BUGOC NHAY VIETE
Ha Tuan Ding

Dai hoc Su pham Ha Noi 2

Tém tit ndi dung

Phuong trinh nghiém nguyén hay con goi la phlIdng trinh Diophant 1a chi dé thudng xuyén xuit
hién trong céc ky thi hoc sinh giéi qubc gia va qudc té. Bai viét gidi thieu phuong phap: Budc nhay
Viete - mot trong nhitng phuong phap thudng dudc s dung dé giai quyét cac bai toan lién quan dén
phuong trinh Diophant.

1. MO DAU

Nam 1879, Andrei Andreevich Markov (1856-1922) - nha toan hoc ndi tiéng nguvi
Nga da bdo vé thanh cong luan an tién si tai truong Dai hoc Saint Petersburg véi chi
dé: "Dang toan phuong xac dinh duong". Luan an tién si cia Markov da gidi quyét dude
mot s6 van dé kho trong "Ly thuyét s6" vi md ra mot huéng nghién cttu trong toan hoc,
do6 1a: "Ly thuyét xap xi Diophant". Phuong trinh Markov - mot phuong trinh Diophant
bac hai dac biet déng vai tro chit dao trong cac nghién citu cia Markov vé cac dang toan
phuong, la phuong trinh c6 dang:

22+ + 22 = 3ayz
Ta thay ring phuong trinh Markov c¢6 mot nghiém hién nhien (1,1, 1). Dat:
S={(z,y,2);2,y,2 € Z" | 2 +y* + 2 = 3ayz}

13 tap hgp tat ca cac nghiém nguyen duong clia phuong trinh Markov thi S # @. Do vai
tro clia x,y, z trong phuong trinh 1a nhu nhau, khong mat tinh tong quat ta cé thé gia
st x <y < 2 Véi (z,y,2) € S; (2,y,2') € S ta dinh nghia (z,y,2) > (2/,v/,2') néu
r4+y+z>a2 +y + 2. Markov da ding ¥ tuéng "thong minh" sau day dé chiing minh
c6 vo han bo ba s6 nguyén duong (z,y, z) théa man phuong trinh trén.

V6i moi nghiem (x,, yn, 2,) € S ta xay dung bo nghiém mdéi nhu sau. Ta coi = 1a an va
cic bién con lai 1a cac tham s6 thi r6 rang phuong trinh bac hai:

2% = 3ypznt + Y2 + 22 =0
c¢6 mot nghiém 1a z,, nén n6 c¢é nghiém thi hai la 2’. Theo dinh Ii Viete, ta co:
Ty + 2 =3y,z,  vA oz’ =y2+22 (1)

Tu day ta duge ' 1a mot s6 nguyen duong, két hop gia thiét z, <y, < 2z, vdi (1) ta duge
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Dat (a1, Ynits 2ne1) = (@', Yn, 2n) thi (Tpo1, Ynt1, 2ne1) 18 mot nghiém cta phuong trinh
Markov. Cach xay dung nay cho ta mot day vo han cac nghiém ctia phuong trinh Markov
vi cac nghiém tiép theo 16n hon cac nghiém trude theo dinh nghia thi tu & trén. Do do
phuong trinh Markov ¢6 vo s6 nghiém.

Ta thay ¥ tudng ctia Markov trong chiing minh trén 1a coi mot bién 14 nghiém ctia tam
thitc bac hai khi ¢6 dinh cic nghiém con lai dé tit d6 xay dung nghiém méi tit mot nghiem
da biét biang cac hé thiic Viete. Cu thé ta xét phuong trinh Diophant 14 phuong trinh bac
hai d6i v6i mot bién nao dé, ching han:

x2 + G(ay, 29, .., 2,) = 0

Néu phuong trinh nay c6 nghiem (ag, ay, ..., a,) thi rd rang 1a ag 1a nghiém ctia phuong
trinh
X%+ G(ay,a,...,a,) =0

Phuong trinh trén phai con mot nghiém nita 1a af,. Két hop véi dinh 1i Viete véi dit kien
ctia dau bai ta sé "xay dung" (ay, ay, ..., a,) 1a nghiém ctia phuong trinh trén.

