CAP VA CAN NGUYEN THUY
Lé Xuan Dai

(GV THPT Chuyén Vinh Phic, Tinh Vinh Phiic)

MO DAU
Pbi voi phan mén sb hoc trong chuong trinh THPT Chuyén thi Iy thuyét vé cap
Clia mdt phan tir 1a mot van dé co ban va rat quan trong, no c6 rat nhidu tng dung trong
cac bai toan sd hoc. Viéc sir dung thanh thao cac tinh chat vé cip cing su két hop khéo
Iéo thém céac dinh 1y co ban cua s6 hoc nhu dinh Iy Euler, Fermat, Thang du Trung
Hoa,... s& gitp ching ta giai quyét duoc cac bai toan hay va kho trong sé hoc. Vé 1y
thuyét thi khai niém va céc tinh chat cua cip rat don gian nhung biét str dung cip trong

cac bai toan cy thé lai 1a mot viéc gip nhiéu kho khan.

Bai viét nay trinh bay cac van dé co ban vé cip va cin nguyén thuy, dwa ra mot sb
bai toan ap dung dién hinh nhat ma chu yéu duoc 13y tir cac bai thi Olympic vé sb hoc
nhitng nim gan ddy. V&i mdi bai todn tac gia ¢ gang phan tich, dinh hudng 101 giai va
dua thém mot sb bai toan twong tu. TAC gia hy vong bai viét ndy s& 1a mot tai liéu tham
khao bd ich cho céac thay c6 va hoc sinh chuyén toan. Rat mong s& nhan duoc nhirng gop
y quy bau ctia cac chuyén gia, cac thiy co gido dé chuyén dé duoc xau sic va hoan thién

hon nira. Xin chian thanh cam on!



NOI DUNG

A- TOm tit ly thuyét.
. Cap ciia mét sb
1.1. Pinh nghia . Cho neN",aeZ, (a,n)=1, khi d6 a*(") =1(modn). Do d6 phuong
trinh a* =1(modn) ludn c6 nghiém nguyén. S6 nguyén duwong h nhé nhit théa man
a" =1(modn) dugc goi 1a cép cua a (modn). Ky hiéu h =ord, (), hién nhién h <@(n).
1.2. Tinh chat
Tinh chit 1.2.1. Néu a 1a cép 1a h (modn) thi moi sé thudc 16p a déu co cap 1a h (modn).
Tinh chit 1.2.2. Néu cap cua a (mod n) 13 h thi

a¥ =1(modn) < k:h (keN) va a“=a’(modn) < k - ¢th
Tinh chat 1.2.3. Néu a c6 cép 1a h (modn), ke N, (k,h)=1 thi a* ciing ¢6 cap Ia h

(modn).

Téng quat hon. Néu a cé cip 1a h (modn), k e N™ thi a* s&co cép 1a % (modn).
gca(k,

Tinh chat 1.2.4. Néu a c6 cap hy (modn); b c6 cap h, (modn) va (hy,h,)=1. Khi d¢6 cap
cua ab (modn) la h =hh,.

Tinh chat 1.2.5. Néu a c6 cép 1a h (modn) thi he A= {1;a;a2,...;ah‘1} gom h s6 d6i mot
khong dong du véi nhau (modn).

Tinh chat 1.2.6. Cho cac s6 ny,n,,...,n, nguyén té sanh doi va n=nn,...n, . Gia str a co
cAp hi (mod ny), Khi d6 chp ctia a (modn) 1a h=lcm{h,h, .hy }.

Nhdn xét. Tt tinh chit nay cho phép ta dua viéc tim cip caa a (modn) quy Vé tim cap cua
a (mod p%), p nguyén tb.

I1. Can nguyén thuy.



2.1. Dinh nghia. Cho n 1a s6 nguyén duong va a la so nguyén sao cho (a,n)=1. Khi d6

a dugc goi 1a Mot can nguyén thuy (modn) néu cap cta a (modn) bang ¢(n). Ta con noi

a la mot can nguyén thuy cua n. (a is called a primitive root modulo n).
Vi du. Ching minh rang néu s6 F, = 22 11, n>1, la sb nguy@n t6 thi 2 khong 14 cin
nguyén thuy cua F,.

Loi gidgi. Ta phai xét n>1 vi vdi n=1 thi F, =5 va 2 la mdt can nguyén thuy cua 5.

Ta c6 ngay 22 —1:(22” —1)(22" +1):> 22" =1 (mod F,), do d6 cép cta 2 (modF, )

khong vuot qua 2™, Tur F, nguyén té nén o(F,)=F,-1=22 va 2* >2" tasuy ra
2 khong 1a can nguyén thuy cua F, (dpcm).

2.2. Tinh chat.

Tinh chat 2.2.1. Néu a 1 cin nguyén thuy modn thi moi sé clng 16p voi a theo modn

déu 1a cin nguyén thity modn.

Tinh chit 2.2.2. Néu a la cian nguyén thuy (modn) thi hé A:{al;az,...;a‘/’(”)} la hé

thiang du thu gon (modn). Tir d6 suy ra L;a;a®,...;aP % 1a (p—1) sé phan biét va ching 14
hoén vi cua 1,2,3,...,p—1 (mod p). Pay la tinh chdt quan trong va hay duoc si dung
nhiéu nhat.
Tinh chat 2.2.3. Néu a 1a cin nguyén thity cia p™ thi a hodc a+ p™ la can nguyén thuy
cua p™t.
Tinh chat 2.2.4. Moi s nguyén t6 p déu c6 can nguyén thuy.

Pay co6 18 1a mot tinh chat co ban va quan trong bac nhit cta Iy thuyét cip cia
phan tir. Xin dua ra hai chimg minh cho tinh chét nay.
Chirng minh 1. Vé&i p=2 thi ménh d¢ 13 hién nhién

Gia str p la s6 nguyén t6 1¢ va ¢(p) = p —1. Dang phan tich tiéu chuan caa ¢(p) Ia:

e(p) =0 .07 .0 " .



p-1
Xét phuong trinh dong du: x % =1 (mod p) c6 khéng qua

-1 - . p-1
pq nghiém, va pq

<p-1cho
p-1
nén véi mdi g; phaiton tai a,, (a;, p)=1saocho a% =1 (mod p).
p-1
Pit b =a %" . Ta s& chimg minh ring cép cia b modp 1a ¢*. That vay, ta c6

b% =aP =1 (mod p) cho nén cip cia b modp c6 dang q":0< 4 <a,

p-1
(Zi*

Nhung véi moi g <o thi b% =a%" " =1 (modp) cho néntaco s -« nghia Ia ¢ 1a cip

ctia b, modp. Nhu vay céac sé by,b,,...,b, 1an luot co cap 1a ™. q,..q™ theo modp.
Do d6 b=hyb,..b s&co cap 1a g*.g...q¢* modp, tic b ¢ cip chinh 13 ¢(p) modp.
Vay b 1a mot can nguyén thuy modp (dpcm).
Nhdn xét. Khi p 14 s6 nguy@n t6 thi p s& c6 dung @(p —1) cin nguyén thay.
Chirng minh 2 (St dung dinh ly Lagrange).

