PE THI THU HSG QUOC GIA 2021

Ngay 1
Thoi gian: 180 phut

Bai 1 (5 diém): Cho ba sb duong a, b, c théa méan diéu kién a+ b +c > % + % + %

Chting minh rang
1 1 1 3

<
(Qatbtc)P (@btctal (2ctatb? 16

Bai 2 (5 diém): Cho (a,) va (b,) 14 hai diy sb thuc duong théa méin diéu kién:

1
a,=1,a, = >
2b,,.1 =2b, —a,

1
bn 2an+1 + 5

k=0

n
Dit ¢, = = (2 b—';) . Tinh limc,.

Bai 3 (5 diém:) Goi B va C 1a hai diém tiy y ndm trén canh AP va PD clia tam giac
nhon APD. Goi Q 1a giao diém cac dudng chéo clia tt giac ABCD, H,, H, 1a truc tAm
clia tam gidc APD va BPC. Gia st X (X # Q) 1a giao diém clia dudng tron ngoai tiép
tam gidc ABQ va tam gidc CDQ. Goi Y (Y # Q) 1a giao diém clia dudng tron ngoai
tiép tam giac BCQ va ADQ.

(@) Goi M, N 1An luot 1a trung diém ctia AC, BD. Chting minh ring cac diém X, Y,
M, N, Q dong vién.

(b) Chitng minh rang néu dudng thang H,H, di qua X thi né ciing di qua Y.
Bai4 (5 diém:) Trén mét bang den, ba du ngudi ta viét 2015 sb tu nhién phan biét:
O:ao <Cl1 <Cl2 < --- <a2014.

Sau d6 ngudi ta ghi tiép 1én bang tit ca nhiing sb tu nhién n sao cho n c6 thé viét
dudi dang téng clia 2 sb6 thude 2015 ban dau (2 s6 nay khong nhat thiét phan biét).

Hoi sau khi viét xong, trén bang sé 6 it nhét bao nhiéu sb tu nhién phan biét, néu:
(@) ay4 =4028.
(B) dyp1s = 4027.

— Hét—



PE THI THU HSG QUOC GIA 2021

Ngay 2
Thoi gian: 180 phut

Bai 1l (6 diém): Cho n 12 mét sb tu nhién, diy (a,) dugc xac dinh nhu sau:

a,=0,a, =1,
Ao =2014-a,,, —a,.

Chitng minh ring véi moi n > 2 thi a, 14 hop sb.

Bai 2 (7 diém): Tim tit ca cac ham s6 f : R* — R™, thda man cac diéu kién sau:
(a) V6i moi sb thuc x > 1 thi f(x) 12 mét ham déng bién.

(b) V6i moi sb thuc duong x, y, ta luon c6
X
fO)-f)=fGxy)+f )
Bai 3 (7 diém): Cho w 14 dudng tron ngoai tiép tam giac ABC. budng thing d song
song v6i BC va cit AB, AC 1an ludt tai E, F, cit w tai U va V. Trung diém cta BC 1a

M, goi w’ 14 dudng tron ngoai tiép tam gidc UMV. Gia sit ban kinh cfia w va w’ bang
nhau, hai diém T, S 1an ludt 1a giao diém ctia ME va FT v6i w'.

Chitng minh ring EF tiép xidc véi dudng tron ngoai tiép tam gidc MCS.

— Hét—



L6i Giai Va Binh Luin

Bai 1l (5 diém): Cho ba s duong a, b, ¢ théa mdn diéu kién a+ b +c > % +
Chitng minh rang

1 1 1 3

<
(2a+b+c)2+(2b+c+a)2+(2c+a+b)2 16

Loi giai: Ap dung bat ding thiic AM-GM, ta c6
(2a+b+c)y*=[(a+b)+(a+c)]*=4(a+b)a+c),

tir do suy ra
1 - 1
(2a+b+c)*  4la+b)a+c)

St dung danh gia nay, ta dugc

Z 1 < Z 1 . a—+ b +c
(2a+b+c)>  “4(a+b)a+c) 20a+b)b+c)c+a)
Nhu vdy, ta cin chi ra dugc

a+b+c <3
(a+b)b+c)c+a) 8

hay
(a+b)b+c)c+a)= g(a +b+c).

Ta viét gia thiét clia bai toan lai duéi dang
ab+ bc+ca <abc(a+b+c).