Y tudng d6 chinh 1a noi dung ctia phuong phap "Bude nhay Viete", mot phuong phap
thuong dude sit dung trong cic bai toan sé hoc lién quan dén phuong trinh Diophant.
Muc tiéu ctia bai viét nay 1a gidi thieu phuong phap buéc nhay Viete thong qua mot s6
bai toan s6 hoc xuat hién trong cac k¥ thi hoc sinh gidi qubc gia va quoc té. Phan con lai
clia bai viét duge bd cuc nhur sau: Muc 2 ching toi giéi vé phuong phap bude nhay Viete
qua cac bai tap cu thé, Muc 3 la cac bai tap c6 sit dung phuong phap budc nhay Viete.

2. BUGC NHAY VIETE QUA CAC BAI TOAN

Bai toan dau tien sé gitp ching ta tra 15i cau héi: "Néu tong binh phuong S ba s6 nguyén
duong chia hét cho tich Pciia ching thi khi dé S : P bang bing bao nhiéu?".

Bai toan 1. Hay tim tat ca cic s6 nguyén duong k sao cho phuong trinh
v* +y? + 2 = kayz.
c6 nghiem nguyén duong ( nghia 1a mdi nghiém gom ba s6 nguyén duong z, vy, z).
Loi giai. V6i x,y,z € Z", ta viét phuong trinh da cho dudi dang
v? — karyz +yP+ 22 =0. (2.1)

Gia stt k 1a s6 nguyén duong sao cho phuong trinh (2.1) ¢6 nghiém nguyén duong. C6 dinh
k va xét tap hop

S = {(fﬂ,y,Z);fﬂ,y,ZEZJr’{L’Z—kxyz+y2+22:0}'



Theo diéu gia st 6 trén thi S # &, khi d6 theo nguyeén 1y cuc han ton tai (zg, yo, 20) € S
sao cho xg + Yo + 20 1a nh6 nhat. Ta thiy rang néu (xg,yo, 20) € S thi (yo, 20, 0) € S,
(20, 20, Y0) € S, khong gidm tinh tong quat ta c6 thé gid st 29 > yo > 2p. Phuong trinh

f(x) = 2® — xkyozo + yi + 25 = 0.
c¢6 mot nghiém hién nhién 1a zo. Goi nghiém con lai la x;. Theo dinh 1i Viete, ta c6
o+ x1 = kyozo VA ToT1 = Y2 + 22
T day, ta duge x1 € ZT, do d6 (x1,yo, 20) € S, theo cach xac dinh (o, yo, z9) thi
1+ Yo+ 20 = xo+yo+ 2 hay x>0

Do do6, ta c6: my > w9 > yo > 2o (1) . Theo dinh 1§ vé dau ctia tam thiic bac hai va ti
(1) ta dugc:

0 < f(y0) = y5 — kypzo + 205 = y5 (3 — k=)
Suy ra: kzg <3 =k <kz<3makeZ nénkel?23}

- Néu k = 1, phuong trinh (2.1) ¢6 nghiem nguyén duong x =y = 2z = 3.
- Néu k = 2, thi tr k2o < 3 ta dugce 29 = 1 khi d6 ta c¢6 (zo — yo)? + 1 = 0 mau thuan.
- Néu k = 3, phuong trinh (2.1) ¢6 nghiém nguyén duong x =y = 2z = 1.

Vay v6i k € {1, 3} thi phuong trinh ¢6 nghiém nguyén duong.
Nhan xét.

Trong bai toan nay, ta da "ngam" thiét lap mot quan hé thid ty trén S, d6 1a: néu
(x,y,2) € S,(2,y,2) € Sthi (z,y,2) > (2,y,2)) <= x+y+z>2 +y + 2, sau do6
dira vao nguyeén 1y sap thi tu tot: " Mot tap hop khac rdng bat ki clia cac s6 tir nhién bao
gid cfing c6 phan tit bé nhat" dé chi ra (zo, ¥, 20) 12 nghiém nhé nhat theo quan hé thit
tu noéi trén. Nho phuong phap bude nhéy Viete ta da xay dung duge nghiém (x4, yo, 20) tit
nghiém (z9, yo, z0) dé tit do thiét lap duge quan hé "z, > x¢ > 3o > 20", Tt d6, v6i dinh
Iy dau ctia tam thic bac hai ta tim dugde céc gia tri k& thdéa man dicu kién bai toin. Bing
cach lam tuong tu ta ¢ thé giai quyét duge bai toan trong Ky thi hoc sinh gidi Quéc Gia
mon toan 16p 12 (VMO) nam 2002:

Hay tim tat cd cac sd nguyen duong n sao cho phuong trinh:

Tr+Yy+u+v=ny/Tyuv
c¢6 nghiém nguyén duong z,y, u, v.
Bai toan 2. (IMO 2003) Hay tim tat ca céc cap s6 nguyen duong (a,b) sao cho

(12

2ab%2 — b3 +1

1a mot sd nguyen duong.



