidc ABC sao cho ZPAB = £PBC vi ZPAC = £PCB, tiép tuyén voi
“dudng tron (O) tai 4 cit canh BC tai Q. Ching minh ring ZAQP = 2Z0QB.
(USA TST 2005).

Gidi: | S

Dudng tron tm O; qua 4, B tip xuc véi
BC = /ZPAB = £PBC = P la giao diém
cta hai duwong tron O, O, dudng tron tdm
0, xac dinh ytu'ong twv nhu O;. O; la tdm
dudng tron ngoai tiép AABP, va 0 13 tim g
dudng tron ngoai tiép A4PC, 0,0; cét BC
tai Q.
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AB_____ AB 4B o AC
2c0sZOBA 2c0s(90-B) 2sinB’ e T oknc

= OB=

OB _OB _ABsinC _ AB?
QC OC ACsin B AC2

Theo céch dung O;B/0,C = =—

= 04 1a dwdng dbi trung ngoai ciia AABC

= QA 1a tip tuyén tai 4 v6i dudng tron ngoai tiép AABC = OALAQ ,

Goi M 1a trung diém BC = OMLBC = tt gidc QAOM ndi tiép dudng tron
du(mg kinh OQ.

Kéthop £APB = 180° - ZBAP - ZPBA =180° - ZABC => 4, P, M thing hang,
0,0; di qua trung didm AP va vudng goc voi AP

= £4QO0, =%AAQP = ZOQB=> LAQP =2.00B.

Vi dy 16. Cho tam gidc ABC ndi tiép dudng tron (O), tiép tuyén tai B va C véi
duong trdn (O) cét nhau tai K. Pudng trung trye 4B, AC cét dudng phan gide goe
A tai M, N; dudng thang BM, va CN cét nhau tai P. Chirng minh réng AK di qua
tAm dudng tron ndi tiép tam gidc PMN

Gidi:
Vi gia thidt di cho = 4K 1a duong déi trung
cta AABC, KO cit cung BC (khdng chira 4) va
canh BC'tai Eva D
= [ 1a diém chinh gitta cung BC va DB = DC R
= AFE 14 phédn gi4c cla géc; 4, AD la trung P
tuyén clia AABC = AD, AK d6i xtmg qua AE, B D C
OMLAB, ONAC, AE 1a phén gidc géc 4 \ =
= AOMN cén = APMN cén.

Goi H 14 truc tam AOMN, I3 tAm duorng tron ndi
tlep APMN

= ZIMN = —;—ABMN = %(ZBAM +ZABM) =%ABAC
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ZHMN =90° - ZONM = %LBAC

= | H dbi xang nhau qua AE.

péA I K 1hén_g hang ta cdn chimg minh 4, H, D théng hang.

Goi J 1a giao diém OP va AE, véi AJOE ta c6:

A—JE—]—J—Q =1 (Ban doc tu chirng minh) = (dpcm).

AE DO HJ

Vi du 17. Cho tam gidc nhon ABC ndi tiép dudng tron (0), hai diém B, C ¢
dinh va A thay dbi trén.(O). Trén cac tia AB va AC 1an luot 14y céc diém M, N sao
cho MA = MC va NA = NB. Pudng trdn ngoai tiép tam gidec AMN va (O) cit nhau
tai P (khéc 4). Dudng thdng MN cét dudng théng BC tai Q.

1) Chting minh ba diém 4, P, Q thing hang.

2) Goi D 14 trung diém ctia BC. Céc dudng tron c6 tdm M, N va cing di qua 4
c4t nhau tai K. Dudng thing qua 4 vudng goéc véi AK cit BC tai E. Pudng tron
ngoai tiép tam gidc ADE cit (O) tai F. Ching minh dudng thing EF d&i qua mét
diém c6 dinh. (IMO 2014). ‘

Gidi:

1) Bén diém B, M, C, N nim trén mdt dudng tron = OB.QC = QM.ON
= ( nidm trén truc déng phwong ciia dudng tron (O) va dudng tron (AMN)
=4, P 0 th'fmg hang.- :

2) Theo. gia thiét M4 = MC = M nim trén trung tryc AC = MOLAC.
Tuong tw NOLAB = O 1a tryc tim ctia AAMN = AOLMN (1)
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Mit khéc M, N la tAm hai dudng tron qua 4 cit nhau tai K = MNLAK, két hop
v6i (1) = 4, O,K thing hang = OALAE, theo Vi dy 4 = O thudc dudng tron
" (AED) = EF di qua giao diém cta hai tiép tuyén tai B va C v6i duong tron (O).

Vi dy 18. Cho tam gi4c nhon ABC ndi tiép dudng tron (0), B va C ¢b dinh, 4
thay dbi. Dyng ra phia ngoai hai hinh vudng ABDE va ACGF, FA cit BD tai M,
EA cét CG tai M, dudng tron ngoai tiép tam gidc DMF cét dudng tron ngoai tiép
ENG tai P va Q. Ching minh ring PQ luén di qua diém cb dinh.

Gidi:

Gia sit DE va GF cét nhau tai P’ = £ZP DM = /P FM=90°

— P’ thudc dudng tron ngoai tiép tam gidc PP
DMF, tuong ty ZP' EN= /P GN =90°

= P’ thudc dudng tron ngoai tiép tam giac
ENG =P =P.

ZEAM = £FAN (d6i dinh),

=> LEAM + ZMAB = £FAN + ZNAC = 90°

= LMAB = Z/NAC

= AABM, AACN ddng dang

o AM _AN L AMAC = AN.AB

AB C

= AMAF = AN.AE = A thudc tryc ding
phuong ciia hai duong tron (DMF) va dudng
tron (ENG) => P, 4, Q thing hang.

ABDE 13 hinh vudng = DE//AB = khoang c4ch tir P dén 4B chinh la d6 dai
canh hinh vudéng ABDE. - .

Twong tw khoang cach tir P dén AC 1a d dai canh hinh vudng ACGF, mit khéc
E4_ A 4 o tinh chit = AP 1a dudng d6i trung cta A4BC.
AB  AC _ A

= PQ di qua giao didm ctia hai tiép tuyén véi dudng tron (O) tai B, C; theo gia
thiét B, C ¢b dinh = K cb dinh.
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BAI TAP CHUONG 7

Cho dudng tron O va hai diém B, C ¢ dinh trén O (BC khong 1a duong kinh).

Mot diém 4 thay dbi trén O sao cho tam gidc 4BC nhon, E va F lan luot 13

chén du(‘yng cao k& tir B va C. Cho dudng tron (I) thay dbi qua E, F. Gia st (I)
DB cotB

tiép-xtic voi BC tai D. Chimg minh ring — = .
DC cotC

Cho tam giac ABC ndi tiép trong dudng tron (0). Tiép tuyén cia (O) tai B, C
cét nhau tai 7. Goi S 13 diém thudc dudng thing BC sao cho AS vudng géc
v6i AT. B;, C; ndm trén ST (C; ndm gitta B; va S) sao cho B;T = BT = C,T.
Chimg minh ring tam gidc 4BC ddng dang véi tam gidc AB,C).
Cho hai dudng tron (O), (O’) cét nhau tai hai diém B va C. Diém 4 thay dbi
trén (O) sao cho A khéc B va C. Goi E, F theo thir tw 1a giao diém thir hai coa
AB, AC véi dudmg tron (O°). Goi M, N theo thir tu 13 trung diém ctia AB, AC.
Céc dudng thing BN va CM cét nhau tai P. Pudng tron ngoai tiép cac tam
gidc BMP va CNP cit nhau tai diém thtt hai Q. Goi K 14 trung diém cia EF.
Chimng minh ba diém 4, O, K cing thudc dudng thing d va d ludn di qua mot
diém ¢ dinh khi 4 di dong trén (O).
Cho ba diém 4, B, C théing hang theo thi ty d6. Xét dudng tron (Q) di qua 4,
C va khdng ¢6 tAm nim trén dudng thing AC. Cac tiép tuyén cia tai 4 vacC
cit nhau tai P, doan BP cét (Q) tai Q. Chimg minh ring phén giac g(’)c AQC
di qua mét diém cb dinh.
Cho hai dudng tron (Oy), (O ) ¢4t nhau tai hai diém phén biét 4, B. Mot tiép
tuyén chung ciia hai dudng tron (0;) va (03 ), voi P 12 tiép diém cia (Oy), Q
14 tiép diém cta (0, ). Tiép tuyén tai P, Q clia dudng tron (APQ) cit nhau tai
S. Goi H 1a diém d6i ximg cta B qua dudng thdng PQ. Chimg minh ring S, 4,
H théng hang (VN TST 2001).
Cho tam gidc ABC, M va N 14 hai diém trong tam giac thoa man
LMAB = ZNAC, ZMBA = ZNBC . Chitng minh dang thirc:
AM.AN  BMBN CMCN |
AB.AC  BABC CACB

=1 (IMO Shortlist 1988).
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[ChmngégJ

CAC DINH Li LIEN QUAN PEN TU GIAC.
. T GIAC TOAN PHAN

I. TU GIAC TOAN PHAN

1. Pinh nghia

Cho (& gide ABCD c6 canh AB va canh CD
cit nhau tai M, canh AD va canh BC cit nhau
tai N, hinh gdm tu gidc ABCD va AB cét CD,
AD ¢t BC duge goi 1a #k gide toan phdn.

2. Tinh chit

Tinh chit 1. Céc duéng tron ngoai tiép cc tam gidc ABN, BCM, MAD, NCD
cing di qua mot diém.

Chirng minh:

Gia str dudng ngoai tiép AMAD va ACDN cét nhau tai E (E khéc D).

T& gidc DCNE néi tiép = ZMDE = ZCNE. |

T gidc ADEM nbi tidp = LMAE = ZMDE.
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= ZMAE = ZCNE = tt gidc ABNE nbi tiép

= I thudc dudng tron ngoai tiép AABN.

Mit khac LZECN = ZEDN va ZEDN = ZAME

=> LAME = ZECN = tr gidc BMEC
ndi tiep.

=> E thudc dudng tron ngoai tiép ABCM

= 'bbn dudng tron ngoai tiép céc tam
gidc ABN, BCM, MAD, NCD cung di qua
diém E.

Diém E goi 1a diém Miquel cia ti gidc toan phén.

Miquel 1 nha todn hoc Phdp (1840-1926) it nguoi biét dén ong. Sinh thoi éng
ong la gido s todn, thanh vién Vién han lam Luxembourg, 6ng cé dinh li mang
tén Ong duoc gidi thiéu & phan cudi.

Tinh chét 2. Goi 0, 0, 03, Oy 1an luot 13 tAm duong tron ngoai tiép c4c tam
gidc ABN, BCM, MAD, NCD khi d6 O;, O, O3, O, va diém Miquel cing thude
mdt dudng tron.