St dung danh gia abc(a+b+c) < %(ab-l—bc—i—ca)z, ta dé dang suy ra ab+bc+ca > 3.
Tt d6, p dung két qua quen thubce

8
(a+b)b+c)c+a)= §(a + b+ c)(ab+ bc+ca),
ta co
8 8
(a+Db)b+c)c+a)= §(a+b+c)(ab+bc+ca) > g(a+b+c).
Pang thitc xay ra khi va chi khi a = b = ¢ = 1, bai toan dugdc chting minh. O
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Bai 2 (b diém): Cho (a,) va (b,) la hai ddy sb thuc duong théa man diéu kién:

1
a,=1,a, = B
2b,,, =2b,—a,

1
b,=2a,,,+ 5

bDatc, = zn—lﬂ (Z Z—") . Tinh limc,,.

k=0 ¥

Loi giai: Tit gia thiét ciia bai toan, ta ¢6

_ 1
ao—l,al—i

2'bn-i-l = 2bn —api

bn = % + 2an+1

tuong duong véi

_ _1
aO — 1,Cl1 —_— E
_ 1
ny2 = Apyy — 34

bn = % + 2an+1

n

_ _1
aO—].,al—E

1 1 1 1
Apyo — Ean-‘rl - E(an+1 - gan) =TT onm (al - aO)
_ 1
bn -3 + 2an+1

hay la

1
Vay a, = % va b, — 3= b. Ta sé chitng minh ¢, — b. That vay, vi b,, — b nén véi moi

¢ > 0, ton tai n, sao cho véi n > n,,

b,—b| <e.
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Ta cd

1 - 1 -
cn—b|= Y] (kzllzk.bk) gy (kzllzk.b)

1 B n
= |3 sz(bk—b)}
| k=1
1 10
= 5 ;zk(bk—b)] + S LZ 2k(b, — b)”
L k=1 ng+1

izk(bk—b)
= Z 2n+1 ontl—k }bk b’

<27 122k(bk b)+27" K (n—ny) £ —0
k=1

=~ on+1

Véylimcn=b=%. O

Bai 3 (5 diém:) Goi B va C la hai diém tiry y ndm trén canh AP va PD clia tam gidc
nhon APD. Goi Q la giao diém cdc dudng chéo ctia tit gidc ABCD, Hq, H, la truc tam
ctia tam gidc APD va BPC. Gia sit X (X # Q) la giao diém ctla duong tron ngoai tlep
tam glac ABQ va tam gidc CDQ. Goi Y (Y # Q) la giao diém clia duong tron ngoai tlep
tam gidc BCQ va ADQ.

(@) Goi M, N lan luot la trung diém ctia AC, BD. Chitng minh r&ng cde diém X, Y,
M, N, Q dong vién.
(b) Chitng minh rdng néu dudng thdng H,H, di qua X thi né ciing di qua Y.
Lai giai: (a) Trude hét ta sé ching minh bén diém X, M, N, Q ddng vién, cac diém
Y, M, N, Q lam tuong tu.

Ta ¢ /XAC = /XBD va /XCA = /XDB (do cac tit gidc ndi tiép) nén AXAC ~
AXBD, ta dudc

XC B AC B MC

XD BD ND’
Két hop v6i ZXCM = /XDN ta c6 AXCM ~ AXDN. Suy ra ZXMC = /XND, nén
/XMQ = /XNQ, do d6 X, M, N, Q dong vién. Cac diém Y, M, N, Q tuong tu ciing
dong vién.
Vay X, Y, M, N, Q df\)ng vién, ta co diéu phai chiing minh.
(b) Ta c6 H,, H, 14 truc dang phuong ctia dudng tron dudng kinh AC, BD nén

H,H, L MN, (1)

va X € H,H,. Theo tinh chit phuong tich ta c6

XM? - — =XN*— —
4 4
hay
) , AC?* BD?
XM?*—-X ———
4 4



Néu XM # XN, thi AXAM ~ AXBN (g-g), nén
XM AM
XN BN’
Suy ra
XM? XN?* XM*-XN?
AM? BN2 AM?—-BN2
véy ta dudc XM =AM, XN = BN. Do d6 ZAXC = /BXD = 90°.

2

Theo tinh chéit tG gidc néi tiép, ZBAX = /XQD = /XCD nén PAXC ndi tiép. Do tit
gidc PAXC noi tiép va ZAXC = 90°, nén ZAPD = 90° (mAu thuan gia thiét). Nén
XM = XN, suy ra AC = BD.

Tit day dé dang chting minh dudc chting minh YM = YN, suy ra
XY L MN. (2)
Tt (1) va (2) ta dé dang suy ra dugce két qua ctia bai toan. O
Bai 4 (5 diém:) Trén mot bdng den, ba ddu ngudi ta viét 2015 sé tw nhién phdn biét:
O=ay<a;<a, <-<dyq4-

Sau dé ngudi ta ghi tiép 1én bdng tdt cd nhiing sb tu nhién n sao cho n c6 thé viét dudi
dang tong ctia 2 s6 thudc 2015 ban dau (2 s6 nay khéng nhat thiét phdn biét).