Loi giai. Gia sit ton tai cip s6 nguyén duong (a,b) théa man diéu kién bai todn. Dat
2

k= Qabe—lﬁ—l—l thi k 1a s6 nguyén duong. C6 dinh k va xét tap hop

S:{(a,b);a,b€Z+|a2—2akb2—|—k:(b3—1) :O}.

Theo diéu gia st ¢ trén thi S # &. Do k € ZT nén vdi (a,b) € S ta co:
200> — 0> +1>0=b*(2a —b) > —1 = b*(2a — b) > 0
Do d6 2a = b ho#ic 2a > b, néu 2a > b két hop v6i k > 1, ta dugce:
a® > 2ab®> — b* + 1 > b* (2a — b) > b*

T d6 suy ra néu (a,b) € S thi 2a = b hodc a > b. Goi (ag, bp) 13 mot phan tit bat ki thuoc
S . Xét phuong trinh:
T? — 2Tkby + k(by —1) =0

la mot phuong trinh bac hai an T c¢6 mot nghiém 1a ag. Goi nghiém con lai 1a aq, theo
cong thic Viete ta co

ag +ay = kag va apa1 = k (bg — 1)

Tt day ta c6 a; € Z va a; > 0. Néu a; = 0, thi tit cac he thic Viete, ta c6 by = 1
va ag = 2k, ta dugce (2k,1) 1a mot cap s6 thoa méan dieéu kien bai toan. Néu a; € Z* thi
(a1,by) € S. Khong giam tinh tong quat ta co thé gid sit a; > ag. Chu y ring theo nhan
xét & trén thi 2ag = by hodic ag > by. Néu ag > by thi a; > ag > by két hop véi cac heé thiic
Viete ta dugce
KB —1) _ k- 1)

kb < a; =
0= ag bo

< kb,

. Mau thuan. V6i 2ag = by thi ta duge (k,2k) 1a mot cip s6 thoa man diéu kien bai toan.
Tu he thic Viete aga; = k (b§ — 1) ta thu duge (8k* — 1,2k) 1a mot cap so can tim. Vay
cac cap so (a,b) théa man diéu kien bai toan 1a (2k, 1), (k,2k) va (8k3 —1,2k) véi k € Z7.
Nhan xét.

Bai toan cho thiy dugce ting dung ctia phuong phuong phap budc nhay Viete trong viéec
tim nghiém ctia phuong trinh Diophant. Mau chét clia bai toan 14 phai phat hién ra moi
quan heé néu (a,b) € S thi 2a = b hodc a > b. Phuong trinh: a* — 2akb® + k (b* — 1) =0
la phuong trinh bac hai déi véi an a nén ta van ap dung dude phuong phap budc nhay
Viete dé xac dinh dugc nghiém ciia bai todn. Chi ¥ rang khi tim duge (ag, by) = (2k, k)
thi ta phai tim a; vi (aq,bp) ciing la nghiém, néu khong sé dan dén viéc lam méat nghiem
(8k* — 1, 2k) ctia bai toan.

Bai toan 3. (IMO 2007) Cho trudc a va b 1a hai s6 nguyén duong. Chitng minh rang néu
s6 4ab — 1 1a u6c s6 cua (4a® — 1)? thi a = b.



Loi giai. Theo gia thiét thi 4ab — 1 | (4a® — 1)? nén ta c6
4ab — 1| b*(4a® — 1)* — (4ab — 1)(4ab — 2ab + a*) = a® — 2ab + b* = (a — b)>.

(a —b)?
4ab—1

S={(a,b);a,b€Z a#b|a®>—2abk +2)+b"+k=0}.

Dat: k =

thi k € Z*. C6 dinh k va xét tap hop

Gia st S # @, khi d6 theo nguyén 1y cyc han ton tai cap s6 (ag,by) € S sao cho ag # by
va ag + by nhé nhat. Ta thay rang néu (ag, by) € S thi (b, ap) € S, khong gidm tinh tdng
quat ta c6 thé gia st ag > by. Phuong trinh

T? — 2Tby(k +2) + b3 + k = 0.
c6 mot nghiém hién nhién 1 ag. Goi nghiém con lai 14 a;, theo dinh 1i Viete ta c6
ap+a; =2by(k+2) va  aga; = b+ k
Tu day ta duge a; € Z*1, do d6 (aq,bg) € S, theo cach xac dinh (ag, by) thi
a; + by > ag+ by hay a; > ap.