Ta da biét rang v6i moi a e {0,1,2,..., p —1} thi ord, (p)|@(p) = p—1. Ta s& xét tat
ca cac gia tri co thé ciia ord, (p).
Voimdi d| p-1, goi f (d) la s6 cac s6 nguyén duong trong tap {0,1,2,..., p —1} nhan d
lam cép theo modp. Suy ra »_ f(d)= p—1. Tir tinh chat cua ham Euler ta c6

Y.e(d)=n

din

Dodé Y f(d)=> ¢(d). Tasechira f(d)<e(d) dé tir d6 dan dén f(d)=ge(d)

dip-1 dip-1
véimoi d| p-1.

RO rang ta chi can xét f(d)>1, khi d6 ton tai @ nguyén duong ma ord,(a)=d.

Xét da thirc P(x) = x® —1, theo dinh Iy Lagrange thi P(x) c6 ti da d nghiém theo modp.

Mt khac a*,a?,...,a" 1a d nghiém phan biét cia P(X) nén d6 chinh 14 tit ca cac nghiém



ciia P(x) theo modp. Vay co tdi da d s a',a?,...,a" nhan d lam cp.

D& thay véi (k,d)>1 thi (ak )(k(,jfﬂ) =1 (mod p) nén a* khdng nhan d 1am cép. Do do, sb
cac sb con lai nhan d 1am cap khong vuot quag(d), suyra f(d)<e(d).

Vay f (d):(o(d) voi moi d| p—1. Pac biét ta dugc f (p—l):(p( p—l)Zl. Nhu vay
ton tai cdn nguyén thily modp va khdng nhitng vay ta con suy ra cé dung ¢(p—1) cin
nguyén thuy modp.

Nhén xét. Bang phép ching minh tuwong tu nhu trén ta ciing suy ra néu n nguyén duwong
c6 can nguyén thuy thi n s& c¢6 dung ¢(¢(n)) can nguyén thiy.

Tinh chat 2.2.5 (Pinh 1y vé sy ton tai cin nguyén thuy).

Cac s 2,4, p*,2p* voip 1a s6 nguyén té 1é, k 1a sé nguyén duong, va chi cac sb
d6 c6 cin nguyén thuy. Pinh Iy ndy s& duoc chimg minh chi tiét & phan cubi cta bai viét
nay.

B- M@t s6 bai toan ap dung
Bai toan 1 (Hungary-Israel Math Competition 2009). Cho sé nguyén té p. Tim tat ca
cac s6 nguyén duong k sao cho S, =1+ 2" +...+(p —1)k chia hét cho p.
Loi gidi. Do p nguyén t6 nén ton tai x 1a cin nguyén thiry modp. Khi d6
S, =1+ X +...+xP? (mod p) (¥
Néu (p-1)|k thi S, =1+1+..+1=p—1(mod p).
Néu (p-1) |k thite x“#1 (mod p) va x* =1 (mod p) ta suy ra
(P _

S, zﬁzo (mod p).
Vay cac sd k can tim 12 tat ca cac s6 khong chia hét cho p.
Nhdn xét. Loi giai bai toan that don gian va dep mit néu biét str dung su ton tai cia cin
nguyén thuy x (modp) ma chia khéa & day 1a tinh chat (*). Ta xét tiép mot bai toan tuong

tu.



Bai toan 2 (Mongolia 2015). Cho p la s6 nguyén t6 1¢. Goi ay,a,,...,a, ; |2 tit ca cac sb
nguyén duong phan biét nho hon p. Ching minh rang ton tai mot hoan vi ciia p—1 s6

p-1
nay 12 by,by,....b,_y sao cho > a? l1aboi cua p.

i=1
Loi gidgi. Cling tuong tu bai toan 1, ta s& xay dung hoan vi thoa man bang cach dung cin
nguyén thuy. That vay, goi X la mot can nguyén thuy modp. Khi d6

{xl,xz,xs,...,xp‘l} ={123,..,p-1}.

p-1
Ta s€ chi ra mot hoan vi {kl,kz,...,kp_l} cua {1,2,..., p —1} sao cho Z xK 13 boi ctia p 12
i=1
.k p+1 . | L p-1
xong. Ta chon cac s6 k; nhu sau: k; :T_I vak ,4=p-i,Véi |:1,2,...,T.
i+
2

p-1 .
Khi d6 tong > x™ tré thanh
i=1

-1 2 p+1
pz X'k E—pgl(x” + x('o‘i)('o‘j)):—pzl.xij (1+ x" pl?]

:_pgl_x., (1+ X" 2 ]

p-1 »(p)
"2

=x 2 =-1(modp), suy ra 1+x"

p-1
Do x 1a cdn nguyén thily nén X' 2 ip, tir d6 hoén
Vi vira xay dung thoa man.
Bai toan 3 (Iran 2013). Cho p la s6 nguyén té 1¢. Chting minh rang ton tai mot s tu
nhién x sao cho X va 4x déu 1a can nguyén thiy modp.
Loi gidgi. Dé chi ra sy ton tai cta X thi rat tu nhién ching ta s& xay dung né theo mot cin
nguyén thay (cb dinh) nao d6 cua p.
Goi a la mot can nguyén thuy modp. Khi d6 ton tai sé nguyén duong r sao cho

2=a" (mod p).



Suy ra 4=a*" (mod p). (1)
Goi Py, Py,..-p, 1a cac wdc nguyén t6 phan biét cia p—1. Véi 1<k </, dat s, 1a mot s6
nguyén sao cho s, #0 (mod p,) va s, #-2r (mod p, ). Theo dinh 1y phan du trung hoa,
ton tai s6 tw nhién m sao cho

m=s, (modp,), 1<k</
Khi d6, m va m+ 2r déu khong chia hét cho p, . Do d6 chung nguyén té cling nhau véi
p-1.Taco

p-1/m,2m,3m,...,(p—2)m,

p—1fm+2r,2(m+2r),3(m+2r),...(p—2)(m+2r).
Do a la can nguyén thuy modp nén ta dugc
a™ a?m a®" . alP=2M =1 (mod p),
am+2r g2(me2n) g3me2n)  A(P-2(M2) 41 (mod p).
Nhu vay a™ va a™?" 1 can nguyén thiy modp. Clng véi (1) ta suy ra sé x =a™ thoa
man yéu ciu bai toén.
p-1

. . &
Bai toan 4 (China TST 1993). Vi mdi s6 nguyén to p l¢, ta dinh nghia F(p)=> k'*

k=1

va f(p):%—{%}. Tim gidtricua f(p).

Loi gidi. Goi X 1a can nguyén thuy modp.
Néu (p—1)120 thi x'* %1 (mod p) va x**®* =1 (mod p). Do d6

X120 (X120( p-1) 1)

1 S 120i
F(p)==) x' = =0 (mod p).
1
Vay f(p)==.
ay T(p)=5
Néu (p-1)]120 thi pe{3,5,7,11,13,31,41,61} va x**=1 (mod p). Do dé



18 o p-1
F(p) EEZX:LZO =pT (mod p).
i=1

N 1 -1 1
Viy f(p)=§—p2—p=%.