Chirng minh:

Ap dung dinh 1i do ciia dinh li dwong thing Simson dé chimg minh (Ban doc
ty chirng minh). ' I

Dudng tron nay cé tén duong tron Miquel.

Tinh chit 3. Chan céc dudng vudng géc
ha tir diém Miquel 1én céc dudng thang 4B,
BC, CD, DA cing nam trén mdt dudng thing

(Puong thing Simson). '

Tinh chat 4. Céc tryc tAm clla cc tam gidec B

ABN, BCM, MAD, NCD nim trén mét dudng
thing (Puong thiing Steiner ciia tir gidc).
Tinh chét 3, Tinh chit 4 ban doc ty chimg minh.
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Tinh chét 5. Céac trung diém céc doan théng AC, BD, MN ndm trén mot
duong théng.
‘ Chitng minh:
Goi 1 E, F 14n luot 1a trung diém BD, AC, MN
va K, G, H 1a trung diém cta CN, CD, DN
= F, Il, K thiang hang; I, G, H théng hang, E,
G, K thing hang va FK//MC, IH//BC, EK//DN

IG _BC FH _ MD ﬁl(_ AN
IH BN’ FK M(, EG AD

Nhan ba ding thitc ta duge: 20 711 EK _ BC MD AN

IH FK EG BN “MC AD
Ap dung dinh li Menelaus v&i ACDN véi ba diém B, 4, M ta co:

BC AN MD _ - IG FH EK

BN AD MC IH FK EG
= I E, I thing hang.

- Puong thang qua  E, F duoc goi 1a duong thing Gauss.

Gauss Carl Friedrich (1777-1855) - Nha todn hoc Di, tdc phédm néi tiéng ciia
Ong 1a “Nghién ctiu s6 hoc”, trong d6 c6 phuong trinh duong tron x"—1= 0, 6ng
da fim duoc cdc gid tri n sao cho n - da glac déu dung dwoc bang thudée va compa,
deic biet x' — 1 = 0, trén m¢ chi ciia 6ng cé khdc hinh da gidc déu 17 canh.

T l’nlz chit 6. Duong thing Steiner va dudng théng Gauss vudng goc voi nhau.

Dinh li Miquel dbi voi tam gidc: Trén cdc canh cua tam gzac ldy ba diém, khi
s ba dwong tron ngoai tiép tam gidc tgo boi boi dinh va hai diém trén haz canh
xudt phdt tiv dinh do gzao nhau (gi mjt dtem

v Chung minh:
Ba diém D, E, F trén canh BC, C4, AB. Gia

sir duong tr(‘)n ngoai tiép AAEF va ABDF cét
nhau tai M -

= /A + LEMF = 180° /B+/FMD = 1800.
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= LA+ LEMF +/B +/FMD = 360°

= 180°- ZC +360° - ZEMD = 360°

= £C+ LEMD = 180°

= tlt gide EMDC ndi tiép = ba dudng tron cét nhau tai M.

Diém M ciing goi 12 diém Miquel trong tam giéc.

II. TU GIAC PIEU HOA

1. Pinh nghia
T gidc ABCD ndi tiép dudng tron dong thm thoa

D
. AB _CB \ /
nman : .,
AD cp o C _ y

Vi dy. Cho dudng tron (O) va diém M. Tir M ké tiép tuyén M4, MB va cét
tuyén MCD (MC < MD) v6i duong tron (O). Ching minh tir gidc ADBC 1a tir giac
didu hoa. -

B

Gidi:
MA, MB 12 tiép tuyén v6i dudng tron (O)

= LADC = /MAC = AMAC vi AMDA

K MA AC
ddn dang = — ==
g dang (g.g) - DA

Tuong tw AMBC, AMDB dong dang

MB  BC MA = MB= AC:££

MD DB D4 DB

=t gidc ADBC 13 ti giac didu hoa.

Nhin xét: Tt gide ABCD 14 tir gidc didu hoa khi tiép tuyén tai 4 va C va
duorng thang BD dong quy, hoic tiép tuyén tai 4 va C cung song song voi du‘(mg
thang BD.




2. Tinh chét

_ Tinh chit 1. T4 gide ABCD la ti gxac diéu hoa thi AC. BD 24B.CD =
2BC.AD.

Chirng rhinh :
ABCD 1a ti giac diéu hoa = AB _ C—B AB.CD =CB.AD.
4D CD
‘Mt khac ABCD 1 tir gide ni tip, theo dinh li Ptolemy ta c6:
AC.BD = ABCD+ BC.AD = AC.BD = 24B.CD = 2BC.AD.

Tinh chéit 2. Tt gidc ABCD 1a t& gide didu hoa néi tiép dudng tron (O), tiép

tuyén tax A va C it nhau tai M, AC cét BD tai E thi @ £D
MB  EB’

CDsin ZDCM

MBS, CBsinZBCM

ED S, ADsin ZDAE

EB S, ABsin/BAE'

ABCD nbi tiép duong tron (O) va MA, MC
12 tiép tuyén.

= sin/BCM = sin/BAC = sinZBAE, smADCM =sinZDAE.
AD CD . MD ED

ABCD latu giac dleu hod = —=— = —=——.
AB CB MB EB

MCD

\

|

|

Chirng minh: A i
\ |

|

|

MD S

MD ED

Djt: (MEDB) = —— =~

Tinh chit 3. Tir giac didu hoa 4ABCD, dudng phén .giéc

. ; A
che goc £BAD, /BCD va dudng thing BD ddng quy. ﬂ\

Chirng minh:

Gia str duong phén giéc gbc ZBAD cit BD

tai I, theo tinh chét dudng phan gidc = £B =— AB .
. ED' AD
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ABCD 1 tir gidc didu hoa = A8 _CB_, CB_BE
AD CD _ CD ED

=> CE 1a phén giac cua géc ZBCD = (dpcm).
Tinh chét 4. ABCD 1a t& gi4c didu hoa, M 1a

giao diém tiép tuyéntai A va C, MO c8t ACtai I
thi 47 14 phan gi4c géc ZBID.

Chirng minh:
AC, BD cht nhau tai E = 2. - MB
ED MD

= I(MEBD) 14 chim didu hoa, IMLAC => I4 1a phan gidc géc ZBID.

Tinh chét 5. Cho t&r gidc ABCD, tiép tuyén tai
A va C cit nhau tai didm M thudc BD thi tiép
tuyén tai B va D gdp nhau trén AC.

Chirng minh:

V6i gia thiét dd cho tir gidc ABCD 1a tur giac
didu hoa => (dpcm).

Tinh chéit 6. ABCD 13 t& giac didu hoa, AC, BD cht nhau tai E, khi d6: |

EB _ AB’
ED AD*’

Tinh chdit 7. ABCD 1 ti gidc diéu hoa, M 14 trung diém AC thi ZADB =
ZMDC. :
Chitng minh:
Hai tinh chét nay cho thdy ABCD 1a tir gidc diéu hoa = 4D 14 dudng dbi trung
ctia tam gidc ABC, do d6 ban doc ty chimg minh.

Qua dé cho thdy duong doi trung ciia tam gidc va tir gidc didu hod lien quan

mdt thiét vi nhau.

169 .




III. CAC Vi DU

" Viduy 1. Cho tit gic toan phin ABCD, AB cht CD tai O, AD cét BC tai P, AC

cét BD tai G, QG cét BC tai M. Chiing minh ring MB _ EE
MC PC’
Gidi:
Theo dinh 1i Menelaus véi AQBC, véi 4, D, P
thang hang = —= A9 PBDC_ 1 (1)
AB PC DQ

Ap dung dinh 1i Ceva véi AQBC, céc dudng
OM, BD, C4 ddng quy = A9 MB bC =1()
‘ AB MC DQ

TH () va @) AQ PBDC _AQ MBDC _ MB _PB
ABPCDQ ABMCDQ  MC PC

Nhn xét: Day 1a mot tinh chét cia tir gidc toan phan Ban doc hay viét nhung
déng thuc tuong tu.

Vi du 2. Cho tit gidc ABCD nbi tiép duong tron (O), 4B, CD cét nhau tai E,
AD, BC cét nhau tai F, AC, BD ct nhau tai G. Pudng tron ngoai tiép tam gidc
ADE va tam gide DCF cét nhau tai H, dudng phan gidc goc AHB cit AB tai I,
duong phan gidc DHC cét DC tai J. Chimng minh ring /, G, J thing hang.

Gidi:

Theo gia thiét H chinh 13 diém Miquel cta
t& gidc todn phin ABCD = EHCB nim trén
mot dudng tron '

= LADH+ ZAEH = 180",

£BCH+ LAEH = 180"

= /ADH = /BCH, _

4DAH = ZDEH = LCEH = ZHBC

= AADH va ABCH &dng dang (g.g).
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AH_AD_DH s
BH BC CH

AG AD

AAGD, ABGC ddng dang (g.g) = “— =22 (2
g dang (g.8) = — - 2c @

Gia thiét HI 1 ‘phén gidc ZAHB, HJ 1a phan gidc ZLDHC
AH _AI DH_DJ |
BH BI' CH CJ
AG Al DJ .
Tu (1), (2) va 3) @ —=""=—"= = GI 1a phén gidc LAGB, GJ la phén
(1, (2) va (3) 3G Bl CF phén g p
gidc géc £DGC, mat khac ZAGB = ZDGC (d6i dinh) = I, G, J théng hang.
Vi du 3. Cho tir gidc ABCD ndi tiép dudng tron (O) c6 hai dudng chéo 4C va
BD vudng goc v&i nhau tai M. Khi d6 doan thing néi trung diém mét canh véi M
vudng goc canh dbi dién va nguoc lai. (Dinh li Brahmagupta).

Brahmagupta la nha todn hoc, nha thién vin hoc nguoi An do (598-660). Tdac
phdm chinh cia éng phdn 16n nghién citu dai 56 va s6 hoc, trong dé c6 phép gidi

- phuong trinh bdc hai c6 nghiém thyc.

Giii:
Gia st M1 1a dudng cao AAMB, MI c4t CD tai E;
Theo gia thiét ACLBD = ZABM = ZAMI

ZAMI = ZCME (dd), mét khic ABCD ndi tiép
> LABM = ZABD = ZACD ,
= LEMC = ZMCD => AEMC cin = EC = EM = EM = ED = ED = EC.