Két hop vdéi dinh 1f Viete ta dudc

_b§+k<b§+k

agp hay k> ad— b2
aq Qo
Do do, ta co:
(ao — bo)”
4a0b0—1 :k‘Zag—bg: ((lo-bo)(do‘i‘bo)

ma ag > by nén ag — by > 1. Vi vay
ag — bo > (CLO + bo)(4aobo — ].) > ag + b()

mau thuan. Nhu vay diéu gia st 1a sai, hay S = @. Tu d6 ta dude dieu phai ching minh.
Nhan xét.

V6i cach phat biéu ciia bai toan thi ta khong thé thé 4p dung phuong phap budc nhay
Viete vi khi d6 phuong trinh can xét sé 1a mot phuong trinh bac bén an a. Dé c6 thé ap
dung dudc, ta da bién ddi diéu kien ban dau clia bai toan tré thanh sé 4ab — 1 la wdc so
ctia (a — b)?. Sau d6 st dung phan chiing két hgp véi phuong phap bude nhay Viete va
nguyeén ly siap thi ti tét ta duge dieu phai chiing minh.

Bai toan 4. Tim tat ca cac gia tri nguyen duong ctia k dé phuong trinh
a® +b* — kab — k = 0.

¢6 ngiém nguyén duong.



Loi giai.
Gia st phuong trinh da cho c6 nghiém nguyén duong (a,b). C6 dinh k va xét tap hop

S={(a,b);a,b€Z" |a®+ V" —kab—k =0}

Theo diéu gid st trén thi S # @, khi d6 theo nguyén 1y cyc han ton tai (ag, by) sao cho
ap + by 13 nhd nhat. Ta thay ring néu (ag, by) € S thi (by, ag) € S, khong giam tinh tong
quét ta c6 thé gid sit ay < by. Phuong trinh

T? — kTby+ b3 — k = 0.

c6 mot nghiém hién nhién 1 ag. Goi nghiém con lai 14 aq, theo dinh 1 Viete ta c6

ap+a; =kby (1) vaA apa; =V —k

Tu (1) ta ¢6 a; 1a s6 nguyen. Ta sé ching minh a; > 0. That vay, néu a; < 0 thi
0=al —kaiby+b3—k>al+k+b—k=al+0b
mau thuan. Do d6 a; > 0, néu a; > 0 thi (a1, by) € S, theo cach xac dinh (ag, by) thi
a, + b() Z ag + b() hay aq Z agp.

Tu do ta co:

b > b2 —k =apar > af hay by > ao.
mau thudn. Vi vay a; = 0, khi d6 k¥ = b2, hay k 14 mot s6 chinh phuong. Déo lai véi
k = m? thi phuong trinh da cho c6 nghiéem nguyén duong 1a (m,m?). Vay k 1a s6 chinh
phuong thi phuong trinh da cho c¢6 nghiém nguyén duong.
Nhan xét.

Bai toan trén la cach phat biéu khéc clia bai toan s6 6 trong Ky thi Olympic Toan
hoc qubc té nam 1988 (d6 1a bai toan kho nhat trong ky thi va chi ¢6 11 thi giai ¢6 10
gidi hoan chinh). Day cfing 1& mot trong nhitng vi du "ndi tiéng nhat" trong viéc sit dung
phuong phap budc nhiy Viete. Qua vi du nay ta thiy rang nguyeén 1y sip thuy tot thuong

"song hanh" v6i phuong phap budc nhiy Viete trong cic bai toan vé bién luan phuong
trinh Diophant bac hai.

Bai toan 5. Cho a, b 1a cac s6 nguyén duong véi ab # 1. Gid st rang ab — 1 chia hét
a® + b%. Chiing minh rang:
a® + b? B
ab—1

D.