Bai toan 5 (China TST 1993). Vé&i mdi s6 nguyén a, dit n, =101a-100.2*. Chung
minh rdng véi 0<a,b,c,d <99 sao cho n, +n,=n_+n, (Mod10100) thi {a,b}={c,d}.
Loi gidgi. Ta sé sir dung bd dé co ban sau: Cho a,b 1a c4c s6 tu nhién. Khi do

2% =2 (mod101) < a=b (mod100)
Tro lai bai todn: Do (100,101) =1 nén

n,+n,=n. +n, (Modl01)
n, +n,=n,+n, (mod100)

n, +n,=n. +n, (Mod10100) < {

Taco n,=a (mod100) va n, =2% (mod101) nén

28 +2°=2°+2% (mod101) (1) va a+b=c+d (mod100) (2)
Chay 1a 2'%° =1 (mod101) va (2) suy ra

22,20 =22 = 2¢+d = 2¢ 24 (mod101)
Lai co 2° =2°+2% — 2% (mod101) nén ta duoc
2°.(2°+2°-2%)=2°2" (mod101) & (2° - 2°).(2* - 2) (mod101)
Suy ra 22 =2° (mod101) hodc 2 =2° (mod101). Theo két qua bai 3 suy ra
a=c (mod100) hoac a=d (mod100) (3)

Tu (2) va (3) suy ra {a,b} ={c,d} (dpcm).
Bai toan 6. Tim tit ca cac s6 ¢ hai chit s6 n=ab sao cho v&i moi sb nguyén k ta co
n|k*-k"°.
Loi gidgi. D@ thiy cac sb 11,22,...,99 thoa man d& bai. Ta xét s n=ab thoa man voi

a=b. Goi p 1a mot udc nguyén té cta n. Goi x 1a mot can nguyén thiy modp. Khi d6



p|x*—x*, suy ra x** =1 (modp). Do ord,(x)=p—-1 nén |a—bfp—1, chi ¥ ring
la—b|<9,tasuyra p=2,357.
Néu p=7|n thi 6/|a—b|, suy ra n=28. Chiiy ring k’ =k® (mod4) va k’=k® (mod7)
ludn xay ra nén n =28 théa man.
Tuong tu voi p=5 thi n=15 hoic 40. Kiém tra ta dugc n=15 théa man. Véi p =3 thi
n =24 hoic 48. Kiém tra ta dugc n =48 théa man. Véi p=2 thi n=16,32,64. Kiém tra
khong s6 nao théa mén. Vay tat ca cac so n can tim la ne{11,22,...,99,28,15,48}.

Tiép theo 1a mat bai todn c6 ciu tric kha giéng bai toan trén, tuy nhién lai 12 mot
bai toan khé hon han.
Bai toan 7 (Iran TST 2015). Tim tat ca cac bd s6 nguyén duong (a,b,n) thoéa man
a>b, gcd(b,n)=1van*|a"-b".
Hudng gigi. Dé giai quyét nhitng bai todn dang ndy ta thudng xuat phat bang cach dua
thém mot bién 1 wdc nguyén t (thuong 14 wdc nguyén té nho nhét) dé tim ra duoc quan
hé giita a,b. Tiép sau d6 1a budc tim n tir mot quan hé chia hét.
D& thdy v&i a=b s& luon thoa mén.
Néu n=1 thi moi a>b déu thoa man.
Néu n>2, taxét a>Db. Goi p 13 udc nguyén t6 nho nhat cua n, ta co

a"=b" (modp) va a®*=b"* =1 (mod p).
Do d6 a%™P™ =p%™PD (mod p), suy ra a=b (mod p). Xét p 1¢, khi d6
v,(a"=b")=v,(a-b)+v,(n) va v, (n")=av,(n).
Tu n*|a"-b" ,suyrav,(a-b)>(a-1)v,(n)>a-1,suyra a—b> p**, diéu ndy mau
thuan vi a—1< p** véi moi a nguyén duong. Do d6 p =2. Khi d6
v,(a"-b")=v,(a® -b?)+v, (n)-1va v,(n*) =av,(n) 2 a.

Do dé v,(a*—b’)>a=a’-b*>2*. Tk dosuyra a=3,b=1.
2



Tiép theo ta tim n sao cho v,(n)=1 va n*|3" —1.Ciing ding uéc nguyén to nhd nhat nhu

& bude trén ta dé tim duoc chi c6 n =2 thoa man.

Vay cac bd (a,b,n) cantimla (a,a,n);(a,b,1);(3,12).

Bai toan 8. Cho p 1a s6 nguyén t6 1é. Tim tat ca cac ham sé f :Z — Z théa mén hai diéu

Kién sau:

(i) Néu m=n (mod p) thi f(m)= f(n).
(i) f(mn)=f(m)f(n).

Loi gidai. Tu (ii) suyra f(0)=0 hoac 1.

Néu f(0)=1 thi cho m=0, ta duoc: 1= f(0)=f(0)f(n)= f(n), véi moi neZ. D&

thdy ham f(n) =1 thoa man.

Néu f(0)=0, thi vé6i n=0 (mod p) ta duge f(n)=0.Vsi n=0 (mod p), goi x 1a mot

can nguyén thuy modp. Khi d6 n=x" (modp) véi mdi ke{l2,..,p-1}. Do do

f(n)=f (x"):( f (x))k. Theo dinh ly Fermat thi x” =x (mod p), suy ra ( f(x))" = f(x).

Do d6 f(x)=0,1 hodc 1.

Néu f(x)=0 thi f(n)=0,vneZ.Néu f(x)=1thi f(n)=1vn=#0 (modp).

Néu f(x)=-1thivéi n=a® (mod p), a=0 thi f(n)=1, nguoc lai thi f(n)=-1.

Bai toan 9. Cho neN,n>1:3" —1:n. Ching minh rang n chan.

Loi gidgi. Goi p 13 udc nguy@n t nho nhét cua n, ta can ching minh p=2

3" =1(mod p)
=

) hin
3" =1(mod p)

Goi h 1a cdp cua 3 (modp), ta cé {

R6 rang 13 p = 3. Theo dinh 1y Fecmat thi 3" =1(mod p), suy ra h| p -1

Néu h>1 thi ton tai q 1a wdc nguyén té cia h, h>q va q|n va p-1>h,suyra p>q,
mau thuin véi p 13 udc nguyén té nho nhét cua n.

Vay h=1, khi d6 3' =1(mod p) = p=2. Do d6 n chn.

M@t 16p cac bai toan twong tw cich suy ludn vé cip nhw trén
10



Bai toan 9.1. Cho p nguyén t6. Chirmg minh rang moi uwéc nguyén t cua 2P —1 déu lon

hon p.

p-1
Bai todn 9.2. Cho p nguyén to, a nguyén; l<a<p-1. Pbiat A= Z ak. Chirng minh rang
k=0

VGi moi wdc nguyén té g cua A ta déu thoa man p|q-1.

Bai to4n 9.3. Chtrng minh rang n|¢(a" —1) v&i moi s6 nguyén duong a va n.