- Nguoc lai ED = EC, EM cht AB tai | = £/BMI = ZDME = /MDE = ZMAI
= LAMI + ZMAI=90° = MILAB

Vi du 4. Cho tam gidc 4BC néi tiép dudmg tron (0), D 1a diém tdy y trén BC,
duong théng qua D cét 4B tai E va AC kéo dai tai F. Pudng tron qua B, D, E cht
duomg tron (0) tai M, dudng thing MF, MD cét dudng trdn (O) tai N va P. ‘

Chimg minh ring PN = AB. '
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Gidgi:
Pudng tron qua B, D, E va dudng trdn qua 4, B,
C cht nhau tai M, theo tinh chdt cla tir gi4c toan
phin AEDC = didm M la diém Miquel = dudng
tron qua C, D, F s& qua M = tit gidc CDMF ndi tiép
= /FMC = ZFDC (chén cung FC).
Do M, N, B, C thudc duong tron (O)
‘= LFMC = ZNBC
= LFDC = £ZNBC = BN//FD.
CDMF ndi tiép = £DMC = £DFC (chén cung DC).
Mit khdc ZDMC = LPMC = /PAC = LPAC = £DFC
= AP//FD = AP//BN

= it gidc BNAP 13 hinh thang cén (tir gi4c noi tiép dudng tron)

= hai duding chéo bing nhau = PN =AB.

Vi du 5. Cho tit gidc ABCD, dung ra phia ngoéﬁ céc hinh vu(”)ng‘ABEF BCGH,
CDIlJ, DAKL v6i céc tdm tuong ‘mg 14 M, N, P, O khi d6 MP va PQ vuong goc

v6i nhau va bing nhau.(Pinh i Van Aubel).
H. van Aubel la nguoi dd cong b6 bai toan nay néim 1878.

Gidi:

Trude hét ta chimg minh bai toén phu:

Cho tam gidc ABC. Dyng ra phia ngodi tam gidc ABC cdc hinh vudng AMNB
va APQC, goi I, J 1d tdm ciia hai hinh vuéng dé va E 1d trung diém BC, F la trung
diém MP. Chitng minh tam gidc IEJ la tam gidc vudng cdn, tir do suylra nr gide
EIFJ I hinh vuéng. ' ‘ .

Chitng minh: M
X6t hai tam gidc AAMC va AAPB:

AM = AB, AP = AC (canh hinh vudng)

ZMAC =90° + LBAC = LPAB.
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= AAMC vi AABP bing nhau (c.g.c)
= MC = BP va ZACM = ZAPB.
Theo gia thiét FM = FP IM =1B

= [F'1a dudng trung binh cia AMBP = IF//BP IF = %BP

‘ E
Tuong tw FJ = %CM — IF=JF = AF/cAn. ¥ "
Goi H 1a giao didm MC va PB, K13 m——_ A ,
giao diém PB véi AC. : o N
G
Tam giac APK va HCK cé: L 0
ZMCA= ZAPB, ZAKP = ZHKC (dd) 5 ¢

= LCHK = ZPAK = ZIFJ =90°
= AFlJ vudng cén.

Tro lai bai toén:

Goi trung diém AC 12 O; -

Theo chirng minh trén ta c6 OMLON, OM = ON va OP10OQ, OP = OQ
= AOMP va AONQ bing nhau = MP = QN vi MPLQON

Vi du 6. Cho dudng tron (O) va day AD, goilla diém d6i xu'ng cia 4 qua D,
ké tiép tuyén IB véi dudng tron (O), tix ‘A dung tlep tuyén véi (0) cit IB tai d’ CD
cit dudng (O) 14; £. Chiing minh réng EB song song v&i AD.

Gidi: | |

Véi gia thiét = C4, CB la tiép tuyén

= ti gidc AEBD 14 tir gide diéu hoa
DA EA

mit khic AD = DI
DB EB’
= ﬂ = ﬁ , ADBE ndi tlep
DB EB’

= /BDI = /BEA = ABDI, ABEA dbng dang (c.g.c)
= LCBE= LEAB= /BID = BE//AD. '




Vi du 7. Cho tam gidc ABC, M la diém trong tam giac sao cho AM, BM, CM
cht BC, CA, AB 1n luot tai D, E, F. N 1a diém trén BC sao cho AM vudng goc voi
MN; goi PvaQla didm dbi xtmg ctia M qua DE va DF.

Ching minh rdng P, O, N thing hang.

Gidi: -

Theo gia thiét P va Q dbi ximg véi M qua DE
va DF = DP = DM = DQ = O, M, P ndm trén
dudng tron tim D ban kinh DM.

Mzt khic AMLMN => NM 14 tiép tuyén ciia
dudng tron (D).

Goi K 12 didm dbi xtng cta M qua BC = K thuoc dudng tron (D) = NK 1a

tiép tuyén coa (D) = MOKP 1a tir gide difuhoa=N, P, Q thing hang.

Vi du 8. Cho tir gidc ABCD ndi tiép dudng tron, dwdong phén gidc goc
/BAD, ZBCD gip nhau trén dudng chéo BD. Duong thing qua C song song v&i
AD cit duong thing di qua 4 va trung diém BD tai P. Chitng minh ring tam gidc
PCD 14 tam gi4c can. (Moldova 2014).

Gidi:

Theo gia thiét dudng phan glac cac  gbc
/BAD, ZBCD cit nhau trén BD, goi E 1a giao diém
hai dudng phén gidc d6 trén BD, theo tmh chét cta
AB _BE _CB |
AD DE CD

=t gidc ABCD 1a tir gidc diéu hoa, theo dihh
nghia tir gide didu hoa = tiép tuyén tai 4 va C cét
nhau trén BD, goi giao didm cia hai tiép tuyén 1a T,
gia st M 12 trung diém BD, tir d6 suy ra AC 12 dudng
dbi trung ctia giac ABD.

Két hop ABCD ndi tiép = LCDT = LZCDB = £CAB = ZMAD.

CP/AD = £DAP = ZAPC , ZPCD = £ADC.

TC 1a tidp tuyén = ZACT = ZADC (cling chén cung AC).

duong phdn gidc = —
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= LACT = LPCD = /DCP = ZDCT = £PCA
3 CT CD
= ADCT va APCA @ong d L) > —=—
va ong dang (g.8) i P

= ATAC va ADCP ddng dang (c.g.c).

ATAC 1a tam gidc can = ADCP 13 tam gidc can.

Vi dy 9. Cho tam gidc ABC ndi tiép dudng tron (O), 4 ¢b dinh B, C thay dbi va
BC song song véi dudng thing cho trude. Tiép tuyén tai B va C véi dudng tron
(O) cét nhau tai D. Goi M 14 trung diém BC, duong thing AM cht duong tron (O)
tai N. Chimg minh ring DN luén di qua diém c6 dinh.

Gidi:

Tiép tuyén tai B, C v6i dudng tron (0) = 4D la
dudng dbi trung ctia AABC.

MB = MC = /BAD = ZCAM.

Duong thing DN cit dudng tron (O) tai I = ID 1a
duong dbi trung ctia ABIC = /NIC = ZMIB, nhung
4NIC = LCAN = ZNIC = /DAB.

Goi AD cit BC dudng tron (O) tai E = EN/BC

=> AI//BC, BC song song vé&i dudng théng cho truée, 4 ¢ dinh = 7 ¢b dinh.

Ngoai ra, ta con cach dung tinh chit: Tt gidc ABEC, ANCI 14 tir giac didu hoa
tir d6 suy ra 7 cd dinh. |

Vi du 10. Cho tr gidc ABCD ndi tiép dudng tron, AC va BD cét nhau tai E, 4B
va CD cét nhau tai-F. Goi [ J 1a trung diém ctia BC va AD. Chimg minh rang EF
14 tiép tuyén dudng tron ngoai tiép tam gidc ELJ.

Gidi:

Kéo dai EI 14y diém P sao cho IP = IE A

=> BECP 14 hinh binh hanh. '

Tuong ty dung AEDQ 13 hinh binh hanh.

Xét tr gidc toan phén BFCE, goi K
1a trung diém EF = K, I J thdng hang
(Dudng thdng Gauss)

= F, P, Q thing hang.




Tir gidic ABCD ndi tiép = AFBC va AFDA ddng dang => % - %%

CAD 4D

ABEC, AAED ddng dang = —
BE AE DQ

BC BE _ FB _BE

é AD  DQ DO FD " Do’

LFBE = /FDQ => ABFE vi ADFQ dbng dang (c.g.c) = ZBEF = ZDQF.

Miit khic Z/BEP = /DQE => ZFEP = ZEQF = ZEJK.

= K 12 tiép tuyén ctia dudng tron ngoai tiép AEL.

Vi dy 11. Cho dudmg tron (O1) va (O2) cht nhau tai 4 vA B, mét tiép tuyén
chung PQ (P thudc O; va Q thudc O,). Tiép tuyén tai P va Q v6i dudng tron ngoai
tiép tam giac APQ cét nhau tai E, goi D 12 diém déi xting véi B qua PQ. Ching
minh ring 4, D, E thang hang. (STS 2001). :

Giii:

PQ 12 tiép tuyén ctia duong tron (Oy) va (O3)

= LPAB = £BPQ, ZQAB = ABQP => ZBPQ + /BQP = ZPAQ.

Theo gla thlet D dbi xiing v(n B qua PQ ‘

= LPDQ = /PBQ=180° — ZBPQ — Z/BQP = 180°— ZPAQ

= tir gidc APDQ ndi tiép.

AB cit PQ tai M => MP = MQ

= APBM va AAPM ddng dang (g.g)

BP _MB
AP MP’

Tuongtu &=A—ﬂi:> BP _AP

AQ MQ  BQ TAQ
Theo gi4 thiét PB = PD, BQ = DQ

1) D
= b = AP = tir gidc APDQ 1a tir gi4e diéu hoa = E, D, 4 thing hang
DQ AQ
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Vi du 12. Cho tam gidc ABC, dudng tron ndi tiép tam giac tiép xuc véi canh
BC, CA, AB 1an luot tai D, E, F, duong thing AD cit dwong tron (1) tai didm thi
hai 1a M, BM, CM cét duong tron (D) tai P va Q. Chimg minh ring 4D, BQ, CP
ddng quy.

Gidi:

BC, AC tiép xtic véi dudng tron (1) tai D, E = tt gidc MEQD la ti giac didu
hoa = ME.DQ = DM .EQ.

MEQD nbi tiép = MQ.DE = ME.DQ + MD.EQ

= MQ.DE =2ME.DQ = Mo _2ME.DQ
QC  DEQC
Tuong tw MIFPD 13 tr gide didu hoa

BP  BP.DF
PM  2MF.PD
N DC MQ BP _DC 2ME.DQ BP.DF

. 1
DB QC PM DB "DEQC 2mFPD
Tt gidc MEDF cfing 12 tir gidc didu hoa = ME _ DE
MF  DF
‘ co ¢p BP  DP
ACDQ va ACMD dong dang (g.g) = —= = ——, tuong ty — = —— (3
O g dang (g.g) DO DM gt - DM()
. |
’ y |
Ty, @) DCMQ BP _DC DOBP g\ o DC MO BP |
DBOC PM DB DPCQ DB OC PM

Theo dinh 1i Ceva = MD, BQ, CP dbng quy.