2 b2 )
Loi giai. Dat k = ab% , thi k 13 s6 nguyén duong. Theo bat dang thitc AM — GM thi
a

2 2
_a +b S 2ab 94

k_ab—l_ab—lz ab—1

>2 hay k>3



Néu a = b thi ta duge: k = 2 + T < 3, mau thuan. Ta sé ching minh & = 5. That

a2 —
vay, c¢o dinh k va xét tap hop

2 | 32
S:{(a,b);a,b€Z+|k‘:a +b}

ab—1

. Theo gia thiét thi S # &, khi d6 theo nguyen 1y cyc han ton tai (ag, by) sao cho ag + by
1a nh6 nhét. Ta thay réng néu (ag,by) € S thi (by, ag) € S, két hop véi nhan xét ¢ trén
khong giam tinh tong quat ta cé thé gid st ag > by. Phuong trinh
T°+b5
Thy—1

k< T? —kThy+ b3+ k=0

c6 mot nghiém hién nhién 1a ag. Goi nghiém con lai 14 aq, theo dinh i Viete ta c6
ap+ay =kby va ag.a; =b2+k.
Tu day, ta duge a; € Z*, do d6 (a,bg) € S, theo cach xac dinh (ag, by) thi
a1 +by > ag+by hay a; > ap.
Vi ag > by nén ag > by + 1, tir do6 ta thu duge
ba + k — kby = ag.a; —ap —ay = (ag — 1)(ay —1) = 1> 02 — 1

. Do d6: k.(bg — 1) < 1. Néu by # 1 theo chiing minh trén thi k.(by — 1) > 3 > 1, vi vay ta
phai ¢6 by = 1. Khi do6: ag + a; = k va aga; = k + 1, suy ra aga; — ag — a; — 1 = 0 hay
(ap — 1)(a; — 1) = 2 ma a; > ag nén ag = 2, a; = 3, tit day ta duge k = ag + a; = 5. Nhu
vay ta c6 dieu phai chiing minh.

Nhan xét.

Phuong phap lam bai toan nay tuong tu v6i bai toan 4, d6 1a buée nhay Viete két hop
v6i nguyen If ciic han. T chiing minh bai toan, ta thu dugc (a,b) = (2, 1) 1a cdp s6 nguyen
duong nhé nhat théa man diéu kien bai toan theo nghia tong ciia a + b 1a nhd nhat. Mot
cau hoi "ty nhién" duge dat ra khi da lam xong bai toan 4 va 5 la liéu c6 bao nhiéu cap
s6 nguyéen duong (a, b) thoa man diéu kién bai toan va ching duge "mo ta" nhu thé nao.
Bai toan s6 5 trong K¥ thi chon doi tuyén Quoc gia du thi OlympicToan Quoc té (VN
TST) nam 1992 sé gitp ching ta tra 16i cau hoi trén.

Bai toan 6. (VNTST 1992) Tim tat ca cac nghiém nguyen duong (z,y) clia phuong
trinh:

2? —5ry +1y*+5=0. (2.2)
Loi giai.
Bé6 dé. Xét hai day s6 {u,} va {v,} dugc xdc dinh nhu sau

Ug = 17u1 = 27un+2 - 5un+1 — Un



vo = 1,01 = 3, Upq2 = SUpy1 — Uy

Khi d6 véi moi n € N, cac cap s0 (Un, Uni1) VA (Vp, Vpy1) 12 nghiém nguyén duongclia
phuong trinh (2.2).
Chting minh.

Ta s& chiing minh ménh dé vdi moi n € N thi (up, uny1) la nghiém cia phuong trinh
(2.2)(1) bang phuong phap quy nap toan hoc. That vay:

Véi n = 0, ta c6: u? + u2 — Suguy = —5. Do d6 (ug, u1) 1a nghiém ctia phuong trinh
(2.2). Nhu vay ménh dé (1) dung véi n = 0, gid st ménh dé (1) dang véi n = k > 0, tic 1a

2 2

Uy + U — dUpUpp1 +5=0
Khi do
i1ty —D = Wppo (U2 —DUkp1 ) HUp, = — Uiy = Uj g +up—5
U1 T Uo7 U+ 1UR+2 = U2\ Ug+2 = OUE+1 ) TUp ) = — Uk Ug2TUp 1 = Up g TUL—OUL U1

T gid thiét quy nap, ta dude: ui,, + uf, o — Sugyitpro +5 = 0. Do A6 (ugt1, upy2) clng
12 nghiém ctia phuong trinh (2.2). Theo nguyén 1y quy nap toan hoc thi ménh dé (1) ding
v6i moi n € N. Ching minh tuong tu ta cing thu ducc v6i moi n € N thi (v, v,41) &
nghiém ctia phuong trinh (2.2). Tit cong thitc xac dinh s6 hang tong quat ciia hai day s6
{u,} vd {v,} ta dugc cac s6 hang ctia hai day deéu la cac s6 nguyén duong. Do d6 céc
cap 86 (Un, Uni1) VA (Un, Vppr) 12 nghiém nguyen duongetia phuong trinh (2.2). Bo dé dugc
chiing minh.
[
Quay trd lai bai todn. Xét tap hop: S = {(a,b);a,b € Z* | a* — 5ab+ b* + 5 = 0}.