Hint. Ta di ching minh cap cua a mod(a" —1) bang n.

Bai toan 10. Chirg minh rang moi wéc nguyén t6 cta sé Fecmat thir n: F, = 22" +1 thi

déu ddng du v6i 1 theo modun 2",

Loi gidi. Goi p 1a mot ude nguyén té bat ki cua F,, suy ra 22 =1(mod p).

Goi h 12 cip ctia 2 modp, ta ¢6 2" =1(mod p) va h| 2",

Do F, Iénénplé, do do 2P =1(mod p) nén h|p-1.

Ta chi can chimg minh h =2"* [a xong. R& rang h ¢6 dang h=2% k<n+1

Néu k <n thi p|2"-1]2% -1, ma p|2? +1= p|2 (VO ly)

Vay k=n+1, tic 1a h=2"". Do d6 p=1(mod2"™) (dpcm).

Nhdn xét 1. Két qua trén c6 thé tong quat theo mot trong cac hudng sau

KQ1: Cho a,b nguyén duong va nguyén t6 clng nhau. Khi dé6 moi uéc ¢ cua s6

A=a? +b% neZ* déuddng co dang 2"k +1.

KQ2: Cho a,n la c4c sd nguyén duong. Khi d6 moi udc nguyén t6 p cua a® +1 déu

bang 2 hoic bang mot sé c¢6 dang 2"k +1.

Tir KQ2 nay ta c6 thé chimg minh duge két qua sau vé su ton tai vo han cac s6 nguy@n to
“Véi mbi s6 nguyén duong n cho trudc, ton tai vo han cac sé nguyén té dang

2"k +1, trong d6 k 1a mot sé nguyén duong”.

That vay, gia st chi ¢ hiru han cac s6 nguyéntd p, p,,..., p,, cO dang 2"k +1.

11



Xétsé A=(2p,p,...p, )2"’1 +1 thi theo KQ2 trén ta c6 A c6 uwéc nguy?n té dang 2"k +1 va
ude nguyén té ndy khong triing véi cac s nguyénté p,, p,,..., p,,, Vo Ii.

2"2) néu st

Nhdn xét 2 . Ta c6 thé chimg minh mot két qua manh hon 13 p =1(mod
dung tinh chat ctia s6 chinh phuong modp. That vay, theo két qua trén thi

2n+1

p-—1: = p=8k+1.

p-1
2

Khi d6 2 13 s6 chinh phuong modp, suy ra 2 2 =1(mod p).

Nhung ord ,(2) =2"*" (theo chimg minh trén) nén 2" | Pl p—1:2""2 Ta ¢6 diéu

phai chirng minh.
Két qua trén dugc coi nhu mot bd dé kha quan trong dé giai quyét cac bai toan kho lién
quan dén s6 Fecmat F, . Ta xét mot bai toan img dung két qua ndy qua bai toan sau:
Bai to4n 10.1 (Pé kiém tra ciia vién toan hoc 2016). Ching minh rang ton tai v han sb
nguyén cac b ba so nguyén t (p,q,r) doi mot phan biét sao cho

2P =1 (modq)

2971 =1 (modr)

<=1 (mod p)

Ta can st dung thém céc két qua sau:
Két qua 1. Cac s6 F, doi mot nguyén té cling nhau.
That vay, diéu nay duoc suy ra ngay tir dang thuc sau F, = F,.F..F , +2.
Két qua 2. Hodc F, 1a s6 nguyén tb, hoic F, cO it nhat hai u6c nguyén t6 phan biét.
That vay, ta chi can chirng minh rang néu F, khong la s6 nguyén t6 thi né khong phai 1a

mot 1ty thura véi s6 mil 16n hon 1 cua mot s6 nguyén nao do. Trude hét, ta chi ra rang F,

khong phai 1a sé chinh phuong. Thét vay, gia sit 22 +1=a? thi 2% = (a —1)(a +1).
Suyraaléva 222 = a-la+l
2 2
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Tir day ta d& suy ra didu mau thudn. Bay gio, ta gia st 22 +1=a* voi a,k la cac sb
nguyén lé va k>3. Taco

2" =(a-1)(a"*+a"+..+a+1)
Tuy nhién a**+a“2+..+a+1 1356 1¢ 16n hon 1 va do d6 khong thé 14 udc cua 27 .
Piéu mau thuin nay cho ta diéu phai chirng minh.
Quay tré lai bai toan. Ta s& chi ra cach xdy dung cac bd (p,g,r) nhu sau: Dau tién lay n
tay y.
* Néu F, nguyén t6 thi ta chon p=F,, q la mot udc nguyén té bat ki cia F,,, var la
mot woc nguyén t6 bat ki cua F, 5.
* Néu F, khong nguyén to thi theo KQ2 n6 ¢ it nhit hai uéc nguyén t6 phan biét va ta
chon p,q 14 hai wéc nhu vdy va ta chon r 14 mot udc nguyén té cia F,.1- Ta chiing minh

p,q,r thoa min yéu cau bai toan. That vay, néu n nguyén t& thi

2Pt _1=2" —1=2"""_1=(F,,-1)"-1iF,,iq (do 2 =2""m véi m chin). Do q Ia

n+l*

wdc nguyén t cua F

n+1

nén theo két qua trén ta dugc = 2"2k +1 véi k chan. Tir d6 suy

ra 201 -1=2"""* _1=(F

n+2

1) —1iF,,r. Cudi clng do r 1a uéc nguyén té cia F,,,
nén r =2"h+1 véi h 1a mot s6 nguyén chin. Tir d6 2 —1=2" ~1=(F, -1)" -1iF, ! p.
Céc truong hop khéc ta xét tuong tu. Dé y rang cac s6 F, d6i mot nguyén t6 cling nhau
nén xay dung trén cho ta vd han cac bo (p,q,r) (dpem).

Bai toan 11. Tim n nguyén duong, n <1000 c6 dang n= p,p,Ps ( Py, P2, Ps NQUYEN t6
phan biét) thoa man 2" +2:n.

Loi gidi. Trudc hét ta ching minh n chan. That vy, néu n 1é thi

n—1=2m (k,m>1 (2,m)=1).

Goi p 14 udc nguyén té cua n thi p Ié vata cé 2" =—-2 (mod p) = 2" = -1 (mod p).
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k+1

k 2
Suy ra 2>™ =-1 (mod p) = (2”‘) =-1 (mod p).

, 1
Goi h la cap cua 2™ mod p. Clng véi dinh 1i Fecmat (Zm)p =1 (mod p) ta dugc

hip-1
h|2k+1 )

Tuwong tu cach chimg minh bai todn 10 ta duge h =251,

Khi d6 21| p—1. Nhu vay thi 2| p. -1 Vi=1,2,3. Do d6

n—1=p.p,ps—1:2 (vo Ii).
Vay n chan. Tiép theo ta viét n duéi dang n=2pq; p,q nguyén tb 1¢ phan biét, gia st
p<q.Tun<1000 suyra pq<500 = p<19.
Do n chin nén tir 2" =—-2 (mod p) suy ra —2 la s6 chinh phuong modp, suy ra p c6 dang
8k +1 hoac 8k +3, tird6 pe{3;11,17;19}.
Thir truc tiép cac trudng hop ta duoc n can tim 1a n=2.3.11=66 va n=2.11.43 = 946.