Vi dy 13. Cho tam gidc nhon 4BC ndi tiép dudmg tron (O), dudng phén gidc
goc £B, ZC cét dudng tron (O) tai M va N. G 1a diém trén cung nhé BC, I, I 1a
tdm dudng tron ndi tiép tam gidc ABG va ACG, goi P 13 giao diém thtr hai cta
duong tron (O) v6i dudng tron ngoai tiép tam gidc GIL, D la trung diém MN.
Chting minh rang P, I, D théng hang.

Gidi:

Theo gia thiét 7;, I la tam dudng tron ndi tiép AABG va AACG va M, N 1a giao
diém ctia phan gide goc LAGC, ZAGB véi dudng tron (O),
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— MA = MC = ML, va NA = NB = NI; (1)
Xét APMD, APNI; c6:
ZPNI, = ZPNG = ZPMG = £LPMI,
ZPL,G=/PIG = £LML,P= 4NIP
—> hai tam gi4c ddng dang.
PM MI2 _ MA

Két hop v6i (1) = ——=—2=— = tir gidc AMPN 12 tix gidc diéu hoa.
, PN NI, NA

Goi Q la tiép diém cia dudng tron tiép xvc véi (O) ddng thoi tiép xtic v&i canh

. o A N OM
AB, AC = ANBQ va AMIQ dong dang (g. _, ON _OoM
Qv Q dong dang (g.2) NE - Ml

Mt khéc NB = NI = NA, MI = MA = MC = oM _AM
| ON AN

= tir gidc AMON 1a tit gidc diéu hoa = P =0

— PIdi qua diém chinh gifta S ctia cung BAC => SM//NI va SNI/MI

= tit gide SMIN 12 hinh binh hanh, DM = DN = S, D, I théng hang

= P, I, D théing hang.

Vi dy 14. Cho ti gifc ABCD ngogi tiép dudmg tron (1), goi M N, P, Q1la tiép
didm cua (1) voi canh 4B, BC, CD, DA. Ching minh rang AC, BD, MP, NQ
dong quy. ‘

Gidi:

THI: AC, BD d& qua I = AC, BD, MP, NQ
dong quy.

TH2: AC, BD khong qua I: Goi K, E 1a giao
diém AC véi ()

_, KE khong qua I, tiép tuyén tai K va E cét nhau tai § = MKOQE 1a ttr gidc
didu hoa = MQ, NP di qua S.

n
o

Goi G, J 1a giao diém MS, NP v6i AC = GM _SM
, GQ SQ
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IN_SN = GE, MP, NQ dbng quy (ban doc ty chiing minh).
JP SP
= AC, MP, NQ ddng quy, tuong tu BD, MP, NQ ddng quy

= AC, BD, MP, NQ dbng quy.

Vi du 15. Cho t& gidc ABCD ngoai tiép duong tron (1), goi M, N 1a tiép diém
ca (I) véi canh 4D, BC, dudng thing BM, DN cét (I) tai E va F. Ching mi
ring EF, MN, BD ddng quy.

Gidi:
Goi P, Q latiép diém cua (I) v6i canh 4B, CD. .
Theo vi du trén = AC, BD, MN, PQ dbng quy. B
Mt khac céc t& gidc MPEN, NOFM 14 tt giac didu hoa
MP _MN QF = MF
EP EN’ ON MN AT
_, MPENQF _MP QF EN
PENQ.FM EP ON FM
_MN MPEN
EN MN FM ‘ ‘ D = c
Do MN, PQ, EF dong quy = EF, MN, BD dong quy.

Vi du 16. Gia st ABCD la tir gidc noi tiép. Goi P, O, R 1a chén céc duong
vudng goc ha tir D 1én céc dudng thing BC, CA, AB. Chimg minh ring PQ é OR
khi va chi khi phén gic cac goc ABC, ADC cét nhau trén AC. (IMO 2003).

A

Giii: ,
~ Bai nay da giai 4p dung dinh 1i dudng thing
Simson, & day giéf thidu mot cach ap dung to
gigc diéu hoa.
Theo gia thiét = P, O, R nim trén duong
thédng Simson.

Tir B ké dudng thing song song véi PQ cit
AC tai E, dudng phan gidc ZABC, ZADC cit

nhau tai 1.
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Vay PQ = OR khi va chi khi / thugc AC.

Diéu nay < T gidc ABCD 14 ti gidc didu hoa.

: e as ad \ BA DA . FON ‘A 3

ABCD la tir gide diéu hod < 3C-DC do tinh chat chum di€u hoa = ABCD

A .. AE CE
diCuhod & —=—.
49 CQ
ADAR va ADCP 1a hai tam Igia’\c vudng va £DAB = ZDCP = hai tam gidc
_ ddng dang = A—R—=ﬂ
cP DC

AE _CE _AB CB - AB AR BA DA
—Ee—o s o s o =
AQ CQ 4R CP CB CP BC DC.

Vi dy 17. Cho tam gidc ABC (4B < AC) ndi tiép dudmg tron (O), tiép tuyén tai
B, C cit nhau tai D. Qua A ké dudng thing vudng goc voi AD cit BC tai E,trén
DE lay P va Q sao cho DP = DQ = DB. Chimg minh tam gidc ABC va tam gidc
APQ dong dang.

Gidi:

Theo gia thiét LCBD = LCAB = £DBA = ./CBD + ZABC = ZCAB +ZABC

= 180° - ZBCA. |

Goi M 1a giao diém BC va OD = 4D 1a
duodng dbi trung = ZBAD = ZCAM.

Ap dung dinh 1f ham sb sin cho ABAD,
ACAM ta ¢co:

DB _sinZBAD _sin ZCAM _ MC

DA sin/ZDBA  sin/ZBCA  MA

DB = DC, OB = OC = /DME = /DAE = 90°

= E M, 4, D ndm trén dudng tron

= ZAMC = ZADQ = AMAC vi ADAQ déng dang = B¢ - MC _AC
PQ DQ AQ

ZACB = ZAQP => AABC va AAPQ ddng dang.
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Vi du 18. Tt gidc 16i ABCD ngoai tiép duong tron khi va chi khi

AB + CD = BC + DA.

(C6 séch goi tinh chit nay 1a Dinh Ii Pittot vi ong la ngudi dua ra cach chimng
minh ddu tién).

Henri Pittot 1o ki su nguoi Phdp, nhiéu dinh i hinh hoc mang tén 6ng, dinh li
nay ong cong bé nam 1 725, sau do nha todn hoc Thuy St Jakob Steiner nim 1846
ciing da chitng minh. ‘

Gidi:

Gia st tir gide ABCD ngoai tiép duong dudng
tron (f), céc ti€p diém thd tu véi cde canh AB, BC,

CD, DAla M, N, P, Q = AM = AQ, BM = BN,
CN =CP, DP = DQ. 9
© Cong chc vé lai ta cé AB + CD = BC + DA. 5 o

Nguoe lai AB + CD = BC + DA,

Gia st AB<AD ,do AB + CD = BC + DA = BC < DC.

Khi d6 ton tai Q, P trén AD va DC sao cho AB = AQvaCB =CP = DP = DQ

=> céc tam gidc ABQ, CBP va DPQ 14 nhitng tam giac can

= céc dudng cao tr ba dinh 4, C, D 13 ba dudng trung truc ctia tam gidc BPQ.

=> cac dudng 4y ddng quy tai I = I céch déu céc canh clia tir gidc ABCD

= t0n tai dudng tron tim 7 tiép xvc véi cée canh ti gidc. |

Vi du 19. Cho tit gidc ABCD ngoai tiép dwong
tron (1), goi M, N 14 trung diém BD va AC. Chimg
minh rang M, I, N thing hang (Pinh li Newton).

Gidi:

Kéo dai AD va BC cét nhau tai P, trén PD
- 18y E sao cho PE = AD, trén PC ldy diém F

sao cho PF = BC.
M, N 1a trung diém BD va AC, ta cé:

1
Suian T Sume = Syus * Swen = '2'SABCD > D




1
Syan + Swpe = Syan +Syep = ESABCI) >

' V6i cach xéc dinh E va F => Sy +Syp = Syprs + Sy
= Sy = St s S = SNI:‘I-‘ﬁ MN/EF =M, I, N théng hang.

Isaac Newton (1643-1727) - Nha vdt Ii hoc va todn hoc ngudi Anh, ong khdm
phd ra dinh ludt néi tiéng - Dinh ludt van vdt hd'p dén. '

Vi dy 20. Cho tér gidc ABCD ngoai tiép dudng tron (). Goi M, N, P, Q lan luot
1a céc tiép diém voi cac canh AB, BC, CD, DA. Chiing minh rang AC, BD, MP,
NQ ddng quy.

Gidi: ‘

Theo gid thiét IM1AB, IPACD va IM = IP

= AIMP 13 tam gi4c cAn = ZLIMP = ZIPM

= /BMP = ZCPM. '

T C ké du"(‘mg théng song song v&i AB cit
MP tai E = LCEP = ZBMP = ZCPM

=> ACPFE 1a tam giac cdn = CP = CE.

Git sit AC it MP tai K, theo dinh If Thales = 4K - AM _AM
XKC CE _CP

Goi H 1a giao diém ctia AC véi NQ ching minh tuong ty = AH i4;9-(2),
; : _HC CN
mit khac AM = AQ, CP = CNti (1) va (2)
= AR AT p s Hndm trén AC = K =H,
KC HC

Hodn toan twong ty BD, MP, NQ ddng quy = AC, BD, MP, NQ ddng quy.
Vi du 21. Cho t gidc ABCD ngoai tiép dudmg tron (). Goi M, N, P, Q lan luot

1a cac tiép diém véi céc canh 4B, BC, CD, DA. Chimg minh réng BD, MQ, NP
dbng quy. ’
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Gidi:
Goi S 1a giao didm coa MQ va BD, ap dung
dinh 1i Menelaus v&i AABD va cét tuyén Q, M, S

Mat khac AM = AQ, BM = BN, CN = CP,
DP =DQ '

T (1) = _ALI‘ES_BQ_D: SB.DP =1
MB SD Q4 BN.SD

SB.DP.NC _ SB PD NC _
BN.SD.PC SD PC NB

Theo dinh l{ Menelaus dao = P, N, S théng hang
= BD, MQ, NP dbng quy.

Vi du 22. Cho ti gidc ABCD ngoai tiép duong tron (I). Goi M, N, P, Q 14n luot
1a cac tiép didm v6i cac canh AB, BC, CD, DA. MQ va NP cét nhau tai S, tir S ké
tiép tuyén SE, SF v6i dudng tron (I). Ching minh ring 4, E, F, C thing hang va
ST vudng goéc vai AC.