. )
Vi (a,b) € S néu a = b thi tit (2.2) ta ¢6: 3a> —5 =0 = a* = 3 tit day ta duge a = 1,

nhung véi a = b =1 thi tr (2.2) ta ¢c6 2 = 0, mau thuan do d6 a # b. Ta thay rang néu
(a,b) € S thi (b,a) € S, khong gidm tinh tong quat ta ¢ thé gia st v6i moi (a,b) € S thi
a <b.

V6i (a,b) 1a mot phan it bat ki thuoc S. Xét day s6 {a,} dugc xac dinh nhu sau
ag =b,a; = a,a,12 = da, 11 — ap, véi moi n € N.

Tit (2.2) ta c6: b(5a —b) = a®> +5 > 0 = 5a > b. Tl cong thiic xac dinh s6 hang tong
quét cta day {a,} ta dugc a, € Z* v6i moi n € N. Ta ¢6: (ag,a1) = (a,b) € S, gid su
(ak, ary1) € S v6i moi k > 1, khi do:

2 2 2 2 2 2
ak+1+ak+2—5ak+1ak+2 = ak+2(ak+2—5ak+1)+ak+1 = —ak.ak+2+ak+l = 0y —|—ak—5akak+1

. Tt day ta duge (agy1,axr2) € S, theo nguyén ly quy nap toan hoc thi (a,, a.1) € S véi
moi n € N. Néu a = 1 thi tu (2.2) ta duge b* — 50+ 6 = 0 hay b € {2,3}. Néu b = 2 khi
d6 (a,b) = (ug,uy), néu b = 3 thi (a,b) = (vo,v1). Ta xét trudng hop a > 1, khi do

(4a —b)(a —b) =3a®* =5 > 0 ma a < b nén 4a < b.



ma ap > a; nén tit day ta dugce a,, > a,.1 v6i moi n € N. Nhu vay v6i a > 1 thi day {a,}
1a mot day gidm ngat, nén phai ton tai mot chi sé k sao cho ag > a; > ... > a4 = 1. Do
(ax, ary1) 1a mot nghiém ctia phuong trinh (2.2) nén ta c6 ax € {2,3}. V6i a; = 2 thi

Ap41 = Uy, Q) = UL V& Ag_1 = OA}, — A1 = OUL — Uy = Ug.

t do ta duge u; = agi1-; v6i moi ¢ € N, ma theo bé dé thi (Un, Upy1) 12 MmOt nghiem
ctia phuong trinh (2.2). Do d6 néu (a,b) € S thi a,b 1a cdc s6 hang lien tiép cta day
{u,} Tuong ty véi ap = 3 thi a,b la cac s6 hang lién tiép cua day {v,} . Nhu vay céc
b0 (Up, Uny1) VA (Vn, Upg1) (VO moi n € N) 1a tap tat ca cdc nghiém nguyén duong clia
phuong trinh (2.2).

Nhan xét.

Ta thiét 1ap quan he tht tu trong S nhu sau néu (z,y) € S, (¢/,y) € S thi (z,y) >
(',y) & x> 2’ viy > y/. Tt mot nghiem bat ki ctia phuong trinh (2.2)bang phuong
phap budc nhay Viete ta thiét lap duge nghiem méi nhé hon nghiém (a,b) theo quan hé
thit ty noéi trén. T nghiém vira méi thu duge nay ta lai xay dyng nghiém mdéi nhé hon,
cit tiép tuc qua trinh nhu vay dén khi khong thé xay dung dugce nita. Khi d6, ta thu dugc
nghiém nhé nhat. Day {a,} da mo ta cac nghiém ctia phuong trinh (2.2) duge xay dyng
t qua trinh trén va duge xay dung dita vao cac tinh chat: a, b 14 hai s6 hang dau tién clia
day; (a, a;+1) 1a mot nghieém ctia phuong trinh (2.2). Dé xac dinh dugc cong thiic truy hoi
ciua day {a,} ta da st dung phuong phap budc nhéy Viete. Xét phuong trinh

T?* —5Tap1+as+5=0
c¢6 mot nghiém la a,, goi nghiém con lai 1a a,,o thi theo hé thiic Viete ta co:
an + Any2 = Dapi1(l) VA apapio=al  +5

Tu day ta ¢ a,42 1a s6 nguyen duong, do d6 (an, a,i2) ciing 1a mot nghiém ctia phuong
trinh, va tit (1) ta dugca, o = 5an41 — ay,. Sau khi thu duge nghieém nhoé nhat, ta xay dung
cac nghiém ciia phuong trinh tit nghiem nhé nhat d6 thong qua hai day {u,} va {v,}.