Hoi sau khi viet xong, trén bdang sé c6 it nhat bao nhiéu so tu nhién phan biét, neu:
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(a) ayy4 =4028.
(b) ayp4 =4027.
L&i giai: (a) Xét 4029 tong sau:
ay + Ao, a1 + g, Ay + Ao, - -+ Aa14 T Ao, Anp14 T Ay Az014 T Ag; - -+, Aop14 + A014-

Ta thiy ring do a, < a; < a, < --- < dy,4 NéN cac téng trén dudc sip theo ting dan
tu trai qua phai nén ching phén biét. Suy ra trén bang phai cé it nhat 4029 so6 tu
nhién phan biét.
Ngoai ra, néu 14y a; = 2i, v6i moi i € 1, 2013, thi trén bang chi gdbm 4029 s6 tu nhién
phan biét la:

0,2,4,...,8056.
Suy ra, néu a,,,, = 4028 thi trén bang phai cé it nhat 4029 sb tut nhién phan biét.

(b) Pap sb 1a: 3-2014 = 6072. Mot dau bang ¢ thé chi ra 1a khi a; = i v6i moi
ieT, 2013.

DAu tién, ta thdy do 0 < a, < a; < -+ < dygy3 < 4027, nén cac sb ay, ay, . .., dygys O
cac sb du d6i mét khac nhau khi xét mod 4027, va ciing béi thé, véi mét sb tu nhién
0 < k < 4026 cho trude, cac k — ag, k —ay, ..., g3 cling c6 cac sb du d6i mot khac
nhau khi xét mod 4027.

Ma 2 déy trén c6 téng cong 4028 sb, nén theo nguyén ly Drichlet, ton tai 2 sb tu nhién
0<u,v <2013 sao cho
a, =k —a, (mod 4027),

hay
a, + a, = k(mod 4027).

Suy ra ting v6i mdi sb tu nhién 0 < k < 4026 trén bang sé c6 it nhit mét sb sao cho
s0 d6 chia 4027 du k.

Mit khac, khi k = 0 thi c6 it nhit 3 s6 1a 0, 4027, 8054 chia 4027 du k. Con khi
k = a; (i € 1, 2013) thi c6 it nhat 2 s0 la a;, a; + 4027 chia 4027 du k.

Suy ra trén bang c6 it nhat: 1-342013-2+4[4027 —1—2013]-1 = 6072 sb tu nhién.

Bai to4n dudc gidi quyét xong. O

Nhan xét: Loi giai trén rat thd vi vi ddy von gbe 1a mét bai toan t8 hop, nhung thuc su thi
kién thitc vé& hé thing du lai dugc 16ng ghép vio, sau dé dua két lusn bang cach dém 2 cach .
(Pém cach cap < n, k > véinla 1 so6 trén bang va 0 < k < 4026 thda k = n(mod 4027)).

Bai toan c6 thé téng quat thanh:

Cho tdp n A gdom n+ 1 sb tu nhién, chitng rdng néu maxA < 2n—1 thi |JA+A| > n+ 1+ maxA,
trongdo A+A={a+bla €A, beA}

Bai 5 (6 diém): Cho n la mét s tu nhién, ddy (a,) dugc xdc dinh nhu sau:

ao - O, a1 == 1,
an+2 == 2014 * an+1 - an.

Chitng minh rdng véi moi n > 2 thi a,, la hop sb.
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L& giai: Trude hét ta chiing minh dang thic sau
Untn = Qnpyr — QGp-10m-
Thay m + n bang s, ta dudc
Ay = As_ Qi1 — Qg1 Apy-
Ta ¢ a, = 2014a,_; — a,_, = a,_,a, — a,_,a;, v6i moi m < s thi

(as—mam+1 - as—m—lam) - (as—m—lam-i-z - as—m—Zam-i-l)
= (as—m + as—m—2)am+1 - as—m—l(am+2 + am)
= (2013a5—m—1)am+1 - as—m—1(2013am+1)
=0

Tt d6 dé& dang suy ra ding thtc trén. Tiép dén, ta chitng minh
a, | Agp>, N> 0. (3)
bing quy nap theo k. Thét vay, v6i k = 1 ta cé diéu hién nhién ding. Gid st a, | a,,
theo gia thiét quy nap
Ank+1) = (ankan—l - ank—lan) a

Theo nguyén li quy nap, ta c6 (3) ding. Nhu viy, theo (3) thi v6i moi n > 2 14 hop sb
thi a,, cling la hgp so, do a, > 1 va day (a, )tang.