Bai toan 12. Cho n nguyén duong ¢6 dang n=2%+1k >1. Ching minh ring diéu kién

n-1
can va du dé n nguyéntb laténtai a>1saocho a 2 +1'n.

Loi gidi.

* Gia str n nguy@n td. Goi a 1a can nguyén thay mod n. Ta c6

n-1 n-1
a”lzl(modn):(a 2 —1]{a 2 +1}n.

n-1 n-1

Vi a 14 cin nguyén thuy mod n nén a 2 —1 khéng chia hét cho n, suy ra a2 +1n.
n-1
* Nguoc lai, gia sir ton tai a nguyén Ién hon 1 sao cho a 2 +1in (1)

Goi p 1 uéc nguy@n té cua n. Ta phai ching minh n=p.

Goi h 1a cip ctia a modp, tir (1) ta c6 @ =1(mod p), suyra h|n—1=h|2¥ = h=2"
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n-1
Néu 1<t <k -1 thi h|nT_1, suyra a 2 =1(mod p), mau thuan vai (1)
Vay t=ksuy ra h=2%. Lai do h 1a cAp ctia a modp nén
hip-1=2X|p-1=n-1|p-1,ticlan=p.
Do d6 n la sé nguyén t6. Bai toan dugc ching minh hoan toan.

Bai twong tw. Cho n nguyén duong c6 dang n=2%u+1; u l&, u<2*. Goip 1a sé nguyén
n-1
t6 16 thoa man p 2 +1:n. Chimg minh rang n 1a s6 nguyén tb.

Bai toan 13 (Canada TST 2015). Cho p nguyén t6 sao cho p2—1 cling 1a s nguyén to.

Céc s6 nguyén a,b,c khdng chia hét cho p. Chlrng minh rang ton tai nhiéu nhat 1+ /2p
s6 nguyén duong n sao cho n< p va p| (a” +b" + c”).

Loi gidi. Ta thuc hién qua cac budc sau:

b=+a (mod p)

thi v&i modi n nguyén duong ta c6
c=zb (mod p)

1. Néu ta co6 {

a"+b"+c"==+a" (mod p) hodc a" +b" +c" =+3a" (mod p).
Khi @6 khong c6 sd n nao thoa man.

2. Xét b#+a (mod p) thi ba™#+1 (mod p). Pat q= pT—l nguyén td. Goi h 1a cap cua

b.a™ modp. Tacd h|(p-1) = h|2q.
Ma b.a™ #+1 (mod p)= h#=2=h=q hoic h=2q.
3. Dittip S :{n< p;a”+b”+c”§p} va dit S, 1aso cdp sip thi tw (i, j)e Sx S sao cho
I—j=t(modp-1).
Bo6 dé. Néu t nguyén duong, t < 2q,t = q thi S, < 2.
Chirng minh. Xét i,jeS véi j—i=t (modp-1). Taco
a'+b' +c'=0 (mod p); a’ +b’ +¢’ =0 (mod p).
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Suyraa'.cl+b.c +c¢!'=0 (modp)=a'c’ +b'.ci —al —b! =0 (mod p)
Do d6 ai.(ct - a‘) = bi.(bt —ct) (mod p) (¥).
+ Néu ¢' =a' (mod p) thi ¢' =b" (mod p), suy ra
a'=b' (mod p) = (ab™*) =1 (mod p) = tih, mau thuin vi t/h.
+ Néu ¢' #£a' (mod p) thi (*) duoc viét lai nhu sau

(ab‘l)i =(b'—c')(c'-a )_l (mod p). (1)
C4 dinh t thi v& phai cua (1) khong ddi, suy ra (ab-l)i cb dinh. T h=q hoic h=2q nén
(1) c6 nhiéu nhét hai nghiém i, b6 dé dugc ching minh.
Tré lai bai todn. V&i mdi i€ S ta c6 khong it hon |S|-2 phén tir khac v6i i boi sb
luong khac g (mod p —1). Do d6 theo bd dé ta dugc

|(s|-2)<> s, <2(p-2)=8|</2p +1 (dpcm).

=
Bai toan 14 (Romania 1996). Tim tit ca cac s6 nguyén t6 p,q phan biét sao cho
a*P =a (mod3pq) v6i moi s6 nguyén a.
Loi gidgi. CO thé gia sit p>(. Chon a=3 ta duoc

3%P9 =3 (mod3pq) = 3(3**9 1 -1):3pg= p,q>3.
Chon a 14 cdn nguyén thuy modp, ta c6 aP™* =1 (mod p) (chd y 1a khi d6 (a,p)=1)
Tacéd a®P =a (mod p) = aPM* =1 (mod p)= p-1|3pg-1= p-1|3q -1 (1)
Tuong ty ta cling c6 q—-1|3p-1 (2)
Ma p>q nén tir (1) dé thiy rang chi xay ra 3q—1e{p-12(p-1);3(p-1)}.
+Néu 3qg-1=p-1= p=3q, Vo Ii.
+Néu 3q-1=2(p-1)=3q+1=2p. Tu(2) laicé q—1|6p—-2=0q-1|3(3q+1) - 2.
Suy ra q—1|10=> g =2;11. D& thay khi d¢6 chi c6 bd (p,q)=(17,11) thoa man.

+ Néu 3q—-1=3(p-1), ta c6 ngay diéu mau thuin.
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Vay ¢6 hai by (p,q) can tim la (17,11) va (11,17).
Nhgn xét. Thuc chat dau tién ta chi can chon a sao cho (a,p)=1, khi d6 ta dd c6
aP™? =1 (mod p), nhung néu chon a 14 can nguyén thuy mod p thi p—1 lai d6ng thém
vai tro 1a cap ctia a mod p. Khi d6 ta c6 quan hé rat tot 1a p—1|3pg—1 nhu & trén.
Trong bai toan trén, do sb 3 déng vai tro 1a mot sé nguyén td, nén cé thé tong quat hoa
bai toan khi thay sb 3 bang mot s6 nguyén t khac nhu sau:
Bai toan 14.1. Tim p,q,r nguyén té phan biét sao cho aP =a (mod pqgr) véi moi a
nguyén duong.
Khi d6 twong ty v6i 1oi giai trén, ta dua bai toan vé viée tim cac s6 nguyén té p,q,r sao
cho

r-1{pg-1% p-1pr-1 q-1|pr-1 *)
Va day la bai toan giai phuong trinh nghiém nguy@n voi cac sé nguy@n té thoa mén diéu
kién (*).
Bai toan 15. Chirng minh rang vdi mdi n nguyén duong 16n hon 1 thi 3" —2" khdng chia
hét cho n.
Loi gidgi. Gia sir rang ton tai n>1 sao cho 3" —2" chia hét cho n. Goi p 1a u6c nguyén t6
nho nhat cua n, dé thiy ngay p>5.