Gidi:

Goi giao diém ciia dudng tron (1) véi AC 1a Hva K

Tiép tuyén tai H, K vé6i (I) cét nhau tai T,
BM 1a tiép tuyén va MQ 14 cat tuyén ctia (I), do
tinh chét tir gidc diduhoa =S =T

= E=HvAaF =K

= A, E, F, C thing hang.

SE, SF 1 tiép tuyén v6i dudng tron (1)

= SILEF, do 4, E, F, C thing hang = SI1AC.

Vi du 23. Cho sau diém bit ky 4, B, C, D, E, F nim trén mdt dudng tron. Goi
K, M, N theo thir tw 13 giao diém cua céc ciip dudng théng (4B, DE), (BC, EF), -
(CD, FA). Khi d6 ba diém K, M, N thing hang. (Dinh If Pascal).
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Giai:

Gia st DE ciit BC tai P cét AF tai Q, BC cit AF tai ]
Ap dung dinh 1 Menelaus cho AIPQ ct tuyén ABK ta dugc:
KP AQ BI _ ' KP _ AI BP

X0 41 B0 kg ag Bt

AIPQ véi cét tuyén CDN: g—g!{:l = = NQ _CP DO )]
NI CP DQ NI CI DP

AIPQ v65i céit tuyén EFp: MEFLEQ o ML FI EQ 3 )
MI FQ EP MP FQ EP

Ap dung hé thtic trong dudng tron:
IAIF = IB.IC, PC.PB=PD.PE va QF QA= QE.QD (4)
KP NQO MI Al BP CP DQ FI EQ

KP NQ MI

=1, theo dinh i d40 Menelaus = K, M, N théng hang.
KQ NI MP .

Chii y: Dinh 1i Pascal khong chi dung v6i 6 diém trén dudng tron ma con dilng
cho ca dudng conic.

Pascal (1623-1662) - Nha triét hoc, nha vén, nhd todn hoc. Ong sém thé hién
kha nding todn hoc xudt chiing nhir mgt thién tdi thoi nién thiéu. Cudn chuyén ludn
dau tién ciia Pascal “Thir nghiém Vvé cdc thiét dién conic”, ong nghién citu rong
Vv6i cde mon s6 hoc, hinh hoc, xdc sudt, moi ngu’az nhé den ong qua tam gzac

Pascal.
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Vi du 24. Cho tir gidc ABCD ndi tiép dudng tron (0), AB va CD c4t nhau tai
M, BC va DA cét nhau tai N, AC va BD cét nhau tai . Chimg minh ring O 13 truc

tAm cha tam gidc MIN. (Dinh li Brocard). N
Gidgi: ' //‘
N

Ti gide ABCD ndi tiép dudng tron (O) A
I 1 NN
= ZDAC =~ £DOC va £DBC =—2£DOC \‘%
2 2 V‘\
4Ny
/ﬁ»\«\ \
= 7N
. N——— C
tiép AAID va ABIC '
= /DHI =180° — ZDAI =180° — ZDAC
Tuong ty LCHI =180° — ZDBC = /DHC =360° — ZDHI — ZCHI = ZDOC
= tir gidc DOHC 14 ttr gidce noi tiép.
Hoan toan tuong tu, t& gidc AOHB ndi tiép.
Theo hé thtre trong dudng tron = NA.ND = NB.NC va MB.MA = MC MD
= N ndm trén tryc ding phwong cia hai dudng tron (AIHD) va (BIHC)
= N, H, I thing hang. T gidc DOHC ndi tiép = LOHD = £0CD,
AIHD ndi tiép = ZIHD =180° — ZDAI = ZADC + ZACD
= ZI10 = ZIHD - ZOHD = ZADC + LACD = ZOCD = ZADC + ZOCA = 90°
= NHLOM.
Tuong tw MILNO = O 13 truc tAm ctia tam gidc MIN.

= LDAC + £ZDBC = £DOC .
Goi H 1a giao diém cta dudng tron ngoai p

|
!

" Vi du 25. Cho tam gidc 4BC ndi tiép dudng tron (0), trong d6 B va C cb dinh,
A thay dbi trén cung 16n BC, I 1a tAm dudmg tron ndi tiép tam gidc ABC. Dudng
tron tdm Iy tiép xtic véi canh 4B, AC l4n luot tai E va F, tiép xic voi dudng tron
© (0) tai K. Pudng thing qua E va vudng goc véi IB, cit duong thing qua F vudng
g6c voi IC cit nhau tai P. Chimg minh ring IP ludn di qua diém c6 dinh khi 4
thay déi. '

Gidgi: _

‘Trude hét theo bd dé Sawayama-Thebault ta dyng dudng tron (14), va cd két
qua E, I, F thing hang, IE = IF, CI ¢4t duong tron (O) tai L = K, E, L thing hang,
twong tw K, F, S thing hang."

185




- Goi M la giao diém ciia AI v6i (0) = M la diém
chinh giita cung BC, MO cit (O) tai N = N la diém
chinh gitta cung 16n BC, ta co:

ZEFK = ZBEK = %(1’31? +AL)= ZLCK = ZICK

= tir gidc KII°C ndi tiép, twong ty KIEB ndi tiép

s JIKC = ZAFE va ZBKI = ZAEF

= /BKI = ZIKC = KI 12 phén gi4c géc BKC

= KI cit cung BAC tai diém chinh gifra

= K, 1, N thing hang.

ZEKF = /EKA+ ZLAKF = %(43 +£C)=90° —%AA

Gié thiét PELBI, PF1CI = LEPF =180° — ZBIC =90° - % /A

= E, K, P, F nim trén mot dudng trdn => P ndm trén dudng tron (Ia).
Mt khéc ZBIK = /BEK =/EFK = ZEPK |
= 7, I, P, K nam trén mdt dudng tron (T'1a giao diém BI va EP), BILEP = IP
1a duong kinh.
= IKLKP (1), NM la duong kinh cta (O) = KMLIK, kéthop (1) = K, P, M
thing hang,
BE BI EI BE BI’

ABET va AIFC déng d o BE_BI_HE _ 5% 2
ong dang (88) = 7= =75=1c = Tc T o

KI _KB_IB
AKIB va AKCI ddng dan = =
ong dang (g.2) XC KT

KB 1132 BE KB

XC I1C* T CF KC
Goi giao diém ciia dudng tron (Ia) véi canh BC 1a G, J, BE, CF 1 tiép tuyén
BE* BG.BJ _ KB’

cta (In) = BE? = BG.BJ va CF* =CJ.CG = = ==,
CF* CJCG KC
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= theo dinh i Steiner = KG, KJ 1a dudng ding gi4c cia ABKC, KI 1a phan
gidc goc ZBKC = KI 12 phan gidc ZGKJ.
KILKP = I,P 14 dudng thing chita dudng kinh = I,PLBC.
1K _ PK
1,0 PM
IV 1K MO _

Ap dung dinh 1i Menelaus cho ANKO cat tuyén I, [y M= —
p aung dl 0 cat tuy 4 K 1,0 MN

Goi Q 1a giao diém IP va MN, I,P1BC = I4,P//MN =

IN I,K
IK 1 O

INPKOM _ _ INLKOM _, _ OM

=2. Ap dung dinh li Menelaus cho ANKM cét tuyén I, P, Q

1
= =— = ON=20M= Qla
IK PM QN IK 1,0 ON ON 2 Q Q Q

diém cb dinh = IP ludn di qua didm cb dinh O khi 4 thay ddi.
Vi du 26. Cho tir gitc ABCD néi tiép mot dudmg tron va ngoai tiép mt dudng
tron khac. Goi céac tiép di®m v6i duong tron ndi tiép 1an luot 1a M, P, N, Q.
Ching minh MN vudng goc véi PQ.
Gidi: '
MPNQ 1a t& gidc noi tiép = LAMP = ZMQP (cing chin cung MP)
ZNQC = ZNMQ (chén cung ON ), AM = AP => tam gidic AMP cn
= LAMB =90° —-;—AA = ZMQP =90° —%AA
CN = CQ=> tam gidc CNQ cin

= £ZNQC =‘90°—%LC :?,LNMQ=90°—%4C

= ZMQP + ZNMQ =90° —%4,4 +90° —]EAC

ZMQP + ZNMQ =180° —%(AA +£C), ABCD 12 uit gidc noi tiép

= LA+ £C =180° = LMQP+ ZNMQ=90°=> LMKQ= 90°
= MN vuodng goc v6i PQ.




Vi dy nay givp ta chi ra ton tai ti gidc viva la tr gide ndi v ngogi tiép. Tir d6
suy ra tinh chdat MN vudng géc véi PQ khi va chi khi tit gide ABCD néi tiép va
ngoai tiép.

Vi du 27. Cho t& gide 4BCD ngoai tiép dudng
tron (I). Goi M, N, P, Q l4n luot 1 cac tiép diém
v6i cac canh AB, BC, CD, DA..Goi E, F va H thtr
tu 12 giao diém cta MN va PO, MQ va NP, AC va
BD, Chirng minh réng IH vubng goc véi EF.

Gidi: '

Theo vi du trén = EJ 1BD, FILAC

Mit khac'ta co E, 4, C va F, B, D thing hang

= FDLIE va ECLIF, AC ¢kt BD tai H=> FHLIE va EHLIF = IHLEF.

Vi du 28. Cho t gidc ABCD, dudng tron ndi tiép ABC tiép xtic véi AB, BC tai
N va P, dudmg tron ndi tiép BCD tiép xuc v6i BC, CD tai Q va H, dudng tron noi
tiép CDA tiép xtic v6i CD, DA tai K va R, dudng tron ndi tiép DAB tiép xtc véi
D4, AB tai S va M. Chimg minh ring t& gidc ABCD ngoai tiép dudng tron khi va
chi khi MN + HK = PQ + RS.

Gidi:
v Do céc dudng tron néi tiép ABC tiép xic véi

AB, BC tai N va P, dudng tron ndi tiép BCD

tiép xtic véi BC, CD tai Q va H, dudng tron noi
tiép CDA tip xtc voi CD, DA tai K va R,
dudng tron ndi tiép DAB tip xvc véi DA, AB
tai S va M suy ra:

AM = AS, BN = BP, CQ = CH, DK = DR

Ta gidc ABCD ngoai tiép mot dudmg tron khi va chi khi:

AB+CD=BC+D4 -

< AM + MN + NB + CH + HK + KD = BP + PQ + QC + DR+ RS + SA

< MN + HK = PQ + RS.
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BAI TAP CHUGNG 8

Cho tir gidc 161 ABCD, ¢6 ABC = CDA=90". Diém H la chén dudng vudng

- goc ha tir A xuong BD. Cac dlem S va T tuwong (ing ndm trén AB, AD sao cho

H ndm tlong, tam gidc SCT va CHS ~CSB = 90°, THC - DTC =90°. Chiing

" minh ring duong’ thang BD tiép xtic véi dudng tron ngoai tiép tam gidc TSH.