Bai toan 7. (VMO-2012) Xét cac s6 tu nhién 1é a, b ma a 1a ue s6 cta b +2 va b la
udc s6 clia a® + 2. Ching minh réng a va b 1a cac s6 hang ctia ddy s6 tu nhien {v,} dugc
xac dinh nhu bdi

v1 =v =1vav, =40, 1 — Up_o, V6i Mm0Oi n > 2.

Loi giai. Dat d = (a,b), khidotacéd|a,d|bmab|a®>+2neénd|a’+2—a®hay d]| 2.
Vi a, b 1a cdc s6 tu nhién 1& nén d 1a s6 tu nhién 1é, do d6 d = 1. Ta ¢6 a | a® + b* + 2,
b|a®+b*+2, ma (a,b) =1neén a®+ b*+ 2 chia hét cho ab. Ngugc lai néu ab | a® + b* + 2
thi ta ciing ¢6 a | b* + 2 va b | a*> + 2. Ta thay gia thiét clia dé bai tuong duong véi viec
ton tai s6 nguyen duong k sao cho a® +b? +2 = kab & a? — kab+b* +2 = 0. Xét tap hop

S:{(a,b);a,b€Z+;a,b /2|a2—ak;b—|—b2+2:0}.



theo gid thiét thi S # &, khi d6 theo nguyén 1y cyc han ton tai cap sb (ag, by) € S sao cho
agp # by va ag + by nho nhat. Ta thay rang néu (ag,by) € S thi (bg,ap) € S, khong gidm
tinh tong quat ta c6 thé gia st ag > by. Phuong trinh:

T? — Tkby+ by +2 =0
c6 mot nghiem hién nhién 1a ag. Goi nghiém con lai 14 aq, theo dinh 1i Viete ta c6
ap+ay =kby va  apa; =03 +2 (1)
Tu day, ta duge a; € Z*, do d6 (ay,by) € S, theo cach xac dinh (ag, by) thi
a1+ by > ag+by hay a; > ap.

Tu (1) ta co

_b3+2<bg+2

= aj — b5 <2 = (ap—bo)(ao +bo) <2 (2).
ay QAo

ap
Néu ag # by thi ta c6 ag — by > 1, tt (2) ta duge ag + by < 2 suy ra ap = by = 1, mau
thuan. Do d6 ag = by, tit (1) ta dude aga; = af + 2 hay ag(a; — ag) = 2, ma ag 1a s6 1é nén
ag =1va a; = 2+ ag = 3. Khi d6 k = 4, nhu vay néu a,b 1a cic s6 tif nhién thoéa min
diéu kién dé bai thi

a®+b*—4ab+2=0 (2.3)

Tu cong thic xac dinh ctia day {v,}, ta dugc moi s6 hang ciia day déu la s6 tu
nhién 1&. Ta thay (vo,vi) = (1,1) € S, gid st (v, vey1) € S v6i moi k > 1, khi d6 ta c6
UI%—H +Uz+2_4vk+1vk+2 = Uk+2(vk+2—4vk+1)+vzz+1 = —Uk-Uk+2 +UI%+1 = Ul%+1 + 0 — 40V 11
ma theo gid thiét thi (vy, vry1) € S nén v,%+1+v,%+2—4vk+1vk+2+2 =0, do do6 (vgi1, Vks2) €
S theo nguyén 1y quy nap toan hoc thi (v,,v,11) € S v6i moi n € N. Véi (a,b) 1a mot
phan t1t bat ki thuoc S, khong mat tinh tong quat ta c6 thé gid sit a < b xét day s6 {a,}
dugce xac dinh nhu sau

ag =b,a; = a,a,12 = 4a,11 — a,, véi moi n € N.