Goi a 1a mot s6 nguyén duong sao cho 2a =1(mod p) (1)

T 3" =2"(mod p) = (3a)" =1(mod p) . Goi h 1a cap cua 3a (modp), ta cé
hin hin
| = | = h=1. Khi d6 3a=1(mod p) (2)
hip-1 h<p

Tur (1) va (2) suy ra a=0(mod p), mau thuan véi (1). Vay bai toan dugc ching minh.
Nhdn xét. Tir quan hé déng du 3" =2"(mod p) chwa cho ta dau hiéu vé cip, viéc chon a

thoa mén (1) nham muc dich dwa vé quan hé dong du (3a)" =1(mod p), lac nay dau mbi

17



cta viée sir dung cdp theo modp méi xuat hién. Viéc chon dugc c4c sé a nhu vay 1a mot
ki thuat hay, tinh té nhung ciing khong phai 1a diéu qué thiéu tu nhién.

Bai toan 16. Tim tét c4 cc cip sO nguyén to (p,q) sao cho pq| (5P —2P)(59 —2%).

Loi gidi.

Néu q=3 thi (5° -2P):p=3ip= p=3va(3,3) la cip sb thoa main.

Néu p,q déu khac 3 thi

5P —2P:
(5°-2P,p)=(5"-2%0q)=1= d
59-2%p
Cothe giastt p>q,suyra (p,q-1)=L1. (1)
Goi a la s6 tu nhién théa man 2a=5 (modq). (2)
. h
Tacd ngay aP =1 (modq). Goi h la cap cua a (modq) thi {h:g 1:> (p,q-1) >1.

(d2 thay 1a h khac 1). Pay 1 diéu mau thuin vé6i (1). Do d6 trong hai s6 p va q phai c6

mot s6 bang 3.

Néu q=3 thi p=3,khido q|5°-2°=q=13.

Vay cac cap (p,q) cantim la (p,q)=(3,3); (3,13); (13,3).

Bai to4n 17 (Korea TST 2003). V6i mdi sé nguyén té p, xac dinh da thic
fo(X)=xP4xP2 4 4 x+1.

a) Cho m la mot boi ctia p. Chimng minh rdng moi udc nguyén to cua f,(m) déu nguyén

t6 cuing nhau véi m(m—1).

b) Ching minh rang ton tai vO han cac s6 nguyén té dang np +1, véi n nguyén duong,

Lo gidi. a) Goi ¢ la mot uée nguyén t batkicua fy(m)=mP*+mP™?+ +m+1.

Do q| f,(m), suy ra (q,m)=1. Ta can chang minh (q,m-1)=1. That vy, gia su

(q,m—-1)>1 thi hién nhién m=1(modq). Ma q|(MPt+mP2+. . +m+)=q|p.

Nhung p|m=> q|m, mau thuan. Vay (q,m—-1)=1. Do d6 (g,m(m-1)) =1 (dpcm).
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b) Pé sir dung duogc két qua phan (a), ta 1ay trudc mot sé6 m ¢b dinh 12 boi cta p. Xét g la
udc nguyén td bat ki cua f,(m). Khi do ta c6

gl fo(m=mPr4+mP?+ +m+1=qmP-1=mP =1(modq).
Goi h a cap ctia m modg, thi m" =1(modq) va h| p=he{Lp}.
Néu h=1 thi m=1 (modq), mau thuin voi phan (a). Vay h=p, luc d6 cing vé6i dinh 1i
Fermat ta thu dugc p|q—1.
Nhu vay, véi mdi s6 m, 1a boi cta p thi ta xac dinh dugc it nhat mot s6 g; nguyén té ma
g; cO0 dang n;p+1.
Nhu véy viéc con lai 1a xdy dung mot déy (m )iZl vO han dé cac s6 ¢; déu phan biét.
Diéu nay khdng kho, ta ¢6 thé chon m;,; = pg,,...q; , khi d6 hién nhién f,(m;,) khong
thé nhan @,0s,...,q; 1am wdc. Tir d6 ta c6 diéu phai chimg minh.
Nhdn xét. Trén day 1a mot cach sir dung da thirc dé chimg minh két qua kinh dién vé su
ton tai vo han cac s6 nguyén té dang np +1, v6i n nguyén duong.
Két qua tong quat hon. Cho a 1a mot sé nguyén dwong. Khi d6 ton tai vo han cac sd
nguyén té dang an+1, véi n nguyén duong.
Pay 1a mot dinh 1y 16n va kho voi chuong trinh THPT, ta can st dung dén can nguyén
thily bac n cia don vi va khong trinh bay ¢ day.
Bai toan 18 (China 2009). Tim tit ca cac s6 nguyén t5 p,q sao cho pq|5°+5°.
Loi gidi. Néu p = 2, ta c6 2q|25+57, tir 5° =5 (modq) ta suy ra g | 30, thtr truc tiép
dugcq e {3,5}. Tuong tu néu p=>5 thi qe {2,3,513}.
Xét p,g khic 2 va 5, theo dinh 1y Fermat ta dugc p|5*'+5, hay
P[5t +1=5%"Y =1 (modq) . Goi h 1a cap cua 5 modp thi h|2(q—1) va h} (q-1).
Do d6 v,(h) >v,(q—1). Ma 5°* =1 (mod p) nén h| p-1,suyra v,(p-1)>v,(h). Do d6

v,(p-1)>v,(q-1).

Do vai tro ctia p,q nhu nhau nén ta ciing c6 V,(q—1) > Vv,(p—1), mau thuan.
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Vay tat ca cac bd (p,q) cantim 1a (5,2), (5,3), (5,13), (5,5), (2,5), (3,5), (13,5).
Bai toan 19 (USA TST 2003). Tim tat c4 cac cip so nguyén té (p,q,r) thoa man
plg"+1 ()
q|rP+1(2)
rip?+1(3)
Loi gidgi. D& chitng minh dugc p,q,r d6i mot phan biét. Gia st p,g,r cung lén hon 2.
Tu (1) suy ra p|g?" —1=h|2r, véi h 1a cdp cua g (modp), theo dinh Iy Fecmat thi
h|p-1.Néuhléthi p|g® —1 nén p|2= p=2, vd li. Vay h chin, khi d6 h=2 hoic
h=2r.
Néu h=2r thi 2r| p—-1= p=1(modr)=0=p?+1=2 (modr)=r=2 (Vo Ii)
Néu h=2 thi p|g®-1. Khong thé xay ra p|gq-1 vi p|q"+1 va p khac 2, do do

g+1 g+1 . , ] A 1s
plg+l= plT,suyra pST<q.Tu0’ngtutacungco g<r;r<p,voli.

Vay ton tai mot sb bang 2, gia sir d6 1a p=2. Khi d6 q lé.

Taco q|r?+1var|29+1. Tu day ta lai suy ra d | 2q, trong d6 d 1a cdp ctia 2 (mod r)
Nhu vay d €{2;9;2q} (2% =1 (modr) (4)
Néu q|d thi q|r—-1=q|(r’+)—(r’-1)=2=q=2, vd Ii. Vay d=2.