(IMO 2014).

Cho hinh chir nhit ABCD, P 1a diém ndm trén duong thdng 4B (khong thude
doan 4B). Goi M, N 1a trung diém ctia 4D va BC, duong thang PM cét BD tai
K. Ching minh ring MN 1a dudng phan gidc PNK.

Cho tir gidc ABCD, B=D=90°, M trén AB sao cho AM = AD, dudng thing
DM céat BC tai N. Goi H 1a hinh chiéu ctia D trén AC, va K 14 hinh chiéu ctia
C trén AN. Chimg minh riing MHN = MCK . (M§ 2009).

Cho tr giac ABCD, dudng phan gidc ngoai cuia goc CAD vé DR‘ cét nhau
tai P. Chung minh ring AD+AC = BC+BD khi va chi khi APD=BPC.
Cho luc gidc ABCDEF ¢6 AB=BC,CD=DE, EF = FA. Chu'ng minh ring

BC —_—t— PE +— FA , ddu bang x4y ra kh1 nao? (IMO 2005) o
BE DA FC aEX oo

189




(Cb uvong gj

PINH Li SIN, PINH Li COSIN
" VA DPIEM BROCARD

I

e ———— e et

1. PINH Li SIN, PINH Li COSIN

1. Dinh li sin

Trong tam gidc ABC, ta c6: .a = _b =
sind sinB

- =2R.
sinC

2. Pinh li c¢osin |
Trong tam giac ABC, ta c6: a’= bk2 +c? —2bccos 4
b? =c*+a’ —2cacos B
¢ =a’ +b* —2abcosC.
Hai dinh li ndy da dwa vao sdch gz'do_ khoa lop 10.
3. Mot sb cong thirc tinh dién tich tam gidc thudng ding
1.S= lbcsinA =lcasinB= -l-absinC.
2 2 2

5 gk
4R

190




a+b+c

3. S=pt=(p—a)ra =(p-by,=(p-o., p= 7

4.8 = \/P(P —a)(p-b)(p—c) (cong thitc Heron).

Heron la ngu'&i xt¢ Alexandria — Nha bdc hoc ¢é Hi Lap, cong trinh cia ong la
tdp “Bdch khoa todn itng dung, quy téc gidi phwong trinh bdc hai va khai cdn bdc
hai, bdc ba”. Céng thirc tinh dién tich tam gidc khi biét d¢ dai ba canh dwoc

mang tén 6ng.

4, Cacvidu

Vi dy 1. Chimg minh ring trong moi tam giéc ta c6:
a’ +b> +c’

cotA+cotB+cotC =
4S

Gidi:
b +c*—a’
2bc

b +c?-a’

E

Tir dinh 1li cdsin = cos4d = , két hop cong thic tinh dién tich

S=lbcsinA = bc= 28 = cotd=
2 sin4 48

c+a’-b
-

_az+b2—02 |
4S8

Twong tu cot B = cotC

= cot A+cotB+cotC =M.
48
Vi du 2. Cho tam gidc ABC, trung tuyén tﬁ' dinh B va C vudng goc v6i nhau.
Chung minh rdng cot 4 > % va cot B+cotC 2 -i—
Gidgi:
Goi G 1a trong tim A4BC, theo gi thiét = GBLGC = GB* +GC* = BC®.

Mit khac GB = %mb:> GB* = %mj , tuong ty GC? =%mf.
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i 2a? +c2)— b2 2a? + b)) —c?
Thay cong thirc dudng trung tuyén m; = _(a__%z_b_, m’ =.—(—a—%

b +c’-a 2(6% +¢%) >i ‘

= b +¢? =54, theo cong thirc cos 4 =

2bc She 5
' 16 cos A4 4
= /A4 <90° = cos?® 4> —, mit khédc cot 4 = e >—.
25> Jl-cos’4 3
2 q{p2, .22
Tr cOng thirc = cotB+cotC=£—=l?——+—c—i=lcotA2%.
25 2 45 3

Vi du 3. Cho x, y 14 céc sb thuc thod man x, y > 1.
Pat a=x*+1, b=y +l, c=x"+)* +1.
Ching minh réng ton tai tam giac c6 do da1 ba canh 13 a, b, ¢ va tam gidc d6 la

tam gidc tu.
Gidi:
Trudce hét chung minh tdn tai tam glac
a+b>c o5 +1+y +1>x* +y° +1 (hlennhlen)
b+c>a < Y +1+x +y" +1>x" +1 < 2y° +1>0 (hién nhién).
c+a>b & x’ +1+x*+y" +1> y* +1 (ludn thod man).
Trong ba canh @, b, cta théycla caﬁh 16n nhét vi:
X+ 1> x 41 va B2+ +1> p0 +1
a*+b* -c? =(x2+l)2+(y2+1) —(x*+y° +1)
2ab 2 AD( +1D)

cosC =
Khai trién ti sb:

4257 +14 y 425 +1-x ~y4'—1—2x'2y2 _2x? =237 =1-2x%y* <0.
Véix, y> 1= cosC<0=>C> 90°,

Vi du 4. Cho hai tam giac ABC va AMC ‘duoc sép xép sao cho doan MC cit
doan 4B tai D va AM + MC = AB + BC. .
Chimg minh réng néu 4B = BC thi DB > DM.
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Giii:
bat LZMBA = o, ZLBMC =3
Theo gia thiét: ZMCA < ZBCA = ZBAC < BAC + £BAM = ZMAC

= MC>MA M__B
= 2MC > MC + MA = AB + BC =24B S
= MC>AB (1)
Ap dung dinh 1i ham sb cbsin cho
AMBA, AMCB ta c6: A c
MB* + AB* — AM? MB? + MC? - 4B®
cos = , cosﬂ =
2MB.AB 2MB.MC
,  MB*(MC — AB)— AB(MC?* - AB*) + MC(AB* — AM?)
cosa —cos ff =
2AB.MC.MB

AM + MC = AB + BC = AB — AM = MC — AB, két hop (1) suy ra
(MC — AB)(MB* — AB® + MC.MA)
2AB.MC.MB

. (MC-M4)| MB* - AB* + MC(24B-MC) |

- 2AB.MC.MB

(MC - AB)[ MB*—(AB - MC)’ |
B 2AB.MC.MB |
_ (MC~ ABYMB+ AB~ MCYMB~ AB+MC) _
24B.MC.MB

= cosa>cos f = o <P = DB> DM,

cosa —cos 3 =

Vi du 5. Cho tam gidc ABC thod min BC=2(AC-A4B), D la diém trén BC.
Ching minh ring £ABD = 2/ADB khi va chi khi BD =3CD.

Giii:
Pat ZADB=a, AB=c, CA=b, AD=d, CD=x, BD=y.
Ap dung dinh 1f sin v6i AABD: —%— = = 4 =2ccosa.

sin2¢ sinea

13 BT HIMH HOG 193 -




Ap dung dinh li cdsin voi A4BD: actcos’ a=d* =c* +y* —2cycos2a
= 0=y —(2ccos2a)y +c’(1-4cos’ @) =)? —(2ccos2a)y—c’(2cos 2a +1)
=[y+clly—c(2cos2a+1)] = y=(2c0s2a+1)c; -
Ap dung dinh 1i cosin v&i AACD:
b =d*+x> +2xdcosa
— 4[x” +(2d cosa)x +(d* —b)]=0.
Theo gié thiét: x+y=2(b—c)

; B
= 2b=x+y+2c=x+(2cos2a+3)c

Béy gity 2d cosa = dccos’ o = 2¢cos 2a+2¢ va
4d% —4b* =16¢% cos® @ —x* —2c(2cos2a + 3)3& —(2cos2a+3)’c’
— 0 = 4x* + (8 cos 2a + 8)cx +16¢” cos’ a—x* —(4cos2a +6)cx —
—(4cos’ 2a+12cos 20 +9)c” = S
=3x" +(4cos2a +2)cx +[(8 cos 20 +8) — (4cos® 2 +12cos 2 +9)]¢?
=3x% +(4cos 2a + 2)ex —[4cos” 2a + 4 cos 2 +1]¢? '
= 3x% +(4cos2a +2)ex —(2c0s 2a +1)° ¢’
— [3x— (2cos 2ar+D)c][x + (2cos 2a+ 1) c] =[3x — Il + y] =aBx-Y)
= y=3x= BD=3CD. ‘
Nguoc lai BD =3CD = y=3x,dit ZADB=a, ZABD=p.
Tir gid thiét BC = 4x=2(b—c), dp dyng dinh i césin cho A4BC
= b2 =c? +16x* —8cxcos 8 ' /
16x* +¢* ~b _4(b—c)* +(c* —b") _4(b-c)—=(ct+b) _3b=5c
8cx 4e(b=c) 4c 4¢
Ap dung dinh li Stewarts b*3x +c*x = 4x[d* +(3x)x]

= cosf=

3+ ~12x" 30’ +c*=3(b-¢)’ _ 6bc—2¢* _(3b—c)c
4 , 4 -4 2
AABD: ¢* =d* +9x* —6dxcos .

= d*=

194




9x* +d’> —c®>  (Bx-c)Bx+c)+d’ _ (6x—2c)(6x+2c)+4d’

= cosa =

6dx 6dx 24dx
_(B3b-5¢)Bb~c)+2(3b—c)c _ (3b-c)(3b—-3c) _ 3b-c
12d(b-c) 12d(b-c) 4d
’ 2 _ 2 _
Mit khac cos2a =2cos’a—1= 2(3b—c) -1= 2(3b—c) ~8Bb-c)c =

16d° - 8(3b-c)c

_2(3b—c)—8c 3b-5c

=cos f = 2a = f hoidc 200 =360°—
8¢ 4c

:>ﬂ+a=360°—a=180°+%ﬂ>180°.

Vi du 6. Cho tam gidc 4BC, M 1a diém trong tam gic sao cho
ZAMB = ZBMC = ZCMA
BM cit AC tai E va CM cit AB tai F. Chimg minh ring AB+ AC > 4EF.

Gidi:

Theo gia thiét ZAMB = ZBMC = ZCMA.

Mt khdc LAMB+ ZBMC + ZCMA = 360°

= LAMB = /BMC = £CMA =120".