Tit (2.3) ta c6: b(4a — b) = a®> +2 > 0 = 4a > b. Tit cong thitc xac dinh s6 hang tdng
quat cta day {a,} ta dugc a, € Z* v6i moi n € N va moi s6 hang ctia day deéu la s6 1é.
Chitng minh tuong tu nhu ddi véi day {v,} ta duge (an, ani1) € S moin € N. Néua =1
thi tir (2.3) ta duge b —4b+3 = 0 hay b € {1,3}. Néu b = 1 khi d6 (a,b) = (ug, u;), néu
b =3 thi (a,b) = (u1,u2). Ta xét truong hop a > 1, khi do

(3a —b)(a —b) =2a* —5>0ma a < bnén 3a < b.

ma ap > a; nén tit day ta dugce a,, > a,41 v6i moi n € N. Nhu vay v6i a > 1 thi day {a,}
14 mot ddy gidm ngat, nén phai ton tai mot chi sé k sao cho ag > a; > ... > ap_1 = 1. Do
(a—2,ag—1) 1a mot nghiém ctia phuong trinh (2.3) nén ta c¢é ax_o € {1,3} ma ax_o > ap_1
nén ay_o = 3 suy ra ax = 4ax_1 — ap_o = 1. Khi do6 ta c6
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ar = Vg, Gp_1 = V1 VA Gp_9g = 3 = V3.

Tu do6 ta duge v; = ag—; v6i moi i € N, theo chiing minh & trén thi (v,,v,.1) € S. T
day ta dugc dicu phai chiing minh.
Nhan xét.

Vé mit y tudng thi bai toan trén la sy két hop khéo 1éo cia hai bai toan 5 va 6. Bai toan
c6 thé phat biéu nhu sau: Tim tat ca cac nghiém tu nhién ctia phuong trinh

a>+b*—abc+2=0
trong do a, b 1a cac s6 tu nhién 18. Duéi day 1a mot bai tuong tu

(Olympic Todn Canada 1998) Cho m la mot so nguyén duong. Day s0 {un},,
duge xdc dinh nhu sau ag = 0. a; = M VA Gpy1 = M2ay — p_1 Vi moin > 1 Chitng minh
rang cac cip so (a,b) vdi a,b € Z*, a > b, la nghiém cia phuong trinh

a’® + b? )
=m
ab+1

khi va chi khi (a,b) = (an, apy1) vdi moin > 0.

3. BAI TAP TU LUYEN
1. (Olympic 30-4 l6p 10 2014) Tim tat ca cac s6 nguyen duong k sao cho phuong trinh:
2+ + x4y = kay.
c¢6 nghiém nguyén duong.
2. (VNTST 1994) Cho phuong trinh:
224+ + 22+t — Nayzt — N = 0.

trong d6 N 1a s6 nguyén duong cho trude.

a) Chiing t6 rang c6 vo s6 gia tri nguyén duong n dé phuong trinh trén c6 nghiem
nguyéen duong ( nghia la mdi nghiem gom bon s6 nguyén duong z,y, 2, t).

b) Gia stt N = 4%(8m +7) v6i k, m 14 cac s6 nguyén khong am. Chiing minh réng khi
d6 phuong trinh trén khong c6 nghiém nguyén duong.

3. Tim tat ci cac s6 nguyen duong n sao cho phuong trinh sau ¢6 nghiém nguyén duong

v +y’ =n(r+1)y+1)
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4. (Olympic Taiwan 1998) Cho m,n 1a hai s6 1é v6i m > n > 1 thoéa man
m? —n*+1|n* - 1.
Chitng minh rang m? — n? + 1 1a s6 chinh phuong.
5. Chitng minh rang tat ca cidc nghiém nguyén duong ctia phuong trinh
2? +y* +1=3ay.
1a (z,y) = (For_1, Fory1) v6i Fy, 1a 86 Fibonacci.

6. (Dé thi truong Dong phia Bdc 2015) Tim tat ci cdc sd6 nguyén duong k sao cho
phuong trinh:
v — (K> —4)y* +24 = 0.

¢6 nghiém nguyén duong.
7. (Olympic Turkey 1994) Tim tat ca cac cap s6 (a,b) ma ab | a* + b* + 3.
8. Gia sit a, b 1a cac sd nguyeén duong théa man:
b+1]a*+1,a+1|0+1
Chitng minh rang a, b déu 1a cac so 18.
9. (Putnam 1998) Chiing minh rang v6i méi s6 thic N thi phuong trinh:
x% + x% + x§ + xi = T1XT2T3 + T1XoT4 + T1X3T4 + T2X3Ty

c6 nghiem (ay, as,as, as) v6i ay, az,as, ay 1a cac s6 nguyén 16n hon N.
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