Khi d6 theo (4) thi r=3 va q=5. Vay (p,q,r)=(2,3,5) va cac hoéan vi.

Nhén xét. Ta rat ra mot két qua hay sau: Cho p,q,r 1a cac sé nguy@n té phan biét sao
cho p|q"+1va p>2.Khidé 2r| p-1 hoac p|g®—1.

Bai toan 20 (Terkey TST 2013). Goi ¢(n) la sb cac s nguyén duong nho hon n va
nguyén t6 cling nhau véi n. Tim tat ca cac cip so nguyén duong (m,n) sao cho

2" +(n—g(n)-1)l=n" +1.
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Loi gidgi. Néu n ¢6 nhiéu hon mot wdc nguyén tb, ta goi p,q 1a hai udc nguyén té ciia n6
trong d6 p 1a udc nguyén t6 nho nhat. Ta co

n—ep(n)-1=pg-(p-1)(q-1)-1=p+q-2>p
Do do p| (n —(n) —1)!. Cung voi gia thiét ta duoc p|2" —1. Tir quan hé chia hét quen
thudc ndy, bang viéc dung cap ta chi ra mau thuin.
Xét truong hop n ¢d dang n = p*, véi p nguyén té va k nguyén duong.
Néu k > 3thi

n—e(n)—1>p*-p°>-1> p.
Lap luan tuong tu truong hop trén ta dugc diéu mau thuln. Vay k=1,2.
Tur d6 tim ra hai bo (m,n) can tim I3 (m,n)=(2,2);(2,4).
Bai toan 21 (Balkan 1999). Cho p 1a s6 nguyén t6, p>2 ¢6 dang p =3n+ 2. Xét tap
S :{yz—x3—1| X,yeZ; 0<x,y< p—l}.

Ching minh rang c6 nhiéu nhat p phan tir trong S chia hét cho p.
Loi gidi. Ta sir dung mot két qua co ban sau:

Cho p nguyén té va k 1a s6 nguyén duong sao cho (k,p—1)=1 . Khi d6

x< = y¥(mod p) = x=y (mod p)
Dit biét néu (k, p-1) =1 thi A= {1k;2k;...;(p —1)'<} la mot hé thing du thu gon modp.
Tro lai bai toan, do {1;2;...;p—1} la mot hé¢ TDTG modp va p ¢ dang p=3n+2 nén
(3,p—1) =1, do d6 theo bd d& thi ha A= {13;23;...;(p —1)3} la mot hé TDTG modp.
Do d6 véi mdiy voi 0<y< p-1, tdn tai ding mdt phan tir X véi 0<x < p—1 sao cho
x3 = y? —1(mod p) = p|x3 - y? +1. Vay S chira nhiéu nhét p phan tir chia hét cho p.

Nhdn xét. Tl bai toan trén, ta c6 thé khai quat hoa thanh bai toan sau:

Bai to4n 21.1. Cho p 1a sé nguyén té, p>2 c6 dang p=kn+2. Xét tap

sz{yi—xk—a| jkeZ: 0<jk< p—1}.
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Chutng minh riang c6 nhiéu nhét p phan tir trong S chia hét cho p.

Bai to4n 22. Tim tat ca cac sb tu nhién a sao cho ton tai n nguyén duong, n>1 thoa mén
a" +1in?

Loi gidi. Trudc hét ta chirmg minh n thoa man phai 1a s6 1€.

Néu n chin thi n®=0(mod4)= a" +1=0(mod4), nhung a" chinh phuong nén

a" =0,1(mod4) (vo I7). Vay n Ié.

Goi p 1 uéc nguy@n té nho nhit cta n, suy ra p 1é. Ta co

a" =—1(mod p) = (-a)" =1(mod p).

. _{h]n
Goi h la cap cua —a (modp) thi (—a)h =1(mod p) va {h: 1
p —
Do p 14 uéc nguy@n té nho nhit ctia n nén tir trén suy ra ngay h=1.
Khi d6 —a=1(mod p) = a+1: p. N6i mot cach khac 1a a+1 co udc nguyén té 1é.
Tiép theo ta S& ching minh cac s6 a nhu vy 14 tit ca cac sb can tim.

That vay, gia sir a+1 c6 udc nguyén tb 16 1a p. Ta chimg minh aP +1: p?. Ta c6
ap+1:(a+1)(ap‘1—ap‘2+...—a+1).

2 4+.—a+1=p=0 (modp). Vay aP +1i p°.

Do a=-1(mod p), p ¢ nén aP*-aP
Vay tat ca cac sé can tim 14 cac s6 ama a+1 co ude 1¢ hay a = 2% —1.

Bai toan 23 (Bulgaria 2015). Cho p la s6 nguyén tb 16n hon 10° sao cho 4p+1 ciing 12

s6 nguyén t6. Ching minh rang trong biéu dién thap phan cua sb c6 chira du cac

4p+1
chit s6 tir 0 dén 9.
Loi gidgi. Bat q=4p+1, ki hiéu a*b 12 s6 du trong phép chia a cho b.
Ta c6 nhan xét ring, néu cac chit s cudi cua 10X *q c6 chura du hét cac chir s6 tir 0 dén 9

thi ta s& suy ra diéu phai ching minh. Bay gio ta di chirng minh diéu do.
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Goi S 1a tap tat ca cac sd t (phan biét theo modq) sao cho ton tai sé nguyén duong X thoa
man x*=t (modq). Do q=1 (mod4) nén -1 1 s6 chinh phuong modq. Ta c6 ding 2p

s6 chinh phuong modq la a;,a,,...,a,, Va cac sé nay dugc chia thanh ding p cip dang

p
(k,—k). Tir mi cap nhu vy cho ta twong ing mot s6 k* e S va hai s6 chon tir hai cap
khac nhau 1a phan biét. Do d6 |S|= p.

Tiép theo ta chirmg minh v&i mdi phan tir r € S, déu ton tai s nguyén duwong k sao cho
10% *=r bang viéc sir dung cap ctia phan tir. That vay, goi ord,(10)=h thi h{4p, tu
d6 he{p,2p,4p}.

Xét h=p, véi mdi 0<k < p, lubn ton tai 0< j<3 ma 4|k + jp. Pat k+ jp=4r, khi
, , 4 ,
d6 sb 10 *q ciing 12 s6 du khi chia (1of) cho g. Tuy nhién cac sé 10%,10%,...,10° khi

chia cho q s& duoc p s6 du phan biét, do d6 nod chinh 1a p phan tir cua S. Truong hop
h=2p va h=4p dugc xét tuong tu.

Goi u 13 mét chit s6 nao d6 bat ki. Ton tai 0< j<3 sao cho u+ jg c6 chit sb tan cling 1a

0,1,5 hodc 6. Vi q>10° nén (‘/(j +1)q —l—é/u + jg >6. Suy ra trong doan tir U+ jq dén
(j+1)q c6 it nhat 6 liy thira bac 4 cta cac sé nguyén duwong lién tiép, 6 chir s6 nay ludn
chua du 0,1,5,6. Do d6 trong doan trén chira it nhat mot sé co dang x* va co chit sb tan
cung gidng nhu u+ jg. Pat s=x**q thi x*=s+ jg. Ma 10|x* —(u+ jg)=s-u, suy
ra s co chir s6 tan cling la u. Bai toan dugc ching minh hoan toan.