Dung ra phia ngoai AABC tam giac déu AQAB va APAC = QAMB va PAMC
1a & gidc ndi tiép = LAMQ = LABQ = 60"

Tuong tw ZAMP = ZPMC = 60°=> O, M, C thing hang,

Tuong tw B, M, P thing hang. '
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Ta chitng minh b6 dé sau: PM > kEM va QM > kFM ,véi k>0
Néu £ZPMQ >90° thi PQ > kEF.
Chirng minh:
Dit ZPMQ=a, a>90°= —cosa>0.
Ap dung dinh I{ cdsin v6i APOM ta c6:

PQ? = PM* + QM* ~2PM .QOM cosa

> (kEM)? + (KFM)* = 2(kEM )(kFM ) cos o = (KEF)?
= PQ>kEF .
Tré lai bai toan: :
Ké PILAC cit dudng tron AMC tai D, MHLAC => APIE, AMHE ddng dang;
ID > HM, PD=4ID=> PE _PL Pl 5 pysaEM.
EM MH ID

Tuong tw QM >4FM; Mit khic AB+ AC = AP+ AQ > 4EF.

Diém M thod man ZAMB=/BMC = LCMA=120°c6 tén la diém Torricelli
Evangelista (1608-1647) - nha vdt li, nha todn hoc nguoi Italia. Trong todn hoc,
ong phdt trién phwong phdp bdt khd phdn, mé ta mgt duong cong sau ndy quen
goi la ducéng xodn oc logarit. ‘

Vi du 7. Cho tam gidc ABC ndi tiép dudng tron (O), tiép tuyén tai B va C cét
nhau & D. Goi E 12 diém trén BC thoa mén £BAD = /CAE . Ching minh ring E
1a trung diém BC.

Gidi:

Theo gia thiét £BAD = ZCAE; |

Ap dung dinh Ii sin d6i v6i AABE va AACE:

BE _ AEsin /BAE.sin ZC _ sin ZBAE.sin ZABD
EC  AE.sin ZCAE.sin ZB ~ sin ZCAE.sin ZACD
_sin ZCAD.sin ZABD _ CD.AD

* sin ZBAD.sin /ACD  AD.BD
= BE = CE = AFE 1a trung tuyén ké tir dinh 4.

=1 (do DB = DC)
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Vi du 8. Cho tam gidc ABC. AM, AD 1an lugt la cac dudng trung tuyén va phan
gidc cua goéc tam gidc. Goi AE 1a duong déi xtmg ctia AM qua AD (E trén BC).

I 2
Chung minh rang ZI;—C = Agz (Dinh li Steiner). )
Gidi:
Theo gia thiét LZEAD = ZMAD => /BAE = ZCAM
Ap dung cong thirc ti s dién tich:
EB Sy, _ ABsin ZMAC M
EC S, ACsinZMAB B EDM ¢
i : AB  sin LZCAM
AMIatrungtuyén = S, =S,y > —=—"7— 2
& ABM AT AC sin ZMAB @
EB _ AB
Te(HvaR)=> —
(Hva() EC AC™

Tinh chdt nay da dwgc chitng minh béng phuong phdp dién tich, nay chirng
minh bang phwong phdp luong gidc.

Vi du 9. Cho tam gidc ABC. M la trung diém cta du’émg trung tuyén AD,
duong thing BM cét AC tai N. Chimg minh rang 4B 14 tiép tuyén cia duong tron

2
ngoai tiép tam giac BCN khi va chi khi — BM ACZ .
MN AB

Gidi: !

Gia st AB 1a tiép tuyén cta dudng tron ngoai tiép .
ABCN => ZABN = £ACB <> AABC va AANB ddng N

2 ~2 M
dang < BC _AC” = ta cin chimg minh 4B tiép
BN*  AB*

, 2 B C
xue dudng tron ngoai tiep ABCN < BM_ BC2 . p v
MN BN

Ap dung dinh If sin trong AABM va AAMN:

BM _ sin ZMAB.sin ZMNA

= - , twong tw cho AABD va AADC:
MN  sin ZABM .sin ZNAM
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. . 2 1a2
sin ZMAB _ BDsin £ZABD trong ANBC: BC* _sin® ZBNC

sin ZNAM  DCsin ZDCA’ BN?  sin? ZBCN
'BM _ sin ZABD.sin ZMNA _sin® ZMNA _ sin® ZBNC _ BC®
MN _ sinZABM.sin ZDCA sin* ZBCN sin> ZBCN BN*’

Vi du 10. Cho tam gidc ABC ndi tiép dudng tron (O), dudng phan gide goc 4
cht duong tron (O) tai D. Goi M, N 14 trung diém cta 4B, AC, dudng thing OM,
ON cét AD tai P va Q. Chiing minh ring tam giac MPD va NOD c6 dién tich bang
nhau. (IMO 2004).

Gidi: :

Tam gidc ABC cin tai 4 bai toan chimg minh dé dang.

Gia stt AC > AB, AD 1a phan gidc goc 4 = £LBAD = LCAD

MA = MB = OMLAB, twong tu ONLAC = ZAPM = LAQN

= AAMP va AANQ ddng dang (g.g) = —Mzil—}l = PM.AQ=AP.ON (1)
ON  AQ R

Goi /12 trung diém AD = OILAD

= 0D = P4, Q4 = PD; ' A

Sy _ PM.PDsin ZMPD _ PM.PD @ IQ 0

Sonp QN QDsin ZNQD QN oD B c

Te(HvaR)=> Spap _ PMPD PM. AQ =1= S =Somn - D
. Somp 9N QD ON.AP ”

Vi du 11. Cho tam gidc ABC thoa man 2cot 4= cot B+cotC . Chimg minh
ring ZA <60°.

Gidi:

Theo céﬁg thire ta suy ra:

W +ct—a®) ad+ct-b* at+b -c?
( ) _ + = b* +c? =24

48 45 4S
2 2 2 2 2
cosA=b te —a =b +e 2-1— LA <60°,
2bc 4bc 2
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II. PIEM BROCARD

1. Pinh nghia

Trong tam gidc ABC, tdn tai didm P sao cho £PAB = /PBC = ZPCA. Diém P
duoc goi 1a diém Brocard. Dt £PAB = @, goc @ duge goi la gde Brocard. '

Diém Brocard dugc cong bé béi Henri Brocard, mbt ST quan qudn dgi Phdp,
vao nam 1825. Mdc dit vdy né da dugc tim ra truée doé boi nha hinh hoc Jacobi
vao ndm 1816.

Bai todn. Cho tam gidc ABC. Xéc dinh didm P thoa mén

LPAB=ZPBC = 4PCA .

Phdn tich: Gia st diém P dyng dugc thoa mén £PAB = /PBC = ZPCA

= ZBPC =180°~ ZPBC ~ LPCB

=180° ~ LPCA~-£ZPCB=180° - LC,
Tuong tu ta c6 ZCPA=180°~ /B

= giao diém cua P 13 hai cung trén.
Cdch dung: Dung dudng tron qua 4 va C
ddng thoi tiép xtic véi 4B, B

Qua 4 ké dudng thing song song v&i BC o
cit dudng tron vira dyng tai D; DB cét dudng
tron tai P.

Chitng minh:

bit LPAB=¢ = LADP = ZBAP = ¢

= LADB=/ACP = ¢, AD//BC

= LADB = 2ZDBC = ZPBC = ¢.

Gia str ¢6 diém Q thoa méan

LOBA=/204C = £LQCB

= diém Q ciing 12 diém Brocard

V4y trong tam gidc ABC tdn tai hai diém Brocard.

V&i cach dung nhu trén = hai diém nay 14 hai diém déng gi4c cta tam gidc.
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2. Tinh géc Brocard

" a. Theo ba géc cua tam gidc

- Vi cach dung diém Brocard P ta xdc
dinh d6 16n cta goc. Tix 4 ha AHI1BC va
DK BC, dudng tron cit canh BC tai didm
th\r hai 1a E (khac C) ‘ : B&= H E C

' — ADCE 12 hinh thang cdn = HC = EK = BK = BH + HE +EK
— BK = BI + HE +HC, chia déng thtc cho AH
BK BH HE + HC

= — = -—_—
AH AH AH AH
Pt /PAB=/PBC = /PCA=@ = cotp=cot 4-+cot B+cotC

b. Theo ba canh tam gidc

cosd cosB cosC
+ +

cotg = cot A+cot B+cotC =— - -
sind sinB sinC

= —R—(2bc cos A+ 2cacos B+2abcosC)

abc
2 2 2
Ryttt b +a b )= a+bre
abc 4S
_ a+b’+c
4p(p-a)p-b)p—c)
3. Cacvidu
Vi du 1. Ching minh rang goéc Brocard 0 <@ < 30°.
Giai:
a+b>+c’

Theo cach ching minh trén cot ¢ = cot 4 +cot B +cot C= 5

@+ +c*>0=> cotp>0 = ¢>0.
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Mit khdc, trong moi tam giac a*+b*+c* =48 \/5 (Ban doc ty ching minh)
= cotp 23 = p<30°. '
Vidu 2. Ch(rng minh ring trong tam gidc ABC, ¢ 13 gbc Brocard ta ludn c6:
sin’ @ = sin(4 - ) sin(B — ) sin(C — ¢).

Gidi:

Goi M 1a diém Brocard, ta ¢6: ZMAB= ZMBC = ZMCA =g,

Sy = %MC.CA.sin @ A

Syica = %MA.AC sin ZMAC = %MA.AC. sin(A4 - )

g : M
= sm(‘A ?) = Mc , tuong tu ta co: B c
sing MA

sin(B-¢) _ MA sin(C-¢) MB
sing MB’  sing Mmc’
sin(A4 - @) sin(B - @) sin(C - p)
= — =
sin” ¢

nhén ba déng thirc

1

= sin’ ¢ = sin(4 - ) sin(B - p)sin(C - ) .

Vi du 3. Trong moi tam gidc ABC, ¢ 1a géc Brocard ta ludn c6: }
1 1 1 1
+

s 02 T s 2 et
sin“g sin“A4 sin"B sin®C

Gidi:

T cotp =cot A+cot B+cotC

= cot” g = cot® 4+cot” B+cot C +2(cot Acot B+ cot Beot C +cot C cot A).
Vi cot Acot B+cot Beot C +cotCcot A =1 véi moi tam gidc

= 1+cot’ g =1+cot’> A+1+cot’ B+1+cot’ C, ‘
' L1 1 1
sinp  sin’p sin®4 sin?B  sin’C’

1+cot’ @ =
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Vi dy 4. Trong moi tam gidc ABC, M 13 diém Brocard cta tam gidc ta ludn c6:

‘SM/IB - SMB(' — SA«I(.‘A .
‘ a’ b ¢’
Giii:
Ta cé #BMC =180° — ZMBC — ZMCB =180" - Lp—(LC-Lp) = 180° - £C.

Ap dung ti s& dién tich hai tam gidc: SM’?‘ MB.MC.sin ZBMC _ MB. MC
S s CA.CBsin £C A ab

ruong uy Sise - MAMC  Supy | MBMA
ABC be  Sue ac
Swic Swma__ _ Swcs _ - o
aMCMA bMAMB c¢MCMB B c
Ap dung dinh 1i ham s6 sin cho tam gidc AMC: MA = b ?mj’
sin

SMA(T — SMBA — SM(.'B

a*bsinB  b’csinC c*asin 4
SMA(' — SM/}A - SMCB — SMAB _ SMBC — SM(.‘A

2 - 2 2
a’b* bt cla a’ b? c?