Cubi cling, ta chi can chiing minh véi p > 2 13 sb nguyén tb thi a, la hgp s6 14 du. bit
p=2m+1,tacod

2 2
ap =dom+1 = am+1 —a,= (am+1 - am)(am+1 + am)'
Ta sé chtng minh a,,,.; — a,, > 1 v6i moi m > 1. That vay
Apyq — Ay = 2013a,, — a,,_; =2012a,, + (a,, — a,_;) > 1.

Do dé a, cling la hgp s6. D& dang kiém tra a, = 2014 14 hop sb. Tém lai, a, 13 hop sb
v6i moi sb tu nhién n > 2. O

Bai 6 (7 diém): Tim tdt cd cdc ham s6 f : R* — R™, théa man cdc diéu kién sau:
(a) V&imoi sb thuc x > 1 thi f(x) la mot ham dong bién.

(b) Voi moi sb thuc duong x, y, ta luén co

£ ) = Foey)+ f G) |
Loi giai: bat g(x) = f(e*), taco
gx)-g(y)=glx+y)+glx—y), (4)

v6i moi sb thue duong x, y. Tt (4) chon (x, y) = (0, 0) ta thu dugc g(0) = 2. Gia st
ton tai so thuc x, ma g(x,) < 2. Xét day (u,) dugc xac dinh bai:

— 2
ug = g(xp), Upyy =u; —2,n=0.
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Tit (4) thi
g(2" - xo) =u, > 0. (5)

Dé& dang chitng minh dudc day (u,) khong thé luén duong, diéu nay mau thuin véi
(5). Vay g(x) = 2, v6i moi so thuc x.

T d6 v6i moi sb thuc Xo ton tai @ ma g(x,) = a* 4+ a~*. Bang quy nap ta thu dugc
g(n-xy)=a™ +a ™o, (6)
bt g(1) =c+c7, tr (6) chon (n, x,) = (n, 1) suy ra
gn)=c"+c™M

Tt (6) chon (n, x,) = (n, %) , suy ra

1 1 1
g (—) =cn+4c n.
n

Tt (6) chon (n, x,) = (m, %) , suy ra

m m m
g (—) =cCn+C .
n

Vi f(x) don diéu v6i x > 1 nén g(x) ciing don diéu v6i x > 0 nén ton tai 2 diy sb
hitu ti g,, va p, sao cho g, = x = p, >0 va

Aim (g,) = lim (p,) =x.
Do g tdng nén g(q,) = g(x) = g(p,), suy ra
¢+ = g(x) = cPr+c7Pn,

Cho n — oo, ta dudgc
e zgx)=x + N
Suy ra g(x) = ¢¥ + ¢ ¥, thit lai ta thiy théa man diéu kién clia bai toan.

Vay g(x) = c* + ¢~ x hay f(x) = ) 4 ¢~ v6i moi x > 0. 0

Bai 7 (7 diém): Cho w la dudng tron ngoai tiép tam gidc ABC. Pudng thdng d song
song vdi BC va cdt AB, AC lan lugt tai E, F, cdt w tai U va V. Trung diém ciia BC la
M, goi &' la dudng tron ngoai tiép tam gidc UMV. Gid sit bdn kinh ctia w va o’ bdng
nhau, hai diém T, S ldn luot la giao diém cia ME va FT véi o',

Chitng minh rdang EF tiép xic véi dudng tron ngoai tiép tam gidc MCS.

L&i giai: Ta chitng minh bai toan trong dudng hop E, F 1an lugt ndm trén doan
AB, AC. Truong hop E, F nam ngoai doan AB, AC, chtng minh hoan toan tuong tu.

Goi O 1a tAm dudng tron w, L 13 giao diém ctia CS véi w. Khi d6
EA-EB=ET-EM,

nén td giac ATBM ndi tiép. Lai c6
FA-FC=FT-FS,
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nén tit gidc ATCS ciing ndi tiép. Vi BC tiép xic v6i dudng tron o’ tai M nén
LCMS=/4MTS=/AMTA—- LSTA= /MBA— /ACS = /MBA — /ABL = ZCBL.

Suy ra MS song song véi BL, va ¢6 dugc S 13 trung diém CL. Suy ra tiép OS L CS,
hay tt giac OM CS noi tiep dudng tron dudng kinh OM.

1 .
Xét phép vi tu V7 bien dudng tron w thanh dudng tron duong kinh OC. Goi d la tiep
tuyén ctia w sao cho d song song v6i UV dong thdi d va BC nam khac phia doi véi
UV. Vi w va o’ c6 ban kinh bang nhau nén ta chiing minh duge

d(C,d)=2d(C,UV).

1 s
Do d6 duong thang UV la anh ctia d qua phép vi tu V7 va d tiép xtc v6i w nén UV
tiép xtc v6i duong tron duong kinh OM.

Chitng minh hoan tAt. O