I11. Van dé ton tai cin nguyén thuy

Pinh Iy. Cac s 2,4, p¥,2p* véip 1a s6 nguyén t6 1¢, k 1a s6 nguyén duong, va chi cac sb
d6 c6 can nguyén thuy.

Tirng bude ta s& ching minh dinh 1y 16n trén qua c4c ménh dé sau.

Ménh dé 1. Ton tai cdn nguy@n thuy modp, véi p la s6 nguyén té (44 ching minh ¢ phan

dau bai viét).
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Ménh dé 2. C6 can nguyén thuy mod 4. That vy, —1 1a cin nguyén thuy mod 4.
Ménh dé 3. Néu p 1a s6 nguy@n té 1é thi c6 cin nguyén thuy mod p* véi moi s6 nguyén
duong o .
Chirng minh. Gia st g la mot can nguyén thuy mod p.
Ta c6 thé gia sur rang ¢ P21 (mod p?). That vay, néu khong thé thi g, =g+ p ciing 1a
Mot cin nguyén thuy va sé co tinh chét trén vi

of " =(g+p)*=g""+p(p-1)g"* (mod p?).

Tir do, vi gP =1 (mod p?) ta duge g '=1-p.gP"? (mod p®). Nhung (g P2 p ):1,

cho nén gt =1 (mod p?). Vay ta c6 thé gia thiét ring cin nguyén thuy g modp thoa
man diéu kién gP 1 =1 (mod p?).
Tiép theo ta s& ching minh ring g ciing 1a cin nguyén thuy mod p* véi moi a >1.
Vi gP7 =1 (mod p?) néntacod gPt =1+ pu véi (p,u)=1.
Do d6 voi moi S =1, ta dugc
gP (P14 pfur vei (u' p)=1,

tire 1a

gP *D =1(mod p?**) va gP (P »1(mod p?*?)
Tr do ta duge gP (P = g"o(pa) =1(mod p%*) va v&i moi n |(p( p"‘), n <(p( p"‘) thi
g" #1(mod p*). Vay g la cin nguyén thuy mod p“*. (dpcm).
Ménh dé 4. Néu p 1a s6 nguyén t 1é thi ¢ can nguyén thuy mod 2 p* v&i moi sé nguyén
duong o .
Chirng minh: Ta c6 qo( p“ ) = (p(2 pa) Va VGi moi X 1é ma thoa min mot trong hai dong
du thuc

x€ =1(mod p%) x“ =1(mod2p®)
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thi ciing thoa mén dong du thirc kia.

Bay gid theo ménh dé 3 thi ton tai cin nguyén thuy mod p*, goi d6 1a g. Khi d6 mét
trong hai s6 g, g+ p* s& 1a cin nguyén thuy 1¢, va v6i cha ¥ & trén nd chinh 13 cin
nguyén thuy mod 2p%. (dpcm).

Ménh dé 5. Khong c6 can nguyén thuy mod 2% véi moi sé nguyén duong a > 3.

Chitng minh. Vi moi sb nguyén x 1¢ ta déu c6 x? =1(mod2*) cho nén, véi a >3 ta
duge X2 =(x¥)% =1(mod 2%)

Ma (p(ZO‘ ) =27, do d6 khong c6 can nguyén thuy mod 2% véi a > 3.

Ménh dé 6. Néu sé m co tir 2 u6c nguyén td 1¢ trd 1én thi khdng c6 cin nguyén thuy
modm.

Chirng minh. Gia sit m c6 dang m=2%p/".p;>...p* voi @ >0;¢; 2Lk =2 (p; nguyén
to 16). Voi a nguyén va (a,m)=1 thi (a, pi‘"i):l nén aP" (" =1 (mod p*) Vi moi
i=12,..k.Taludncd a® =1(mod2%) Va >0.

N N N aj-1 _ \ 1 B x
Nhung vi k>2 chonén 2% va a® (P déu la wéc ctia E(p(m) , tir d6 ta dugc cac dong

o Zem .  p(m) 3
duthic a2 =1(modp);i=L2...k vaa2 =1 (mod2%).
~o(m)
Do d6 a? =1 (modm). Vay khong c6 can nguyén thuy modm (dpcm).
Ménh d& 7. Néu m=2%pP;a>2,8>1; p 1a s6 nguyén t 1¢ thi khong c6 cin nguyén
thuy modm.
Chitng minh. Ciing twong tu nhu trén, ta chimg minh dugc ring véi moi a nguyén t véi

. e(m
m, ta déu co a2 =1 (modm).

Dinh 1y dugc chirng minh hoan toan.
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IV. Mot sb bai tip van dung
Bai 1. (AIME2001). C6 bao nhiéu sé nguyén duong n Ia boi ctia 1001 c6 thé biéu dién
dudi dang 107 —10'; 0<i< j<99.
Bai 2. Tim tat ca cac s6 nguyén té p,q sao cho {pz +1/20037+1

9 +1]2003P +1
Bai 3. Cho a,b nguyén duwong sao cho 2a—1 va 2b—1 va a+b déu 1a s6 nguyén to.
Chuing minh ring a® +b? va a® +b° déu khdng chia hét cho a+b.
Bai 4. Tim tét c4 c4c s nguyén duong m,n véi n>1 sao cho n|l+m? +m?%.
Bai 5. Cho a,n la cac s6 nguyén duong 16n hon 2 sao cho n|a"™™ -1 va n khong chia hét
mdi s6 c6 dang a* -1, & 46 x<n—1 va x|n—1. Chitng minh rang n 1a mot s6 nguyén
to.
Bai 6 (Brazil 2009). Cho hai s6 nguyén té p,q théa mdn q=2p+1. Ching minh rang
ton tai mot boi cua ¢ €6 tong cac chit sé nho hon 4.
Bai 7. Cho a,b 14 hai sé hitu ti phan biét thoa mén ton tai vo s s nguyén duong n ma
a" —b" 1a s6 nguyén duong. Chtrng minh ring ca a va b déu 1a s6 nguyén.
Bai 8 (Viét Nam TST 2010). Véi mdi sd6 nguyén duong n, xét tap
T, :{11(k+h)+10(nk +nh);1s k,h 310}. Tim tit ca n sao cho khong ton tai a,beT,
ma a—b la bodi cua 110.
Bai 9 (IMO Shorlist 2012). Cho x va y la hai s6 nguyén duong théa man diéu kién
x2 —1 13 boi cua 2" y +1 v6i moi n nguyén duong. Chirng minh rang x =1.
Bai 10 (Argentina TST 2010). Cho r s6 nguyén a;,a,,...,a, thoa man a, > 2véi moi i va
a, +a, +...+a, =2010. Chimg minh rang tap hop T, = {1,2,..,2010} c6 thé duoc chia
thanh r tap A, Ay,..., A, sao cho |A|=a; va tong céc phan tir trong mdi tap A déu 1a boi

cua 2011.
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