I11. BO PE

1. Bai toan. Cho tam gidc 4BC khong can, M la didm trén canh BC thod mén

BM _m
M n’
Ching minh ring;
1. (m+n)cot B =mcot LC —ncot £LB

. /BAM =a, ZAMB=f.

2. mcota:(m+n)cotA+ﬁcotB

Chirng minh:
1. Ha AHLBC, gia st HeBM => BM = BH + HM = AH (cot B+cot 5
MC = HC — HM = AH(cot C —cot ) chia hai vé cho nhau ta duqc.
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BM cotB+cot,B_ﬁ
MC cotC—cotff n

= ncot B+ncot f=mcotC —mcot

= (m+n)cot f =mcotC—ncotB

2. Tir M ké ME/AC suy ra ZBEM = ZA, H M
x6t AAMB v6i két qua cta 1 ta cé:

(m+n)cot ZMEB = mcota—ncot B < (m-+n)cot A=mcota—ncot B

< meota=(m+n)cot A+ncotB.

H¢ qua. AM 13 trung tuyén cla tam gidc ABC ta ¢6: 2cota = cotC —cot B.
Chirng minh:

AM 1a trung tuyén = m=n= 2cota=cotC—cotB.

2. Cacvidy

Vi du 1. Cho tam giac ABC, £B=2/C. Trén BC ldy diém D sao cho
BD =2DC, l4y E trén AD kéo dai vé phia D thod mdn AD = DE .

Chimg minh ring 2ZBCE — ZCBE =180°. (IMO 2001).
Gidi:

Dt ZBAD= L4, LDAC = LAy, ZCBE = £B,, ZBCE = £C,, ZAEB = ZE,
LAEC = LE,, ZADB=£D,, ZCDE=/4D,. ~ &

‘Trong AABC, BD=2DC, theo cbng

thite cta Bai todn trén ta cb:

3cot D, =2cotC—cotB=3cot D, (1) D o

w

Trong AABE, BD 14 trung tuyén:
cot B, =cot B+cot E, —cot 4, )

2cot D, =cot £, —cot 4, 3)




Tuong ty trong tam gidc ACE:
- cotC, =cotC +cot E, —cot 4, @)

2cot D, =cot 4, —cot E, )
Tur (1) va (3) thay vao (2) ta cé:

cot B, = cot B+%(2cotC—cst) =—;—(cotB+4cotC).

cot’C -1 9cot’ C -1

Theo gié thiét ZB=2/C= cotB=——— => cotBj=———— (6)
o 2cotC 6cotC
Tur (1) va (5) thay vao (4) ta c6:
cotC, =cotC—2-(200tC—cotB)=— ! O
3 3cotC

D& chimg minh 2/BCE — ZCBE =180°ta cin chimg minh cot2C, =cot B,

2
= cot2C, =& G (g
© 2cotC,
: 2.
Thay (7) vio (8) Ta o6: cot2C, =2 G171 (q)
6¢cotC

Tir (8) va (9) = 2£BCE - ZCBE =180°.

Vidu 2. Ti iép tuyén véi duorng tron ngoai tiép tam giac ABC tai Bva C cét tiép
tuyén tai 4 thi ty tai D va K. Pudng thing BK cit AC tai M, dudng théng CD cit
canh 4B tai N, goi O 1a trung diém BM, P 13 trung diém CN. Chung minh réng
ZPBC = ZQCB Xéc dinh ti s6 cac canh cta tam gidc 4BC khi hai gbc d6 dat gid
tri 16n nhét. (IMO Shortlist 2000). '

Gidi:
Theo gia thiét BK 1a duc‘mg d6i trung ctia A4BC, theo tinh chit ciia dudng dbi

2
trung ta c6 M = a_z.
AM ¢

Song ta chimg minh tryc tiép d8& dung véi ndi dung cuia &p dung lugng giac.
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CM S BCsin/BCK BCsind _da’

AM S, ABsinZBAK ABsinC ¢’

Ap dung cbng thirc ctia Bai todn trén ta c6:
a’ cot LCBM = (@® +c*)cot B+c? cot C.

Trong tam gidc BCM, CQ la trung
tuyén = cot ZBCQ = 2cot C +cot LCBM

2 2 2

a +c 4
s—cot B+—cotC
a a

= cotLBCQO=2cotC+

2
=2cotC+cotB+£7(cotB+cotC)=2(cotB+cotC)+cotA.
a :

Tuong tu ta cé: cot ZCBP = 2(cot B+cotC) +cot A.

T d6 = £ZPBC = ZQCB.

Dat £LPBC= o va LPCB=2.

Xét tam giac BCN, P 13 trung diém CN, theo cong thirc ctia Bai todn

= cota=2cotB+cotf (1)

Vi BD 14 tiép tuyén = ZABD = £C. .

Xét tam gidge BCD va goi R 13 ban kinh dudng tron ngoai tiép tam gidc ABC:
AB 2R
2cosC - 2cosC :

BC _sin(B+C+p) _do d6 2sin 4 _ sin(z—A+ ) _ sin(A—ﬂ).
BD sin § tan sin # sinf -

Hay 2sin AcotC =sin Acot f—cos A suy ra cot f =2cotC+cot A4 (2)
Thay (2) véo (1) ta ¢6: '

BC =2RsinA, BD =

=RcotCtxdétacod: - |

2sin 4

cota =2cot B+2cotC+cot 4 =——————+cot 4
cos BcosC
_ 4sin A +cot A
cos(B—-C)+cos(B+C)
_-—M———+cot/1=4tan£+ I ———l—tan—/i.
1+cos(B+C) ’ 2 2tan£' 2 2
2
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. .1, 4
Mit khac ta c6: —tan—+

2tané
2

o s 4
vay goéc o l6n nhat khi cota =7, déu bing khi B=C=Z;———£ va

E\

_ tan2£=lz cot:"é:l:sin.A=—z-vé sin B=sinC = .
2 7 2 8 4 4

/f\pdungdinhli sin=> bicia=~2:42:1

Vi du 3. Cho tam giac ABC ndi tiép dudng tron (0), dudng tron ndi tiép tam I
tiép xtic véi canh BC tai D, H 1a hinh chidu cta 4 trén BC. Pudng tron dudng
kinh A7 cét dudng tron (O) tai diém M (M Khac 4), va cit AH tai N. Ching minh
rang M, N, D théng hang.

Giii:

Goi E va I’ 1a giao di_ém cua duong tron
dudng kinh Al ¢t canh AC tai E va canh AB
tai ¥ = IELAC, IFLAB = I 1a tiép diém cta
dudmg tron (I) véi canh AC, 4B.

A M F.Ethudc dwong tron = LAEM = LAFM

s /MFB=180° — ZMFA=180° ~ ZMEA = ZMEC

= /MFB = ZMEC , mjt khac ZMBA = ZMC4

‘ s BF MB
= AMFB va AMEC dong dang (g.8) = —— =77+
» va ong dang (g-8) CE - MC
Ta lai ¢6 BD = BF va CE = CD = §2=_A_l§_ theo dinh 1i d3o dudng phén
CD MC

gidc => MD la phan gic cla goc £BMC.
Pudng thing A7 cit dudng tron (O) tai K= M, D, K théng hang.
AK AN
K ID
AK  Alsin ZAIN

Mt khéc KT = KB, AN = Alsin LAIN & ——=
: KB ID

ID1BC, AIILBC = IDI/[AH =
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] .. AK _sin ZABK
Ap dung dinh Ii sin v6i P E
p dung dinh li sin v&i AABK: XB _ sin ZBAK
sin ZABK _ sin ZAIN
sin ZBAK  sin ZBAK

Goi J 1 giao diém AK va BC = sin ZABK =sin ZAJB

ID = ]F =sin AI)fAK &

& LABK =180° — ZBAK —~ /BKA =180° —%AA—‘ZC.
AAJC: LAJB = 4C+—;—LA & sin ZABK =sin ZAJB.

Vi dy 4. Cho cac didm 4, E, D, C, F, B theo thir ty theo chiéu kim ddng hd trén
dudng tron (0), AD cét BC tai P thoa man PE, PF 1a tip tuyén cua dudng tron
(O). Chimg minh ring 4B, EF, CD ddng quy.

Gidi: .

Giai stt AB, CD cét nhau tai Q, gia thiét E, D, F, 4

ndm trén duong tron, tacd:

LAFE = ZADE =180° - ZPDE - (1)

ZEFD = ZPED (PE 14 tip tuyén)  (2)

ZFDQ = ZPFC (PF 14 tip tuyén)  (3)

LOAF = ZFFCB =180° — ZPCF 4)
ZDAQ = ZDCP (ADCB nbi tiép)  (5)

£20DA=180° - ZPDC (6)
sin ZAFE _sinZPDE _ PE sinZFDQ _sin /ZPFC _PC

= SnZEFD  sinZPED  PD’ sin ZQAF  sinZPCF  PF’
sin ZDAQ _ sin ZDCP _PD
sinZQDA  sinZPDC PC
PE, PF 14 iép tuyén = PE = PF
sin ZAFE sin ZFDQ sin ZDAQ _PE PCPD -1

-
sin ZEFD sin ZQAF sinZQDA  PD PF PC
Theo dinh 1i Ceva = AB, EF, CD dbng quy.
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BAI TAP CHUONG 9

Cho hai duorn;, tron (Oy) va (02) tiép xtic nhau tai 1. Tir hai diém A va E trén
(O ké tiép tuyén AB va ED v6i (02), AE va DB cit nhau tai P.

Chitng minh ring 42 = £2 va Z1P+EIP =180",
Al E

Mot duong tron tiép xtc ngoai vdi dudng tron ngoa1 tiép tam gidc ABC va hai

canh AB, AC twong ungla M, N. Chirng minh rang tam duong tron bang tiép
goc 4 cta tam gidc ABC nam trén doan MN.

Cho diém P trén canh BC cua tam gidc ABC sao cho PC = 2BP va
ZABC =45°, ZAPC =60°. Tinh géc ZACB.

Cho tam gide ABC c6 BC = 2(4AC - AB), D 1a diém trén canh BC. Ching
minh ring ZABD =2£ADB khi va chi khi BD=3CD.

Cho tam gi4c can ABC, AB = AC. Gi4 st dudng phén giac gbc B cat canh AC
tai D thoa min BC = BD + AD. Tinh goc ZBAC. (Hong Kong 1998).

Cho tam giac ABC cb: 3£4BC = £BAC.

' Chitng minh (BC + AC)(BC — AC)* = AC.AB’ . (Malaysia 2000).
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